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This document computes the material derivative of summed curvature as a surface is advected by some
velocity field. It later compares against the derivation of (5.42) in [1] to point out some errors. We use
the notation of [1], denoting the surface normal as ν and using the formula κ := ∇Γ · ν = κ1 + κ2 as our
definition of summed curvature (other references use the opposite sign convention).

We note also that very similar derivations to the ones given here can also easily obtain the material
derivative of the Gaussian curvature κ1κ2 due to the relationship 2κ1κ2 = (κ1+κ2)2−κ2

1−κ2
2 = κ2−‖∇Γν‖2F .

1 Material Derivative Formula

We consider the first order change in the normal and summed curvature of surface Γ as it is advected by the
map φεx 7→ x + εV to surface Γε. We represent these surface quantities as fields over all Rn (meant to be
evaluated at points on the moving surface), and denote quantities for Γε with subscript ε. For convenience,
we also define: ν̃ε := νε ◦φε, which evaluates the perturbed surface’s normal at a fixed material point x ∈ Γ.

The material derivative of the unit normal vector is given by:

ν̇ :=
d

dε

∣∣∣∣
ε=0

ν̃ε =
d

dε

∣∣∣∣
ε=0

∇φε−Tν
‖∇φε−Tν‖

= −(∇V)Tν + ν ·
(
(∇V)Tν

)
= −(∇ΓV)Tν.

We compute summed curvature on Γε as:

κε ◦ φε = tr (∇Γενε) ◦ φε = tr
(
∇ν̃ε(∇φε)−1 [I − ν̃ε ⊗ ν̃ε]

)
,

and its material derivative as:

κ̇ :=
d

dε

∣∣∣∣
ε=0

(κε ◦ φε) = tr

(
d

dε

∣∣∣∣
ε=0

(
∇ν̃ε(∇φε)−1 [I − ν̃ε ⊗ ν̃ε]

))
= tr

(
∇ν̇[I − ν ⊗ ν] +∇ν d(∇φε)−1

dε

∣∣∣∣
ε=0

[I − ν ⊗ ν]−∇ν [ν̇ ⊗ ν + ν ⊗ ν̇]

)
= tr (∇Γν̇ −∇ν∇ΓV −∇ν [ν̇ ⊗ ν + ν ⊗ ν̇])

= tr

−∇Γ[(∇ΓV)Tν]−∇ν∇ΓV −∇ν
(
ν̇ ⊗ ν + ν ⊗ [(∇ΓV)Tν]︸ ︷︷ ︸

(ν⊗ν)∇ΓV

)
= tr

(
−∇Γ[(∇ΓV)Tν]−∇ν(I − ν ⊗ ν)∇ΓV − [(∇ν)ν̇]⊗ ν

)
= tr

(
−∇Γ[(∇ΓV)Tν]−∇Γν∇ΓV − [(∇Γν)ν̇]⊗ ν

)
.

In the last line, we used the fact that ν · ν̇ = 0 to replace the final ∇ν with ∇Γν. Now, evaluating the trace:

κ̇ = −∇Γ · [(∇ΓV)Tν]−∇Γν : ∇ΓV −���
�:0

ν · (∇Γν)ν̇ (1)

= −∇Γ · [∇Γ(V · ν)− (∇Γν)TV]−∇Γν : ∇ΓV

= −4Γ (V · ν) +∇Γ · [(∇Γν)TV]−∇Γν : ∇ΓV

= −4Γ (V · ν) + [∇Γ · (∇Γν)T ] ·V.
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Applying identity (6) derived below, we find:

κ̇ = −4Γ (V · ν)− (V · ν)‖∇Γν‖2F + (V · ∇Γ)κ. (2)

This formula neatly separates the effects of tangential and normal velocity; decomposing the perturbation
velocity into normal and tangential components, V = vnν + vt, we find:

κ̇ = −4Γ vn − vn‖∇Γν‖2F + (vt · ∇Γ)κ.

We could instead obtain the formula in [1] by applying the divergence product rule to the first term of (1):

κ̇ = −(4ΓV) · ν − 2∇Γν : ∇ΓV. (3)

2 Errata for [1]

The derivation of κ̇ in [1] has two errors that cancel each other out. The first error is in the second term of

κ̇book = κ′ + (V · ∇Γ)κ, (4)

which neglects κ’s normal variation (κ = ∇ · ν is generally not a constant normal extension). In fact, under
a constant normal extension of ν, we will find ∂κ

∂ν = −‖∇Γν‖2F (see (7)). The correct formula should read:

κ̇correct = κ′ + (V · ∇)κ. (5)

The second error occurs when manipulating κ′, where [∇Γ · (∇Γν)T ] ·V is replaced by (V · ∇Γ)(∇Γ ·ν). We
now derive the correct version of this identity, denoting components of ν by ni and components of V by vi.

[∇Γ·(∇Γν)T ] ·V

= V · tr
((
∇
[
(I − ν ⊗ ν)(∇ν)T

])
(I − ν ⊗ ν)

)
= vi

(
−∂ninl
∂xk

∂nj
∂xl

+ (δil − ninl)
∂

∂xk

∂nj
∂xl

)
(δjk − njnk)

= vi

(
−∂ninl
∂xk

(δjk − njnk)
∂nj
∂xl

+ (δil − ninl)(δjk − njnk)
∂

∂xl

∂nj
∂xk

)
= − vi

∂ninl
∂xk

(δjk − njnk)
∂nj
∂xl︸ ︷︷ ︸

A

+ vi(δil − ninl)
∂

∂xl

(
(δjk − njnk)

∂nj
∂xk

)
︸ ︷︷ ︸

(V·∇Γ)(∇Γ·ν)

+ vi(δil − ninl)
∂njnk
∂xl

∂nj
∂xk︸ ︷︷ ︸

B

A = −vi
∂ni
∂xk

nl(δjk − njnk)
∂nj
∂xl
− vini

∂nl
∂xk

(δjk − njnk)
∂nj
∂xl

= −VT (∇Γν)(∇ν)ν − (V · ν)(∇Γν)T : ∇ν
= −VT (∇Γν)(∇ν)ν − (V · ν)∇Γν : ∇Γν,

B = vi(δil − ninl)
∂nj
∂xl

nk
∂nj
∂xk

+ vi(δil − ninl)nj
∂nk
∂xl

∂nj
∂xk

= [(∇Γν)V] · [(∇ν)ν] + ν · (∇ν) (∇Γν)V︸ ︷︷ ︸
tangential

= VT (∇Γν)T (∇ν)ν + ν · (∇Γν)(∇Γν)V︸ ︷︷ ︸
tangential

= VT (∇Γν)(∇ν)ν.
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Adding everything together:

[∇Γ · (∇Γν)T ] ·V = (V · ∇Γ)κ− (V · ν)‖∇Γν‖2F . (6)

Finally, if ν is a constant normal extension,

0 =
∂

∂xi

(
∂ni
∂xk

nk

)
=

∂2ni
∂xi∂xk

nk +
∂ni
∂xk

∂nk
∂xi

= nk
∂

∂xk

∂ni
∂xi

+
∂ni
∂xk

∂ni
∂xk

= (ν · ∇Γ)κ+ ‖∇Γν‖2F

⇒ ∂κ

∂ν
= −‖∇Γν‖2F , (7)

and (6) takes an even simpler form:

[∇Γ · (∇Γν)T ] ·V = (V · ∇Γ)κ+ (V · ν)
∂κ

∂ν
= (V · ∇Γ)κ. (8)

Notice that, if substituted into the book’s derivation, corrected identity (8) would properly cancel with the
corrected advection term in (5), just as the book’s expression cancelled the advection term in (4).
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