PHYSICAL REVIEW D 105, 016010 (2022)

Massive two-loop heavy particle diagrams

Benoit Assi® and Bernd A. Kniehl
1I. Institut fiir Theoretische Physik, Universitit Hamburg, 22761 Hamburg, Germany

Andrei I. Onishchenko
Bogoliubov Laboratory of Theoretical Physics, Joint Institute for Nuclear Research, 141980 Dubna,
Russia, Budker Institute of Nuclear Physics, 630090 Novosibirsk, Russia, and Skobeltsyn Institute of
Nuclear Physics, Moscow State University, 119991 Moscow, Russia

® (Received 27 October 2021; accepted 22 December 2021; published 10 January 2022)

We determine the master integrals for vertex and propagator diagrams that appear in effective
field theories containing heavy fields. The integrals involve at least one heavy line, and the standard
lines include an arbitrary mass scale. The evaluation is done analytically with modern techniques.
We employ the methods of differential equations and dimensional recurrence relations to evaluate said

integrals up to two-loop order.
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I. INTRODUCTION

Heavy particle effective theories (HPET) have a wide
range of applicability, and its use cases have expanded
dramatically in recent years. They are apparent when a field
of arbitrary spin in a given theory is taken to have a large
mass compared to other propagating massive degrees of
freedom. HPETSs were originally conceived in the context
of quantum electrodynamics (QED) and quantum chromo-
dynamics (QCD), such as in heavy quark effective theory
(HQET), nonrelativistic (NR) QCD and QED and varia-
tions therein [1-3]. More recently, it has also been applied
in the electroweak (EW) regime [4—10], as well as beyond
the Standard Model (SM) such as in the context of heavy
dark matter [11,12], Z’ bosons [13,14] and black hole
interactions [15-17].

When dealing with such theories beyond leading per-
turbative order, one is faced with loop diagrams containing
eikonal lines. In this work, we determine these at two-loop
order employing a set of modern techniques, in particular
differential equations and dimensional recurrence relations,
which have been successful in similar contexts [18,19]. We
further include a nonzero mass-scale in the standard lines
for theoretical models with massive propagating degrees of
freedom. The mass scale bounds the infrared (IR) regime
for the two- and three-point diagrams studied here. Even in
theories with exclusively massless propagating degrees of
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freedom such as QED/QCD and gravity, the IR structure
needs to be correctly understood [17,20]. The diagrams
considered here are especially useful in the evaluation of
form factors of a given model. The form factor is most well
known for its uses in perturbative analyses of scattering
processes occurring at the LHC and future colliders
[21,22]. Form factors are of primary consideration instead
of specific processes as they form the fundamental building
blocks for a vast array of processes. For instance, they have
been employed to study dijet, 7z, squark pair, and dark
matter (DM) production in various models [8,11,23,24]. It
is also the simplest amplitude that can be used to study the
IR behavior of a theory of interest. For further reference in
the context of the SM, the QCD form factors of quarks have
been evaluated to three-loop order [20,25-28], and the EW
corrections using both EFT and IR evolution equations are
currently being studied to two-loop order [4,5,10,29-34].

On the other hand, there has also been significant
progress in the realm of Feynman diagram evaluation.
When previously, certain classes of multi-loop diagrams
were intractable, they have now become determinable with
the help of novel techniques. Most notably, diagrams with
masses are now attainable with the differential equations
method [35-39]. The basis of which is set upon differ-
entiating the master integrals (MIs) of interest, forming a
system of differential equations and reducing said system to
so-called e-form [40-42]. Given that such a reduction is
achievable [42] and the obtained differential system is
rational, the MIs are expressible in terms of multiple
polylogarithms (MPLs) [43,44]. At present, we have also
good progress in understanding equations not reducible
to e-form[45] and functions beyond multiple poly-
logarithms such as for example elliptical polylogarithms
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(EPLs) [48-59], or entirely novel functions [59—67]. In our
case, the diagrams we encounter are reducible to e-form
with rational kernels and thus, can be written in terms of
MPLs. However, when we take external lines off-shell, the
integrals are only reducible to A 4 Be form, as we will see.
One must thus resort to EPLs to solve such Mls. This work
provides results for the massive heavy-heavy, heavy-light
and propagator diagrams at two-loop order. The results are
explicitly given up to O(e?) working in D =4 —2e
dimensions, which is the appropriate order for SM-like
theories [6—8,10]. However, this order is arbitrary, as the
results are simply attainable for any order in &.

Outlining this paper, we begin in Sec. II by presenting
our two-loop integral families and their associated differ-
ential equations. We then reduce each set of differential
equations to either e-form or A 4 Be form, illustrating the
sequence of balance transformations required. In Sec. III
we proceed to solve the differential equations and explicitly
present results for each integral expanded up to an
appropriate order in e. In Appendix we further calculate
the corresponding one-loop integrals for completeness.

II. INTEGRAL FAMILIES AND DIFFERENTIAL
EQUATIONS

The master integrals for one loop HPET vertices
and self-energy shown in Fig. 1 are easy to calculate.
Nevertheless, for completeness, we present their calcula-
tion in Appendix. The massive HPET vertices and
self-energy at two-loop level have MIs with topologies
represented by Figs. 2 (a,b) and 3, respectively. We begin
by considerinfg the prototype topologies for the heavy-
heavy vertex in Figs. 2(a), the master integrals of which can
be expressed in terms of a single integral family

ddl dil
HH 2
o e / 71?)? H (D; +10 M
where
D2
q q
P1
(@ v
FIG. 1.

Dy=1hL-v, Dy=1I-vy, D3:(l1—lz)2—M27
D4:l%—M2, Ds =1; - v, Dg =1, - vy,

Dy =(l,— 1)) v, Dy =1 - M?, Dy =15,
Dy = (I, = )*. (2)

Here, v, are the heavy particle velocities, and M is the
mass of exchanged bosons. It is convenient to rescale
integration momenta with respect to M and factor out the
overall M dependence of the above integrals. So, in what
follows, we will imply M = 1. After that, the integrals
depend only on w = v, - v, scalar product.

Similarly, in the case of heavy-light vertex, the required
prototype topologies in Figs. 2(b) can be assembled into the
following single integral family

d41,d97, {4

JH{‘---J/H / d/2 H + lO (3)
where
Dy = (L + py)* = m?, D,y = (I, + py)* — m?,
D3 =1 - vy, Dy=(ly = 1) v, Ds =13,
De = (I, = L,)", D; =1, vy, Dg =13,
Dy = (I, + p,)*, Dy =1 —m?,
Dy = (l, = lh)* = m? (4)

Here v, is the heavy field velocity, p, and m are the full
theory field momentum and mass. Again, upon rescaling of
integration momenta the overall dependence on m can be
factored out and the rescaled integrals depend only on the
scalar product w = v; - p,/m and we will again imply that
in the above integral family definition m = 1.

Lastly, the self-energy diagrams which contribute to
heavy field renormalization and residual mass term are
examined [68]. The prototype topologies are shown in
Fig. 3, and the corresponding single integral family is

defined as
, /‘\

p1

P2
(©)

Prototype topologies of one-loop vertex and self-energy diagrams: (a) is heavy-heavy vertex, (b) is heavy-light and (c) is self-

energy. Solid lines represent massive particles, double lines represent heavy particles and dashed lines correspond to massless

propagators. Arrows represent direction of momenta.
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(b3)

FIG. 2. Prototype topologies of two-loop vertex diagrams. Solid lines represent massive particles, double lines represent heavy
particles, dashed lines correspond to massless propagators. Arrows represent direction of momenta. (a;) and (b;) correspond to heavy-
heavy and heavy-light topologies. We also include the case of light self-energy insertions as is apparent in (as).

dl,d?, 1
o= [ g ©
3 (m.d/2)2 E(Di + lO) ;
where
Dl:(p+l|)'v, D, =1, D3:l%—M2,
D, = l% - M2, Ds = (ll _ 12)2 - M2,
Dsg=(p+1+1h)- v, D; =1, Dg = (I, — 1)

(6)

Here p and v are the heavy particle residual momentum and
velocity and M is the mass of exchanged field. The overall
M-dependence can be again factored out, so in what
follows we will assume M = 1. The left integrals depend
only on the scalar product w= v- p/M. Note, that the
relation between the heavy field self-energy, X(p), the bare

field counterterm 6Z; and the residual heavy field mass,
omy, are given by,

5Zh = iav~pi|1;-p:0 (7)

5mh = _ii|v~p:0' (8)

To determine these quantities, one only requires the MIs
on-shell at v - p = 0, thus eliminating the momentum, p,
from the propagators. The resulting MlIs are, therefore,
simple enough to evaluate with standard techniques.
Maintaining v - p # 0 is interesting in the case of off-shell
studies. However, as we will see, in this case, we encounter
integrals with elliptic structure.

With the use of IBP relations [69,70] all integrals in the
described integral families can be reduced to the set of so
called IBP master integrals. To evaluate the latter it is

(a1) (ag)

Heavy field self-energy topologies. The MIs associated to other topologies are subsets of the MIs required for topologies

FIG. 3.
illustrated.

(a3)
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convenient to use the method of differential equations
[35-39]. As all master integrals we consider are dependent
on a particular scalar product w, it is natural to consider
differential equations for our master integrals with respect
to w. To take the derivative with respect to an arbitrary
scalar product p - ¢, for two arbitrary vectors p and g, one
can follow one of two equivalent ways,

o _(p-9p-rq 0 _(p-q)a—¢’p 0

ap-q) (p-a)-p’¢* p (p-q°-pq" 9q
)

In our study, we take derivatives with respect to the
parameter w, defined in each integral family considered.
Upon re-reducing the differentiated results with IBP
identities, we obtain a linear combination of MlIs, leading
to a set of coupled differential equations. More precisely,
the derivative of a given MI will inevitably lie in the same
sector or sub-sector, meaning they contain the same set of
non-zero v;, or a smaller set, compared to the original MI.
Thus, one can combine all MIs and their derivatives into a
linear system of differential equations. As we will see
|

_ 2w’—¢
2(w=1)w(w+1)
&2
(w=1)w(w+1)

262 (2w e—2w?—2¢e—1)

s
I

below, these systems can be further reduced either to ¢ or
A + Be forms in the cases of vertex and self-energy integral
families, respectively. From there, we solve each system
iteratively at each order in a Laurent expansion about
small e.

A. Heavy-heavy vertex

In the heavy-heavy vertex case we have 26 master
integrals shown in Figs. 4-6. The latter could be conven-
iently represented as a column vector A (w) with component
A;(w) corresponding to JZ# | (w) master #i. Upon differ-
entiation of A (w) with respect to w and reduction by IBP
identities, we have a differential system,

0, A(w) = M(w, &)A(w). (10)

with a 26 x 26 matrix, M(w, £) which is neither Fuchsian
nor in e-form. Using balance transformations and the
algorithm outlined in [41] this system can be however
transformed into e-form. First, we transform to e-form
diagonal blocks. The largest diagonal block (for masters
#17,#19 and #20) is given by 3 x 3 matrix

3 (2w—1)(2w+1)
4(w=1)w(w+1)

4(w=1)w(w—+1)e

2w?—3e 1
~ = w(wET) ~ =T 1) : (11)
3e(2w?e+2w?>—2e—1)

_ 4wt —dw?e—3w?—2e—1

(w=1)w(w+1)(2w—1)(2w+1)
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p1
q
P2
q
P
P2
#75: I 010000 #6: J3 1010000
q q
D1 D1
D2 D2

(w=1)w(w+1)(2w—1)(2w+1)

=) wiw+ 1) 2w=T) 2w+ 1)

. HH
H3: J0011100000

. HH
H4: J0011110000

D2
q p
D2
q
N
H7: J§th1010000 H8: J5 T 1100000
q q
J41 p1
P2 P2

FIG. 4. Master integrals for heavy-heavy vertex (#: 1-8). Green lines denote propagators for heavy particles, solid—propagators for

massive particles and dashed—massless propagators.

016010-4



MASSIVE TWO-LOOP HEAVY PARTICLE DIAGRAMS PHYS. REV. D 105, 016010 (2022)

. HH
Ho: J101 1010000

. HH
. HH 120 J 11110000
H11: Si511110000

q #10: JHA
0111110000 p p]
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p3 q P3 q
P D2
P2

. JHH
H13: Joo11000100 15 JAH
- J0011011000

. HH
H14: Joot11001100 116: J5H 100

3
q P
D2 D2 < ><
q

FIG. 5. Master integrals for heavy-heavy vertex (#: 9-16). Green lines denote propagators for heavy particles, solid—propagators for
massive particles and dashed—massless propagators.

p1
P2

Using Libra package [71] we can easily find the — 0 0
sequence of balance transformations to transform eigen- 0 BN 0
values of M5 matrix residues at all poles except at w = +1 T3 = w1 ’ (12)

. . . >

to ne form, where n is some integer. The required overall »3i T 1)?2' ey 442W :

. o K w—1)(4w*— wi—
transformation matrix is given by

. HH . HH . JHH . JHH
w7 J1011001100 "18: J2011001100 "19: J10’I100’I200 H20: J3011001100

q q q q
P2 P P2 P4

. JHH . HH
H22: Jo11011000 H23: 011011100

D2

. JHH
H24: J0000000111

. JHH
#H21: So11010100

p p
b2
P2 D2
q q

. JHH
HH H26: Jo100100111
H25: Joooo100111

FIG. 6. Master integrals for heavy-heavy vertex (#: 17-26). Green lines denote propagators for heavy particles, solid—propagators for
massive particles and dashed—massless propagators.

016010-5



ASSI, KNIEHL, and ONISHCHENKO

PHYS. REV. D 105, 016010 (2022)

The eigenvalues at w = +1 have the form +1/2 4 ne and
to normalize them further we require variable change. It is
clear [72] that the appropriate variable employ is

e = N(E)

Now, we again use Libra to find the required sequence
of balance transformations to normalize eigenvalues at
p = 0, oo to ne form and find f-independent transformation
to factor out the overall e-dependence. The required
transformation matrix was found to be

5 00
Ti=10 & 0], (14)

82

0 0 %

which together with previously found matrix 7’5 reduces
M5 to e-form,

2 s
wzvﬁl 0 4(w-1)

ow p
0 W2 =1)(4w?—1)  (w=1)(4w*-1) |* (15)

165 125 8w
w—1 (w—=1)(4w?-1) dn?—1

S3:8

Next, we repeat these steps for other diagonal blocks.
Finally, fuchsifying off-diagonal blocks and factoring out
overall e-dependence[73] the original system of differential
equations is reduced to canonical or e-form:

. HL
H1: J1 1000000000

. HL
H2: J01001100000

J41

D2
. HL
H5: J11010000000

D2
\{pl
q

. HL
Heé: J11100000000

q
g
\T(

DA (w) = eS(W)A(w), (16)

where A = T - A. In what follows we will refer to the vector
of master integrals A as the vector of canonical master
integrals. It turns out that in this case the only new variable
appearing in the process of reduction is f# and thus it is more
convenient to consider differential system with respect to

A (B) = eNI(BA(B), (17)

This way, as we will see in the next section, the corre-
sponding solution of the differential system can be written
in terms of MPLs. The corresponding expressions for the
canonical M and transformation matrices T can be found in
an arXiv ancillary file.

B. Heavy-light vertex

Here, we have 18 master integrals shown in Figs. 7 and
8. Writing the latter as a column vector B(w) the corre-
sponding differential equations system can be written as

0,,B(w) = M(w, e)B(w). (18)

with a 18 x 18 matrix, M(w, ). The reduction to e-form in
the present case proceeds similar to the case of heavy-heavy
vertex. That is, we first reduce to e-form diagonal blocks.
Then, we fuchsify off-diagonal blocks and finally factor out
the overall e-dependence. What is important is that in this
case similar to the case of heavy-heavy vertex the only new
variable introduced is f# (13). For example, take 2 x 2
diagonal block (for masters #13 and #14)

. HL . HL
H3: J01011000000 H4: J02011000000

\ %

P1 J41

. JHL
H8: Jot101100000

. HL
ur: J01011100000

q

P2 P2

FIG. 7. Master integrals for heavy-light vertex (#: 1-8). Green lines denote propagators for heavy particles, solid—propagators for

massive particles and dashed—massless propagators.
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. HL
H10: J21011000000

. HL
Ho: ‘j1 1011000000

. HL
H13: J11101100000

p3 q p3 q

. HL
H14: J12101 100000

. HL . HL
w7 JO11OOOOOO11 H18: J01200000011

q q

J41 P
P2 D2

FIG. 8.
massive particles and dashed—massless propagators.

— % _4
w—1)w(w+1 w
M2 o (_ e(4e+1) _ w2+4e+1 ) (19)
(w=1)w(w+1) (w=1)w(w+1)

Using balance transformations we again transform eigen-
values of M, matrix residues at all poles except at w = 41
to ne form, where n is some integer. This can be done for
example with transformation matrix

1 0
w+1
T2 - (_ (W—2)6 W ) (20)

2wr=1)  w?—1

To reduce eigenvalues at w = =1 we require the same
variable change to f-variable (13) as in the case of heavy-
heavy vertex. Next, we again use Libra to find a sequence
of balance transformations to normalize eigenvalues at § =
0, oo to ne form and find f-independent transformation to
factor out the overall e-dependence. The required trans-
formation matrix was found to be

L0
T) = <_ﬁi E), (21)
28 2

. HL
H11: J1 1110000000

D1 HL
2 H12: Jo1111100000

. HL
H15: J1 1100010000

. HL
n16: J01000000011

P q
D2

P

Master integrals for heavy-light vertex (#: 9-18). Green lines denote propagators for heavy particles, solid—propagators for

which together with previously found matrix 7', transforms

M, to e-form,
2w _2
w =1 w—1
e(_ﬁ _ﬂ)' (22)

w—1 w21

S2:

Altogether, in this case we can also write down the
transformed differential system with respect to f in e-form

(B=T-B)

9sB(B) = eM(B)B(p). (23)

with the corresponding expressions for canonical M and
transformation T matrices located in an arXiv ancillary file.

C. Heavy propagator

In the case of the heavy propagator, we have 12 master
integrals as depicted in Fig. 9. The reduction of the
corresponding differential system for a vector of master
integrals C is achieved as in the cases of heavy-heavy and
heavy-light vertices. In particular, we first reduce diagonal
blocks where possible to e-form and then fuchsify
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. JSE
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12 36011000
QP »

b p

. [SE
Hé: JU1111000

. [SE
H5: J02101000

. |SE
Ho: J11111000

. JSE
H3: J01011000

—C

p p

. |SE
H4: J01101000

. SE
H7: Sio11000 sE
H8: JiT110000

12 SFi00011
7112 SGo00011 -

’
’

I, ,//
’

p p

FIG. 9. Master integrals for heavy propagator (#: 1-12). Green lines denote propagators for heavy particles, solid—propagators for

massive particles and dashed—massless propagators.

off-diagonal blocks. Some of the diagonal blocks will also
require a variable change to the f variable, as defined in
(13). However, contrary to the vertex cases considered
previously, we have elliptic subgraphs represented by
elliptic sunsets (master integrals #4 and #5). This particular
diagonal block can not be reduced to e-form[74]. Still, one
can reduce the latter to A + Be form. Also, instead of
factoring out the overall e-dependence in the final step, we
find a (f(w)-independent) diagonal transformation matrix,
which reduces the entire system to A+ Be form.
Altogether, in this case we write down the transformed
differential system with respect to w in A + Be form

(C=T-0)

9,C(w) = M(w)C(w), (24)
with corresponding expressions for canonical M and trans-
formation T matrices located in an arXiv ancillary file.
Here, the matrix M does contain square roots in w induced
by the variable . As we already noted, for on-shell studies
we need to know master integrals only for w = 0. Still, as
will be shown in next section, we will also able to supply all
the ingredients necessary to have Frobenius solution in
terms of a generalized power series in w for w # 0.

III. SOLUTION OF DIFFERENTIAL EQUATIONS
AND RESULTS

Given our reduced systems of differential equations to
either € or A + Be form in the previous section, we are now

ready to solve them. In the case of heavy-heavy and heavy-
light vertices, where we managed to reduce the correspond-
ing differential systems to e-form, the solution can be
readily written in terms of P-exponents as

J(B) = TP () = T(BPexp [ I M(r)dr} Lo (25

where J is either vector of A or B masters, T is the
transformation matrix to canonical basis and M is corre-
sponding differential equations matrix in canonical basis. L
is the adapter matrix converting the vector of constants ¢
into boundary conditions for canonical master integrals.
The expressions for said boundary conditions can be found
in an arXiv ancillary file. The components of the vector of
constants ¢ have the form c;(§/), where c¢;(f/) is the
coefficient of A/ in the f-expansion of the ith master. In the
case of the heavy-heavy and heavy-light vertices, c-vectors
are given by

e = (c1(BY). 2(B). c3(8°). cs (7). c5(8°),
es(B7172) es(B71) o (B1) cro(B7h)s e (B7Y),

ci(B7), ei3(B°), c1a(B0), c1s(B°), 16 (),

cig(B%), 17 (B°), i (B7172¢), 1 (B%), e (7).

cn(Bh) . es(B1). caa(B). ca(B). cas(B°). cos(B")) T
(26)
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and

e = (c1(8). c2(B). c3(B°). e3(B°7¢). s (B°).

CalF12) o712, () o512,

co(B7). cin(B7%), crn(B). ci3(B7%), c13 (%),
cis(B74), c16(B°), c17 (B7%). e (B772)) T (27)

It is easy to see, that all ¢;(#/) constants other than c¢;(5°)
are zero either due to the regularity of master integrals at
/= 0 or due to the absence of subgraphs in the large mass
expansion (corresponding to the expansion at f = 0) of
these vertices. The remaining constants will be calculated
in the next subsection with the use of dimensional recursion
relations.

In the heavy propagator case, due to the presence of
elliptic subgraphs in its corresponding differential system, a
‘P-exponent solution is not attainable. However, we can still
obtain a Frobenius solution in terms of a generalized power
series in the w-variable. The solution can be written as

Q
E
I
=
N
a
S
I

Tw)F(w)-L-ec, (28)

where F(w) is the Frobenius solution for canonical master
integrals. L is again the adapter matrix converting the vector
of constants ¢ into boundary conditions for canonical
master integrals. the vector of constants ¢ in this case is
given by

. wHH
H1: K1 1000000

e

p p

. wHH
H2: K1 1010000

/_<>

p p

. wHH
HS: K1 1000100

Hé: K11100100

p W/

. KHH
HO: KiT101100

s

110: Kiffh 10100

T

ese = (c1(B°). c2(B°). c3(B°), ca(B°). ca(B773),
c6(P). c7(B°). cs(B°). co(8°). c10(S°).
(). en(p)’. (29)

Using Feynman parameters it is easy to see that
cs(f772¢) = 0 and

e (B4) = (=1)%24T(1 - e’(4e — 3). (30)
Like the case of vertices, the remaining constants are more
convenient to determine using dimensional recurrence
relations. It is also possible to determine Frobenius sol-
utions for canonical master integrals 7 (w), see for example
[75-81]. Moreover, the Libra package [71] itself contains
built-in tools for obtaining such a solution. The reader is

advised to consult the accompanying arXiv ancillary
notebook.

A. Boundary constants from dimensional recurrences

We need to calculate the remaining c;(°) constants in
each case. First, we note that for f =0 in the case of
vertices, or w = 0 in the case of heavy propagators, the
master integrals, as illustrated in Figs. 4-9, are no longer
masters and additional reduction using partial fractioning
and IBP identities is possible. In the case of the heavy-
heavy vertex, additional boundary master integrals can be
written in terms of a single integral family

. gHH
H4: K11110000

Enval

. H
H3: K"I-‘1100000

11101000
. HH
H8: K10101100

. HH
H11: K00000111

iS]

H12: Kiioo111

’

s

s
-

FIG. 10. Boundary master integrals for heavy-heavy vertex (#: 1-12). Green lines denote propagators for heavy particles, solid—
propagators for massive particles and dashed—massless propagators.
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dl,d?l
K, 2 31
,,,,, (lﬂ_d/Z)Z H D + lO ( )
where
Dl = (ll —12)2 1, Dzzlg—l, D3 :ll v,
D4—lz v, :<l2—ll)'v D6:l%—1
Dy =15, Dg = (I, = ,)? (32)

and v is the heavy field velocity. Altogether in this case we
have 12 master integrals shown in Fig. 10. Similarly, in the
case of heavy-light vertex the single integral family is given
by

dl,d’l
KHL 2 33
by / () L. H D; + zO >
where
Di=(h+vP=1,  Dy=(hi-h)-v. Di=B
Dy = (I} — )", Ds=(L+v) -1, Dg = 1.
D,=B-1, Dg=(l—5)?—1 (34)

and the corresponding 5 boundary master integrals are
shown in Fig. 11. Finally, for the heavy propagator case the
single integral family takes the form

KSE

.....

d91,d97,
35
(lﬂd/2)2 H (D; —I—l() (35)

D1:U'ZI,D2:7]'12, D3:l%—1,
D4:l%—1, Dsz(ll—lz)z—l, Dézlz,
=(h=b) (36)

with 10 boundary master integrals shown in Fig. 12.

The simplest way to calculate the exact expressions in &
for these boundary master integrals is to use dimensional
recurrence relations [82-85]. In all cases we present here,
the recurrence relations are all first-order. Consider, for
instance, the evaluation of the K5E,,,,(d) master integral.
In this case, we have the following dimensional recurrence
relation (v = d/2)

3
KiGioov +1) = 0 KGi1100(®)

2u(2v —

3
+ nggol w00@),  (37)

where K35,00(v) is the product of two one-loop tadpoles

SE _ 2
Koooroo(v) =T(1 —v)*.
It is sufficient to consider the solution of this recurrence
relation in a basic strip v € [1,2). First, we determine the
solution of the homogeneous difference equation,

(38)

23"z cse(2nv)
rv—1)

Jn(v) = (39)

where an extra periodic factor csc(2zv) was chosen to be
well-behaved at imaginary infinities and singularities close
to those of the original master integral Kb 00(r) (see
[84,85] for further details). The easiest way to see them is
through numerical evaluation in a chosen strip with sector
decomposition [86-92]. In particular, we used the function
SDAnalyse from Fiesta [93]. Knowing the homo-
geneous solution, the particular solution can be found with
substitution into original recurrence relation the ansatz

. L
H3: K'140001000

. s

p p

where
#2: Ko0000
#1: Ki5110000 \
p p
p
#4: Kiloor000 H5: KiSoo0011
p p p p
FIG. 11.

Boundary master integrals for heavy-light vertex (#: 1-5). Green lines denote propagators for heavy particles, solid—

propagators for massive particles and dashed—massless propagators.
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H2: KG11100
B Ktorre 535 Kifoon 342 Kifioon
s v —)
p p
p p P P
p
H5: K§ri1100 6:
Kiortoo H7: K$5 1000 H8: Kifi1100
— X — — [
)A\ \v( p p P P
H9: KiGioo11
H10: 3510011
p p

FIG. 12. Boundary master integrals for heavy propagator (#: 1-10). Green lines denote propagators for heavy particles, solid—
propagators for massive particles and dashed—massless propagators.

K& 1100(v) = r(v)J;,(v) and obtaining the recurrence rela-

tion for r(v)

rlv+1)=r)+ J;'()I(1 —v)2 (40)

This first order recurrence relation is easy to solve and we
have

23V (24 i —v)?

r(v) = — - 41
=2 Tarai-w )
32702 - 1)? 5 3

——szl<l,2—U,§—1/,Z>. (42)

The general solution is then given by

Ko@) = Jh@)r() + w)Jy(v).  (43)
where the periodic constant w(v) is fixed from the leading
term of the expansion at v = 3/2. Altogether, we have the
exact solution,

4.3v732p2cse(2nv)  3mese(2av)I*(2—v)
r2v-1) F4-2v)r2v-1)

5 3
Fil12-vz-u>).
1( ’ l/72 I/,4>

Employing the same technique, one can then calculate all
other boundary master integrals. The corresponding results
can be found in an arXiv ancillary file. Expanding the exact
results at d = 4 — 2¢ and accounting for obvious exp(2yz€)
factors, we get.

Kggmoo(’/) =

(44)

1. Heavy-heavy:

1 2 71'2 C3 2 C3 2 777,'4
= — — 3 — S 4 2 5 T2
€2+£+<+6>+( 3 T +3>+< 3 TS 36())8
p 2 27 In 8¢5 202 4L
iy F SR E At I S T I —_=2 =3
+< G 5++3+180> <3 9+9 5
572 Irx 3170 4 5
= 4= 4
+7 4+ +120+15120>e +O(&%), (45)
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272

3

1643

2
4y — _?” + 7(4l, — 6) + 7e (-14 - AR + 1212> 1 e <3 —30-272

813 4 32 1422 7t 4l
+2 1282 4281, +§n212> + 763 <16C3 - Gh-62 S A

3 3 5 3
4 11285 1622, 64L5 32
+803 — 2853 — ~ 7213 + 601, + 4n*l, | + me? G | lome, | s | 4B
3 3 9 5 3
31t 813 565 8
~32¢30, — 126 — 1072 —%+1—52—413 + 52 4 570 = 60 — 4r 3 + 1241,
28 2
+—ﬂ'212 + —77:4[2 + 0(85)a
3 5
32w | L (T04x 256 5\ L (10880n  112¢t 1024 5, 5632
= -——7 N 4
T3 9 377 27 9 3 72 9 77
198472, 1472007% 24647 8192 22528 87040
4 3 273 272 2
- - I B- I
”( o T 81 T3 g Fht Ty mh Tk
896

- Tﬂ'“lz) + 0(85),

287
a, = 27° + e(87% — 87%1y) + €2(24x* + n* + 162213 — 327°1,) + & (—ETQ + 647°

64 11272 112
+4n* — ?ﬂ'zl% + 647213 — 9671, — 47:412) + & (—TEQ + Tﬂzé’3lz + 16072

579 64 256
+127% + % + 3wl = SR 4 19220 4+ 85 - 2567°1, 16ﬂ412> +O(e),

3 9 1 (1 i3 -
as :@—FZ#—Z (8\/§;S (le <E_T)) +42+71'2> + 2 ap € +O(€5)’

2 477:2 ¢ n 5
ag = —?—}— —8r —%4‘47[12 + 2 az p€ + 0(8 )’

a; = 61> + (24n* = 247°1,) + €*(727% + 37* + 487213 — 967°1,) + &3 (-287%¢5 + 19272
1127% — 64720 + 1927212 — 288721, — 127°1,) + € (—1 127285 + 1127251, + 48072

5 6
+367* + % + 647213 — 2567% 13 + 576713 + 247* 15 — 7687°1, — 48n412> +0(&),

567[24’3
3

ag = 4n* + e(167% — 167°1,) + €2(487% + 27* + 327213 — 647°1,) + & (— + 12872

22472, 224

128
+87* — Tﬂzl% + 12871'213 - 192721, — 871'412) + €4< 3 + Tﬂ2§3l2 + 32072

579 128 512
+24nt + % 5w =T 4 3845 + 167 - 512°1; — 32n’412> +O(),

472 (16 872 4
ag = —i + (—ﬂ213 —i) + 203.’16." + 0(85)’
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1

01025‘19,
1 n 3 7+7z2 n 4C3+15+37r2 + (-4 +31+7712+7zr4 22
= — _ —_ _— _—— _— — | E _ _— _— _—
M=5aT. 727, 3 72 g 3T TR0

16¢3
>£3 + (—2053 - 2725 + 16c3

3 3 5 2 4 80

48¢s 127 31x? 497 8690 4 5
5 Tt 1t 50 T3000)¢ TOE)

. (_ 8¢, 275 16¢s L6 152> 217 9

2 1022 28 402> 813
alz:—?ﬂ+n(4lz—8)—|—fce<—24—T”—4l§+1612) +nez(ﬁ—64——”+—2

3 3 3
20 11245 56 238z% 412 328
—1603 + 481, +?n212> +ne3< : 3 -Gl - 160 — 4077 — 15 —72 TZ
20 80 140728, 12485 56
488 — - n2B + 1281y + -l | + met [ 11285 + —— &y 12965 +-48
3 3 9 5 3
224 32072 9527* 815 1614 40
-, — 384 — - —2 2432 4+ — 723 — 12812
3 &b 3 5 T3 Tt gTh 2

80 476
_?”21% + 320[2 + 807[212 + Eﬂ'“lz) —+ 0(85),

2. Heavy-light:

oo L5 (ISP G S5 05 L (5SG 949 sse 100t
T2 4 8 T2 3 16 24 6 32 ' 48 ' 240
121¢;  552%; 35905 8575 2752  101z%\ 605¢; 27572
(12 TR s e 96 96 ) T T 6
12143 3595 64189 4745z 1111z*  33357%\ ,
- - O(e5).
5 T2 18 " 192 T 960 T eoas )¢ TOE)
po_ L 4 7 56 UG 1520 20 (4720 24224 8%
2T T 273 "2 3 27 T3 )° 9 81 9
20974\ , (66085  59%C; 6478Cs 330176 76072 299z |
+120>€ (27+3_5+243_27+908
L (179360, 23670, 696203 25912(5 , 4213376 121120 2093
81 9 9 15 729 81 135

919097%\ , X
15120 )8 +0().

1 2 72 28, 72 4¢, 7 I
=—4Z= - — 244 - ) -2
bs 82+8+(3+6>+< 3 T +3)e+< R T A

n*ly 2Ls 27? 7”4>e3 (86_,“3 2n%85  28% AL 57°

379 toTs Tt

Tzt 31x° 4 5
120 15120)8 O,
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_ T2 212 2004 2
b4 3 71'12 27 + 9 3 77512 71'12

9 3 9

J(_19847°G; | 1472002 | 2464x' 8192 .\ 20508 87040
¢ 9 81 27 ) 27

327[2.9+ 2(7047:2 256 >+ 3<10880ﬂ'2 1122% 1024 5632 )
= £

896
71'212— —

212_
/3 2 9

ﬂ412> +O(),  (60)

b 31T g+n_2 . €+§+49ﬂ2 (151G 1117+475;z2+7_;z4
ST T4 T \8 T4 3776 24 )ET 8 e 32 48 240

1\ 2125 2ty 3 13783 3745z 103x*
—8ﬂ212>+83(192Li4<—)+ & _7%s 365 _ + T _em

2 12 6 5 64 96 96

(1 1\ 19255¢;  3617°¢5
+81§+16nzl%—52n212>+84<1248L14<§>+1152L15<§>+ T 3

8 9317¢s 114181 2656322 7073x* 3125 485 ., .
&5 _ _ _ 5204 — 30221
3710 28 192 060 10080 5 ' c2TATh

104
+104ﬂ'zl% - 23077.’212 + Fﬂ412> + 0(85). (61)

3. Heavy propagator:

1
€2 = ds, €5 = dg, Cg = §a9 (62)

1 2 n° 25 n? 445 n*  In*
=—5+4- 34— ——+4+—= -2 45—+
c 82+8+<+6>+< 3+ +3>8+< 3+ +2+360€
_|_< ”2€3 2s 27° 7”4>€3+<_%_2ﬂ2§3+2_€%_4é+7+5_”2_|_ﬁ+ 317°

—265- 5 Tt 3 g 3 9 9 5 6 ' 120 ' 15120

9 5 3 180

)84 +0(&),
(63)
27 2 2
c=——+ n(4l, —6) — gs(;z(zl + 7% + 613 - 181,)) + 57:82(8@3 —45-37% + 45
=180 + 421, + 27°1,) — %83(n(—240:3 + 16031, + 930 + 707 + 3z* + 2014

1
~1208 + 42003 + 20285 ~ 9001, — 60x°L)) + < me*(1680C; + 805 + 5T6L

+480¢313 — 1440831, — 5670 — 45077 — 27x* + 2415 — 18015 + 84013 + 40713
270013 — 1807%15 + 55801, + 4207%1, + 187z*L,) + O(&°), (64)

3272 7047> 256 16
Ccq = Jene + 82< T _ —71'212) + —&3(6807% + 217* + 57672%13 — 10567°1,)

3 9 3 27
32
— 554(5587953 —46007% — 23172% + 23047:213 - 63367:213 + 8160721,
+2527*1,) + O(&%), (65)

+ 647> + 47t

2872
ce = 27% + e(8n* — 87°ly) + €*(24n* + n* + 167215 — 327%1,) + &3 <— 7; &

64 1
—?7[21% + 647215 — 9671, — 477:412) + 584(—448ﬂ2§3 + 44872851, + 19207 + 1447*

+57° 4 2567713 — 10247213 + 23047213 + 96715 — 30727%1, — 1922%1,) + O(&°), (66)
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c7 = 4 + e(167% — 167°1,) + €2(48x° + 27* + 322%13

128
+8ﬂ'4 _ T”zl% =+ 1287[215 - 19271'212 - 877-'412) +

+1447* + 57° 4 256715 —

13 1
+—+

1
2
Co = 22 2% 4(14"‘7[)"‘

12

o ((B-) e 16, 0

10247213 + 23047213 + 967415

+ 12872

— 647°l,) + € ( 567; &

e} (—4487°¢; + 4487°C31, + 19207

— 3072721, — 1927%1,) + O(&5), (67)

(=163 + 90 + 972)e + (_4g3 +o4 27

31 72 It 5
e
2 4 80

2174 31
+W>83 + (71'2 (I—ZC:;) - 204/3

473 3 5 '
1603 48fs 127  497* 8697 s
9 5 T2 T80 T30040)¢ O (68)

107>

2 4
Clo = —?ﬂ+4n’(lz -2) —|—7re( -24 —?—412 + 1612> 37152(74'3 —48 — 102 + 283

2
—1212 + 361, 4 5721,) — — &3 (n(—840¢; + 420¢515 + 3600 + 9007% + 1197 + 3014

45
—24015 + 10805 + 1507213

210852

— 28801, — 600721,))

— 84051, — 4320 — 12007* — 2387 + 613

4
+ E71&;4(12604“3 + 17573 + 279¢s

— 6013 + 36013 + 507213 — 144013

—3007212 + 36001, + 900721, + 11971, + O(&). (69)

where £, = >-% | L is the Riemann zeta function, /; = Ink.
Here a; constants correspond to #i boundary masters in
Fig. 10, b; constants to #i masters in Fig. 11 and c; constants
to #i masters in Fig. 12. The constants a; ; are given in an
arXiv ancillary file. Note, that some of their analytical
expressions contain derivatives of hypergeometric functions.
The latter can be considered as new elliptic constants[94],
which can be evaluated with very high precision using their
triangle sum representation and SummerTime package
[95], see ancillary arXiv file for details.

B. Results

The complete set of results for the canonical Mls up
to O(&?) for the heavy-heavy vertex and O(e?) for

the heavy-light vertex are given in an arXiv ancillary
file. The same notebook also contains results for IBP MIs
up to O(¢?) in the case of heavy-heavy and heavy-light
vertexes and up to O(e?,w) in the case of the heavy
propagator. Moreover, we provide exact results for the
boundary integrals and associated asymptotic coefficient
vectors, ¢, as well as the set of matrices, {M, T, L} for all
cases. The interested reader can employ these to repro-
duce our results. Due to the size of the expressions for
the canonical masters, we only present terms up to an
appropriate order. Also, in the case of the heavy
propagator, we only present results for IBP masters.
We omit overall pre-factors of mass scale as these can
be determined by inspection.

1. Heavy-heavy:

- 1 2 2 1
Aj==+=+ <3+”—> —( 2053 4+ 12+ 7%)e + —— (—480¢5 + 1800 + 18072
£ &

6 3

+77%)e? + (—%ﬂz(Q —6)—20; -

- 357 35

Ay =228 1 2 (44— 12

2 3 +18 me( b)
35

TR 3(4r(18¢5 — 1150 + 913 —

35
+ 5—471'82(680 + 677 + 3613 —

9912 + 5101,) + 3(181,

360

2 Tn*
%561

180) 34+ 0(e"), (70)

2641,)

- 66)) + O(&*), (71)
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~ 32r%e 64
+

16
Ay == 5 22 (11 = 121,) + E€3(21ﬂ4+8ﬂ2(85+72l%—13212))+(’)(84), (72)

i 2 2 4
Ay = _?” +dn(ly = 2) = S e(w(36 + 52 + 613 — 241))) + 3 7€ (78 — 48 + 213

2
— 128 + 52%(1, — 2) + 361,) — Ee3(;z(30(—28¢3 +2(7¢3 — 48)1, + 120

+ 15 = 813 + 3613) + 1192* + 1507%(6 + I3 — 41,))) + O(&Y), (73)
A = - NP ZOED) _LiiG(-i:) - 6(0:p) + 6(0.i:p)
—G(0,i;) = G(=i,=i;p) + G(=i, s p) = G(i, =iz ) + G(i, i3 ) + O(¢"), (74)

Ag = —20ie(zG(~is p) — 2G(i; ) + €2(4072G(~1; ) — 407>G(1; )
+80inG(=1, —i; f) — 80inG(—1, i; f) — 40ixG(0, —i: f) + 40izG(0, i: )
—40inG(—i, —i; ) + 40inG (i, i; ) — 40ixG (i, —i; f) + 40ixG/(i, i: )

10
+80ixG(1. ~i: ) = 80inG(1.i: §) + = in(121, ~ 44)G(~is )

—%0 in(121, — 44)G(i; p)) + O(), (75)
. 12 1 , - -
Ay = “92 0 + 54( 48G(—i, —i; ) + 48G(—i, i; p) + 48G (i, —i; )
—48G (i, i;8) — Tn* — 18) + O(e!), (76)
Ay = "CCED ZCED) 2 i(G(isf) — G(i:) + e i(18 + #)(G(-i:p)-G(i:) + OE).  (77)
A, i(G(—i;ﬂ)g— SEA) L oi(G-ip) - Glisp)) + eéi(IS +7°)(G(=i:8)=G(i; ) + O(e?), (78)

A= £<5iﬂG(—i;ﬁ) = 5inG(i; B) +57ﬂ> ( 10izG(0, —i; p) + 10izG(0, i; )
+10inG(~i, i3 f) — 10inG(~i. i; f) + 10inG (i, —i: ) — 10inG(i. i; )

5 5 95
=g i7(12h = 44)G(=i:p) + in(121, = 44)G(i: ) + n(g - 512>> + O(&), (79)
- 35z 35
A, = 6”‘9 T €2(12inG(0, =iz f) — 12inG(0, i; f) + 257 — 67l,)
35

+5,8 & (=7272G(0, —1; B) + 264inG(0, —i; ) — 264inG(0, i; )

+7272G(0, 1; ) — 144inG(0, =1, —i; ) + 144i7rG(0 —1,i;p)

+72ixG(0,0, —i; ) — 72inG(0,0, i; f) + 72ixG(0, —i, —i; )

=72ixG(0, —i, i3 f) + 72inG(0, i, —i; f) — 72mG(0, i,i;/)
—144izG(0, 1, —i; ) + 144inG(0, 1, i; f) — 72inl,G(0, —i; )
1 72inlyG(0, s ) + 37° + 4157 + 18782 — 150z1,) + O(e*), (80)

016010-16



PHYS. REV. D 105, 016010 (2022)

MASSIVE TWO-LOOP HEAVY PARTICLE DIAGRAMS

G(—i,i; ) — G(i,—i; ) + G(i,i; B)) + 2¢e(G(=i, —i; )

— G(=i,i;8) = G(i. =iz p) + G(i. is ) — G(=i,0, —i; ) + G(—=i. 0, i; )
i, —i,—i; ) — G(=i, —i,i;f) + G(—i,i.—i; ) — G(=i. i, i; )

+ G(—i
+G(i,0,-i;8) — G(i,0,i; ) — G(i, =i, —i; ) + G(i, —i, i; )

—G(i,i,—i:f) + G(i. i, i: ) + O(2).
A = 212+1+ (sfs(uz(; “{)) +18+ 7 ) +1128<4a11

—8V/33 <Li2 G - %)) . 66) + O(?),
2(—63ay, + 87%(—195 +35V/3

Alz = (G(—i’ —i;ﬁ) -

- 35z 10 5
Ay ="+ —re(77+ (V3 = 12)x = 211
4= +277T( +(1V3 Jm—211) + T62¢
+1441,) — 567(151, — 58)) + O(£?),
- 4n* 8 2 4
5= % - 58(7:2(212 -1))+ §ﬂ282(6 + 2 + 1613 — 161,) — ﬁg3(2ﬂ2(7g3 -6+ 165
2412 +18Ly) + 7*(61, — 3)) + O(&Y),

~ 272 4 1 1 1
i + 71'2(213 - 1) + —8a31 + —82613,2 + 58303,3 + 0(84),

A =-3.13 21Ty
Ay = —é ie(7*(G(=i; ) = G(is ) + 6(G (=i, =i, —is f) = G(—i, =i, 5 §)
~G(=i,i,~i; ) + G(=i. i, is ) — G(i. ~i. —is ) + G(i, —i. i3 ) + G(i.i.~is )

(=
=G(i.i,i:§))) + O(&).

A = _%82(2”(;(-@;/3) —27G(V3; ) = 3i(G (=i, =i: ) = G(=i, i p)
+G(i,—i; ) — G(i, i; ) = G(=V/3, =i f) + G(=V/3.,i; ) — G(V/3,—is )
+G(v3.i:8))) + O(e%),

- e 1 1
Ao=: <ﬂ2 (—G (_—3, ﬂ> T G<ﬁ,ﬂ> +4G(-V3:p) —4G<ﬂ,ﬁ>>

+6<—3G<—\}§,—i,—i;ﬂ>+3(G<—\}§,—i,i;ﬁ>+G<—\}§,i,—i;ﬁ)
s el i) oGy )y

uﬂ)w( VA i) — G~ ) — G(—/3. 1. ~i: )

+G(- ) — G(V3,—i,—is f) + G(V3, =i, i: ) + G(V/3,i,~i; p)

63 i)+ 203 (1 (3-8 ) @i - 6t ) ) + 0@

+G7
Vi

Asy = —6G(—i, —is ) + 6G(—i,i; ) + 6G(i, —i; f) — 6G (i, iz f) — P
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Ay = NOCEA =GR LG p) ~ Gi(isp)

3—zg<24\ﬁs< G——)) +18+7r2> (G(=i:8) = G(i:8))

— i (G(=i2) — Gli: ) (~12ay , + 24V (L12 G - %)) g

36
+ 77?4 246) + O(&?),

Ay = ?ie(nG(—i;ﬁ) —7G(i; §)) + € <% in(121, — 44)G(i; p)

35 35
~Tgim(121y ~ 44)G(~i; ﬂ)> 4 <5—4 im(680 + 672 + 3612 — 2641,)G(—i: )

—z—iin(680+6ﬂ2+36lz 2641,)G(i ﬂ))+(9( 9,

Ay = —%mﬁ(znG(o, —V/3; ) = 22G(0,V/3; B) = 3i(G(0, =i, —i; f) — G(0, i, i: )
+G(0,i,—i; ) — G(0,1.i; ) — G(0, —V/3, —i: f) + G(0, —V/3. i; )
~G(0,V3,—i: ) + G(0,V3.,i:8))) + O(e*),

13

1
2—€2+2—8+Z(14+n2)+

1
+74)e? 4 55 (=22400; = 16072, = 7685 + 7560 + 9002 + 637)e + O(e?).

; 1 1
Ay = 13 (71683 + 90+ 97 ) + o (=320 + 1240 + 1407°

12

- 4
Ays =27° = 8e(n?(l, — 1)) + &*(* + 822(3 + 215 — 41y)) — 583(7r2(7§3 —48 + 1613
4812 + 720, + 22(31, — 3))) + O(),
;o _iG(=isp) -Gi:p) 3

Ay = - F2UG(:) ~ Gl ) + e i(14 + 22)(G(~i: )

~G(i ) + & L5i(-168 + 90+ 92)(G(—i: ) = G(i: ) + O,

2. Heavy-light:

- 1 2 7
B =—+Z1 (342
1 82+8+< +6

+1807° + 7n*)e? + O(&%),

1 1

.71 (1 x 7
By=— 4 226+ 12
2= 5062 " 30¢ +<2o >+180( f3+ 12+ 52%)e

7176085 + 600 + 3007 + 101)e?
7200

+O(&),
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2 41
By = 1052+ 105e T 105 (=16G(=i,—i; f) + 16G(—i, i5 f) + 16G (i, —i; )
—16G(i, i) — 7* + 6) — %8(48G(—i, —i; ) — 48G(—i,i; )
C48G (i, —i: ) + 48G (i, iz ) — 144G (=i, 0, —is ) + 144G (=i, 0, iz )
144G (i, i, —is ) — 144G (=i, —i, iz ) + 144G (=i, i, —i3 )
144G (—i.i,i:f) + 144G (0.0, —is ) — 144G (i, 0, s f) — 144G (i, —i, —is )
144G (i, —i, iy ) — 144G (i, i, —is ) + 144G (i, i, iz ) — 118,
+37% — 12) + O(&?),
- 8i(G(—i;p) — G(i; 16 . . . .
By = - SMOEDZCED) 1O Gz p) - G ) - 36(0.i:)
4 3G(0, i3 ) + 3G(—i, —is f) — 3G(—i, iz ) + 3G (i, —i3 )
-3G(i,i; ) + O(e"),
2
By — —61‘:)’; + %::28(412 _1)- %82(;:2(18 47 4 1922 — 961,)) + O(e),
B, =2 CEEP =GP | 86 ip) — 6lisp) - G0.~i: p) + G(0. 1)

3e 3
+ G(=i, s p) = G(=i, i) + G(i,. =iz p) = G(i, ;; ) + O(e"),

b= gig(”z(G(_i;ﬂ) ~G(i:$) + 6(G(—i, =i, —i; ) = G(—i, =i, i p)
~G(=i,i,=i; ). + G(=i,1,i54) = G(i, =i, —i; f) + G(i, =i, is ) + G(i, i, —i; )

-G(i,i,i;))) + O(€?),

By _HGEEA =GP 8 Lo i g —26(0.—i:p)

15¢ El
+2G(0, ;) + 2G(—i,—i; ) — 2G(—i,i; B) + 2G (i, —i; B)
-2G(i,i; B)) + O(e"),

By = g5 (2 (G(=i: ) = Gl ) + 6(Gl~i, =i, ~i: ) = Gl~i, . i)

~G(=i.i,=i;p) + G(=i,i,i;p) — G(i, —i,—i; p) + G(i, =i, i; p) + G(i.i,—i; p)
-G(i,i,i;))) + O("),

By = ﬁ (2G(~i,—i; ) — 2G(—i, i; B) — 2G(i, —i; B) + 2G(i, i; B) + %)
+ ﬁe(ﬂzG(—i;ﬂ) + 22G(i; B) + 2G(—i, —i; f) — 2G(—i, i; )

—2G(i,—i; f) + 2G(i, iz B) — 4G(0, —i, —i; f) + 4G(0, —i, i; B)

+4G(0, i, —i; f) — 4G(0,1,i; ) — 6G(=i,0, —i; f) + 6G(—i,0, i; f)

+10G (=i, —i, —i; ) = 10G (=i, —i, i5 f) + 2G(—i, i, —i; f) = 2G(—i, i, i; )
+6G(i,0,—1i; ) — 6G(i,0,i; f) — 2G (i, —i, —i; f) + 2G(i, —i, i; p)
—10G(i, i, —i; p) + 10G(i, i, i; B) + n* — 4x°L,) + O(€?),
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B, = —g(zc(—i, —i;B) = 2G(—i,i; B) — 2G(i, —i; B) + 2G(i, i; B) + 7°)

- 1366(752G(—i;ﬂ) + 22G(i; B) + 2G(=i, —i; B) — 2G(—i, i; B)

—2G(i,—i; p) +2G (i, i; ) — (O —i,—i; ) + 4G(0,—i, i; p)
+4G(0,i,—i; B) —4G(0,i,i; ) —2G(=i,0,—i; ) + 2G(=i,0, i; §)
+6G (=i, —i,—i; p) — 6G(~i, =i, i; f) — 2G(—i, i, —i; f) + 2G(=i, i, i; )
+2G(i,0, =i ) = 2G(i.0, 1, ) + 2G (i, —i, —is ) — 2G(i. —i. i B)
—6G(i,i,—i; ) + 6G(i,i,i; f) + n* — 4z%l,) + O(&?), (106)

2
By = -7 (G(=i.=i:5) = G(=i.5:) = G(i. =: ) + G(i. ;)

- %S(G(—i, —i:) = G(=i,i; ) — G(i,—i; p) + G(i, i: )

—2G(0,—i,—i; ) + 2G(0, =i, i; f) + 2G(0, i, —i; ) — 2G(0, i, i; )

—3G(-i,0,-i; ) +3G(—i,0,i; ) + 5G(—i, —i,—i; ) — 5G(—i, —i, i; )

+ G(=i,i,—i;p) = G(—i.i,i: ) +3G(i,0,—i: ) — 3G (.0, i; )

— G(i,—i,—i;p) + G(i, =i, i; ) = 5G (i, i, —i; ) + 5G(i, i, i: f)) + O(£2), (107)

By = ie2(2G(~i,0, —i, —i; ) — 2(G(—i, 0, —i, i;ﬁ) " G(=i,0,i, =i f) — G(=i,0, 1,1 )
+ G(—i,—i,0,-i;§) — G(—i,—i,0,i; ) — 2G(—i, —i, i, —i'ﬁ) +2G(=i,—i,i,i; )
G(—i,i,0,—i; ) + G(—1i,i,0,i; ) + 2G(—i, i, —i,—i; ) — 2G (=i, i, —i, i; )
G(i,0,—i,—i; ) — G(i,0,—i,i; 8) — G(i,0,i,—i; ) + G(i,0,i,i; )
(z —i,0,—i; ) + G(i.—i.0,i: ) + 2G(i, i, i, —i; f) = 2G(i, =i, i, i )
+ G(i,i,0,—i; ) — G(i,1,0,i; ) = 2G(i, i, —i,—i; B) + 2G(i, i, —i,i; )

+36(G(:8) = G(=i: ) + O(), (108)
Bus = (Gl ~1:) = Gl i:f) = Gli.~i:) + G(i.i:)
+ ; (G(=i,=1:) = G(=i,i58) = G(i,—i: p) + G(i, i; B)

—-2G(0,—i,—i; ) +2G(0, —i, i; f) + 2G(0, i, —i; f) — 2G(0, i, i5 B)
- G(=i,0,—i;8) + G(—i,0,i; ) + 3G (=i, —i,—i; ) — 3G(—i,—i,i; )
— G(=i,i, =i ) + G(=i, i, i; ) + G(i,0,—i; f) — G(i, 0, i; p)

+ Gi,—i. i3 ) — G(i. ~i.i: ) = 3G (i, i, —is ) + 3G(i. i. i3 ) + O(e2), (109)
Bis = 2 (Gl ~i5) = G(=i,5) = Gli.~i:) + G0, i)

+ %e(G(—i, —i:p) = G(—i.i; ) — G(i, =iz p) + G(i, i )

-2G(0,—i,—i; ) +2G(0, —i,1; ) + 2G(0, i, —i; f) — 2G(0, i, i; B)

- G(-i,0,-i;8) + G(—i,0,i; 8) + 3G(—i, —i,—i; ) — 3G(—i,—i,i; )

- G(=i,i,—i;8) + G(—i,i,i; ) + G(i,0,—i; ) — G(i,0,i; )

+G(i,—i,—i;8) — G(i,—i,i; ) = 3G(i, i, —i; ) + 3G (i, i,i; B)) + O(&?), (110)
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N 19 19 1 1
Bio = —— + o+ + = (342 — 137%) + ——&(=374¢; + 228 + 72(961, — 13)) + O(&2), 11
16 = 60e2 T 306 T 360 1) + g5 €(=374C3 + 228 + 22(961; — 13)) + O(e?) (111)

B, = 11—5 (—8G(=i, —i; B) + 8G(—i, i; B) + 8G(i,—i; B) — 8G(i, i3 ) — n?)

+ %6(4752G(—1; B) — 822G(—is ) — 822G (i B) + 472G(1: §)

C16G(=i, i3 f) + 16G (=i, i f) + 16G(i, —i; ) — 16G(i, iz )

32G(=1, =i, —i: f) = 32G(=1, =i, s f) — 32G(=1, i, =iz ) + 32G(=1, i, i: §)

F16G(0, i, —i; f) — 16G(0, =i, is ) — 16G(0, i, —is ) + 16G(0, i, i; )

F16G(=i, 0, =iz f) — 16G(=i, 0, i3 f) — 64G (=i, —i, =iz f) + 64G (=i, i, 2 f)

132G (=i, iy —is ) = 32G (=i, i, iz f) — 16G(i, 0, —i; ) + 16G(i, 0, is )

306G (i, —i, —is ) + 32G(i, =i, is ) + 64G i i, —is ) — 64G (i, i, i )

132G(1, =i, iz f) — 32G(1, —i, iz ) — 32G(1, i, —iz f) + 32G(1. i, i: )

+21¢3 — 2722 + 102%1,) + O(€?), (112)

Bus = 2 i6(x(Gl~i:) = G(i: ) + 6(G (=i, ~i, ~i:) = G{=i, ~1,5)

- G(=i,i,—i;8) + G(~i,i,i; ) — G(i, —i,—i; p) + G(i,—i, i; p)
+G(i,i,—i; ) — G(i,i,i; ) + O(&?). (113)

3. Heavy propagator:

360
+77%)e* + O(e3,w?), (114)

2\ 1 1
Ci=>5+-+ (3 +”—> +§(—2§3 +12 + 7%)e + — (—480¢; + 1800 + 18077
& 13

1 1 i
C, :i+2+— <8\/§S <Li2 (——Q>> —|—42—|—7r2> +eap + ap, + O3, w?), (115)

= (6 + 7*)w + n(4l, — 6)> + 8<%w(—453 + 6+ 7°)

2w 2w —2rx 1
=+ —+ 3

2 1
—gﬂ(21 + 72+ 613 - 1812)> + &2 <@ w(=240¢3 + 360 + 6072 + Tn*)

2
+37(885 — 45+ 483 — 185 + 420, + (2, - 3))) + O3, w), (116)

2w 4w 1 2 3272 1
C4 — ? —|—?—|—§(24 4 ﬂz)W + €(§W(—2C3 + 24 +7Z2) +T> + 82 <1T80W(—480§3

4
+5760 + 2407 + Tx*) + %nz(n - 1212)> +O(3,w2), (117)
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2 4 , 2 2 2
Cs=—-——5——+ —47TW—?—8 +e l67rw(212—1)—§(—2§’3+24+7r)
e ¢

1 2
+e <@ (48005 — 5760 = 2407 = 7*) — Zw(Tw* 4 967(1 + 213 - 212))>
+ O(e3,w?),

2w -2 4 1 -
Co= 2 ”+<_§ﬂ(6+x/§n—3zz)+gw<24\/§ts<Liz<5_i>>+24

_e_ € 2

+ 7[2>> + £<a2‘1 - éw<—12a1.1 + 24\/5?5 <L12 (%—%§>> - 8443 +77T2 + 222))

1
+ 82 <EW(—36001_1 + 36001,2 + 480C3 - 771'4 - 24071'2 - 5760) + 612’2> + 0(83, Wz),
Cy =2n% + (167w — 87%(I, — 1)) + €2 (322°w(3 — 41,) + n* + 82%(3 + 215 — 41,))
+ O(3,w?),

8 4
Cy = — (’:W) + (daw(4l, — 4) + 47%) + ¢ (—gﬂw(24 4272 + 1212 — 241)

8
—167%(1, — 1)) + e <§w(4ﬂ(24'3 —6+ B =3B +6l,) + 2320, — 2)) + 2(z*

+872(3 + 215 — 412))> + O(e3,w?),

2 (4 1672 4
Co = _3—”8+ <§n2(213 —1) —%) + e(§w(3az,l 227 + 83 +V3)n?
a a 4
(72 + 122 — 481,)) + %) + &2 (% —gw(6axy =3ay; +87(2L, =6 + 15

=301 + 61,) + 487% (41, — 3) + 27 (21, — 2))> + O(3,w?),

13 7 2 (15 322 45\ (31 Iz Tz
= — —_— — —_— —_— R — —_— —_— ——4
C1o 2g2+25+2+4+£(24r 4 3>+€ (2+ 7 30 C3)

+ O(e3,w?),
C]l =0 + 0(83, Wz),

w  2w-—-2rx
C12:?+

+ (%(8+ﬂ2)w+4ﬂ(12—2)> +€(w(—8TC3+8+7r2> —%(5::3

1 4
+67(6 + 15 — 412))> + €2 (mw(—mog3 + 1920 + 240722 + 217%) + g”(753

—48 4+ 288 — 1212 + 572(1, - 2) + 3612))> + O3, w2).

(118)

(119)

(120)

(121)

(122)

(123)

(124)

(125)

The integrals above are expressed in terms of Goncharov polylogarithms, which are generalizations of HPLs and defined

recursively as [43,96,97]

x d
G(b,al---an;m—/ B Glarany).  Gex) =1L,
o y—>b
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with

1
G(0...0;x) =—1In"x

. (127)

and the integration path being a straight line from 0
to x € C.

IV. CONCLUSION

We have employed the differential equations method to
treat diagrams with heavy field insertions up to three-points
two-loop order. Our analysis focused on vertex or form
factor diagrams as these can be combined and used in
studies beyond three-point order as they form the building
blocks for a broad class of processes. By including a mass
scale, our results are applicable for a wider range of theories
and provide an IR structure for massless models studied.
The treatment of the heavy-heavy and heavy-light vertex
diagrams was achieved explicitly by reducing integrals to e-
form and expressing their results in terms of MPLs. On the
other hand, the self-energy contributions needed for heavy
field and residual mass renormalization were determined by
a series expansion in the off-shell heavy field energy. Exact
off-shell self-energies were shown to require treatment with
elliptic polylogarithms. We instead employed the Frobenius
method to obtain solutions as an expansion in small off-
shell energies. Thus, we provide further proof-positive of
the power of the differential equations and dimensional
recurrence approaches, advocating for their use even when
more exotic propagators are present.
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APPENDIX: ONE-LOOP MASTER INTEGRALS

Here, for completeness, we present a calculation of one-
loop master integrals.

1. Heavy-heavy vertex

In the case of heavy-heavy vertices, the single
integral family for prototype diagram shown in Fig. 1(a)
is given by

e / d’l 1 (A1)
Vpbpvs T iﬂd/2 (l . 111)”1 (l i Uz)yz (12 _ M2)I/3 '

Upon IBP reduction, all integrals in this family reduce to
three master integrals 755, 1HH  [1H The first two master

integrals are easy to calculate with Feynman parameters,
and we have

1
I = _D(e— )M, (8 — \JaT <_§ ; g> -2

(A2)

The third master integral can be conveniently calculated
with the use of differential equation with respect to
W=V 0y

i HH (1) — w HH(W)_2<8_1) L un

dw' 11 T2 12 prloore

(A3)

One can then easily solve Eq. (A3) by variation

of parameters and boundary condition, IfH(1) =
—2M~*T (&), to obtain,
2T (e)M-2
I = —ﬁarccos(w), (A4)

which mimics the well-known result from Feynman
parametrization and its modification for HQET-like
propagators [68].

2. Heavy-light vertex

Here, the single integral family for prototype diagram
shown in Fig. 1(b) is given by

e / d’l 1
s i (o) (1 pa)? = m) ()

Upon IBP reduction all integrals in this family reduce to
HL JHL

two master integrals /{55, I7g. The first master we already

have encountered in previous subsection
HL _ 2-2

Ifg = -T(e — 1)m*= (A6)

The second master integral can be again calculated with the

use of differential equation, this time with respect to

w=uv-py/m

w(l —2¢)

d 2(l—¢) 1
%I{-IILI(W): w2 I{-Il%(w)_"

_IHL
2 m 010

1—w (A7)

The Eq. (A7) is easily solved by variation of parameters and
boundary condition,
15(0) = /al(=1/2 + e)m' =2, (A8)

to obtain,
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3
ME = —2m'=2¢T(e)w, F, (1, 8;§;W2>

+ \/7_1'1111_261—‘(—%4— 6‘) (1 _ W2)1/2—€. (A9)

3. Heavy propagator

In this case, the single integral family for prototype
diagram shown in Fig. 1(c) is given by

d
]SE — Md—u]—2v2/ del 1
12872} iﬂ_d/z (l,v_w)vl(lz_ 1)02

(A10)

Here we have the same master integrals as in previous
subsection. These integrals are given by

ISE = —T(e — 1)M>2 (Al1)

and

, 3
IE = -2M'=%T(e)w, F, <1, 5;2;w2>

1
+ aM' 2T (—5 + g) (1—=wH)l/2=e (A12)
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