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Abstract

The distributed kernel ridge regression (DKRR) has shown great potential in processing
complicated tasks. However, DKRR only made use of the local samples that failed to
capture the global characteristics. Besides, the existing optimal learning guarantees were
provided in expectation and only pertain to the attainable case that the target regres-
sion lies exactly in the kernel space. In this paper, we propose distributed learning with
globally-shared Nystrom centers (DNystrém), which utilizes global information across the
local clients. We also study the statistical properties of DNystrdm in expectation and in
probability, respectively, and obtain several state-of-the-art results with the minimax opti-
mal learning rates. Note that, the optimal convergence rates for DNystrdm pertain to the
non-attainable case, while the statistical results allow more partitions and require fewer
Nystrom centers. Finally, we conduct experiments on several real-world datasets to vali-
date the effectiveness of the proposed algorithm, and the empirical results coincide with
our theoretical findings.

1. Introduction

Kernel methods are one of the most successful approaches to learning complicated patterns
via implicit feature mappings and their statistical properties have been well analyzed using
statistical learning theory (Vapnik, 1999). For example, using the integral operator theory,
researchers have proven the minimax optimal convergence rates for kernel ridge regression
(KRR)(Caponnetto and De Vito, 2007; Smale and Zhou, 2007). Despite their excellent
theoretical properties, kernel methods are typically unfeasible in large-scale settings due to
high training time and storage requirements. To overcome the scalability issues, researchers
have developed a wide range of practical algorithms for kernel methods: distributed learn-
ing, low-rank approximation algorithms including random features and Nystrém method,
and stochastic optimization methods. Distributed learning produces a global model after
training disjoint subsets on individual machines with necessary communications (Zhang
et al., 2015; Lin et al., 2017). Nystrom approximation (Williams and Seeger, 2001; Zhang
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et al., 2008; Bach, 2013) and random features (Rahimi and Recht, 2007; Rudi and Rosasco,
2017) alleviate memory bottlenecks via low-rank approximation, while stochastic optimiza-
tion methods (Raskutti et al., 2014; Lin and Cevher, 2018) improve computational efficiency
via iterative solutions. The optimal theoretical guarantees for KRR together with accel-
erated techniques, such as distributed learning (Zhang et al., 2015; Guo et al., 2017; Lin
et al., 2017; Chang et al., 2017; Lin and Cevher, 2020), Nystrom approximation (Bach, 2013;
Alaoui and Mahoney, 2015; Rudi et al., 2015, 2017), random features (Rudi and Rosasco,
2017; Liu et al., 2021) and stochastic optimization (Lin and Cevher, 2018, 2020), have also
been established.

Distributed kernel ridge regression (DKRR) is one of the most popular topics in non-
parametric statistical learning (Zhang et al., 2015). DKRR has been incorporated with
several techniques that can still achieve the same optimal rates as the exact KRR, including
random features (Li et al., 2019; Liu et al., 2021), stochastic gradient methods (Lin and
Cevher, 2018, 2020), multi-pass SGD (Lin and Cevher, 2018), Nystrom approximation (Yin
et al., 2020), random sketching (Lian et al., 2021) and multiple communications (Lin et al.,
2020). Even though several algorithms were devised and optimal learning properties for
DKRR methods were obtained, some problems remain yet to be settled down: 1) DKRR
can only characterize local information from local training samples that are not good enough
to capture the global characteristics from the entire training samples. 2) The optimal
convergence rates for DKRR were derived in expectation that describe the average error
rather than the error of a single trial in practice. 3) The optimal theoretical guarantees
only apply to the attainable case, assuming the target regression lies exactly in the kernel
space. However, the non-attainable case covers many challenging problems and deserves
more attention (Lin and Cevher, 2020; Sun and Wu, 2021). 4) The strict restriction on
the number of partitions limits the improvements in computational efficiency (Guo et al.,
2017; Lin et al., 2017; Lin and Cevher, 2020). There are natural questions whether we can
devise a distributed algorithm with one communication that can characterize the global
information from all subsets and how to achieve the optimal generalization rates in a high
probability that can be applied to the non-attainable case.

1.1 Contributions

In this paper, we propose a distributed Nystrom approximation framework, namely DNystrom,
which can make use of global information via the globally-shared Nystrom centers that are

sampled from the entire training data rather than the local data. Then, we provide the

excess risk bounds with the optimal theoretical guarantees for DNystrom in expectation and

in probability, respectively. Specifically, we relax the strict restriction on the number of

partitions such that the optimal rates for DNystrdm pertains to both the attainable case

and the non-attainable case. We also conduct experiments to explore the impacts of the

number of partitions and the number of random centers, respectively. The experimental

results verify the superiority of DNystrdm over the compared algorithms.

1) On the algorithmic front: globally-shared Nystrom centers. The existing
DC-NY (Yin et al., 2020) sampled Nystréom centers from local examples that can only
use the local information that lacks the global properties of the task. We proposed the
globally-shared Nystrom centers that contain local information from all clients to improve
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the generalization ability of local clients. As shown in Figure 1, the proposed DNystrém
outperforms DC-NY and DKRR owing to the global characteristics from the globally-shared
Nystrom centers.

2) On the statistical front: applying to the non-attainable case. The theoretical
error bounds for KRR methods (Caponnetto and De Vito, 2007; Rudi et al., 2015; Guo et al.,
2017) were derived in expectation and assumed the target regression lies in the induced
kernel space. However, the expected error bounds only reflect the average error and the
target regression is usually out of the induced kernel space for complicated tasks. In this
paper, we prove that the optimal theoretical properties of DNystrom in expectation and in
probability, respectively, which apply to both the attainable and non-attainable cases.

3) On the computational front: higher computational efficiency. The classical
DKRR (Zhang et al., 2015) and DC-NY (Yin et al., 2020) still suffered from high computa-
tional requirements due to the strict constraints on the number of partitions, i.e. a constant
O(1) number of partitions in the general case. Using a finer-grained estimate of the capacity
of Hilbert space and novel proof techniques, we improve the number of partitions and thus
improve the computational efficiency.

4) Novel proof techniques. Using explicit intermediate estimators, we introduce
novel error decompositions for the excess risk bounds in expectation and in probability,
respectively. From the error decompositions, one can specifically quantify the errors caused
by different components. We also bound the distributed error in the excess risk bound in
probability by estimating the difference between empirical and expected covariance oper-
ators via contraction inequality for the self-adjoint operators. Moreover, we estimate the
Nystrom error term in the non-attainable case for the first time.

1.2 Related Work

The related work includes: distributed learning, Nystréom approximation, leverage scores
sampling and preconditioned conjugate gradient methods (PCG).

1) Distributed learning. Based on certain eigenfunction assumptions, the optimal
learning rates for DKRR were first proven in the seminal work (Zhang et al., 2015), and
was extended to features space (Wang, 2019). The conventional integral operator theory
was applied to DKRR (Lin et al., 2017; Guo et al., 2017) to derive improved error bounds.
Using integral operator theory, optimal learning rates for distributed learning with other
tools were established, including DKRR with spectral algorithms (Lin and Cevher, 2020),
distributed semi-supervised KRR (Chang et al., 2017), DKRR with stochastic gradient
methods (Lin and Cevher, 2018, 2020), DKRR with random features (Li et al., 2019; Liu
et al., 2021) and DKRR with Nystrom approximation (Yin et al., 2020). However, the
existing theoretical findings imposed strict conditions on the number of partitions.

2) Nystrom approximation. Nystrom approximation is a common tool to approxi-
mate kernel matrix with low-rank decomposition (Williams and Seeger, 2001; Drineas et al.,
2012). The optimal learning guarantees of the combination of KRR and Nystréom approxi-
mation (KRR-Nystrom) were first established in (Rudi et al., 2015) for both uniform sam-
pling and approximate leverage scores sampling. KRR-Nystrom was incorporated with
PCG to achieve better computational efficiency (Rudi et al., 2017). The analysis was also
extended into coefficient-based regularization (Ma et al., 2019) and manifold regularization



L1, Liu AND WANG

(Sivananthan et al., 2020). Recent work (Kriukova et al., 2017; Lu et al., 2019) also studied
the low smoothness of Nystrom subsample for the misspecified models.

3) Leverage scores sampling. In the classic Nystrom method and its variants (Platt,
2005; Bach, 2013), Nystrom landmarks are selected uniformly at random. Uniform sampling
is fast to compute, but it fails to capture the low-rank nature of the matrix and thus usually
requires a larger sampling number of training examples to achieve the specific approxima-
tion accuracy. Therefore, researchers proposed data-dependent sampling strategies (Zhang
et al., 2008; Kumar et al., 2012; Alaoui and Mahoney, 2015; Gittens and Mahoney, 2016),
such that the sampled Nystrom landmarks can more closely approximate the kernel matrix
than uniform sampling. Leverage scores sampling has been proven strong guarantees for
both kernel approximation (Gittens and Mahoney, 2016) and generalization performance
(Alaoui and Mahoney, 2015; Rudi et al., 2015). However, the exact leverage scores are
prohibitively expensive to compute, and thus recent studies proposed fast leverage scores
sampling methods by approximate leverage scores (Musco and Musco, 2017; Calandriello
et al., 2017; Rudi et al., 2018; Chen and Yang, 2021). Lee et al. applied leverage scores sam-
pling to neural networks (Lee et al., 2020). There are also many studies on data-dependent
sampling for random features with leverage scores.

4) Preconditioned conjugate gradient (PCG). Since the closed-form solutions for
KRR-related methods involving the inverse of kernel matrix term exhibit high computa-
tional complexity, some iterative methods are proposed to reduce the complexity, for ex-
ample, conjugate gradient (CG) methods (Hestenes and Stiefel, 1952; Mgller, 1993; Hanke,
2017). PCG introduced a suitable preconditioner to obtain a better condition number and
thus reduce the number of iterations for iteratively solving the linear system (Saad, 2003).
The optimal theoretical guarantees for PCG-based methods have been recently proven, in-
cluding KRR integrations with sketching (Avron et al., 2017), Nystrom (Rudi et al., 2017,
2018), and both divide-and-conquer and Nystrom (Yin et al., 2020).

2. Distributed Nystrom Approximation

We consider the supervised learning problem of estimating a predictive function from a fixed
but unknown distribution p over a probability space X x ), where X is the input space and
Y is the output space. The training set D = (X n,yy) = {(xi, %)}, is drawn i.i.d from
X x Y with respect to p. For the regression tasks, we assume the input space is X = R% and
the output space is J) = R. We denote H be a reproducing kernel Hilbert space (RKHS)
(Steinwart and Christmann, 2008) induced by a Mercer kernel K : X x X — R that

H = span{ K, |x € X}, completed with (K., Ky/)x = K(z,2') Vx,x' € X.

Here, the inner product in # is denoted as (-, )k and the corresponding norm || - || x. For
any two sample vectors @ = (aq,- - - ,ap)—r € XP and b = (by,--- ,bq)—r € XY, we denote
K(a,b) as the p x ¢ kernel matrix whose (4, j)-th component is K(a;,b;) for i € [p| and
J € la]-
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2.1 Kernel Ridge Regression (KRR) with Nystrém Approximation

KRR is a standard nonparametric regression in supervised learning (Vapnik, 1999), which
can be stated as

N
i 1
arg min NZ(f(wz') —yi)? + I f Il ¢ s (1)
feH i=1

where the square loss is used and A is the regularization parameter. The representer theo-

rem for kernel methods (Scholkopf et al., 2001) illustrates that KRR admits a closed-form
solution

N
foa(@) = aiK(zi,x),  with o= (Kyy+AND) yy, (2)
=1

where Kyy = K(Xy,Xy) is the kernel matrix and yy = (y1,---,yn) ' is the label
vector. Since KRR requires O(N?) time to compute the inverse of Kyx + ANT and O(N?)
space to store the kernel matrix, it is unfeasible as n increases in the large-scale settings.

Nystrom methods replace the empirical kernel matrix with a smaller matrix obtained
by subsampling, which is widely used to reduce the memory/time requirements (Williams
and Seeger, 2001; Kumar et al., 2012). Specifically, we sample M Nystrom landmarks
from the rows of the feature matrix XM = (5:1, e ,d’:M)T C Xy where M < N. The
approximation solution with Nystrom approach for (1) can be written as

M
@) =D K (@) with o= (KyyKyw + ANKyn) Kyyyy,  (3)
=1

where Hf denotes the Moore-Penrose inverse of the matrix H, and Ky := K (X n, X M),

Kuy = K (}M,}M). Using Nystrom centers, we solve the closed-form solution in
O(NM?) time complexity and O(N M) space complexity.
The sampling strategy for Nystrom landmark points {&i,---,&ps} is crucial to the

approximation ability of Nystrom methods. We introduce two popular sampling strategies.

e Nystrom landmarks with uniform sampling (Bach, 2013). Let the Nystrom
centers {&1,- -, &y} be uniformly sampled from the training set {x1, -+ ,xn}.

e Nystrom landmarks with leverage scores sampling (Alaoui and Mahoney,
2015). Let the random Nystrom centers {&1,---, &} be selected according to the
probability p; = Ix(7)/ SN, 1x(7) where the \-ridge leverage scores of @; is defined as

R(Kyy) = (Kynv(Kyy +AND ™Y Vie [N (4)

2.2 Distributed Nystrom Approximation (DNystrom)

DKRR directly averaged the local KRR solutions on local clients that only used the limited
information from the local data and ignore the global characteristics from the entire data.
To utilize the global information from other clients, we present a distributed Nystrom
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Figure 1: DNystrém is compared to DKRR (Zhang et al., 2015) and DC-NY (Yin et al.,
2020) with respect to the error rate vs. the number of Nystrom landmarks (left) and the
number of training examples (right) on the MNIST dataset (60000 examples).

approximation (DNystrém) with globally-shared Nystrom centers in Algorithm 1. We first
sample M Nystrom landmarks from the entire training examples }M = (5:1, S X M)T -
X n, and we send Nystrom landmarks to all clients. Then, we separate the training set into
m disjoint training subsets uniformly such that D = U;n:1 D; where D; = (X j,yj) and
send them to their corresponding clients.

We consider the divide-and-conquer framework (only once communication), where the
global solution is the average of local ones. We define DNystrom as

fD)\ Zal mlaw ) with a = Z "D’ (5)

and the local weight on the j-th partition is given by
B; = (KK + ADj Kanr) Kyy;, (6)

where Ky = K(Xj,}M) e RIDiIxM y; = (y1,--- ,y‘Dj‘)T, B, € RM and a € RM,
For the sake of simplification, we assume the entire training set be partitioned equally,

|Dj| = N/m. Since the local linear systems (6) can be solved in parallel, the time
and space complexities of DNystrém are O(NM?/m + M3) and O(NM/m), respectively.
Compared to DKRR and DC-NY, the globally-shared Nystrém centers introduce additional

communication burden, but it dose not dominate the communication complexity when
M < N/m.

Remark 1 (Global information from globally-shared Nystrém centers) To accel-
erate the local computation in DKRR, DC-NY (Yin et al., 2020) sampled Nystrém land-
marks from local training examples YM = (:Tvl, e ,:I:M)T C X on the j-th client. There-
fore, the computation of local Nystrom approximation in DC-NY can only make use of local
information from local training examples. In this paper, DNystrém generated Nystrom cen-
ters from the entire training examples X py C X n that are globally-shared across all devices.



DISTRIBUTED NYSTROM APPROXIMATION

Algorithm 1 Distributed Nystrom approximation (DNystrém)

Require: Labeled training dataset D = (X n,yy), kernel function K (-,-), regularization
parameter A\, sampling scale M, the number of local clients m, and the sampling prob-
ability {p;} ;.

Ensure: Model coefficients a

1: Sample Nystrém landmarks X p; € Xy according to the sampling probability {p;}Y,
and send X M to all local clients.

2: Randomly separate the training set into m disjoint subsets D = U;n:l D; and send

D; = (Xj, yj) to the corresponding the j-th client.
3: In parallel: on the j-th client Vj € [m)]
Compute kernel matrices Kjy = K(Xj,/)\(/M) and Ky = K(XM,/)\(/M).
5: Solve the linear system (6) according to the solver and obtain local coefficients 3;.

Send 3, to the global server.
7. End parallelism
8: Average the local model coefficients o = > | % B;-

Compared to DKRR (Zhang et al., 2015) and DC-NY (Yin et al., 2020), DNystrém can em-
ploy the global information from other clients and be used to tackle statistical heterogeneity
in the federated learning scenario. Specifically, DC-NY can only sample M < |D;| Nystrém
centers on the j-th device while DNystrom allows a larger number of Nystrom landmarks.
As shown in the left of Figure 1, when we fized the local sample size n = N/m = 1000
and vary M, DNystrom leads to lower error rates than DC-NY if M > in and leads to
lower error rates than DKRR if M > %n From the right of Figure 1, as the number of
training examples increases, the error rates of all methods decrease but DNystrom leads to
lower errors (especially when N is small). Therefore, DNystrém outperforms both DKRR
and DC-NY owing to the characterization of global information from the globally-shared
Nystrom centers.

The proposed DNystrom is a flexible framework computed in parallel, which can be in-
corporated with data-dependent sampling strategies (Alaoui and Mahoney, 2015; Musco
and Musco, 2017; Rudi et al., 2018; Chen and Yang, 2021) and iterative methods (Shalev-
Shwartz et al., 2011; Rudi et al., 2017; Ma and Belkin, 2017, 2019). These integrations
can further improve the computational efficiency, but data-dependent sampling requires
additional sample complexity due to the computation of leverage scores (4) and stochastic
optimization algorithms introduce optimization error. Since these integrations are orthog-
onal to DNystrém, for the sake of simplification, we focus on the closed-form solution of
DNystrém in (6) and discuss the possible integrations.

Remark 2 (Integration with gradient methods) While the linear system (6) can be
solved by a direct closed-form solution, the computational requirements are related to the
number of examples, making it impractical for large-scale data. Gradient descent methods
decouple the kernel model from the scale of the training set by iteratively solving the linear
systems. Popular gradient descent kernel methods include SDCA (Hsieh et al., 2008), Pe-
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gasos (Shalev-Shwartz et al., 2011), FALKON (Rudi et al., 2017) and EigenPro (Ma and
Belkin, 2017, 2019). These methods improve the computational efficiency with early stop-
ping and enable efficient GPU implementations (Rudi et al., 2018; Ma and Belkin, 2019).
For example, we can incorporate DNystrom with preconditioned conjugate gradient methods
(Rudi et al., 2017) or preconditioned stochastic gradient methods (Ma and Belkin, 2019),
which requires O(NMt/m + M?3) time and O(NM/m) space. Specifically, (Rudi et al.,
2017) proved that t = Q(log(N)) iterations guarantee good approximation between the PCG
solution and (6).

Remark 3 (Integration with data-dependent sampling) Statistical leverage scores that
measure the matrix coherence have also proved crucial recently in the development of im-
proved worst-case randomized matriz algorithms (Drineas et al., 2012). The exact leverage
scores (4) are prohibitively expensive to compute, consuming O(N3) time. To accelerate
the computation of leverage scores, researchers have proposed several approximate leverage
scores algorithms, including recursive sampling (Musco and Musco, 2017), SQUEAK (Ca-
landriello et al., 2017), BLESS (Rudi et al., 2018) and spectral analysis (Chen and Yang,
2021). For example, the sampling complexity of BLESS is reduced from O(N?3) to O(M?/))
where X is the regularization parameter in KRR. When we set X = M /N, the complezity of
BLESS would be O(NM).

3. Main Results

In this section, we focus on the generalization properties of the closed-form solutions of
DNystroém. We first recover the existing bounds for DC-NY in expectation (Yin et al.,
2020), which only pertains to the attainable case. We then present our theoretical results
for DNystrdm in expectation and in high probability, respectively. Specifically, we prove the
minimax optimal convergence rates for DNystrém under certain constraints including the
allowed number of partitions and the required number of Nystrém centers in both expecta-
tion and probability. The optimal theoretical guarantees for DNystrém in expectation and
high probability apply to the non-attainable case, respectively.

The ideal learning target of KRR is to find a predictor that minimizes the expected risk
minger E(f), E(f) = [y (f(®) - y)2dp(x,y), where F is the class of all measurable
functions from & to ) and p is the joint probability distribution over X x ). The target
regression that minimizes the expected risk over all measurable functions f: X — R is

fol@) = /y ydp(ylz), Ve X. (7)

Here, f, is the true regression without noise labels and belongs to the Hilbert space of
square integral functions L2 = {f: X = R | |f[|2 = [|f(2)]*dpx < oo} with respect to
the marginal distribution px of p on X', where the L%X—norm is defined as HfH% =(f,f)p=
[x |f(@)*dpx (z), Vf € L?)X. Notably, since the joint probability distribution p is unknown,
we employ the solution from empirical risk minimization (ERM) (6) to approximate the
target function f,, and we investigate the generalization gaps between ERM solution and
fp- The generalization ability of a regression estimator f € LZX is measured by the excess
risk, i.e. E(f) —E(fp) = |If — pr% (Smale and Zhou, 2007). Throughout this paper, we
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assume the outputs are bounded almost surely for some constant B > 0 and X is compact,
which implies || f,||cc < B and |y| < B. We also assume K (z,z) < ? < oo for any = € X.

Definition 4 (Effective dimension) The integral operator and covariance operator are
defined as

L2, 12, (L)) = /X K(z,)f(@)dpx(x), V¥ feI2 (X, px)
CH—H, (h,Cg) = /X h(x)g(x)dpx (x), YV g,h €H.

For A > 0, we define the random variable Ng(\) = (K, (C + A)7'K,) with € € X drawn
from px. Finally we define the quantities N'(\) = E Ng(X), Noo(X) = supger Nz (N).

The effective dimension N'(A) = Tr(C(C + \I)~!) = Tr(L(L + AI)~!) measures the average
capacity of RKHS H, while NV (\) measures the maximal capacity of RKHS.

Assumption 5 (Regularity assumption) Assume there exists R > 0, r > 0, and g €
L2, such that

px’
fp =1L'g,

where ||g|l, < R and the operator L" denotes the r-th power of the integral operator L :

L. — Lg, thus it is also a positive trace class operator.

The regularity assumption is also called source condition, where the value of r measures
the regularity of f,. Let H be the closure of H in L? ., and then the condition r = %

pX?

means the existence fyg = L%g € H such that fy = f, and H = LFQ,X. Since the fact
L (LZX) - LT,(L%X) if » > 1/, the smaller r corresponds to the larger subspace where the
target regression lies. More examples refers to (Lin and Cevher, 2020; Sun and Wu, 2021).
The case r € (0,1/2) is the non-attainable case, where f, ¢ H and the learning tasks are
difficult, while the case r € [1/2,1] is the attainable case, corresponding to f, € H. If r > 1,
the convergence rates of DKRR are same as r = 1 duo to the saturation phenomenon in
DKRR (Zhang et al., 2015; Lin et al., 2017; Lin and Cevher, 2020; Sun and Wu, 2021)
The conventional optimal generalization analysis for KRR focused on the attainable case
r € [1/2,1] (Caponnetto and De Vito, 2007; Rudi et al., 2015; Guo et al., 2017). In this
paper, we extend the source condition from r € [1/2,1] to r € (0, 1] that also covers the
special case r > 1 due to the saturation effect.

Assumption 6 (Capacity assumption) There exists Co > 0 and vy € (0, 1], such that
N()\) < Coa77,
where Cy is a constant independent of .

Assumption 7 (Compatibility assumption) Assume there exists o € [y,1] and C; >
0, such that
Noo(A) < C1A7°,

where C is a constant independent of .
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Figure 2: Time complexity and space complexity of Proposition 8. The color closer to
red represents higher complexity. Blank areas represent unfeasible situations. The time

complexity is (’)(N 27"+W) and space complexity is O(N 2r+y )

Note that, the effective dimension N(\) provides an measure of the average capacity

of H while the quantity Noo()) considers the worst case. Assumption 6 is ensured if the
1

eigenvalues of the covariance operator C' exhibit a polynomial decay o; < ¢ 7 (Caponnetto
and De Vito, 2007; Rudi et al., 2015). Since the covariance operator C is a trace class,
Assumptions 6-7 are always satisfied with v = a = 1. Specifically, if the kernel is bounded
supyex K(z,x) < k2, the effective dimensions are upper bounded by N'(\) < Nyo()) =
supgex (Kz, (C+ A)71K,) < k%/X. To obtain a fine-grained estimate for Ny (A), Rudi
and Rosasco introduced compatibility assumption Noo(A) = O(A™%) for random features
(Rudi and Rosasco, 2017), where v < o < 1. Note that, Noo(A) < A~ is slightly stronger
than the basic condition Ny (A) < A™! but reasonable. The value v reflects the size of
RKHS H, whereas a larger v corresponds to a larger RKHS. The case v = 1 is capacity-
independent case and the effective dimension saturates when v > 1 as i™! < i_% for
any v > 1. The capacity assumption is standard for the generalization analysis of KRR
algorithms (Caponnetto and De Vito, 2007; Rudi et al., 2015; Guo et al., 2017) while the
compatibility assumption was proposed to obtain a fine-grained analysis for random features
(Rudi and Rosasco, 2017).

The worst case is a = 1 with the uniform sampling and the benign case is &« = v when
N (A) is close to N'(N) with the data-dependent sampling. Following Example 2 of (Rudi
and Rosasco, 2017), one can obtain the favorable situation aw = v when the Nystrom centers
are sampled according to the probability ¢(x) = N;(\)/N(X). Intuitively, the leverage score
I2(K ) is the empirical version of the probability () given the training sample X y.

3.1 Existing Results for DC-NY in Expectation

We recall the theoretical results for the combination of DKRR and Nystrém approximation
(DC-NY) (Yin et al., 2020), where Nystrém centers was sampled from local data X s C X ;
to approximate local kernel matrix K (X, X ;) ~ K (X j, X n) K (X v, X)) K (X0, X 5).

10
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Proposition 8 (Theorem 1 in (Yin et al., 2020)) Assume that fy; = argminseq, E(f).
1
Under Assumptions 5-6, if A\ = N~ 2747 then the following conditions

rel/21,  ye(1, MZNTE, mSNES
are sufficient to guarantee the optimal rates in expectation with a high probability, that
ENfgs— fuly =0 (N"75).
Here, fg‘)\ is the estimator of DC-NY and fy minimizes the expected risk in RKHS.

We use the notations a; = O(az2) and a1 < ag to represent a; < cag for some positive

~ —27r

constant ¢, while a; 2 a9 means a; > cas. The learning rate O (NW) is optimal in
a minimax sense (Caponnetto and De Vito, 2007), which is the same rate as the exact
KRR. Note that, a minimax lower rate of convergence has been proved in Theorem 2 of
(Caponnetto and De Vito, 2007). For the sake of comparison, we leave out the PCG term
in (Yin et al., 2020), where the condition on iterations is the same as (Rudi et al., 2017).

We depict the computational complexities of Proposition 8 in Figure 2. We find that
1) The optimal rates only apply to the attainable case r € [1/2,1] due to the restriction

2r—1

on the number of partitions m < N2+v; 2) The error bounds were derived in expectation
that capture the average error but fail to measure the error of one trial; 3) In the general
case (r = 1/2,y = 1), DC-NY leads to a constant number O(1) partitions, degrading to
KRR with Nystrém approach (Rudi et al., 2015), with O(N?) time and O(N!-) space; 4)
DC-NY only considered uniform sampling, ignoring more efficient data-dependent sampling
strategies.

3.2 Optimal Convergence Rates for DNystrom in Expectation

We analyze the generalization performance of DNystrom in expectation. Note that, Propo-
sition 8 requires the existence of fy = argmin 4 £(f) where f € H, while we remove this
strict condition and extend the analysis to the non-attainable where f ¢ #.

Using the representer theorem, there is a reduced RKHS with Nystrom approximation:
M
Hy = {f €| f(x)=) aiK(@i @), o € RM} ,
i=1

where {#;}}, is the subset of inputs in training set.

11
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Definition 9 On any training set D;, we define the following estimators

|Djl
1
f _argmln = f? yl2+Af2 ) i, Yi GDH
Dj, A\ FeHA ‘D |;(< > ) H HK ( ) J
1 |Djl
Fola =argmin ¢ —— Y ((f, Kz,) = fo@:) + | fl% ¢ (@i, w) € D,
fetnmr |D]| =1
1 |Dj
fo,a =argmin{ — > "((f. Ko,) — fo(@:)? + A % . (@i,0) € Dy,
fex ‘D]|

=1

f = argmin { [ €55~ (o) () + A||f||%<} .

feH

Similarly, we also denote fl]‘f , and fD,,\ as the counterparts of f% 2 and ]?Dj)\ on
the entire dataset D, respectively. The estimator of the proposed DNystroém is fg N =

S BT,
Jj=1 [D| /Dj,\

Lemma 10 (Error decomposition for DNystrém in expectation) Using the estimators

defined in Definition 9, if |D;j| = |D|/m, Vj € [m], we have

1 M 2 1 M M 2 ™ ra 2 ra 2 2
1 BlfDa = foll, < - 1D, x = fDallp + 1Dy 0 = fouallp + 1 foyx = fallp+ I = Foll,
Sample variance Nystrom error Empirical error Approximation error

(8)

The above error decomposition employs intermediate estimators with explicit definitions.
From that, one can identify the source of error terms, including local sample variance
||]ﬁDV[ A fl]‘)/[ )\||f2, from noisy labels, local Nystrom error Hfg‘[ A~ fp; >\||/21 resulted from

Nystrom approximation, local empirical error || fD A—hOl? 5 from empirical examples drawn
w.r.t p, and the approximation error (bias) ||f\ — fp||2

-1
Theorem 11 (Excess risk bound for DNystrém in expectation) Leté >0, A\ = N2r+v

and |D1| = -+ = |Dp| = N/m. Under Assumptions 5-7, if \= N 2T+7
2r4+vy—a
€ (0,1], v € (0,1], 2r++ > a, m<S N 27

M Z N¥ for the uniform sampling, and M 2 Nz for the data-dependent sampling,
then with probability 1 — 49, there exists

EIFM — £,I2 S N5 log?(2/0).
Here, fg[)\ is the estimator of DNystrom (5) and f, is the true regression.

12
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10- Time complexity: O(N°) 10- Space complexity: O(N°) c 3
0.8 0.8
2
0.6 0.6
v Y
0.41 0.41
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0.21 0.21
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r r
Figure 3: Computational complexities of Corollary 12 with « = 1. The average time

3 2
complexity is O(N 2r+v) and space complexity is O(N 2r+7).
p Yy 1% p y

Compared with the existing work in DKRR (Guo et al., 2017; Lin et al., 2017; Lin
and Cevher, 2020), Nystrom approximation (Rudi et al., 2015) and DC-NY (Yin et al.,

2r—1
2020), we relax the strict restriction on the number of partitions from m < N2+ to

m<S N %, leading to two improvements: 1) On the computational front, Theorem 11
guarantees DNystrdm allows more partitions than DC-NY and thus higher computational
efficiency; 2) On the theoretical front, beyond the attainable case r € [1/2,1] assuming
f» € H, the optimal learning guarantees in Theorem 11 also apply to the non-attainable
cases r € (0, 1] with the restriction 2r+v > «. Meanwhile, the required number of Nystrém

centers is reduced from M > N7+ in DC-NY (Yin et al., 2020) to M > N+ for uniform
sampling and M 2> N = for data-dependent sampling.

Corollary 12 (The worst case o = 1) Under Assumptions 5-6 and the same settings as
Theorem 11, with the uniform sampling, if

2r4~y—1

re(0,1, €01, 2+y>1 m<N@n, M2NwA,

then with a high probability, the proposed DNystrém achieves the optimal rates in expectation.

Without Assumption 7, we consider the worst case that a = 1 due to Nyo(A) < K2/,
which was also used in Nystrom methods with uniform sampling (Bach, 2013; Yin et al.,
2020). We report the computational complexities and applicable area for the worst case in
Figure 3. Compared to the existing results for DC-NY (Yin et al., 2020), the computational
efficiency and the applicable area of Corollary 12 are much better. Note that, since M ~
N/m in the worst case, DC-NY method needs to sample all the local examples as Nystrom
centers that degrades to the exact DKRR, while DNystrém still works even when M > N/m.

Corollary 13 (The benign case a =) Under Assumptions 5-7 and the same settings
as Theorem 11, with the uniform sampling, if

r € (0,1], v e (0,1], mgNz%w, M > NTH,

then with a high probability, the proposed DNystrédm achieves the optimal rates in expectation.

13
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Time complexity: O(N°) 10 Space complexity: O(N°) c
7 T 7

00 02 04 06 08 1.0 ' O-.O 02 04 06 08 1.0
r r

Figure 4: Computational complexities of Corollary 13 with @ = . The time complexity
is O(N %) and space complexity is O(N 23717) The applicable area for Corollary 13 is
r € (0,1] and v € [0, 1], and we clip the time complexities that are bigger than O(N?3) that
is the time complexity of the exact KRR.

In the benign case, Noo()) is close to N (\) with the data-dependent sampling. For
example, Example 2 of (Rudi and Rosasco, 2017) devised an ideal example to guarantee oo =
~ for random features. When the Nystrom centers are sampled according to the probability
q(x) = Np(A\)/N()), one can obtain o = v for Nystrom approximation. Intuitively, the
leverage score I (K ) is the empirical version of the probability q(z).

Data-dependent sampling introduces additional sampling complexity, for example, BLESS

142y
consumes O(N'(A\)2/\) = O(N 2T+3) time to compute approximate leverage scores, which is

bigger than the computation of the direct closed-solution of DNystrém O(N 23717) and thus
dominates the entire time complexity. As shown in Figure 4, the benign case applies to the
entire range of the source condition and leads to much higher computational efficiency. The
time complexity is smaller than O(N?) when r > 1/4.

Remark 14 (The combination of DNystrém and PCG) We can use PCG to acceler-
ate the solve local closed-form solution (6) for DNystrom, which consumes O(NMt/m~+ M?3)
time. Based on Theorem 3 of (Rudi et al., 2017), the number of iterations is t = Q(log N)
for the combination. For uniform sampling, the time complexity of DNystrém with PCG is
(’)(Nﬁ log N + Nﬁ), which has no improvement compared to DNystrom. For leverage
scores sampling, since the computation of approxzimate leverage scores dominates the time
complexity and PCG is irrelevant to the leverage scores sampling, the time complexity is
still O(N%). Therefore, PCG cannot further reduce the time complexity for DNystrém
with either uniform sampling or leverage scores sampling.

3.3 Optimal Convergence Rates for DNystrom in Probability

In Theorem 11, the optimal rates for DNystrom are in expectation that describe the av-
erage error, but fail to quantify the generalization performance of DNystrdm in a single
trail. Therefore, we analyze the error decomposition and learning rates for DNystrdm in
probability.

14
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Lemma 15 (Error decomposition for DNystrém in probability) Let fl]‘){)\, fg{)\, j?D,)\
and fy be defined in Definition 9. The following error decomposition holds for DNystrém

VAN A Y R R TN

9)

Distributed error Global variance Approximation error

Here, the distributed error can be bounded by

~

|78 - 70| <allene oo |6 G-, o

Local variance

where épj is the empirical covariance operator on Dj and C\ = C' + M.

Using the triangle inequality, one can prove the error decomposition (9) easily. The upper
bound of the distributed error (10) is proven in Lemma 23, where |]C’;1/2(C - GD].)C;WH
measures the gap between expected and empirical covariance operators via concentration in-
equalities. Distributed error measures the performance gap between the divide-and-conquer
strategy and centralized learning. The global variance measures the discrepancy between
the expected estimator f) and the ERM estimator fg/[ , on the datasets D. The variance
consists of sample variance, Nystrom error, and empirié:al error.

Theorem 16 (Excess risk bound of DNystrém in Probability) Letd >0, A = Nﬁ
1

and |D1| = -+- = |Dy| = N/m. Under Assumptions 5-7, if \ = N 277,
2r4+y—a
r € (0,1], v € (0,1], 2r 4+~ > a, m <N ¥y |

M = Nz for the uniform sampling, and M 2 N7 for the data-dependent sampling,
then with probability 1 — 46, there exists

17Dy = £oll ) < N2+ log(2/9).

The above excess risk bound in probability also achieves the optimal rates but allows
fewer partitions. The applicable area and the number of Nystrom centers are the same as

2r4+~v—1
Theorem 11, but the allowed number of partitions is smaller m < N i , which is the
square root of that in Theorem 11.

Remark 17 Note that, we usually estimate the key quantity ||C/\_1/2(C - aDj)C/\_l/QH as

a constant with a sufficient number of local examples. However, if we directly estimate

||C';1/2(C - éDj)c;I/zu as a constant, the distributed error depends on HC}\/Q (f%»\ -

Mg = O((N/m)ﬁ) that is suboptimal. Therefore, we keep this key quantity in (10)
and compute the multiplication HC;1/2(C - 6Dj)0;1/2‘ HC}\/Q (f%»\ - f,\)HK to obtain the

optimal rates (’)(Nﬁ). More details refer to (55) in the proof of Theorem 16.
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3.4 Compared with Related Work

Both distributed learning and Nystrom approximation are typical techniques to further
reduce the computational burdens for kernel methods. For example, Yin et al. combined
divide-and-conquer with Nystrém approximation (DC-NY') and proved the optimal rates for
DC-NY (Yin et al., 2020), Lian et al. combined divided-and-conquer with random sketching

2r—1
(DC-Sketch) and derived the optimal learning rates (Lian et al., 2021) with m < N2+

and M 2 N 7+ where M is the sketching size. We compare the proposed DNystrom with
DKRR, DC-NY, and DC-Sketch.

1) On the algorithmic front. DKRR averaged the local estimators on each subset,
while DC-NY and DC-Sketch are used to accelerate the computation of the local estimators
on each subset by using Nystrom approximation and random sketching, respectively. They
only considered local information from each subset and failed to characterize the global
information. However, the proposed DNystrdm sampled Nystrom centers from all subsets
that can capture the global characteristics of the training data.

2) On the statistical front. The traditional theoretical results for DKRR (Guo et al.,
2017; Lin et al., 2017; Chang et al., 2017), DC-NY (Yin et al., 2020) and DC-Sketch (Lian
et al., 2021) derived the optimal learning rates in expectation, which only reflect the average
errors of the algorithms rather than a single trial in practice. In this paper, we derive the
excess risk bounds in expectation and in probability, respectively. Even though DKRR
with communications (Lin et al., 2020) provided error bounds in probability, the error
decomposition of DNystrém is different from (Lin et al., 2020) where the Nystrom error is
derived in this paper. Besides, the existing work usually assumed that the target regression
belongs to the RKHS, i.e. f, € H, but we remove this strict condition for DNystrém where
the optimal convergence rates of excess risk bounds pertain to the non-attainable case
fo# M.

3) Proof techniques. The error decompositions for DKRR, DC-NY, and DC-Sketch
are usually implicit, but we provide intermediate estimators and explicit decompositions
such that one can quantify the errors caused by different components. We derive the
Nystrom error that is resulted from Nystrém approximation in the non-attainable case for
the first time, while the estimates of error terms for DKRR, DC-NY, and DC-Sketch only
applied to the attainable case. The distributed error (10) for DNystrém in probability is
suboptimal if we directly use the traditional proof techniques, i.e. HC/\_l/ 2(C’ - épj)C’; Y 2H
as a constant. We compute the multiplication and obtain the optimal rates, as discussed in
Remark 17.

4. Experiments

In this section, we study the generalization performance on real-world datasets. We im-
plement all methods based on Pytorch 1.13 ! and run experiments on a Linux Server with
an Nvidia RTX 2080Ti GPU. We compare the proposed DNystrém with random features
method (RF) (Rahimi and Recht, 2007), Nystrém approximation (Bach, 2013), DKRR
(Zhang et al., 2015), DC-NY (Yin et al., 2020) and DC-RF (Li et al., 2019). In all experi-
ments, we use uniform sampling to sample Nystrom centers and random features.

1. Publicly available at https://github.com/superlj666/DNystroem
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Dataset Classes | Nirain | Niest d o A

usps 10 7291 2007 | 256 | 10 | 1076
pendigits 10 7494 3498 16 | 100 | 10~6
letter 26 15000 | 5000 16 1 1077
MNIST 10 60000 | 10000 | 784 | 10 | 1076

Table 1: The statistics and tuned hyperparameters in datasets

usps pendigits
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124
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e —— DC-RF £ 4 — DC-RF
w g — DNystroem “ 10 3 ——— DNystroem
T T T i
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144
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Figure 5: Comparison of the classification error rates vs. the number of partitions m.

We evaluate the compared algorithms on real-world classification datasets, which are
publicly available from UCI datasets ?. Based on Gaussian kernel K(z, ') = exp(—||z —
x'||?/20?%) we conduct empirical evaluations and repeat the training 10 times to record the
average test error rates. Using the toolbox NNI 3, we tune the optimal hyperparameters
over the grids o € {10°,i = —4,—3,--- ,4} and X\ € {10",5 = —10,---,—1}. The statistics
information and optimal hyperparameters for datasets are recorded in Table 1.

2. Available at http://archive.ics.uci.edu/ml/datasets.php
3. Available at https://github.com/microsoft/nni
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Figure 6: Comparison on the classification error rates vs. the number of Nystrom centers
M, i.e. the number of Nystrom landmarks or the number of random features.

The impact of the number of partitions. We first explore the impact of the number
of partitions with a fixed number of Nystrém centers or random features M = 500. We
carry out the compared methods on the classification datasets 10 trials and record the
average error rates in Figure 5. From that, we can conclude the following assertions. 1)
With the same sample size M, the test accuracies of the random features method are
always worse than that of Nystrom method, especially on the datasets usps, pendigits, and
mnist. This observation verifies the theoretical results in Theorem 11 that the required

1
number of Nystrom centers M = N2+ is smaller than the required number of random
14+~(2r—1)

features M = N~ 2+ (Rudi and Rosasco, 2017) in the case of optimal rates. 2) As the
number of partitions increases, the error rates of distributed methods, including DKRR,
DC-NY, DC-RF, and DNystrdm, become larger. Specifically, DC-NY is more closed to
DKRR since DC-NY approximated local estimators of DKRR via Nystrém approximation,
while DNystrém achieves the lower test error rates than them when m is large. 3) When
m > 20 for usps, m > 10 for pendigits, m > 37 for letter, and m > 72 for mnist, DNystrdém
achieves better performance than DKRR and DC-NY, and thus DNystrém is more flexible
in the setting of distributed learning.

The impact of the number of random centers. We then fixed the number of
partitions and explore the impact of the number of random centers M. We set m = 20
for the datasets usps, pendigits and letter, and m = 60 for mnist. We carry out the
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compared methods on the classification datasets 10 trials and record the average error
rates vs. the number of random centers in Figure 6. We find that 1) The predictive
accuracies of random features based methods are always worse than that of Nystrom based
methods. Especially on the datasets usps, pendigits, and mnist, even random features
method without partitions perform much worse than Nystrom based algorithms. 2) As
the number of random centers increases, the error rates of both Nystrom and random
features based methods decrease. Specifically, the error rates of DC-NY converge to that
of DKRR when the number of Nystrom centers M is bigger than the local sample size
N/m, while the error rates of DNystrém can still decrease when M > N/m owing the
Nystrom centers are sampled from the entire training set. 3) When M is very small, DC-
NY performs better than DNystrdm because these algorithms have not fully characterized
the local information. As the increase of Nystrom centers, DNystrdm outperforms DC-NY
owing to the characterization of global information (from other devices), and finally defeats
DKRR when M > 513 for usps, M > 531 for pendigits, M > 716 for letter, and M > 528
for mnist.

5. Conclusion

In this paper, we propose distributed Nystrom approximation approach with the globally-
shared Nystrom centers, which can capture the global characteristics from all training sam-
ples. We then study the generalization properties for DNystrém, and obtain the optimal
convergence rates in both expectation and expectation, respectively. Note that, the derived
optimal rates apply to the non-attainable case where the target regression may be out of the
hypothesis space. Compared to DKRR and DC-NY, the proposed DNystrém requires fewer
Nystrom centers and allows more partitions to achieve the same optimal learning rates. The
experimental results also validate the advantage of DNystrdm over the compared methods
in both the number of partitions and the number of random centers. In the future, one
can use the globally-shared Nystrom centers to reduce the effects of data heterogeneity in
federated learning and decentralized learning.
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Appendix A. Proofs

In this section, we begin introducing some operators and the the discrepancies between their
expected and empirical counterparts. We then provide error decomposition for the excess
risk bound of DNystroém in expectation and in high probability, respectively. Finally, we
upper bound the error terms and prove the main results.

A.1 Operators

We define expected operators, and empirical operators based on local training examples
and Nystrom approximation, respectively. For the sake of simplification, we let the primal
training set be equally divided, such that n = |D;| = N/m+ M, Vj € [m] and |D| = m|Dj|.

Definition 18 (Expected operators) For any g € L%X and 8 € H, we have
e S H — Lix, (SB)(x) = (B, Ky).
o S*: L%X —H, S*g= fX Kyg(x)dpx(x).
o L:Lz —>L§X, = [\ K (2)dpx(z).

o O H—MH, C’:fXKx®depX(ac).

It holds that for the integral operator L = SS* and for the covariance operator C = S*S.

Definition 19 (Empirical operators) For any g € Lf,x, BEH, a€R and o/ € RM,
with the training examples {(x;,y;)}iq from the local set D;, we have

o 8, MR, 8p,6 = 1 (B K.

° §Bj :R™ — H, §*Djoz = ﬁ Z?zl Ky, ;.

o Sp i Li —H, Shg= Ly Keg(T).

e Cp,: H—H, 6'Dj = %Z?lexi ® Ky,

e Lp: L, — L3, Lpg() = § i, K(@i, )g().
o Sy :H —RM, §Mﬁ = ﬁ (<ﬂaK:cz>)f\i1

o St RM 3, St = \/]}WZi]‘ilKﬂiia;'

° éM:H—>’H, éM:ﬁzf‘ilei@Km.

It holds that for the kernel matrices Kp, = |D; \SD SD , Kyn = M§M§}\"4, Ky =
VIDj |M5’D S and for the covariance operators CD = S* SD , CM S* S’M
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We denote with ||-|| the operatorial norm, and specifically the norm || - || to represent the
L%X norm || - ||, in the estimate of error terms. Let £ be a Hilbert space, we denote with
(-,-) o the associated inner product, with [|-||z the norm and with Tr(-) the trace. Moreover,
we denote with @) the operator () + AI, where @) is a linear operator, A € R and I the
identity operator, so for example Cy := C + A, 6D7A = 6,3 + A, (TDM = éD]. + A,
Ly:=L+ M\, ZD,A = ED + A, and ED].7)\ = ED]. + M.

Proposition 20 (Characterizations of estimators) Let v/MSy = USV* be the SVD
of the empirical sampling operator. Using operators in Definitions 18, 19, the estimators
can be represented as

A =V(V*Cp,V + M) V'S yp,, (11)
L = VIV EpV + A1)V Shyp, (12)
AL = V(V*CpV + M)V Sh f,, (13)
foa=(Cp+A)"'5h 1, (14)

= (C+A)"'5*f, (15)

1

Here, yDj = m(yl,. .. 7y|D]'|)T _1

and yp = m(yl,--- s YD|)-

Proof The RKHS solution fgﬁ N = Z‘f:’ﬂl‘ LK (;,-) admits

of = (K} Kjnr + €MnKu) 'K yyp, = [M(SnSh,)(Sp, Sir) + AM (Su Syl (VMSySh Yy,
Then, there exists
T o = VAIS}a’ = 834((50i8h, ) (5, 551) + A Sin)] (SwrSh, uo,
= S3[51(Cp. )85 (SasSh, -
Following the step of proof in Lemma 3 (Rudi et al., 2015), we have
(M8 (Cpa)Sylt = (FGH)T = HY(FG)! = HIGT'F! = US~ (V*Cp,V + AI) 'S,

where \/M§M =UXV* F=UY%, G = V*@DjV+)\I, H=%U" and F,GH,G and H are
full-rank matrices. Simplifying U and X, we prove (11) with
fg/é,)\ = VMS3[MSy(Cp)Sifl (v M§M§Bj)yDj
= VRUUSTH(V*Cp,V + X)) 'S U URV S yp,
=V(V*Cp,V + M) 'V*S} yp.
Similarly, we can prove the empirical estimator fg/[ yonD.

The noise-free estimator ]%4 y depends on the labels f,(x;) instead of noisy labels y;,
where (x;,y;) € D. Since flj‘)/{)\ = V(V*@DV + ATy (Z;nzl %Kmiyi), the correspond-
ing noise-free estimator is

~ ~ ™ 1D, ~ _

=V CoV + ANV (Y MKwifp(mi) =V(V*CpV + \X)"'V*Sh f,.
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We present the representation for fD7 » without Nystrom approximation .]?D7 A= le\i LK ()
with a = (Kp, + A|D|I)"y;, and thus

fox = VIDISH(IDISn S + AIDID ™ [fo(@1), -+, folmip)]

(55Sp + M) "Y(85Sp + ADSH(SpSp + A" [fol@r), -+, folmip)]

(5HSp + M) 7185 (SpSh + AL)(SpSp + AD) " [fol@1), -+, folmip)]

-5

= 7(61) + AI)‘1§75 [fp(wl)a e vfp(wlDl)]T

VID|
= (Cp + AI)"'Sh f,.

2

It is well know the estimator f) in L7

space is equal to

Sfr=L(L+ X)) f,=SS*(SS* + A\I) ' f, = S(S*S + A\I)"1S*f, = S(C + \I)"1S*f,.

Then, we have fy = (C + \)715*f,. [ |
Lemma 21 Let Ky, -+, Kz, withn > 1, be i.i.d random vectors on a separable Hilbert
space H such that C = B, [K,®K,], Cp, = ﬁ ZL:31| Kz, ®Kg,, (Lg)(-) =E, [K(x,-)g(x)]

and (ijg)(~) = ﬁzgi‘ K(xz;,-)g(x;) are trace class. Then for any 6 € (0,1), with the

probability at least 1 — §, the following holds

Jex e - 8o < e~ 0

\ < :
|D;| | Dl

(16)

2Noo(N) log(2/5) \/ 2N (M) log(2/6)

and it also holds with the probability at least 1 — § that

_ ~ _ _ ~ 2N (X)) log(2/6 2N (X)) log(2/6
HLAI/Q(L—LD]-)LAI/QH < HLQ(L—LDJ.)}S (M) log(2/9) (A) log(2/6)
| Dj| |Dj
(17)
Proof Using the Cauchy-Schwarz inequality, we have
H(C+M)—1/2(C—éDj)(CHJ)—l/?H
:H(CHI)*W(C—éDj)l/Q(C—épj)1/2(c+m*1/2” (18)

~

2
el - o
Recall that the norm on a matrix or operator A can be defined By

A
) = sup 12212,
vzl
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For K > 1 and a nonzero vector z, we get

1A 22 = | AA* 2]l < [JAA* 2]l < - < A ||z])2-

Therefore, it holds Hﬁ ‘TH? < ||A||* and thus

A%l
HA'“H=SI; izl < [lA]*. (19)

Assuming A = (C 4 AI)~%/? and substituting (19) to (18), we get

H(c +AD)V2(C = Cp ) (C + M)—l/?H < H(o +AD)"YC = Cp,) ( . (20)
Let ¢ = (C + M) 'K, ® K, thus we have
1 |D;| 1D R
> ==Y (C+ M) Ky, @ Kyl = (C+ M) 7'Ch,,
D] = 1D;| =
E(&) = (C + M) 'E[K, ® Kg] = (C + XI)7'C.
To bound H(C—i— A)~LHC - CD ‘ = H 3] Z'D il E({)H7 we estimate the maximal
eigenvalue and the moments of random operators & — E(&;), such that
Amaa (& — ( ) < (€ + A0V EL | < No ().
2656~ (e e, Ka)(C 4 A @ | — 27

M E[(C+A)T Ky @ Ko] || < NooW[ICYCll < Nao(A).

Then, using Bernstein’s inequality for random operators (Proposition 3 of (Rudi and Rosasco,
2017)), with the probability at least 1 — §, we have

2N (M) 1og(2/6) 2N (M) log(2/6)
<=, +\/ o

H(o +ADHC - Cp)

Combining (20) and (21), we obtain the result in (16). Then, following the above proof, we
can prove (17) by setting & = L 1/2_;((‘,131,7 ‘)L;1/2. .

Note that, the above lemma is the key to obtain the sharper estimates for the key
quantities ||[(C + A)~Y/2(Cp, + A)'/?|| and ||(L + AI)~'/2(Lp + AI)/?|, which should be
bounded as a constant when estimating the error terms. Traditional DKRR work (Guo
et al., 2017; Yin et al., 2020) estimated the key quantities after decomposition, and obtain
I(C+AD)~Y2(Cpy + ADY22 < [[(CHAD)T2|[(C+ AN~ V2(C = Cp)l +1 = O55 +

2r—1
%), leading to the restriction m < N2+v. Here, using the concentration inequalities
J

for self-adjoint operators and obtain ||(C + )\I)_I/Q(apj +AD)V2|12 = ||(C + )\I)_l/2(apj +
A)(C + AD)TV2| = [T+ (C+ A)7Y(C = Cp)(C +AD T2 = 0(R5H +  [25W),
where the restriction is relaxed to |D;| 2 Nso(N).
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Lemma 22 When the sample size satisfies |D;j| > 16N (X)1og(2/6), then ¥V § € (0,1),
there exists with the confidence 1 — §

_ ~ — 1 _ —
lex?(C =8 Pl <5, ey Cp Rl < Ve, ey Pl <2,

~1/2 ~1/2 1 1/25-1/2 -1/27 1/2
1Ly (L — Lp,) L, =35 IILy Ly <2, |Ly N2

Proof From Lemma 21, we set |D;| > 16N ()\)log(2/6) and obtain that

12,4 _ 2N () log(2/6) 2N (M) log(2/6) 1
Iy 2(Cp, — )y M| < + <=
A ’ |Dj| | D] 2
From Proposition 7 of (Rudi et al., 2015) and the above inequality, there exists

1

l\.’)

Meanwhile, from Cordes inequality (Fujii et al., 1993) and Lemma 21, when |D;| >
16N (M) log(2/6), we have

IC 23 < I1(C +AD) "M (Cp + AD|[Y2 = I + (C + A1) H(Cpp — O)| 1/ < 2.

Similarly, we can prove results for integral operators L and L D- |

A.2 Estimates for Error Terms

Note that, in Definition 9, we define the estimators in the RKHS where the H-norm can be
related to sz -norm by the inclusion operator S (Lin and Cevher, 2018) that Vf € H,

1fllp = IS £llp = ICY2 fllx < I(C + A2 |k (22)

A.2.1 ESTIMATE FOR DISTRIBUTED ERROR

Lemma 23 (Distributed error) When |D;| > 16N (M) log(2/0) and |Di| = --- = |Dp| =
N/m, with the probability at least 1 — 0, we have

178 = Bl < 4]ex e = oy | |ley* a - 2| - @3)

Proof For the sake of simplification, we denote Gp = V(V*GDV +AI)~1V*. From fg[/\ =
ID;| &

>t %ﬁg‘;’)\ and the definition of f%»\ in (11), using the facts §ByD =2 15D, YD;
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DISTRIBUTED NYSTROM APPROXIMATION

and A~! — B~! = B~1(B — A)A~! for positive operators A and B, we have
f% — I

D; ~ N
:Z |D| (V*CD VM) 1V*SD yp, — V(V*CpV + X))~ 'V*Spyp
j=1

iy [(V Cp,V + D)™ = (V*CpV + A V8 yp,

<
Il
_

'tnﬁs
EE

2V (V*CpV + AI)"'V*(Cp — Cp, )V (V*Cp,V + M) 'V*Sp yp,

<
Il
.

U
EE EE

2Gp(Cp — Cp, )fD A

<
Il
=

. |Dj]

6@ OV A~ 1) +Z'DJ|GD0 ~01n+ Y Pilan© - G

o
S5

<
I
-

j=1
|Dj
DI

-
EE

2Gp(Cp — O)(F A — ) +Z Gp(C = Cp))(F A= h).

From the above inequality and (22), we then have

<
Il
—

1758 = TBAl
<Y (e 6n@n - i a - )]+ |eXenie - o) Fa- 1))

(24)
From Lemma 22, if |D;| > 16N (A)1og(2/6), with the probability at least 1 — 4§, we
have

HCl/QGD(aD - C)(ff;\f A=) H
_HCI/Z 1/201/2G 01/20 1/2C§/20‘1/2(5D—C)C /2 1/2 fD A=) H

<[etes esienet] st oo - o et it ]

SQHC/\ Y2 @p - ) 1/2H HCI/z fD A= DI

(25)
and

02 Go(C — o, (P~ 1)

~

:|C}\/ZCA’D}<201/2G 01/20 1/20)1\/20 1/2(0 C Blen 1/2 1/2(fD N

vttty o-ame .-

<25~ G| el ]
(26)
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Note that, HCl/2 GDC})%H <1 from Lemma 8 of (Rudi et al., 2015).
Substituting (25) and (26) to (24), if |Dj| > 16N (A) log(2/5 yand |Dy| =+ = |Dy| =
|D|/m, with the probability at least 1 — § we have

173 = TRl < 4| €5 (e = Copes 2| ||en (T a = 1)

The last step is due to the fact Hcgl/z(@,j = C)C’;UQH < HC’;UQ(C’ — épj)0;1/2H where
[Dj| < |D].

A.2.2 ESTIMATE FOR SAMPLE VARIANCE

Lemma 24 (Sample variance) Let ]/%{)\ and fg{/\ be defined by (12) and (13). For 6 €
(0,1), if |ID] > 16N (N) log(2/6), with the probability at least 1—4, the local sample variance
holds

= = - = VN 2
1P = P < 1ICY (M — L)k < 8B log=.  (27)
\D| |D| 5

Proof Recall the representations of fg ) and fg/l , that are
L =V CpV + MD)W Shyp,  fAL = V(V*CpV + M) TIVESh f,.

To simply the representations, we characterize JEDV{)\ =G D§j§y p and fgf =G DS’B fp with

Gp = V(V*@DV + A)~'V*. Then, from (22), the following inequalities hold
IFB = P <lCY?(FML = MOk < 1CY*Go(Shyp — Sof)llx (28)
<y Co P INCH G pCHAINC PP Ies 2 (Shyn — Sp ol

Then, from Lemma 8 of (Rudi et al., 2015) and Lemma 22, when |D| > 16 N5 () log(2/4),
with the probability at least 1 — § we have

N iry 12 Ok
17N = AL, < 21105 Y (Shyp — Shf)| (29)

Substituting the results in Lemma 25 to (29) with the fact ||C) 1/2(5’* yp — Shi)|l <

1Cy\ 1/2(5]53113 = S*f)ll+1Cy 1/2(S*fp — 5% f,)|l, we upper bound the local sample variance
with the probability at least 1 — §:

~ —~ /\* —* \/ 2
Hf/%\){A - fg)\Hp < HC}\/QGD(SDyD - SDfﬂ)HK < 8B ( \D| \D| ) log 5

Using Bernstein’s inequality and following the proof of Lemma 6 in (Rudi and Rosasco,
2017), we prove the following lemmas to estimate terms in (29).
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DISTRIBUTED NYSTROM APPROXIMATION

Lemma 25 Assume there exists k > 1 such that K (z,x) < k%, V& € X and |y| < B. For
0 € (0,1], the following holds with the probability at least 1 — §

e Vel | [NODY, 2
1Cy " (Spyp Sfp)||§23( D) + D) lo

g(s?

and

og(s.

1052(8, = Syl < 28 ( = A g')) log 2
Proof Let & = 0;1/2K$iyi in the Hilbert space Hs. We see that
1 D] 1 |D| 1/ _1j25
W ;fi = WEC)\ Kzyi = CA SDijjy
E¢ = /XC'/\1/2Kxfp(m)de(ac) =y '%sr
Thus, the error term to bound can be stated as

DI

_ ~ . 1
1Cy 1/2(5Dijj =S fo)ll = ﬁ Z& — E&|| . (30)
i=1
By Jensen’s inequality, we thus have
& — Bl < 105 Kallluil + EICK Ko lllyil < 2Bv/No (V). (31)

Note that
E( — E(6))” <2 /X 102K 12 i P ()

< 2B? / IC5 2y, | Pdpx () < 2B2N(N).
X

(32)

Substituting (31) and (32) to (30), by Proposition 3 in (Rudi and Rosasco, 2017), we have

By/NooOV) . BQN(A)> log 2

—1/2 /G« ook <
”C)\ (SDijj S fP)H = 2 ( ‘D| |D’ 5

Let & = C;l/QKmifp(aci) on X in the Hilbert space H ;. We see that
1 |D| 1 |D| 12 .
D1 226 = 15 22O Kaufylwi) = O3 5p f,
i=1 i=1

E¢; = /X Cy K, fo(@)dpx (@) = C; 7S f,.
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Thus, the error term to bound can be stated as

|D|

|C5 (5" o = Sp ) = |D‘Z@ E&| - (33)

Similarly, using Bernstein’s inequality, we have

~1/2, 0% p o B\/i | B2N (A 2
||C)\ (S fo SDfp)” < 2( D] D] log(s.

A.2.3 ESTIMATE FOR NYSTROM ERROR

Lemma 26 (Nystrom error) Let fg)\ and fD,/\ be defined by (12) and (13). Under
Assumption 5 and the condition |D| > 16N (M) log(2/0), for any § € (0,1), the local
Nystrém error holds with probability at least 1 — 0,

WLRAV2||(T = VVHCY? |2, when r € (0,1/2);
8R||(I — VV*)Cy/ 2|, when € [1/2,1].

72 = Fonlls < ICY2(F, = Fon)lx < {

Proof Recall the characterizations of ]ﬁ,%’ 5 and ij7 » in Proposition 20, it holds
M = v (v CpV + M)WV Shf,  foa=(Cp+A)7L55 .

We use Gp = V(V*CpV + AI)"'V* and then [}, = GpShf,. Using Z*f(ZZ*) =
f(Z*2)Z*, we have

Cp\Shfo = (SHS+ AN f, = S5 (SSh + M) f, = SHLp\ foe
From (22), we estimate the Nystrom error as follows with

L L ; L
1A — Toalle < IOV — Fo)llx = 16 *(Gp — Cph)Sh ik

_1/2 A A—1 gx 1 1/2 ~ g T—1 (34)
—HC’)\ (GDCD,A - I)CD,)\SDprK - HC)\ (GDCD,/\ - I)SDLD7,\fp”K~

Then, we bound Hfg)\ — fD,AH for r € (0,1/2) and r € [1/2, 1], respectively.

e When 7 € (0,1/2), the true regression f, is out of the deduced RKHS f, ¢ H.

Note that, there exists |g|| < R, ||L} L < 1, ||L—1/2)\1/2H <1, S5 —1/2” <

1L Lo P12 < 1 and |1CLY2S5 | = ||c—1/20Dc—1/2|\1/2 < 1. From Lemma
22 and (34), when |D| > 16/Noo(A)log(2/6), with the probability at least 1 — 4, we
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have
1M = Foalle ICY2 (M — Ton) Ik = 103 (GpCpx — DSHLN follx
=(|Cy*(GpCpy — 1)SH Ly ML LY > (L L) g
<R||C*(GpCpa— DSHL, ML LY |
<RI|ICY*(GpCpa — DCR(CY P2 (Cp Y25 0) (35)
(SDL 1/2)1 27«( 1/2>\1/2))\—1/2@;<2 }\/2)27«H
<RA VO AL Ly 1P 16y A (GpCpy — DER
<2V2RAV?| 0y (GpCp o — I)CE)-

Noting that Gpép,)\VV* = V'V, we have
GDC\D’,\ -1 :GDaD,)\(I — VV*) + GDGD’)\VV* -1
—GpCpA(I—VV*) = (I=VV*).
Using above identity, we have
1CY2(GpCp s — 1)CE]

<|CY2GpCpaI — VVICh + ICY (I - vV Osl

<|Cy PP CH5GpCHCHAC PO (I — vV Oyl + |0y (T~ vV Sl

<21 = v GllUey 2 Co Y P NICH G pCHAINIC gACy 2 + 1)

1/2 « 1/2 —1 21 11A1/2 —1 2
<oV = VG *Co P INICHACE 21 + 1),
(37)
The last step is due to HC’ll)/iGDC’I/2 | <1 in Lemma 8 of (Rudi et al., 2015).

Next, we estimate HC}\/Q(I — VV*)CF||. Since VV* is a projection operator, it holds
for any s > 0 that (I — VV*) = (I — VV*)%, therefore

1/2 * r 1/2 k * T
IV =Vl < 116320 = vV = vV Es .
Using Cordes inequality (Fujii et al., 1993) to ||(I — VV*)C5||, we have
* *\ 271 * 1/2 r
(1 = VVHCK = (I = VV*)? 02 == vvney?E
Thus, it holds
1/2 *\ AT «\ ~1/2) 27
ICY2 (1 = V)OI < (1 = V) oy2 )2t (38)

Substituting (37) and (38) into (35), under the condition |D| > 16N (A) log(2/4), for
r € (0,1/2), we have with the probability 1 —§

1FM = Foall ICY (B = Foo) e < TIRATYV2|(T = vve)ey 22+, (39)
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e When r € [1/2,1], the regression function belongs to the hypothesis space f, € H.

—1/2 —1/2 —1/2

Note that, there exists ||g|| < R, [|Ly'L|| < 1, |S5L, 7| < I Lp A LoLp A7I1V2 < 1,
and HC’Bl)(QS*DH = HC’_l/QC'DC'_lﬂHl/2 < 1. From Lemma 22 and (34), when |D| >

16/Noo () log(2/68), with the probability at least 1 — &, we have
M ra 1/2,7M ra
1o — foalle < NCY (foA — fo) K
<[y *(GpCpx = DSHLE follk
=lC*(@pCop — DSHLL AL LY ) (L3 D) gl (40)
SRHC)I\/Q(GDGD,)\ o I)agj/\l/z(c 1/25D)2r 1(SDL 1/2)2 2T(LE)K?L§\/2)2TH
<2R||Cy*(GpCpr — )Ty 2.
Using the identity (36), when |D| > 16N (\)log(2/0), with the probability at least
1 -6, we have
IC*(GpCo = DO < (10321 = vy
+ ||C’1/2 —1/201/2GD01/201/2O;1/201/2(I VV*)C'I‘ 1/2||
1/2 “or-1/2
< 4HC/ (I-vv > L

(41)

Next, we estimate ||C';/2(I - VV*)C’;fl/zH. Since VV* is a projection operator, it
holds for any s > 0 that (I — VV*) = (I — VV*)?%, therefore

1OV (1 = vV P < |1y (1 = vVl - vveer .

r—1/2

Using Cordes inequality (Fujii et al., 1993) to ||(/ — VV*)C, ~'7||, we have

%\ ~T—1/2 o\2r—1 32r—1 = ol/2)12r-
[T = vV = 10 = vV o™ = 1= Vv ey
Thus, it holds
[[eXa¥ I a7 Yol 16 A e Ta Te X [ (42)

Substituting (41) and (42) into (40), with the condition |D| > 16N (\)log(2/6),
there exists for r € [1/2,1] with the probability 1 —§

17 = Foalle < ICY2 (PN = Foallx < 8R|I(I - VVHCY?|>.  (43)

Then, combining (39) and (43), we prove the desired result. [ |
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A.2.4 ESTIMATE FOR EMPIRICAL ERROR

Lemma 27 (Empirical error) Let fD,A and fy be defined by (14) and (15). Under the
condition |D| > 16Noo(X)log(2/48), for any ¢ € (0,1), the local empirical error holds with
probability at least 1 — ¢,

170 = Sallo < 1C*(Foa = Pllic < (24 V2) 12 = foll.
Proof Recall the definitions of fD, » and f) with operators in Proposition 20, it holds
foa=Cp\Shfo  H=Cy'S"f,.
Using the identity A=t — B~! = A=1(B — A)B~! for positive operators A, B, we have
1= Al < 1C*(Fop = )i
1 2 N— 13k 2 — *
<G/ *CphShfs = C*Cy1 S |
=(|C\ 2O (S — S*)f + O (O — O3NS fullx
=(|CY2CpL (Sh — §*)f + O 2CRL(C — Cp, )OS £l
1/2 53— Crk * 1/2 43— * 1/2 Ok — *
=[G *Cp 5 (Sh = §)fp + TR (57 = 558)05 15"
=[G *Cp\(Sh = §)1, + CY TRl (8™ = Sh) il
1 2 ~N— 13k 2 ~N— *
:HC)\/ CD},\SD(fp - )+ Cl/ CD1>\S (fa— fp)H
=Gy O P Op PO S — ) + OO POy P R PR PO PO ST (= ol

Note that ||SCy /2|l = [Cy 2 COy P IV2 < 1, |CPSp I = G Y*Cn, CoYI12 < 1,
and ||C; /25| = ||C; 2y ?|1/2 < 1. Thus, we obtain

1o — falls < 1CY 2 (Fo — Pl < [ICY2CR 21+ 10 2ER 11 1 — £l

From Lemma 22, if [D| > 16N5o(A) log(2/8), we have [|Cy/*Cp 17| + |C/*Cp |12 <
(2 4+ v/2) with the probability at least 1 — 4. [ |

The empirical error is also related to f, that can be estimated by f, = L"g with [|g|| < R.
Thus, we estimate the empirical error in terms of r € (0,1/2) and r € [1/2, 1], respectively.
To bound the empirical error, the restrictions on n influence the number of partitions m.

A.2.5 ESTIMATE FOR APPROXIMATION ERROR

The last term we need to estimate is approximation error || fy — f,||, whose proof is standard
(Smale and Zhou, 2007; Caponnetto and De Vito, 2007; Rudi and Rosasco, 2017).

Lemma 28 (Approximation error) Let fy and f, be defined by (15) and (7). Under
Assumption 5, the approximation error holds for any A > 0 and r > 0,

iy = foll < RA". (44)

31



L1, Liu AND WANG

Proof Under Assumptlon 5, there ex1sts g€ L2 such that f, = L"g with ||g|| < R. The
identity A(A+ M)t =T—-MNA+A)"Lis Vahd for A > 0 and A the bounded self-adjoint
positive operator and by the definition of f\ (Proposition 20), we have

1y = foll =ILL fy — foll = (LLYY = D foll = ALY £
=||X“<A1*’“L‘“"“>><L—’“Lr>g||

<IAIIN L LT L gl -
Note that ||A\17"L) H <1land ||[L,"L"|| <1, while R := HgHL2 according to Assump-
tion 5. The proof is completed. |

The estimate of approximation error is standard and holds for any r > 0. When r
approaches zero, the approximation error gradually becomes the distance between two un-
related estimators fy and f,.

A.3 Proofs of Main Results in Expectation

Proof of Lemma 10. Using the triangle inequalities, we have

2 2
FM 2 D5l (e 1Dl (a7
178 = FolI2 <4 jzlm(ij,A—ij,A) +4 jzlm(ij,A—ij,A)
2p p (45)
4 Z ‘|D‘ Foon— bl +4l = £I2.
p
The local sample sets {(X1,¥y1), -, (Xm,¥y,,)} are independently sampled from px xy.

Note that from Proposition 5 in (Chang et al., 2017), there exists

- |D |D;[|Dg| HDk| M7 =
ZiD (fD A~ f%,\) Z fD AT f%,k?f%g,k_f%m))/)
— k=1

p

m

Z

By taking the expectation with respect to px and |Di| = --- = |Dy,| = |D|/m, we have

2
1D, e SIDP Lo 7
B|% 15 V(A= T) | = S0 P - TR = TR T AR ()
7j=1 7=1

P
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Following the proof of Lemma 1 in (Lin and Cevher, 2018), by Holder’s inequality, we
know that
2 2

Z % <f1]3\§,A - ij,A) = %E Z(f%,A — fp;)

P =1 p (47)

1 “ ™M ra 2 M £ ’
< LeS gl =Tl
i

Similarly, we derive relationship between global and local empirical errors

2 m 2
Z ‘|D\ foa—hl = #E Z(ij,A — )
p =1 p (48)

1 i~ 2 ~ 2
< mE; Hij,,\ - f’\Hp =K Hij,)\ - f,\Hp-
Substituting (46), (47) and (48) to (45), we obtain the result in (8). |

Proof of Theorem 11. From the error decomposition (8), we estimate the local error

terms [|F315 — fN 2, 15 = foalZs 1 /o0 = fallp, and [|fx = f,ll3, respectively.
Estimate the local sample variance. According to Lemma 24, under Assumptions

6 and 7, if 2r + 2y > o and A = N ﬁ, when the local sample size is large enough
|Dj| > 16N () log(2/6), it holds with the probability at least 1 — 6

1 v M 1 1/2, 7M M
—EI\ B — FB Al <—EllCy <ij,A - fD].,»H%(

2
6482 [ /N 5 2
< \D ’ lo

m \D[ 5

Noo(N) NO» P
<128 B> ( + log? 2
BRI AE

Cl =27 2
<128 B> Nzr+7 log? =
= ( 2/5>+C°> B

16 log(
Estimate the local Nystrém error. Combing the results in Lemma 26, Lemma 6 of
(Rudi et al , 2015) and Lemma 7 of (Rudi et al., 2015), when |D;| > 16N () log(2/6), M

67 log \/5N (A) log 25 for the uniform sampling and M > 334 log 8|D | V78N (A) 1o
for the data dependent samphng, we obtain local Nystrom error with the probability at least
1 — 26 that

8|Dj|
0

= ~ ~ ~ =2r
E| M — foall2 < IICY2(FM — Foa)ll% < 1089R2A% = 1089R*NZ+7.  (50)

Estimate the empirical error. According Lemmas 27 and 28, when the sample size
satisfies |D| > 16N () log(2/4), there holds with the probability at least 1 — ¢

r 2 2y2r _ 2 N
Ifpx = fall, < 16R*A™ = 16R°N >+ (51)
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Substituting (44), (49) (50) and (51) to (8), we prove the following result. If M >
67 log % V 5N (A) log 45 for unlform samphng, M > 334log = SlD Ly T8N (N) log % for

leverage scores sampling, and m < N e , then, with probablhty 1 — 49, there exists
- =2
E||fpix — foll; < C2NZ+7 log®(2/9),

where Cy = 51287 (15:50575; + Co ) + 4424R2. m

A.4 Proofs of Main Results in Probability

Proof of Theorem 16. To derive the excess risk of DNystrém in probability, we recall
its error decomposition in probability in Lemma 15. We first estimate the global error
terms on the entire set D and then the distributed error. Let A = N ﬁ, 0 > 0 and
|Dj| > 16N () log(2/0).

Estimate the sample variance. According to Lemma 24, under Assumptions 6 and
7, it holds with the probability at least 1 —§

o (52)

VA=) | ‘D| )log2

B~ s < 1 - e s (Y25

<8B(/Co + /(1) Nzt log 5

Estimate the Nystrom error. Combing the results in Lemma 26, Lemma 6 of (Rudi
et al., 2015) and Lemma 7 of (Rudi et al., 2015), when M > 67log % ° 5N (A ) log 45

for the uniform sampling and M > 334log % V 78N (A) log =5 801 for the data-dependent
sampling, we obtain the Nystrom error with the probability at least 1 — 20 that

178 = Foalls < IICY2(FM = foa)llx < 33RA™ = 33RNZ747, (53)

Estimate the empirical error. According Lemmas 27 and 28, there holds with the
probability at least 1 — §

17px — fall < ARAT = ARN %3 . (54)

Estimate the distributed error. From the result in Lemma 23, we find that the
distributed error is related to ||C’1/2(fg[ A~ M)l From (23), (52), (53) and (54), when M >

67 log %\/5/\/00( ) log 4= for the uniform sampling and M > 334 log 8|D | VT8N (N) log 8|D |
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for the data-dependent sampling, with the probability at least 1 — 44, we have

IFML — FBf
<alley Ve~ Cp)oy P Iey P (AL — 1)

<dlle3 (e = Ep)e 2| (IoN Py = THI
+ HC;/Q(ij,A - ij,)\)H + ||C)1\/2(fD-,>\ — f,\)||)

<4||c;*(C = Cp)cy ( <V |D’>log2+37R)\T> (55)

IDI g

<328 HC;”Q(C — Cp, WH ( ’D°°|(A) n /\y')) S TARN'
NV [NV ISPy YA )
<64B< S T ) ( o D )1 ¢(2/8) + TARN'.

The last two steps are due to the results in Lemma 22 and Lemma 21, respectively. Using the
condition |Dj| > 16N (N) log(2/d), we have Noe@) o [Noo (), Then, under Assumptions

o 1Djl = 1D
6 and 7, if \ = N2+ and |D;| = |Da| = - -+ = |Dy,| = |D|/m, we have
Noo(A) Neo(N) s
+ < ClmN 27"+’Y Cl N 4r+2v ,
|Dj |D |

A / a—4r—2 —r
<A CymN 4r+2y iz ComN 2r+7 .

IDI ID!_

2r+y—a
Then, when m < N #+2v | we have

Noo(N) v =
(|&|+V|D|><|D w ) VOGN, (56)

Combing (55) and (56), under the same conditions, with the probability at least 1 — 46,
we have

7ML = FAL < (256BC1\/CoCh + TAR)N 747 log(2/4). (57)

r+'y «

Since m < N #+27 is more strict than the condition |D;| < 16N (N)log(2/0), we

impose the condition on the number of partitions as m < N i . Substituting (44), (52),
(53), (54) and (57) to (9), we prove the result.

Assume there exists £ > 1 such that K(x,x) < % for any £ € X and |y| < B. Let
>0, A= N7+ and |Dy| =+ =|Dl|py = \D|/m Under Assumptions 57 with r € (0,1]
and v € [0,1], if 2r +~v > a, M > 6710g V 5N (A )log 52 for uniform sampling,
M > 3341og 32 v 78N/ (A) log 324

for leverage scores sampling, and m < N 4+2v STl , then

35



L1, Liu AND WANG

with probability 1 — 44, there exists
IfBx = follp < CsN 277 log(2/6),

where Cs = 8B(v/Cy + v/C1) + 256 BC1/CoCh + 112R. n

References

Ahmed Alaoui and Michael W Mahoney. Fast randomized kernel ridge regression with
statistical guarantees. In Advances in Neural Information Processing Systems 28 (NIPS),
pages 775-783, 2015.

Haim Avron, Kenneth L Clarkson, and David P Woodruff. Faster kernel ridge regression
using sketching and preconditioning. SIAM Journal on Matrix Analysis and Applications,
38(4):1116-1138, 2017.

Francis Bach. Sharp analysis of low-rank kernel matrix approximations. In Conference on
Learning Theory, pages 185—-209, 2013.

Daniele Calandriello, Alessandro Lazaric, and Michal Valko. Distributed adaptive sampling
for kernel matrix approximation. In Artificial Intelligence and Statistics, pages 1421-1429.
PMLR, 2017.

Andrea Caponnetto and Ernesto De Vito. Optimal rates for the regularized least-squares
algorithm. Foundations of Computational Mathematics, 7(3):331-368, 2007.

Xiangyu Chang, Shao-Bo Lin, and Ding-Xuan Zhou. Distributed semi-supervised learning
with kernel ridge regression. Journal of Machine Learning Research, 18(1):1493-1514,
2017.

Yifan Chen and Yun Yang. Fast statistical leverage score approximation in kernel ridge
regression. In International Conference on Artificial Intelligence and Statistics, pages
2935-2943. PMLR, 2021.

Petros Drineas, Malik Magdon-Ismail, Michael W Mahoney, and David P Woodruff. Fast
approximation of matrix coherence and statistical leverage. The Journal of Machine
Learning Research, 13(1):3475-3506, 2012.

Junichi Fujii, Masatoshi Fujii, Takayuki Furuta, and Ritsuo Nakamoto. Norm inequalities
equivalent to heinz inequality. Proceedings of the American Mathematical Society, 118
(3):827-830, 1993.

Alex Gittens and Michael W Mahoney. Revisiting the nystrém method for improved large-
scale machine learning. Journal of Machine Learning Research, 17(1):3977-4041, 2016.

Zheng-Chu Guo, Shao-Bo Lin, and Ding-Xuan Zhou. Learning theory of distributed spectral
algorithms. Inverse Problems, 33(7):074009, 2017.

36



DISTRIBUTED NYSTROM APPROXIMATION

Martin Hanke. Conjugate gradient type methods for ill-posed problems. Routledge, 2017.

Magnus Rudolph Hestenes and Eduard Stiefel. Methods of conjugate gradients for solving
linear systems, volume 49. NBS Washington, DC, 1952.

Cho-Jui Hsieh, Kai-Wei Chang, Chih-Jen Lin, S Sathiya Keerthi, and Sellamanickam Sun-
dararajan. A dual coordinate descent method for large-scale linear svm. In Proceedings of
the 25th International Conference on Machine Learning (ICML), pages 408-415. ACM,
2008.

Galyna Kriukova, Sergiy Pereverzyev, and Pavlo Tkachenko. Nystrom type subsampling
analyzed as a regularized projection. Inverse Problems, 33(7):074001, 2017.

Sanjiv Kumar, Mehryar Mohri, and Ameet Talwalkar. Sampling methods for the nystrém
method. Journal of Machine Learning Research, 13(Apr):981-1006, 2012.

Jason D Lee, Ruoqi Shen, Zhao Song, Mengdi Wang, et al. Generalized leverage score
sampling for neural networks. Advances in Neural Information Processing Systems, 33:
10775-10787, 2020.

Jian Li, Yong Liu, and Weiping Wang. Distributed learning with random features. arXiv
preprint arXiv:1906.08155, 2019.

Heng Lian, Jiamin Liu, and Zengyan Fan. Distributed learning for sketched kernel regres-
sion. Neural Networks, 143:368-376, 2021.

Junhong Lin and Volkan Cevher. Optimal distributed learning with multi-pass stochas-
tic gradient methods. In Proceedings of the 35th International Conference on Machine
Learning (ICML), pages 3098-3107, 2018.

Junhong Lin and Volkan Cevher. Optimal convergence for distributed learning with stochas-
tic gradient methods and spectral algorithms. Journal of Machine Learning Research, 21
(147):1-63, 2020.

Shao-Bo Lin, Xin Guo, and Ding-Xuan Zhou. Distributed learning with regularized least
squares. The Journal of Machine Learning Research, 18(1):3202-3232, 2017.

Shao-Bo Lin, Di Wang, and Ding-Xuan Zhou. Distributed kernel ridge regression with
communications. Journal of Machine Learning Research, 21(93):1-38, 2020.

Yong Liu, Jiankun Liu, and Shuqgiang Wang. Effective distributed learning with random
features: Improved bounds and algorithms. In International Conference on Learning
Representations, 2021.

Shuai Lu, Peter Mathé, and Sergiy Pereverzyev Jr. Analysis of regularized nystrém sub-
sampling for regression functions of low smoothness. Analysis and Applications, 17(06):
931-946, 2019.

Longda Ma, Lei Shi, and Zongmin Wu. Nystrom subsampling method for coefficient-based
regularized regression. Inverse Problems, 35(7):075002, 2019.

37



L1, Liu AND WANG

Siyuan Ma and Mikhail Belkin. Diving into the shallows: a computational perspective on
large-scale shallow learning. Advances in neural information processing systems, 30, 2017.

Siyuan Ma and Mikhail Belkin. Kernel machines that adapt to gpus for effective large batch
training. Proceedings of Machine Learning and Systems, 1:360-373, 2019.

Martin Fodslette Mgller. A scaled conjugate gradient algorithm for fast supervised learning.
Neural Networks, 6(4):525-533, 1993.

Cameron Musco and Christopher Musco. Recursive sampling for the nystrom method.
In Proceedings of the 31st International Conference on Neural Information Processing
Systems, pages 3836-3848, 2017.

John Platt. Fastmap, metricmap, and landmark mds are all nystrom algorithms. In In-
ternational Workshop on Artificial Intelligence and Statistics, pages 261-268. PMLR,
2005.

Ali Rahimi and Benjamin Recht. Random features for large-scale kernel machines. In
Advances in Neural Information Processing Systems 21 (NIPS), pages 1177-1184, 2007.

Garvesh Raskutti, Martin J Wainwright, and Bin Yu. Early stopping and non-parametric
regression: an optimal data-dependent stopping rule. The Journal of Machine Learning
Research, 15(1):335-366, 2014.

Alessandro Rudi and Lorenzo Rosasco. Generalization properties of learning with random
features. In Advances in Neural Information Processing Systems 30 (NIPS), pages 3215—
3225, 2017.

Alessandro Rudi, Raffaello Camoriano, and Lorenzo Rosasco. Less is more: Nystrom com-
putational regularization. In Advances in Neural Information Processing Systems 28
(NIPS), pages 1657-1665, 2015.

Alessandro Rudi, Luigi Carratino, and Lorenzo Rosasco. Falkon: An optimal large scale
kernel method. In Advances in Neural Information Processing Systems 30 (NIPS), pages
3888-3898, 2017.

Alessandro Rudi, Daniele Calandriello, Luigi Carratino, and Lorenzo Rosasco. On fast lever-
age score sampling and optimal learning. In Advances in Neural Information Processing
Systems, pages 5672-5682, 2018.

Yousef Saad. Iterative methods for sparse linear systems, volume 82. siam, 2003.

Bernhard Scholkopf, Ralf Herbrich, and Alex J Smola. A generalized representer theorem.
In International conference on computational learning theory, pages 416-426. Springer,
2001.

Shai Shalev-Shwartz, Yoram Singer, Nathan Srebro, and Andrew Cotter. Pegasos: Primal
estimated sub-gradient solver for svm. Mathematical programming, 127(1):3-30, 2011.

S Sivananthan et al. Manifold regularization based on nystrém type subsampling. Applied
and Computational Harmonic Analysis, 49(1):152-179, 2020.

38



DISTRIBUTED NYSTROM APPROXIMATION

Steve Smale and Ding-Xuan Zhou. Learning theory estimates via integral operators and
their approximations. Constructive approzimation, 26(2):153-172, 2007.

Ingo Steinwart and Andreas Christmann. Support vector machines. Springer Verlag, 2008.

Hongwei Sun and Qiang Wu. Optimal rates of distributed regression with imperfect kernels.
Journal of Machine Learning Research, 22:171-1, 2021.

Vladimir Vapnik. The Nature of Statistical Learning Theory. Springer Science & Business
Media, 1999.

Shusen Wang. A sharper generalization bound for divide-and-conquer ridge regression. In
Proceedings of the AAAI Conference on Artificial Intelligence, volume 33, pages 5305—
5312, 2019.

Christopher KI Williams and Matthias Seeger. Using the nystrém method to speed up
kernel machines. In Advances in Neural Information Processing Systems 14 (NIPS),
pages 682-688, 2001.

Rong Yin, Yong Liu, Lijing Lu, Weiping Wang, and Dan Meng. Divide-and-conquer learning
with nystréom: Optimal rate and algorithm. In Proceedings of the AAAI Conference on
Artificial Intelligence, volume 34, pages 66966703, 2020.

Kai Zhang, Ivor W Tsang, and James T Kwok. Improved nystrém low-rank approximation
and error analysis. In Proceedings of the 25th International Conference on Machine
Learning (ICML), pages 1232-1239. ACM, 2008.

Yuchen Zhang, John Duchi, and Martin Wainwright. Divide and conquer kernel ridge
regression: A distributed algorithm with minimax optimal rates. Journal of Machine
Learning Research, 16(1):3299-3340, 2015.

39



	Introduction
	Contributions
	Related Work

	Distributed Nyström Approximation
	Kernel Ridge Regression (KRR) with Nyström Approximation
	Distributed Nyström Approximation (DNyström)

	Main Results
	Existing Results for DC-NY in Expectation
	Optimal Convergence Rates for DNyström in Expectation
	Optimal Convergence Rates for DNyström in Probability
	Compared with Related Work

	Experiments
	Conclusion
	Proofs
	Operators
	Estimates for Error Terms
	Estimate for Distributed error
	Estimate for sample variance
	Estimate for Nyström error
	Estimate for empirical error
	Estimate for approximation error

	Proofs of Main Results in Expectation
	Proofs of Main Results in Probability


