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Abstract

The Hidden Markov Model (HMM) is one of the mainstays of statistical modeling of discrete
time series, with applications including speech recognition, computational biology, computer
vision and econometrics. Estimating an HMM from its observation process is often addressed
via the Baum-Welch algorithm, which is known to be susceptible to local optima. In this
paper, we first give a general characterization of the basin of attraction associated with any
global optimum of the population likelihood. By exploiting this characterization, we provide
non-asymptotic finite sample guarantees on the Baum-Welch updates and show geometric
convergence to a small ball of radius on the order of the minimax rate around a global
optimum. As a concrete example, we prove a linear rate of convergence for a hidden Markov
mixture of two isotropic Gaussians given a suitable mean separation and an initialization
within a ball of large radius around (one of) the true parameters. To our knowledge, these
are the first rigorous local convergence guarantees to global optima for the Baum-Welch
algorithm in a setting where the likelihood function is nonconvex. We complement our
theoretical results with thorough numerical simulations studying the convergence of the
Baum-Welch algorithm and illustrating the accuracy of our predictions.

Keywords: Hidden Markov Models, Baum-Welch algorithm, EM algorithm, non-convex
optimization, graphical models

1. Introduction

Hidden Markov models (HMMSs) are one of the most widely applied statistical models of the
last 50 years, with major success stories in computational biology (Durbin, 1998), signal
processing and speech recognition (Rabiner and Juang, 1993), control theory (Elliott et al.,
1995), and econometrics (Kim and Nelson, 1999) among other disciplines. At a high level,
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a hidden Markov model is a Markov process split into an observable component and an
unobserved or latent component. From a statistical standpoint, the use of latent states
makes the HMM generic enough to model a variety of complex real-world time series, while
the Markovian structure enables relatively simple computational procedures.

In applications of HMMs, an important problem is to estimate the state transition
probabilities and the parameterized output densities based on samples of the observable
component. From classical theory, it is known that under suitable regularity conditions, the
maximum likelihood estimate (MLE) in an HMM has good statistical properties (Bickel
et al., 1998). However, given the potentially nonconvex nature of the likelihood surface,
computing the global maximum that defines the MLE is not a straightforward task. In fact,
the HMM estimation problem in full generality is known to be computationally intractable
under cryptographic assumptions (Terwijn, 2002). In practice, however, the Baum-Welch
algorithm (Baum et al., 1970) is frequently applied and leads to good results. It can
be understood as the specialization of the EM algorithm (Dempster et al., 1977) to the
maximum likelihood estimation problem associated with the HMM. Despite its wide use
in many applications, the Baum-Welch algorithm can get trapped in local optima of the
likelihood function. Understanding when this undesirable behavior occurs—or does not
occur—has remained an open question for several decades.

A more recent line of work (Mossel and Roch, 2006; Siddiqi et al., 2010; Hsu et al., 2012)
has focused on developing tractable estimators for HMMs, via approaches that are distinct
from the Baum-Welch algorithm. Nonetheless, it has been observed that the practical
performance of such methods can be significantly improved by running the Baum-Welch
algorithm using their estimators as the initial point; see, for instance, the detailed empirical
study in Kontorovich et al. (2013). This curious phenomenon has been observed in other
contexts (Chaganty and Liang, 2013), but has not been explained to date. Obtaining a
theoretical characterization of when and why the Baum-Welch algorithm behaves well is the
main objective of this paper.

1.1 Related work and our contributions

Our work builds upon a framework for analysis of EM, as previously introduced by a subset
of the current authors (Balakrishnan et al., 2014); see also the follow-up work to regularized
EM algorithms (Yi and Caramanis, 2015; Wang et al., 2014). All of this past work applies
to models based on i.i.d. samples, and as we show in this paper, there are a number of
non-trivial steps required to derive analogous theory for the dependent variables that arise
for HMMs. Before doing so, let us put the results of this paper in context relative to older
and more classical work on Baum-Welch and related algorithms.

Under mild regularity conditions, it is well-known that the maximum likelihood estimate
(MLE) for an HMM is a consistent and asymptotically normal estimator; for instance, see
Bickel et al. (1998), as well as the expository works (Cappé et al., 2004; van Handel, 2008).
On the algorithmic level, the original papers of Baum and co-authors (Baum et al., 1970;
Baum and Petrie, 1966) showed that the Baum-Welch algorithm converges to a stationary
point of the sample likelihood; these results are in the spirit of the classical convergence
analysis of the EM algorithm (Wu, 1983; Dempster et al., 1977). These classical convergence
results only provide a relatively weak guarantee—namely, that if the algorithm is initialized
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Figure 1: (a) A poorly behaved sample likelihood, for which there are many local optima
at varying distances from the MLE. It would require an initialization extremely close to
the MLE in order to ensure that the Baum-Welch algorithm would not be trapped at a
sub-optimal fixed point. (b) A well-behaved sample likelihood, for which all local optima lie
within an e,-ball of the MLE, as well as the true parameter 8*. In this case, the Baum-Welch
algorithm, when initialized within a ball of large radius r, will converge to the ball of much
smaller radius e,,. The goal of this paper is to give sufficient conditions for when the sample
likelihood exhibits this favorable structure.

sufficiently close to the MLE, then it will converge to it. However, the classical analysis does
not quantify the size of this neighborhood, and as a critical consequence, it does not rule
out the pathological type of behavior illustrated in panel (a) of Figure 1. Here the sample
likelihood has multiple optima, both a global optimum corresponding to the MLE as well as
many local optima far away from the MLE that are also fixed points of the Baum-Welch
algorithm. In such a setting, the Baum-Welch algorithm will only converge to the MLE if it
is initialized in an extremely small neighborhood.

In contrast, the goal of this paper is to give sufficient conditions under which the sample
likelihood has the more favorable structure shown in panel (b) of Figure 1. Here, even
though the MLE does not have a large basin of attraction, the sample likelihood has all
of its optima (including the MLE) localized to a small region around the true parameter
0*. Our strategy to reveal this structure, as in our past work (Balakrishnan et al., 2014),
is to shift perspective: instead of studying convergence of Baum-Welch updates to the
MLE, we study their convergence to an ¢,-ball of the true parameter 6*, and moreover,
instead of focusing exclusively on the sample likelihood, we first study the structure of
the population likelihood, corresponding to the idealized limit of infinite data. Our first
main result (Theorem 1) provides sufficient conditions under which there is a large ball
of radius r, over which the population version of the Baum-Welch updates converge at a
geometric rate to 6*. Our second main result (Theorem 2) uses empirical process theory to
analyze the finite-sample version of the Baum-Welch algorithm, corresponding to what is
actually implemented in practice. In this finite sample setting, we guarantee that over the
ball of radius r, the Baum-Welch updates will converge to an €,-ball with €, < r, and most
importantly, this €,-ball contains the true parameter #*. Typically this ball also contains
the MLE with high-probability, but our theory does not guarantee convergence to the MLE,
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but rather to a point that is close to both the MLE and the true parameter 8* and whose
statistical risk is equivalent to that of the MLE upto logarithmic factors.

These latter two results are abstract, applicable to a broad class of HMMs. We then
specialize them to the case of a hidden Markov mixture consisting of two isotropic components,
with means separated by a constant distance, and obtain concrete guarantees for this model.
It is worth comparing these results to past work in the i.i.d. setting, for which the problem
of Gaussian mixture estimation under various separation assumptions has been extensively
studied (e.g. (Dasgupta, 1999; Vempala and Wang, 2004; Belkin and Sinha, 2010; Moitra and
Valiant, 2010)). The constant distance separation required in our work is much weaker than
the separation assumptions imposed in most papers that focus on correctly labeling samples
in a mixture model. Our separation condition is related to, but in general incomparable
with the non-degeneracy requirements in other work (Hsu et al., 2012; Hsu and Kakade,
2013; Moitra and Valiant, 2010).

Finally, let us discuss the various challenges that arise in studying the dependent data
setting of hidden Markov models, and highlight some important differences with the i.i.d.
setting (Balakrishnan et al., 2014). In the non-i.i.d. setting, arguments passing from the
population-based to sample-based updates are significantly more delicate. First of all, it
is not even obvious that the population version of the @)-function—a central object in the
Baum-Welch updates— exists. From a technical standpoint, various gradient smoothness
conditions are much more difficult to establish, since the gradient of the likelihood no
longer decomposes over the samples as in the i.i.d. setting. In particular, each term in the
gradient of the likelihood is a function of all observations. Finally, in order to establish the
finite-sample behavior of the Baum-Welch algorithm, we can no longer appeal to standard
i.i.d. concentration and empirical process techniques. Nor do we pursue the approach of
some past work on HMM estimation (e.g. (Hsu et al., 2012)), in which it is assumed that
there are multiple independent samples of the HMM.! Instead, we directly analyze the
Baum-Welch algorithm that practioners actually use—namely, one that applies to a single
sample of an n-length HMM. In order to make the argument rigorous, we need to make use
of more sophisticated techniques for proving concentration for dependent data (Yu, 1994;
Nobel and Dembo, 1993).

The remainder of this paper is organized as follows. In Section 2, we introduce basic
background on hidden Markov models and the Baum-Welch algorithm. Section 3 is devoted
to the statement of our main results in the general setting, whereas Section 4 contains the
more concrete consequences for the Gaussian output HMM. The main parts of our proofs
are given in Section 5, with the more technical details deferred to the appendices.

2. Background and problem set-up

In this section, we introduce some standard background on hidden Markov models and the
Baum-Welch algorithm.

1. The rough argument here is that it is possible to reduce an i.i.d. sampling model by cutting the original
sample into many pieces, but this is not an algorithm that one would implement in practice.
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2.1 Standard HMM notation and assumptions

We begin by defining a discrete-time hidden Markov model with hidden states taking values
in a discrete space. Letting Z denote the integers, suppose that the observed random
variables {X;}icz take values in R, and the latent random variables {Z;};cz take values in

the discrete space [s] := {1,...,s}. The Markov structure is imposed on the sequence of
latent variables. In particular, if the variable Z; has some initial distribution 71, then the
joint probability of a particular sequence (z1, ..., 2z,) is given by
n
(a1, zns B) = mi(z1s B) [ p(zi | 2im13 B), (1)
i=1

where the vector § is a particular parameterization of the initial distribution and Markov chain
transition probabilities. We restrict our attention to the homogeneous case, meaning that
the transition probabilities for step (¢t — 1) — ¢ are independent of the index ¢. Consequently,
if we define the transition matrix A € R¥*® with entries

A(]vkaﬁ) ::p(ZQ =k | 21 :]7ﬁ)7
then the marginal distribution 7; of Z; can be described by the matrix vector equation

ﬂ'iT = TriFAi_l,
where m; and 7 denote vectors belonging to the s-dimensional probability simplex.

We assume throughout that the Markov chain is aperiodic and recurrent, whence it has
a unique stationary distribution 7, defined by the eigenvector equation 7! = 7! A. To be
clear, both T and the matrix A depend on (, but we omit this dependence so as to simplify
notation. We assume throughout that the Markov chain begins in its stationary state, so
that m; = 7, and moreover, that it is reversible, meaning that

T(J)AG, k) = T(k)A(k, j) (2)

for all pairs j,k € [s].
A key quantity in our analysis is the mixing rate of the Markov chain. In particular, we
assume the existence of mizing constant enix € (0, 1] such that

p(zilzi-138) _ 4

€mix < Tl)’ < €mix (3)
for all (z;,zi—1) € [s] x [s]. This condition implies that the dependence on the initial
distribution decays geometrically. More precisely, some simple algebra shows that

sup HT(’{At — W{“TV < copin forallt=1,2,..., (4)
1

where pmix = 1 — e€mix denotes the mizing rate of the process, and cq is a universal constant.
Note that as epix — 17, the Markov chain has behavior approaching that of an i.i.d. sequence,
whereas as epix — 07, its behavior becomes increasingly “sticky”.



YANG, BALAKRISHNAN AND WAINWRIGHT

P(zi| zi.1.B)

p(x|zp)

Figure 2: The hidden Markov model as a graphical model. The blue circles indicate observed
variables Z;, whereas the orange circles indicate latent variables Xj.

Associated with each latent variable Z; is an observation X; € R?. We use p(2;]2;; ) to
denote the density of X; given that Z; = z;, an object that we assume to be parameterized
by a vector p. Introducing the shorthand z} = (z1,...,2,) and 2] = (21,. .., 2,), the joint
probability of the sequence (27, 2]") (also known as the complete likelihood) can be written
in the form

n n
p(z1, 27 0) = mi(21) Hp(zi | 2i-1; ) Hp(xi|zi§ﬂ)a (5)
i=2 i=1
where the pair 6 : = (f,u) parameterizes the transition and observation functions. The

likelihood then reads

paf;0) = p(e, 27 0).
2t

For our convenience in subsequent analysis, we also define a form of complete likelihood
including an additional hidden variable zy which is not associated to any observation xg

n n

p(zg, 2750) = mo(z0) [ [ p(2i | 215 B) [ [ (il is ), (6)

=1 =1

where mp = 7. Note that it preserves the usual relationship Zzg p(zy, x1;0) = p(at; )
between the ordinary and complete likelihoods in EM problems.

A simple example: A special case helps to illustrate these definitions. In particular,
suppose that we have a Markov chain with s = 2 states. Consider a matrix of transition
probabilities A € R?*2 of the form

1 e e P ¢ 1-¢
A = - =
B+ P [eﬁ eﬁ] [1 ¢ ¢ ] @)
where ( := eﬁj%' By construction, this Markov chain is recurrent and aperiodic
with the unique stationary distribution 7 = [% %]T Moreover, by calculating the
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eigenvalues of the transition matrix, we find that the mixing condition (4) holds with
Pmix * = ’2< - 1‘ = ’tanh(ﬁﬂ
Suppose moreover that the observed variables in R? are conditionally Gaussian, say with

ol 1) = {WEXP{—%H%—MII%} if 2 =1
<t - 1

8)
1 : (
With this choice, the marginal distribution of each X; is a two-state Gaussian mixture with
mean vectors 4 and —u, and covariance matrices 02I;. We provide specific consequences of
our general theory for this special case in the sequel.

2.2 Baum-Welch updates for HMMs

We now describe the Baum-Welch updates for a general discrete-state hidden Markov model.
As a special case of the EM algorithm, the Baum-Welch algorithm is guaranteed to ascend on
the likelihood function of the hidden Markov model. It does so indirectly, by first computing
a lower bound on the likelihood (E-step) and then maximizing this lower bound (M-step).

For a given integer n > 1, suppose that we observe a sequence =7 = (z1,...,2z,) drawn
from the marginal distribution over X{* defined by the model (5). The rescaled log likelihood
of the sample path z7 is given by

ln(0) = %log <ZP(287 s 9))
=

The EM likelihood is based on lower bounding the likelihood via Jensen’s inequality. For

any choice of parameter ¢’ and positive integers i < j and a < b, let IEZ;W, o denote

the expectation under the conditional distribution p(Zij | 25, 6"). With this notation, the
concavity of the logarithm and Jensen’s inequality imply that for any choice of #’, we have
the lower bound

1 p(Zy, 13 0)
0,(0) = - log [Ezgm,wW}

1 1
> —Ezpap o [108 (25, 0150)] + ~Ezppap o[ —logp(Z5 | 21;6)].

/

~~

Qn(010") Hn (6")

For a given choice of ', the E-step corresponds to the computation of the function
0 — Qn(0 | 0). The M-step is defined by the EM operator M, : Q +— Q

M, (0') = argmax Q,,(0 | ¢), (9)
0eQ)

where € is the set of feasible parameter vectors. Overall, given an initial vector §° = (3°, u°),
the EM algorithm generates a sequence {0!}2°, according to the recursion ™! = M, (6").
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This description can be made more concrete for an HMM, in which case the Q-function
takes the form

1 1 —
Qnu(00) = EEZolac’f,H’ [log m0(Zo; B)] + - ZEZi_l,Zi\x?,Q’ [logp(Z; | Zi—1; B)]

i=1

1 n
+o > Ezjere [logp(ei | Zsip)], (10)
i=1
where the dependence of my on § comes from the assumption that 7o = 7. Note that the
@-function can be decomposed as the sum of a term which is solely dependent on pu, and
another one which only depends on S—that is

Qn(010) = Quan(p | 0') + Qan(B | 0') (11)

where Q1,,(p [ 0) =130, Ez,jan. 0 [log p(z;i | Zi, p)], and Q2,,(B | ¢') collects the remain-
ing terms. In order to compute the expectations defining this function (E-step), we need
to determine the marginal distributions over the singletons Z; and pairs (Z;, Z;;+1) under
the joint distribution p(ZJ' | 27;0"). These marginals can be obtained efficiently using a
recursive message-passing algorithm, known either as the forward-backward or sum-product
algorithm (Kschischang et al., 2001; Wainwright and Jordan, 2008).

In the M-step, the decomposition (11) suggests that the maximization over the two
components (£, ) can also be decoupled. Accordingly, with a slight abuse of notation, we
often write

MHF(0") = arg max Q1 (1 | 0'), and ME(G’) = arg max Q2,(8 | ¢)
HEQ, BeQs

for these two decoupled maximization steps, where {23 and €2, denote the feasible set of
transition and observation parameters respectively and Q:= Qg x Q. In the following,
unless otherwise stated, {2, = R?, so that the maximization over the observation parameters
is unconstrained.

3. Main results

We now turn to the statement of our main results, along with a discussion of some of their
consequences. The first step is to establish the existence of an appropriate population
analog of the Q-function. Although the existence of such an object is a straightforward
consequence of the law of large numbers in the case of i.i.d. data, it requires some technical
effort to establish existence for the case of dependent data; in particular, we do so using a
k-truncated version of the full @Q-function (see Proposition 1). This truncated object plays a
central role in the remainder of our analysis. In particular, we first analyze a version of the
Baum-Welch updates on the expected k-truncated Q-function for an extended sequence of
observations x?f,]: , and provide sufficient conditions for these population-level updates to
be contractive (see Theorem 1). We then use non-asymptotic forms of empirical process
theory to show that under suitable conditions, the actual sample-based EM updates—i.e.,
the updates that are actually implemented in practice—are also well-behaved in this region
with high probability (see Theorem 2). In subsequent analysis to follow in Section 4, we
show that this initialization radius is suitably large for an HMM with Gaussian outputs.
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3.1 Existence of population Q-function

In the analysis of Balakrishnan et al. (2014), the central object is the notion of a population
Q-function—namely, the function that underlies the EM algorithm in the idealized limit
of infinite data. In their setting of i.i.d. data, the standard law of large numbers ensures
that as the sample size n increases, the sample-based Q-function approaches its expectation,
namely the function

Q(H | 0/) = E[Qn<9 ‘ 0/)] = E[EZ1|X1,0/ [1ng(X1azl;0)H'

Here we use the shorthand E for the expectation over all samples X that are drawn from
the joint distribution (in this case E := EX”@*).

When the samples are dependent, the quantity E[Qn(ﬁ | ¢ )] is no longer independent of
n, and so an additional step is required. A reasonable candidate for a general definition of
the population @Q-function is given by

QO 0):= [EQn (0 | 67)]- (12)

lim
n—-+00
Although it is clear that this definition is sensible in the i.i.d. case, it is necessary for
dependent sampling schemes to prove that the limit given in definition (12) actually exists.

In this paper, we do so by considering a suitably truncated version of the sample-based
Q@-function. Similar arguments have been used in past work (e.g., (Cappé et al., 2004; van
Handel, 2008)) to establish consistency of the MLE; here our focus is instead on the behavior
of the Baum-Welch algorithm. Let us consider a sequence {(X;, Z;)}"=F |, assumed to be

drawn from the stationary distribution of the overall chain. Recall that EZ?|zb o denotes

expectations taken over the distribution p(Zij | I‘Z, 6). Then, for a positive integer k to be
chosen, we define

1

n
k . .
Qu(010) =~ [Ezou’zk,ef log p(Z1; 8) + E 1ﬁ By |pith g logp(Zi | Zio1s )
1=

+ ZEZi\x;tﬁ,ef log p(; | Zi;u)] (13)
i=1

In an analogous fashion to the decomposition in equation (10), we can decompose Q¥ in the
form

QEO10)=QF,.(n|0)+Q5,.(80).

We associate with this triplet of @-functions the corresponding EM operators M,’f(@’ ),
MEF(@) and MP*(9') as in Equation (9). Note that as opposed to the function @, from
equation (10), the definition of Q,k; involves variables Z;, Z; 1 that are not conditioned on
the full observation sequence z7, but instead only on a 2k window centered around the
index 7. By construction, we are guaranteed that the k-truncated population function and
its decomposed analogs given by

QYO 10) = lim EQ(0 | 0') =EQi (1|0 + lim EQS, (5] ¢)
= Qi (| 0)+Q5(810) (14)
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are well-defined. In particular, due to stationarity of the random sequences {p(z; | Xff,l: )

and {p(z!_, | X Zf,f )}, the expectation over {(Xj, Zi)}?jlk_k is independent of the sample
size n. Notice that the Baum-Welch algorithm in practice essentially corresponds to using
k=n.

Our first result uses the existence of this truncated population object in order to show
that the standard population @-function from equation (12) is indeed well-defined. In doing

so, we make use of the sup-norm

1@1 = Qelloe = sup_[Qu(8] )~ Qu(0] )

0,0'eQ

. (15)

We require in the following that the observation densities satisfy the following boundedness
condition

SUEE[H’I&X | log p(X; | Zi’e)” < 0. (16)
geq - #i€ls]

Proposition 1 Under the previously stated assumptions, the population function Q defined
in equation (12) exists.

The proof of this claim is given in Appendix A. It hinges on the following auxiliary claim,
which bounds the difference between EQ),, and the k-truncated @-function as

4 _
- cs c(Tmin, S, €mi
||EQn - QkHoo < 9 -2 (]— - Emixﬁmin)k + ( o le)a (17)
mix " min n

where fmin 1= MiNgeq, je[s] 7(7 | B) is the minimum probability in the stationary distribution,
€mix 1S the mixing constant from equation (3), and ¢(-) is a constant dependent only on
the inherent model parameters. The dependencies on €nix and Tmin are not optimized
here. Since this bound holds for all n, it shows that the population function Q can be
uniformly approximated by QF, with the approximation error decreasing geometrically as
the truncation level k£ grows. This fact plays an important role in the analysis to follow.

3.2 Analysis of updates based on Q*

Our ultimate goal is to establish a bound on the difference between the sample-based Baum-
Welch estimate and 6%, in particular showing contraction of the Baum-Welch update towards
the true parameter. Our strategy for doing so involves first analyzing the Baum-Welch
iterates at the population level, which is the focus of this section.

The quantity Q is significant for the EM updates because the parameter 6* satisfies
the self-consistency property §* = argmax, Q(6 | 0). In the i.i.d. setting, the function Q
can often be computed in closed form, and hence directly analyzed, as was done in past
work Balakrishnan et al. (2014). In the HMM case, this function @ no longer has a closed
form, so an alternative route is needed. Here we analyze the population version via the
truncated function Q" (14) instead, where k is a given truncation level (to be chosen in
the sequel). Although 6* is no longer a fixed point of QF, the bound (17) combined with

10
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the assumption of strong concavity of Q* imply an upper bound on the distance of the
maximizers of Q¥ and Q.

With this setup, we consider an idealized population-level algorithm that, based on some
initialization 8° € Q = By (r; u*) x g, generates the sequence of iterates

g+l = M*(6') := argmax Q" (6 | 6). (18)
e

where (0 = Qg x Q, is a larger set than , especially €, = R?. Since Q* is an approximate
version of @, the update operator M* should be understood as an approximation to the
idealized population EM operator M where the maximum is taken with respect to Q. As
part (a) of the following theorem shows, the approximation error is well-controlled under
suitable conditions. We analyze the convergence of the sequence {#'}?°, in terms of the
norm || - ||« : , x Qg — RT given by

16 = 6%[|x = (1 B) = (", B9)lx == Nl = 17 ll2 + 118 = 57 l2- (19)

Contraction in this norm implies that both parameters u, 8 converge linearly to the true
parameter.

Conditions on Q*: Let us now introduce the conditions on the truncated function Q¥
that underlie our analysis. For this purpose, we concentrate on a potentially smaller set

Q:=Bo(r; 1) x Qg

with radius r > 0, where {3 is the set of allowable HMM transition parameters. The goal is

to find the largest 2 C Q, in which said conditions are fulfilled. This set 2 is then equivalent
to the basin of attraction, i.e. the set in which we can initialize the algorithm and obtain
linear convergence to a good optimum.

First, let us say that the function Q*(- | ') is (A, Ag)-strongly concave in § if for all
0" € Q we have

_ - — A
Qi 10) ~ Qi (2 | 0) — (V@ (2 | 6). 1 — pr2) < =5l = 2l (200)
_ ~ — A

and  Q5(6110) — Q5(B2 | 0) — (VsQ5(B2 | 0), 81 — ) < = lIBy — a3 (20D)

for all (u1, £1), (2, B2) € Q.
Second, we impose first-order stability conditions on the gradients of each component of

Q":
e For each p1 € Q,,0" € Q, we have
IV QE (| 1, 8" = V@ (|, B)l2 < Luallp’ — 1|2 (21a)
IV Q| 1, B) = VW@ (i | 1, B9z < Lyu2llB — B%l2, (21b)

We refer to this condition as L,-FOS for short.
e Secondly, for all 5 € Qg,0" € Q, we require that

IVsQ5(8 | 1, 8) = VsQ5(8 | 1, 8)ll2 < Lol — 1”2 (22a)
IVe@5(8 | 1, 8') = VaQ5(8 | ', B°)ll2 < L2l 8" — 572 (22b)

11
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We refer to this condition as Lg-FOS for short. The experienced reader may find that
the (L, Lg)-FOS conditions look intriguingly similar to the Lipschitz gradient conditions
often encountered when proving geometric convergence for gradient descent methods. On a
high level, smoothness requires function values of one function to be close for any pair of
arguments that are close. Although our conditions seem to invoke Lipschitz gradients as
well, it is actually of a completely different nature. The important difference arises from the
existence of two parameters, as we now clarify.

As opposed to gradient descent, the EM updates optimize over the first parameter 6
of a function Q¥(- | ') defined by the second parameter #’ at every time step. If we could
access QF(- | 0*), EM would converge in one step to the true optimum. Therefore, if we
can guarantee that Q*(- | #') and Q¥ (- | 6*) are close in some sense, there should be good
reasons to hope that under some more regularity assumptions the maximizers are close as
well, i.e. that M¥(6) is close to 0*.

The (L, Lg)-FOS conditions are precisely encouraging closeness of these two functions in
a first-order sense. In particular, we require the gradients (with respect to the first argument
6) to be Lipschitz in the second argument #’. Typical smoothness however is a property
with respect to a fized function (i.e. a fixed 6’ in our case) and thus requires gradients to
be Lipschitz in the first argument. Loosely speaking it upper bounds the curvature of said
function, and thus is more like a second-order condition by nature. This distinction also
explains why (L, Lg)-FOS conditions require to be uniformly satisfied only over the first
argument, while one of the second arguments can be fixed at u* or 8* respectively. Finally,
as we show in Section 4, these conditions hold for concrete models.

Convergence guarantee for QF-updates: We are now equipped to state our main
convergence guarantee for the updates. It involves the quantities

L
L:=max{Ly,, Ly} +max{Lg,,Lg,}, A:=min{A\,,\g} and r:= 3 (23)
with k generally required to be smaller than one, as well as the additive norm || - ||, from

equation (19).

Part (a) of the theorem controls the approzimation error induced by using the k-truncated
function Q* as opposed to the exact population function @, whereas part (b) guarantees a
geometric rate of convergence in terms of k defined above in equation (23).

Theorem 1 (a) Approximation guarantee: Under the mizing condition (4), density bound-
edness condition (16), and (X, Ag)-strong concavity condition (20), there is a universal
constant ¢y such that

4
I374(0) ~ MO < 5y (1~ i) Jorallfc0, (20
€mix Tmin
=:p2(k)
where s is the number of states, and Ty, : = min min7(j; 5).
BEQs je(s]

(b) Convergence guarantee: Suppose in addition that the (L, Lg)-FOS conditions (21),(22)
holds with parameter k € (0,1) as defined in (23) for 6,0 € Q = By (r;,u*) x g, and

12
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that the truncation parameter k is sufficiently large to ensure that

p(k) < (1= r)r = nmax 18— 7]l

Then, given an initialization 00 € Q, the iterates {gt}t"io generated by the M* operator
satisfy the bound

Py * P * 1
10" = 0% [« < KH16° — 07|l + Tk (25)

Note that the subtlety here is that 6* is no longer a fixed point of the operator M¥, due
to the error induced by the k*-order truncation. Nonetheless, under the mixing condition,
as the bounds (24) and (25) show, this approximation error is controlled, and decays
exponentially in k. The proof of the recursive bound (25) is based on showing that

IM*(6) — M* (0« < w16 — 67| (26)

for any 6 € Q. Inequality (26) is equivalent to stating that the operator MP* is contractive,
i.e. that applying M* to the pair # and §* always decreases the distance.

Finally, when Theorem 1 is applied to a concrete model, the task is to find a big r and
Q25 such that the conditions in the theorem are satisfied, and we do so for the Gaussian
output HMM in Section 4.

3.3 Sample-based results

We now turn to a result that applies to the sample-based form of the Baum-Welch algorithm—
that is, corresponding to the updates that are actually applied in practice. For a tolerance
parameter ¢ € (0,1), we let ¢, (d, k) be the smallest positive scalar such that

P sup [[M(8) = ME©) . = wu(8, k)| < 6. (27a)
0eQ2

This quantity bounds the approximation error induced by the k-truncation, and is the
sample-based analogue of the quantity (k) appearing in Theorem 1(a). For each ¢ € (0,1),
we let €),(d, k) and eg(é, k) denote the smallest positive scalars such that

P[sup || MP#(0) — T#* ()|, > € (5, k)] <4, and (27b)
e

P[sup | M4 (0) — MP4(6) 12 > el(6,k)] <6,
0

where M/*(-) and MS"(-) correspond to the truncated versions of ME(:) and Mg (-).
Furthermore we define €,(8, k) : = €(8, k) + €1 (6, k). For a given truncation level k, these
values give an upper bound on the difference between the population and sample-based
M-operators, as induced by having only a finite number n of samples.

13



YANG, BALAKRISHNAN AND WAINWRIGHT

Theorem 2 (Sample Baum-Welch) Suppose that the truncated population EM operator
MP satisfies the local contraction bound (26) with parameter k € (0,1) in Q. For a given
sample size n, suppose that (k,n) are sufficiently large to ensure that

on(6, k) + (k) + € (6, k) < (1 — k) r — Kk max ||8 — 5*[|2. (28a)
pel,

Then given any initialization 9 e Q, with probability at least 1 — 26, the Baum-Welch
sequence {0'}:°, satisfies the bound

nt_ px t)p0 _ p* 1
18 =0 < K1 =0l +——{wn(6K) + oK) + (B R)}. (28D)

Geometric decay

~—
Residual error e,

The bound (28b) shows that the distance between 6! and 6* is bounded by two terms:
the first decays geometrically as t increases, and the second term corresponds to a residual
error term that remains independent of ¢t. Thus, by choosing the iteration number 7" larger
than bgh()zrﬁ/ < we can ensure that the first term is at most €. The residual error term can be
controlled by requiring that the sample size n is sufficiently large, and then choosing the
truncation level k£ appropriately. We provide a concrete illustration of this procedure in the
following section, where we analyze the case of Gaussian output HMMs. In particular, we
can see that the residual error is of the same order as for the MLE and that the required
initialization radius is optimal up to constants. Let us emphasize here that k£ as well as the

truncated operators are purely theoretical objects which were introduced for the analysis.

4. Concrete results for the Gaussian output HMM

We now return to the concrete example of a Gaussian output HMM, as first introduced
in Section 2.1, and specialize our general theory to it. Before doing so, let us make some
preliminary comments about our notation and assumptions. Recall that our Gaussian output
HMM is based on s = 2 hidden states, using the transition matrix from equation (7), and
the Gaussian output densities from equation (8). For convenience of analysis, we let the
hidden variables Z; take values in {—1,1}. In addition, we require that the mixing coefficient
Pmix = 1 — €nix 18 bounded away from 1 in order to ensure that the mixing condition (3) is
fulfilled. We denote the upper bound for pnix as b < 1 so that ppix < b and epix > 1 —b.
The feasible set of the probability parameter ¢ and its log odds analog 5 = %log (IE—C) are
then given by

1-b 140 1. 1+b
o {geR\ —<(<— } and Q4 {56R11m<210g(1_b)} (29)
5
B
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4.1 Explicit form of Baum-Welch updates

We begin by deriving an explicit form of the Baum-Welch updates for this model. Using
this notation, the Baum-Welch updates take the form

- 1 ¢ 0. 7
pitt = - Z(2p(Zi =11]z%0") —1)ay, (30a)
i=1
- 1 & N
R o, - Z Zp(Zi =Zi1 | 27:0Y) |, and (30b)
i=1 7
- 1 Zt+1
t+1 _
gt = 5 log (1 = Et+1)’ (30c)

where Il denotes the Euclidean projection onto the set {2c. Note that the maximization
steps are carried out on the decomposed Q-functions Q1 (- | 6%), Q2. (- | 6%). In addition,
since we are dealing with a one-dimensional quantity (3, the projection of the unconstrained
maximizer onto the interval ) is equivalent to the constrained maximizer over the feasible
set {2¢. This step is in general not valid for higher dimensional transition parameters.

4.2 Population and sample guarantees

We now use the results from Section 3 to show that the population and sample-based
version of the Baum-Welch updates are linearly convergent in a ball around 6* of fixed
radius. In establishing the population-level guarantee, the key conditions which need to
be fulfilled—and the one that are the most technically challenging to establish— are the
(Ly, Lg)-FOS conditions (21), (22). In particular, we want to show that these conditions
hold with Lipschitz constants L, Lg that decrease exponentially with the separation of the
mixtures. As a consequence, we obtain that for large enough separation % < 1, i.e. the EM
operator is contractive towards the true parameter.

In order to ease notation, our explicit tracking of parameter dependence is limited to the
standard deviation o and Euclidean norm ||p*||2, which together determine the signal-to-noise
ratio n? : = H‘;—QH% of the mixture model. Throughout this section, we therefore use cg, ¢y to
denote universal constants and Cp, C; for quantities that do not depend on (||p*||2, o), but
may depend on other parameters such as Tyin, Pmix, 0, and so on.

We begin by stating a result for the sequence {5@;20 obtained by repeatedly applying
the k-truncated population-level Baum-Welch update operator M*. Our first corollary
establishes that this sequence is linearly convergent, with a convergence rate k = x(n) that
is given by

_ G+ Y e

A1) —

(31)

Corollary 1 (Population Baum-Welch) Consider a two-state Gaussian output HMM

that is miring (i.e. satisfies equation (3)), and with its SNR lower bounded as n> > C' for

a sufficiently large constant C. Given the radius r = W, suppose that the truncation
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parameter k is sufficiently large to ensure that p(k) < (1 —K)r — k maxgeqy, ||8 — B*[|2. Then
for any initialization 00 = (/70,50) € By (r; u*) x Qp, the sequence {5’5}?20 generated by MF
satisfies the bound

Py * P * 1
10" = 0% [« < KH|6° — 07|l + T ¢k) (32)

for all iterations t = 1,2, .. ..

From definition (31) it follows that as long as the signal-to-noise ratio 7 is larger than a
universal constant, the convergence rate x(n) < 1. The bound (32) then ensures a type of
contraction and the pre-condition ¢ (k) < (1 — k)r — kmaxgeq, ||8 — B*[|2 can be satisfied by
choosing the truncation parameter k large enough. If we use a finite truncation parameter
k, then the contraction occurs up to the error floor given by ¢(k), which reflects the bias
introduced by truncating the likelihood to a window of size k. At the population level (in
which the effective sample size is infinite), we could take the limit & — oo so as to eliminate
this bias. However, this is no longer possible in the finite sample setting, in which we must
necessarily have k < n. While large k give a better truncation approximation, it allows for
fewer samples which are “sufficiently independent” from each other within the sequence. We
can see in the proof of Corollary 2 that k - logn is a good choice to obtain an adequate
trade-off.

Corollary 2 (Sample Baum-Welch iterates) For a given tolerance § € (0,1), suppose
that the sample size is lower bounded as n > ”Mgﬁ(f + 1)3dlog8(%). Then under the
2

conditions of Corollary 1 and n* > Clog ﬁ, with probability at least 1 — §, we have

e 13 +1)3/2 dlog® (n/0)

o2 n

Y * * C
16— 0"l < w*18° — 67 + 0< (33)

11—k

Remarks: As a consequence of the bound (33), if we are given a sample size n >~ dlog® d,
then taking T ~ logn iterations is guaranteed to return an estimate (17, ET ) with error of

the order dlog®(n)
n

In order to interpret this guarantee, note that in the case of symmetric Gaussian output
HMDMs as in Section 4, standard techniques can be used to show that the minimax rate of

estimating p* in Fuclidean norm scales as \/% . If we could compute the MLE in polynomial
time, then its error would also exhibit this scaling. The significance of Corollary 2 is
that it shows that the Baum-Welch update achieves this minimax risk of estimation up to
logarithmic factors.

Moreover, it should be noted that the initialization radius given here is essentially optimal
up to constants. Because of the symmetric nature of the population log-likelihood, the all
zeroes vector is a stationary point. Consequently, the maximum Euclidean radius of any
basin of attraction for one of the observation parameters—that is, either p* or —p*—can at
most be r = ||*||2. Note that our initialization radius only differs from this maximal radius
by a small constant factor.
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4.3 Simulations

In this section, we provide the results of simulations that confirm the accuracy of our
theoretical predictions for two-state Gaussian output HMMSs. In all cases, we update the
estimates for the mean vector 7i**! and transition probability (‘! according to equation (30);

for convenience, we update ¢ as opposed to 5. The true parameters are denoted by p* and

¢

_ol
o N—
S —4r 1
5]
20
Q
’q _6, 4
_gl | logw i = il
—logyg [l — 1|2

15

Iteration number ¢

Figure 3: Plot of the convergence of the optimization error log ||it — i1 |2, plotted in blue,
and the statistical error log ||zif — u*||2, plotted in red, for 5 different initializations. The
parameter settings were d = 10, n = 1000, ppix = 0.6 and SNR @ = 1.5. See the main
text for further details.

In all simulations, we fix the mixing parameter to pmix = 0.6, generate initial vectors
1Y randomly in a ball of radius r : = @ around the true parameter p*, and set a) = %
Finally, the estimation error of the mean vector p is computed as logyq ||t — 1*||2. Since
the transition parameter estimation errors behave similarly to the observation parameter in
simulations, we omit the corresponding figures here.

Figure 3 depicts the convergence behavior of the Baum-Welch updates, as assessed in
terms of both the optimization and the statistical error. Here we run the Baum-Welch

algorithm for a fixed sample sequence X7 drawn from a model with SNR n? = 1.5 and ¢ = 0.2,

using different random initializations in the ball around p* with radius W. We denote the
final estimate of the i—th trial by jz;. The curves in blue depict the optimization error—that
is, the differences between the Baum-Welch iterates fi¢ using the i-th initialization, and .
On the other hand, the red lines represent the statistical error—that is, the distance of the
iterates from the true parameter p*.

For both family of curves, we observe linear convergence in the first few iterations until
an error floor is reached. The convergence of the statistical error aligns with the theoretical
prediction in upper bound (33) of Corollary 2. The (minimax-optimal) error floor in the
curve corresponds to the residual error and the e,-region in Figure 1. In addition, the blue
optimization error curves show that for different initializations, the Baum-Welch algorithm
converges to different stationary points ji;; however, all of these points have roughly the same
distance from p*. This phenomenon highlights the importance of the change of perspective
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in our analysis—that is, focusing on the true parameter as opposed to the MLE. Given the
presence of all these local optima in a small neighborhood of p*, the basin of attraction of
the MLE must necessarily be much smaller than the initialization radius guaranteed by our
theory.

Figure 4 shows how the convergence rate of the Baum-Welch algorithm depends on the
underlying SNR parameter n?; this behavior confirms the predictions given in Corollary 2.
Lines of the same color represent different random draws of parameters given a fix SNR.
Clearly, the convergence is linear for high SNR, and the rate decreases with decreasing SNR.

™ 07

<|:5_ ol "

o Y

<2

2 -6 %

o “‘:;v "

g o-8p W —SNR= 0.50
8 O

= e 2 +SNR= 1.00
¥ [0 S -= SNR= 1.50
.:5: ‘_.. e ---SNR= 2.00
o2 %

0 10 30 40 50

Iteration number

Figure 4: Plot of convergence behavior for different SNR, where for each curve, different
parameters were chosen. The parameter settings are d = 10, n = 1000 and ppix = 0.6.

5. Proofs

In this section, we collect the proofs of our main results. In all cases, we provide the main
bodies of the proofs here, deferring the more technical details to the appendices.

5.1 Proof of Theorem 1

Throughout this proof, we make use of the shorthand pmix = 1 — €mixTmin- Also we denote
the separate components of the population EM operators by M (6) =: (M*(6), M?(#))T and
their truncated equivalents by M*(0) =: (M**(0), MP*(6))T. We begin by proving the
bound given in part (a). Since Q = lim,_,oo E[Q,], we have

_ . ~ Cs*
1Q - Qe = | nh_{T;OE[Qn] - QM| < Wﬁfmixa
mix " min

where we have exchanged the supremum and the limit before applying the bound (17). The
same holds for the separate functions @1, Q2.

Using this bound and the fact that for Q; we have Q1(M*(0) | 0) > Q1(M**(0) | 6), we
find that

_ N Cs*
Q1(M™(9) | 0) > QY (M**(0) | 0) — Wﬁﬁnx
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Since M*¥(f) is optimal, the first-order conditions for optimality imply that
(QE(M™*(8) | 6), 6 — M*H(@)) <0 for all 6 € Q.

Combining this fact with strong concavity of Q¥(-|0) for all §, we obtain

Cs* . _
e > QLATNO) | 6) - Qu(T) | 0)
Ak Tk Sk (T Cs' ~
> Qy(M™ME(0) | 0) — QT (M*(0) | 0) — ﬁpmix
Ay — — Cst
> ?“HM“(G) - M“k(G)HS - ﬁﬁﬁlix

and therefore |[M*(0) — M**(9)|2 < 4)\690784% In particular, setting # = 6* and

mi 7?r2nin pmix‘
identifiability, i.e. MH(6*) = 6*, yields
_ . . Cs?
[MHF(6%) — 0%[|5 < 4Wﬁfnix?

H>-mix " min

and the equivalent bound can be obtained for M#*(.) which yields the claim.

We now turn to the proof of part (b). Let us suppose that the recursive bound (26) holds,
and use it to complete the proof of this claim. We first show that if g* € By(r; u*), then
we must have 't € Bo(r; 1*) as well. Indeed, if it € Bo(r; u*), then we have by triangle
inequality and contraction in (26)

IRT#E(0') = [l < [ B2 (87) — MPFO7) |2 + | MHF(07) — 1|l

< K[| — |2 + |18~ B7|2) + (k)
< k(r+max |3 — B%|2) + (k) <,
BeQs

where the final step uses the assumed bound on ¢. For the joint parameter update we in
turn have

IM*(67) = 6% (|, < || M*(6%) — M*(6")]« + || M7 (6%) — 67
< #]|0° = 0%[|« + (k). (34)
By repeatedly applying inequality (34) and summing the geometric series, the claimed
bound (25) follows.

It remains to prove the bound (26). Since the vector M*(*) maximizes the function
0 — QF(0 | 0%), we have the first-order optimality condition

(VOY(M™F(6%) | 0%), MM (0) — M (6%)) <0, valid for any 6.

Similarly, we have (VQ¥(M™*(0) | 6), M**(0*) — M**(9)) <0, and adding together these
two inequalities yields

0 < (VQY(M"™(67) | 6%) — VQ(M**(0) | 6), M"*(6) — M"*(6))
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On the other hand, by the A-strong concavity condition, we have

Nl MFFO) — MUE07)|5 < (VQT (M) | 6%) — VQT (M*F(6%) | 6%), MM (6*) — M**(6))

Combining these two inequalities with the (L, Lg)-FOS condition yields

Nl MPE(9) — MPR(67)|5 < (VQT(M™(0) | 6%) — VQY(M™*(6) | 8), M"*(67) — M"*(6))
< Lyl = 17|z + Lo I8 — B* |2 ]| M*5(8) — M#E(67) 2,

and similarly we obtain Ag||M#*(0) — MP*(0*)||2 < [Lg, |u—p*|l2+Ls, |8 —B*||2]. Adding

both inequalities yields the claim (26).

5.2 Proof of Theorem 2

By the triangle inequality and inequality (34), we have with probability at least 1 — 26 that
for any iteration

167 — 0%l < M (6") — ME(@")||. + || ME(") — D*(")||, + (| MF(0) — 07|
< 0n(8,k) + en(8, k) + 5[0 — 0% [l + (k).
In order to see that the iterates do not leave Bo (r; ,u*), observe that

A — p[la < | MEBY) — MER@Y) || + || MEE@GY) — MPE@Y) |5 + [|MHF0Y) — 1)
< on(0,k) + en(0,k) + w(||n" — p*|l2 + max |8 = l2) + o (k). (35)

~t+1

Consequently, as long as ||at — pu*||2 < 7, we also have ||z'™! — p*||2 < r whenever

en(0, k) + (k) +€,(0,k) < (1 — k) r — kmax [|§ — 572
BeQ

Combining inequality (35) with the equivalent bound for 3, we obtain
167 — 67l < RIIB" = 67|+ Pu(d k) + en(6,k) + ()

Summing the geometric series yields the bound (28b).

5.3 Proof of Corollary 1

The boundedness condition (Assumption (16)) is easy to check since for X ~ N(u*,02), the

quantity  sup E[max{||X — pll2,[|X + pl2}] is finite for any choice of radius r < oco.
WEB2 (r3p*)
By Theorem 1, the k-truncated population EM iterates satisfy the bound

~ ~ 1
1 = 671 < K18° — 7] + —— (R, (36)

if the strong concavity (20) and FOS conditions (21), (22) hold with suitable parameters.
In the remainder of proof—and the bulk of the technical work— we show that:

e strong concavity holds with A, =1 and Ag > 2(1 — b?);
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e the FOS conditions hold with

2 9
L,i=c (7”4 1)pa(emix)n?e T, and Ly2 = cyf 13 + 0209 (€mix)nPe "

1-5
Lgy

—en? 2
1= e pealemn’e ™ and Loo = oy/|lu |3+ 0%ea(emi)n’e ",

where po(€emix) 1= (m + %) Substuting these choices into the bound (36) and

mix

performing some algebra yields the claim.

5.3.1 ESTABLISHING STRONG CONCAVITY

We first show concavity of QY| 0) and Q5(- | ) separately. For strong concavity of
Qlf( | §'), observe that

~ 1
Q(n| )= —oE [p(ZO =1 X500 X0 — w3 + (1= p(z0 = 11XE56)[1 X0 + pll3 + <] |,

where ¢ is a quantity independent of u. By inspection, this function is strongly concave in p
with parameter A, = 1.
On the other hand, we have

Bzoz1
~k no_ kE .p e
Q(B8) = Exfkw* E p(20, 21 | XZ4;0') log <e/3 —|—e_5> .

20,21

4
Yoy
+

this second derivative is maximized at 8 = %log (ﬂ) Consequently, the function Q5(- | 6)

This function has second derivative 8‘9—;2@’5 (816" . As a function of 3 € (g,
1

o

is strongly concave with parameter Ag > %(1 —b?).

5.3.2 SEPARATE FOS CONDITIONS

We now turn to proving that the FOS conditions in equations (21) and (22) hold. A key
ingredient in our proof is the fact that the conditional density p(z*, | 2% ,; 1, ) belongs to

the exponential family with parameters 5 € R, and ; : = %7?) € R for i = —k, ...,k which

define the vector v = (v_k, ..., %) (see Wainwright and Jordan (2008) for more details on
exponential families.) In particular, we have

l=—k l=—k

k k—1
p(F g |2y, B) = eXp{ > wa+ Bz - ‘P(%B)} ; (37)

:=p(zF . ;7.,8)

where the function h absorbs various coupling terms. Note that this exponential family is a
specific case of the following exponential family distribution

k k—1
Py | 2ty . B) = exp{ > vzt Y Brzze — By, B)} : (38)
: =ﬁ(2§k;v,ﬁ) =k =t
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The distribution in (37) corresponds to (38) with 8, = § for all £ and the so-called partition
function ® is given by

10%26@{ > vem + Z 5@zzZ£+1}

{=—k l=—k

The reason to view our distribution as a special case of the more general one in (38) becomes
clear when we consider the equivalence of expectations and the derivatives of the cumulant
function

oo

e :]E /Z and
o R N

0P
S|, =t 0 D02 )
where we recall that Ezkk‘xkkﬁ/ is the expectation with respect to the distribution ﬁ(ZEk |
a* u' ') with B, = 8. Note that in the following any value ¢ for p is taken to be on
the manifold on which 3, = 8’ for some /3 since this is the manifold the algorithm works
on. Also, as before, E denotes the expectation over the joint distribution of all samples X,
drawn according to p(-;0*), in this case X* e

Similarly to equations (39), the covariances of the sufficient statistics correspond to the
second derivatives of the cumulant function

0’®

= cov(ZoZ1, ZyZpiq | XF,,0 40a
0*® .

=cov(Zy, Zy | X”,.,0 40b
8766'70 ; ( 0 €| k ) ( )
0’®

= cov(Zy, ZoZ X" 6). 40c
8,3@8”)/0 ; ( 0y &4 €+1‘ k ) ( )

In the following, we adopt the shorthand
cov(Zp, Zps1 | ', B') = cov(Zy, Zyy1 | Xﬁk,Q’)
= EZerl\ka,H’(Zf — EZf+1\ka,9’Ze)(Zg+1 — EZ5+1|XE;C79/Z£+1)

where the dependence on f is occasionally omitted so as to simplify notation.

5.3.3 PROOF OF INEQUALITY (2la)

By an application of the mean value theorem, we have

EZ(I)

0700 |g

IVu@i (| 1,8 = Vu@i (| 1, B <

T

where 6 = 0 + ¢(6* — @) for some t € (0,1). Since second derivatives yield covariances (see
equation (40)), we can write
Xo}

k

Y EX(E [cov(zo, Zi | 7)
l=—k

<M/ - /'1/*7 Xﬁ)
2

Y

2
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so that it suffices to control the expected conditional covariance. By the Cauchy-Schwarz
inequality and the fact that cov(X,Y) < vvar X+v/varY and var(Z | X) < 1, we obtain the
following bound on the expected conditional covariance by using Lemma 4 (see Appendix B)

E [| cov(Zo, Z¢ | 7) | Xol] < VE[var(Zo | 7) | Xo]VE [var(Z [ ) | Xo]
< Vil ). (112)

Furthermore, by Lemma 5 and 6 (see Appendix B), we have

(cov(Z0, 22 | )| < 2l and [B(var(Zofio) 2 XoXE | < et (ain)

op
From the definition of the operator norm, we have
IE cov(Zo, Ze | )Xo X{ ||, = ” S”up E cov(Zo, Zo | 7)(Xo, v) (Xp, u)
ullo=1
llvll2=1

< S E| cov(Zo, Zi | 3)[(Xo, v)*
vl||e=1

+ E| cov(Zo, Z | 7) (X, u)?
ull2=1

= |EXoXJ E[| cov(Zo, Z¢ | 7) | Xo]llop

+ HEXKX{TE[COV(ZOa Zy ’ 5) ‘ Xd HOP

@ N

< 2min{p/ JEXo X |lop, [Evar(Zo | 7o) /2 X0 X{ [lop}

l¢] —en?
e Cle ™} (42)

where inequality (i) makes use of inequalities (41a) and (41b), and step (ii) makes use of the
second inequality in line (41b).
By inequality (42), we find that

@) .
< 2min{(|u" [} + o*)p

/ * k
— 2 ~
T < ”“02”” D> Ecov(Zo, Ze | )Xo X7,

{=—k
P O R
<22 N™ min{ (||t + 02)plhr, Ce '}
o
l=—k
2 —cn? pgix ! *
<A@ + 1) (mCe" 4 Lmie Y0y,

1- mix

where m = ﬁ is the smallest integer such that p, < Ce="” The last inequality

follows from the proof of Corollary 1 in the paper Balakrishnan et al. (2014) if n? > C for
some universal constant C. We have thus shown that

IVu@Y (e 1, BY) = VuQY (| 1™ B < Lyl — 12,

where L, 1 = ¢ 01(1)@2(emix)n?(0* + 1)e=” as claimed.
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5.3.4 PROOF OF INEQUALITY (21b)

The same argument via the mean value theorem guarantees that

93 e Z 85 aﬂm

In order to bound this quantity, we again use the equivalence (40) and bound the expected
conditional covariance. Furthermore, Lemma 5 and 6 yield

155 Qz(ﬁ!u,ﬁ) Qz(ﬁ!uﬂ )< (B/—B*)X

2

(@ _ () 5
cov(Zo, ZeZps1 | 7) < 294, and |E var(Zp | VO)XOXOTHOP < ce” . (43)

Here inequality (ii) follows by combining inequality (54¢) from Lemma 5 with the fact that
V&I‘(Zo | ﬁo) < 1.

||EXO COV(ZO7 ZZZZ-&-I | f’?)”g = Ssup E(Xo,u> COV(ZO, ZZZE—I—I | ?)

f[ull2=1

< sup E|(Xo,u)[E[|cov(Zo, ZeZe+1 | F)] | Xo]

< sup E|(Xo,u)| min{plt; . (var(Zo | 70))"/?}
[[ull2=1

(iv) —

< min{ sup /E(Xo,u)2pl'L., sup /E(Xo, u)2var(Zo | 30))}

llulla=1 [[ull2=1

(v)
< min{plh \/IEX0XT llops /IIE var(Zo | 50) XoXZ llop}

(vi) 2
< minfplh (/w3 + 0%, Ce=")

where step (iii) uses inequality (43); step (iv) follows from the Cauchy-Schwarz inequality;
step (v) follows from the definition of the operator norm; and step (vi) uses inequality (43)
again.

Putting together the pieces, we find that

k k
82c1>
E EXoE Zo, ZyZ, X
P 15 3 IBXoBleon(Zo Ziers 1 3) | Xoll 1 6
g ot (emomer ¢ L) gt - |
again with m = %, we find that inequality (21b) holds with
L2 = coo(emix)V/ |l l|2 + o2n%e=n" | as claimed.
5.3.5 PROOF OF INEQUALITY (22a)
By the same argument via the mean value theorem, we find that
k
W= X |
E
| 55@58 1 5 w) = 55@5(6 1 8] <| Zawaﬁo 5
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Equation (40) guarantees that % 86 = cov(ZoZ1,Zy | 7v). Therefore, by similar arguments
as in the proof of inequalities (21), we have

k

Ti=| > B — ", Xo)Eleov(Z0%1, Ze | 3. 51X
l=—k

<| S Bl X minfoll (ar(Z| e 82
l=—k

< ’ Z min {pl' . vEvar(Z [ 76, ) WWEW — i, X)? ‘

l=—k
k
<\l + 0% (mee™” +2 >~ ph).
l=m+1

where we have used inequality (54b) from Lemma 6. Finally, again noting that m = log(1677p-)

yields that the FOS condition holds with Lgo = cv/||p*||2 + 02g02(emix)772e_“72, as claimed.

5.3.6 PROOF OF INEQUALITY (22b)

By the same mean value argument, we find that

I szw W) - Qz(ﬁlﬁ’ Wl < |E Zaﬁeago

(B =8|

By the exponential family view in equality (40) it suffices to control the expected conditional
covariance. Lemma 5 and 6 guarantee that

~ 1+
1l and Evar(ZoZ; | 75,8) < ¢ + e e (44)

ix? =
mix 1—

| cov(ZoZ1, ZeZps | Xﬁkﬁﬂ <p

Furthermore, the Cauchy-Schwarz inequality combined with the bound (53a) from Lemma 4
yields

E|cov(ZoZ1, ZeZesr | 7)| < \/Evar (ZoZy | 7, B) \/Evar(ZngJrl 15, B)

< VEvar(Z2: | 38, B\ Evar(ZeZes | 517 B)
< Evar(ZoZ1 | 38, B). (45)
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Combining the bounds (44) and (45) yields

k

S [Ecov(ZoZi, ZeZews | 34, B)] 18— B7)
l=—k

Z aﬁeaﬁo (=57 =

< Z min {ple,Evar(Zng | %7@} |5" — B*|

l=—k

k
1+5b —cn? 4 / *
§2<cl_bme Ty pmix> 16" — B

l=m+1

1+0b —en? "
< 261 — bsﬁz(emix)ﬂge g — B

where the final inequality follows by setting m = Therefore, the FOS condition

10%(1/Pm1 )

2 .
" as claimed.

holds with Lg1 = 1220 (emix)n?e”

5.4 Proof of Corollary 2

In order to prove this corollary, it is again convenient to separate the updates on the mean
vectors p from those applied to the transition parameter 8. Recall the definitions of ¢, ¢,
and €, from equations (24) and (27a) respectively, as well as pmix = 1 — €mixTmin-

Using Theorem 2 we readily have that given any initialization 9 € ), with probability
at least 1 — 20, we are guaranteed that

on(0,k) + €,(0, k) + gO(k)

167 — 6*[|, < KT[8° — 6*|, +
1—&

(46)

In order to leverage the bound (46), we need to find appropriate upper bounds on the
quantities ¢, (6, k), €,(9, k).

Lemma 1 Suppose that the truncation level satisifes the lower bound

€ 1 -1
k > log <C5n> (log = ) where Ce : = — C;d . (47a)

Pmix mix " min

Then, when the number of observations n satifies the lower bound in the assumptions of the
corollary and the radius is chosen to be r = W, we have

et (5,k) < Co= (”“ I2 +1)**10 (k?/a)\/"ﬁc”;g”, and (47b)
B(6,k) < Co \/ -3 \/ K logyik?/ %) (47¢)

log (Cen/d)
lOg(l/ﬁmix)

1 log (C’En/é)
: 2 1og(1/pmix)
- w and Cy large enough, we have

on(6.K) < C) {\/dlogQ(Cen/f?) N || p*[|2 log?(Cen/6) L el \/g} (48)

Lemma 2 Suppose that <k<C with C' > 1. Then by choosing

an o n g
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See Appendices C.1 and C.2, respectively, for the proofs of these two lemmas.

Note that the set for which k simultaneously satisfies the conditions in Lemma 1 and 2 is
nonempty. Furtheremore, the choice of k is made purely for analysis purposes — it does not
have any consequence on the Using these two lemmas, we can now complete the proof of the
corollary. From the definition (31) of %, under the stated lower bound on 12, we can ensure
that £ < 3. Under this condition, inequality (28a) with r = [|4*||2/4 reduces to showing
that

on(8,k) + (8, k) + (k) < ”";”2. (49)

Now any choice of k satisfying both conditions in Lemmas 1 and 2 guarantees that

Furthermore, as long as n > ”uf’[ﬁ(n? + 1)3dlog®(d/$) for a sufficiently large Cy, we are
2

guaranteed that the bound (49) holds. Substituting the bound (50) into inequality (46)
completes the proof of the corollary.

©on (8, k) + €4(8, k) + €2(6,k) + p(k) <

AlQ

6. Discussion

In this paper, we provided general global convergence guarantees for the Baum-Welch
algorithm as well as specific results for a hidden Markov mixture of two isotropic Gaussians.
In contrast to the classical perspective of focusing on the MLE, we focused on bounding
the distance between the Baum-Welch iterates and the true parameter. Under suitable
regularity conditions, our theory guarantees that the iterates converge to an e,-ball of the
true parameter, where e, represents a form of statistical error. It is important to note that
our theory does not guarantee convergence to the MLE itself, but rather to a ball that
contains the true parameter, and asymptotically the MLE as well. When applied to the
Gaussian mixture HMM, we proved that the Baum-Welch algorithm achieves estimation
error that is minimax optimal up to logarithmic factors. To the best of our knowledge,
these are the first rigorous guarantees for the Baum-Welch algorithm that allow for a large
initialization radius.
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Appendix A. Proof of Proposition 1

In order to show that the limit lim, ., EQ,(0 | ') exists, it suffices to show that the
sequence of functions {EQ1,EQa, ..., EQ,} is Cauchy in the sup-norm (as defined previously
in equation (15)). In particular, it suffices to show that for every ¢ > 0 there is a positive
integer N (e) such that for m,n > N(e),

HEQm - EQnHoo <e

In order to do so, we make use of the previously stated bound (17) relating EQ,, to QF.

Taking this bound as given for the moment, an application of the triangle inequality yields
||EQm - EQn”oo < HEQm - Cijoo + ||EQn - QkHoo < €,

the final inequality follows as long as we choose N (¢) and k large enough (roughly proportional
to log(1/e)).

It remains to prove the claim (17). In order to do so, we require an auxiliary lemma:

Lemma 3 (Approximation by truncation) For a Markov chain satisfying the mizing
condition (3), we have

Cs? _ in{i,n—i,k
sup sup 3 [p(zi | #{:0) — pai | 214 0)] < 5~ (1 = eminin) ™" (51)
0eQ © €mixTmin

for all i € [0,n], where Ty, = min;c(y se, 7(7;B).

See Appendix D.2 for the proof of this lemma.

Using Lemma 3, let us now prove the claim (17). Introducing the shorthand notation
h(XZ7 Ziy 07 9,) L= lng(XZ | Zis 0) + Zp(zl ‘ Zi—15 9,) Ing(Zi’Zi—la 0)7
Zi—1

we can verify by applying Lemma 3 that

IEQn — @’“Hoo (52)
_ ‘sup ZZE 5| X200 — pla | XITF 0 R(Xi, 2,0,0)
0,00 1
=1 z;
+ ‘ﬁselg/)Ezp 20 | XT,0 )10gp(zo;9)‘
<s(911(9anZsup|p zi | 2,0 (zzlm”k ‘E\h Xi,2:,0,0) | + — log7rmlln
=1 z;

| /\

mix i=1 z;€[s]

Cs? 2 — 2k 1
< < il 40 (1 = €mixmin)") [max E|h(X;, 2, 0,0 )@ —log 71
€ mix Tmin NE€mixTmin n 2 €[s]
C s? _ o1 Cst
< ﬁ(l — EmixTmin) + - <10g Tonin T 10—3) ;
mix min le min

28
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using the crude bound

maXE|h(X’i7 Zis 97 0/)’ < E max | lng(Xl ‘ Zis 9)| + Slog(ﬁminemix)il < Cs

z €8] 2 €[s] T min €mix

which uses condition (16) and where C denotes generic constants which are potentially
different each time they appear.

Appendix B. Technical details for Corollary 1

In this section, we collect some auxiliary bounds on conditional covariances in hidden Markov
models. These results are used in the proof of Corollary 1.

Lemma 4 For any HMM with observed-hidden states (X;, Z;), we have
E [var(Zng | Xﬁk)} < Evar(ZoZ; | X}) (53a)
E [var(zo | XF) | XO} < var(Zo | Xo) (53b)
where we have omitted the dependence on the parameters.

Proof We use the law of total variance, which guarantees that var Z = E[var(Z | X)] +
var E[Z | X]. Using this decomposition, we have

Elvar(Zo | X§) | Xo]
E[var(ZoZy | X3) | X3

< var(Zo ’ XQ)
<var(ZoZ; | X3).
The result then follows by induction. |

We now show that the expected conditional variance of the hidden state (or pairs thereof)
conditioned on the corresponding observation (pairs of observations) decays exponentially
with the SNR.

Lemma 5 For a 2-state Markov chain with true parameter 8*, we have for p € ]BQ(HM;HQ ; ,u*)

and B € Qg

H]EXOXOT(Var(ZO | Y0, 5))1/2Hop < e—em’ (54a)
Evar(Zy | 76, 8) < cg =" (54b)

2

e . (54c)

1+b
Evar(ZoZ, | 18, 8) < "

Proof By definition of the Gaussian HMM example, we have var(Z; | v;) =

4
(eYite™7:)2"

Moreover, following the proof of Corollary 1 in the paper Balakrishnan et al. (2014), we

2 2
are guaranteed that Evar(Z; | 7;) < 8e 32 and HEXiXZT(var(ZZ-m))l/Q||op < coefg?, from
which inequalities (54a) and (54b) follow.
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We now prove inequality (54c) for 3 € Qg and p € BQ(W; ,u*). Note that

[eﬁ (erotm e*(’YoJr’ﬂ)) +e Berom 4 e*(’yof’n))] 2

1
Zval"(zozl |70, 8) =

(er0tm 4 e=(+1) 4 er0-71 4 e=(o—m))2

< 145
“A\1-b

where v are now random variables and we used

< o218l

ehol elml

+
ez'YO —+ 672'}’0 e2'71 + e*271

(6704-“/1 +e—(vo+71) 4l m _|_e—(70—71))2

> e—|70\(e—vo +0) (&2 + e 2) 4 e—hll(e—w + 671)(6270 + 6—2%)

> (e~hol 4 e=Mmly(e?10 4 e=200) (211 4 o=2M),

It directly follows that

1 ) 1+b 1 1
qEvar(ZoZi |, B) < 2 <1 — b) E [e% o 120 T g <o

IA
N

140\,
< 1—b) (Ele™1p020] + E[e15<0])

1+5b _
<4 <1—b> Ele™"15,>0]

where the last inequality follows from symmetry of the random variables X;. One can then
bound

0 _ liello vy _n?
E[e 17020] =Ee o2 1\/120 < 2e 32

by employing a similar procedure as in the proof of Corollary 1 in Balakrishnan et al. (2014).
Inequality (54c) then follows. |

The last lemma provides rigorous confirmation of the intuition that the covariance between
any pair of hidden states should decay exponentially in their separation ¢:

Lemma 6 For a 2-state Markov chain with mizing coefficient enix and uniform stationary
distribution, we have

max { cov(Zo, 2 | ), cov(ZoZy, ZeZesa | 7). cov(Zo, ZeZesa | 9) ) < 2k (55)
with pmix = 1 — emix for all 6 € Q.
Lemma 6 is a mixing result and its proof is found in Section D.3.
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Appendix C. Technical details for Corollary 2

In this section we prove Lemmas 1 and 2. In order to do so, we leverage the independent
blocks approach used in the analysis of dependent data (see, for instance, the papers Yu
(1994); Nobel and Dembo (1993)). For future reference, we state here an auxiliary lemma
that plays an important role in both proofs.

Let {X;}*__ be a sequence sampled from a Markov chain with mixing rate pmix =
1 — €mix, Tmin be the minimum entry of the stationary distribution and pmix = 1 — €mixTmin-
Given some functions fi : R2 — R? and fo: R — R? in some function class Fi,Fa
respectively, our goal is to control the difference between the functions

- %Zfl(Xiij/];)v 92(X) : = %ZfZ(Xi) (56a)
i=1 i=1

and their expectation. Defining m : = |n/4k]| and mo : = [n/k], we say that fi respectively
f2 is (9, k)-concentrated if

)

[f-sél}__)l ||71 Zfl sz ]Efl(Xl 2k)H2 > €i| < @ (56b)
v )
P| sup H—Zfz ~EA(K) 2 ¢ < .

feFa ma

where {)?i;gk}ieN are a collection of i.i.d. sequences of length 2k drawn from the same
Markov chain and {X;};en a collection of i.i.d. variables drawn from the same stationary
distribution. In our notation, {Xj.o }ieny under P are identically distributed as {Xj.or }ien
under Pg.

Lemma 7 Consider functions f17f2 that are (9, k)-concentrated (56b) for a truncation
Cn

mln mlx

tion (56a) satisfy the bounds

parameter k > log< ) (log = )_1. Then the averaged functions g1, gs from equa-

P| sup [lg1(X) ~Egri (X2 > ¢| <6 and B[ sup [lg2(X) ~ Ega(X)2 > ¢ < 6. (57)
geF1 geF2

Proof We prove the lemma for functions of the type (f1, g1); the proof for the case (f2,g2)
is very similar. In order to simplify notation, we assume throughout the proof that the

effective sample size n is a multiple of 4k, so that the block size m = i is integral. By
definition (56a), the function g is a function of the sequences {X11+,'§, X22+,’§, .. X”+k} We

begin by dividing these sequences into blocks. Let us define the subsets of 1ndlces

H] = {4k(i = 1) + k+j | 4k(i — 1) + 3k + j}, and
R ={4k(i—1)—k+j|4k(i — 1)+ k—1+j}.
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With this notation, we have the decomposition

1 1 2k 1 m 1 2k 1 m
Q(X):§ %;m;f(XHg)+%;m;f(XRg) ,
(S | —

9" (X) 9" (X)
from which we find that
2k _
P[sup |lg(X) — Eg(X)l2 < €] >P([|{supllg™ (X) —Eg(X)|l2 < e}
geF j=1 geF

N {sup [lg" (X) — Eg(X)]|2 < €})
geF

@
> 1 — 4k P(sup Hng(X) —Eg(X)|]2 > ¢),
geF

where (i) follows using stationarity of the underlying sequence combined with the union
bound.

In order to bound the probability IP’[Hng(X) — Eg(X)[]2 > €, it is convenient to
relate it to the probability of the same event under the product measure Py on the blocks
{H,...,HL}. In particular, we have P(||g"" (X) — Eg(X)]||2 > €) < T} + T», where

Ty :=Po(lg"" (X) —Eg(X)[2 > ¢), and
Ty = [P(|lg" (X) — Eg(X) 2 > €) — Bo(|lg™" (X) — Eg(X)[|2 > ¢)].

By our assumed concentration (56b), we have T < &, and so it remains to show that
T < &

Now following standard arguments (e.g., see the papers Nobel and Dembo (1993); Yu
(1994)), we first define

Bk)=  sup  [P(A)—P% xP(A)], (58)
Aco (80 ,58°)

where SY __ and S§7° are the o-algebras generated by the random vector X% and X i
respectively, and PY __ x P{° is the product measure under which the sequences X° __ and
X7° are independent. Define S; to be the o-algebra generated by X ,; for i = {1,...,m};
it then follows by induction that supcqs,....s,.) IP(4) — Po(A)] < TIZLB(]{I) An identical
relation holds over the blocks Rg .

For our two-state HMM, Lemma 12 implies that

B(k) = Ip(z) — p(a)p(2 )| < p(a® o | 2F) — p(22 )]
< Ip(zo0 | 7}) — p(20)|
@) 3 2 3 —Kklog(1/pumi
S meix = We g( /pmlx)’ (59)
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where step (i) follows from inequality (73). From our assumed lower bound on k, we conclude
that mpg(k) < % which completes the proof. [ ]

In the following sections we apply it in order to prove the bounds on the approximation and
sample error of the M-operators.

C.1 Proof of Lemma 1

We prove each of the two inequalities in equations (47b) and (47c) in turn by using suit-
able choices of the function f in Lemma 7. Throughout, note that our function class is
parameterized and f € F is equivalent to 6 € Q = By (r; p*) x Qg.

Proof of inequality (47b): We use the notation from the proof of Lemma 7 and fur-
thermore define the weights wg(X'TF1) = p(Z; = 1 | X781, 6), as well as the function
fo(Xff,]jfl, 0") = 2wy (Xiijlljfl) — 1)X;. It is then possible to write the EM operator explic-
itly as the average

1< o
M#’k(G)—argmaX—[ZEZ itk g log p(Xi | Zi } =~ R(XEETL0).
neQ i=1

We are now ready to apply Lemma 7 with the choices f; = fo, g1(X) = M#’k(ﬁ). According
to Lemma 7, given that the lower bound on the truncation parameter k& holds, we now need
to show that fy is (4, k)-concentrated, that means finding €}, such that

Ly e "N _ Y. I 9
Py lzgg\\m;fo()(z;zkﬁ) E fo(Xionr, 0)||, > € ] <

where Py denotes the product measure over the independent blocks and m : = m; = [n/4k].
Let X; be the middle element of the (i.i.d. drawn) sequence Xi;gk and Z;, V; the
corresponding latent and noise variable. We can then write X; = Z; + V; where V; are
zero-mean Gaussian random variables with covariance matrix o21.
With a minor abuse of notation, let us use X;, to denote ¢th element in the block

)?i;gk = (Xi1,... ,Xi,gk)T, and write X = {)?iggk}?zl. In view of Lemma 7, our objective is
to find the smallest scalar e such that
m
P[sup Hi > Qup(Xior) — 1) Xk — EQup(Xior) — DX [l > eh] < o (60)
GEQ m — ) ) < ) ) — N — 8k
fo(Xisok)
For each unit norm vector u € R%, define the random variable
-~ 1 ~ -
Vi (X5 u) = sup > Quwp(Xior) — (X, u) — B(2wp(Xiar) — 1) {(Xik, u).
€ i=1
Let {u(l), e ,u(T)} denote a 1/2-cover of the unit sphere in R?; by standard arguments, we

can find such a set with cardinality logT" < dlog5. Using this covering, we have

su — i = sup Vp, Xu < 2max V,, X;u(j),
pH Zfe 2k)ll2 = ||u||221 (Xs5u) e ( )
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where the inequality follows by a discretization argument. Consequently, we have

1 & =~ -~ eh
P il X;. > <P V(X u@)) > 2
[zggl\m;lfe( ok)|l2 > €] < [;g% (X;ul)) > 2]
T max PV, (% u)) > &
< m ) > —.
< T max PV (X;u?) 2 7]

The remainder of our analysis focuses on bounding the tail probability for a fixed unit
vector u, in particular ensuring an exponent small enough to cancel the T' < e?1°8% pre-factor.
By Lemma 2.3.7 of van der Vaart and Wellner (1996), for any ¢ > 0, we have

Px [Vm()?,u) > t] < CIP’X’E[Vm()?;u) > 2]7

where V;,(X;u) = supgeq |2 S0 €i(2wp(Xion) — 1)(Xip, )
i.i.d. Rademacher variables.

We now require a sequence of technical lemmas; see Section C.3 for their proofs. Our first
lemma shows that the variable Vm()z ;u), viewed as a function of the Rademacher sequence,
is concentrated:

, and {€;}I", is a sequence of

Lemma 8 For any fized ()Z',u), we have

Pe[Vin(X5u) > BV (X;u) +t] < 2e 160K (61)
where Ly (X;u) = LS (X, u)?.
Our next lemma bounds the expectation with respect to the Rademacher random vector:

Lemma 9 There exists a universal constant ¢ such that for each fized ()Nf, u), we have

2k m m
> w |2 1 ~ 1
EcVin(X;u) < CU\/ logm [;Eeﬂm ;6i,£Xi,Z<Xi,k7u>H2i| +Eg‘a 29i,2k+1<Xi,kau>|

M (X;u) Non (X5u)
(62)

where €,€ € R™ are random vectors with i.i.d. Rademacher components, and g is a random
vector with i.i.d. N'(0,1) components.

We now bound the three quantities Lm()Nf; u), Mm()N(, u), and Nm()Nf; u) appearing in the

* |12
previous two lemmas. In particular, let us introduce the quantities L' = cL|| u*||2(”‘;# +1),
8
1 = L/ B+ 0% and L= 5.

Lemma 10 Define the event

- 2(|l*|13 + 02) log & - dlogmlog X
8:{Lm(X;u)§é\/ Upellz + %) log 5 M(Xu) < Dy | 2088
m m
~ [dlog &
and Np,(X;u) < cL” Og‘;}.
m
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Then we have ]P’[E] > 1— e dlog § for m > d and a universal constant ¢ > 0 which
increases with the constants ¢ in L', Ny, and ¢ in L,

In conjunction, Lemmas 8 and 9 imply that conditionally on the event £, we have

~ . 1 dlogmlog &
B [Va(Ki)] < ol 3+ o2 LA 4 1y [ 110870008 5

Note that by assumption on n we also have m > d so that we can combine this bound with
Lemma 10 which yields

! ]P)X [Vm(i,u) = t] = T ]P)X,E [Vm()?,u) > 2
< 264d_(%)2k2d10gm10g§

<,

| E] + TP[E°]

+ 5e4d—c/d

where the second inequality follows by setting t/4 = c||u*||2 (”” 5 4 1)klog(%)y/ dlogm and

m

the ﬁnal inequality holds for ¢/, ¢ and ¢ big enough. After rescaling ¢ by 8k and setting
m = 4, the result follows after an application of Lemma 7.

Proof of inequality (47c): In order to bound |M7’?k(0) — MP*(8)|, we need a few extra
steps. First, let us define new weights

(Xz+k 1) (ZO =7Z1=1 | Xll-i-]lz 1 9) +p(Z0 =71 =-1 ‘ X;i_]]:_l,e)v

and also write the update in the form

B?k — . . . .
M"(0) = angEISIll?X {Ezﬂxﬁ-:,g logp(Z1 | ¢) + ;Ezf—ﬂxf_‘_:ﬁ logp(Z; | Zi-1, O}

n
= arg max{ + ZEZ? |XitE g 10gp(Zi | Zi-1, C)}
CEQC o i—11<%i—k>

:HQC( Z” Xz—i—k 1 )’

where we have reparameterized the transition probabilities with ( via the equivalences

B=h(():= %log (&) Note that the original EM operator is obtained via the transfor-

mation Mj*(0') = h(MS"(6')) and we have MP5*(9) = HQCEUQ(X;j_]]j_I) by definition.
Given this set-up, we can now pursue an argument similar to that of inequality (47b).

The new weights remain Lipschitz with the same constant—that is, we have the bound
|vo(Xiok) — vor(Xion)| < L||0; — 6;]|2. As a consequence, we can write

~ )
. B
228' p” E vg(Xiok) — Eva(Xio)| > €] < S5

35



YANG, BALAKRISHNAN AND WAINWRIGHT

with €5 defined as in the lemma statement. In this case, it is not necessary to perform the
covering step, nor to introduce extra Rademacher variables after the Gaussian comparison
step; consequently, the two constants eg and ¢, differ by a factor of \/dlogn modulo
constants.

Applying Lemma 7 then yields a tail bound for the quantity }%Z?:l 1}9()?1;2]6) —
Evg(f(i;%)‘ with probability 4. Since projection onto a convex set only decreases the
distance, we find that

P [|M57’“<9> - i) > YW [ os(kY 5)] <5

g n

In order to prove the result, the last step needed is the fact that
1

i(l—z

x | Y
—lo
1—=z g1—y

1 2
5| 10g <sgopl s gk vl = eyl

for z,y,2 € Q¢. Since MP*6) e Q¢ we finally arrive at

k T8k o VI B+ o2 | K log (k‘;)
P||MP*H0) — MPF(0)] > C(1 - b) 2 }<5
g

i <
and the proof is complete.

C.2 Proof of Lemma 2
We need to show that

P[ sup [[M(8) — ME©)|2 = exs(8, k)| <8

e
with
Cs! 1dlog®(Cen/8) | ||p*|l21og*(Cen/8) | ||p*|3 6
2 € € 2

0, k) = — —
(0, k) (1-— bQ)E%I?ixﬁfnin [0 n + o n + o2 n

We first claim that

8]|@Qn — QF |

sup || My (8) — My (0)|I7 <

2
, where X\ > Z(1—0%). (63)
0eQ A 3

In Section 5.3.1. we showed that population operators are strongly concave with parameter
at least \. We make the added observation that using our parameterization, the sample
Q functions QF(- | 6'),Q,(- | @) are also strongly concave. This is because the concavity
results for the population operators did not use any property of the covariates in the

HMM, in particular not the expectation operator, and the single term %E Zzo p(z0 |

X7, 8 log p(z0; B) = & log% is constant for all 8 € Qg. From this A-strong concavity, the

T n
bound (63) follows immediately using the same argumentation as in the proof of Theorem 1.
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Given the bound (63), the remainder of the proof focuses on bounding the difference
|Qn — QF |l Recalling the shorthand notation

h(Xi,2,0,0) =logp(Xilzi,0) + > _ p(zilzi-1,0') logp(zilzi-1,0),

2i—1

we use a similar argumentation as in the Proof of Proposition 1 equation (52) to obtain

1Qn — Q¥ [loe = ) o o Z > (Pl X7, 0") — p(z:] XE, 67)h(Xs, 2,6, 6) (64)
_1 Z'L
‘esat}p pr (20 | 27, 6') log p(20 | 9)’
k
oo max |h(X;, 2, 0,0)| + 1
- Emlxﬂ-mlnn gp zi€[s] ‘ v ‘—{— 8 7rm1n:|
O35k 1 ek
+ 88 P max ‘h X, 2,0, 9/)‘
Emix’frmln n — 2k h zi€[s]
k
2083 slog Wmlnﬁmlx)
< ————| ma log p(X; 1
B 6?nlxrrl'ﬂmn [ZZG[S]))((k ‘ gp | ZZ’ ‘ ; mix T'min €mix o8 ﬂ—mm]
51
ngﬁﬁux = -1
+ == [E max ‘ log p(X; | zi, )| + ep—2k(X) + s10g(Tminemix) |
Emlx’ffmm z; € s

where we use max,, e[y |h(Xi, 2, 0, 0')| < max,, (5 | log p(Xi|zi,0)| + s1og(Tminemix) ", and

X):= ’meax

By assumption, we have that Emax,, ¢[y |log p(X; | z;,0)] is bounded by an appropriately
large universal constant. We therefore have with probability one that

(Xi | 2,6)] |

)—Emax

Cst _ -1
S; < m;log(ﬁmixﬂmin)
Putting these together, we find that
k 054 k; _ 1 ~k
sup || My, (8) — My (0117 < 55— [~ 10g(€mixTmin) ™" + Phuixen—2r(X)]-
0e )\emixﬂ-min n

Suppose that we can show that

P(en(X) > Co(% /dlogQ(nCm/(” n HN;HQ /logQ(%n/(” n H/il”%)) <5, (65)
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. . 1 log (Cn/d
where ¢ is a universal constant and C, = — 0—3 By assumption we have 3 log(g/ip/)) <

k< Cllzgg(g/% so that we obtain

mix " min

sup | M (8) — My (0)|I% < #7,(6, k)
0eQ

with probability at least 1 — g for an appropriate choice of C.

We now move on to prove the bound (65). Observe that we have

n
en(X) = > [max{|| X + pll3, 11X — w3} — Emax{]|X; + w3, 1 X; — ul3}]
1

2no? <
’L:

1 n 1 <&
=55 > (IXilE —EIXil3) + —5 > (1IX{ ul —EIXT nl) .
=1 i=1

Note that we are again dealing with a dependent sequence so that we cannot use usual
Hoeffding type bounds. For some k to be chosen later on, and m = n/ k using the proof idea
of Lemma 7 with fo(X;) = | X[ u| and fa(X;) = || X;]|3, we can write

t - 1 & ) g 1
Plen(X) 2 55) < R(Po(l7 o108 ~ ENXIE = 5)

T

+P0(|*Z|XTM| BIXT | > §) +mB(F)),

=1

~~

1>

where (l;:) was previously defined in equation (58). We claim that the choices

 Cylog(z—)
+ 1u13), and k:=

NN
m 10g 1/,0mlx

+alul2

log(k/9)

suffice to ensure that P(e,(X) >t/(202)) < 6. Notice that the bound (59) implies that

k
~ cmpr 0
k) < 8 < |
mﬁ( ) B 6:13niX7?I?;lin - 3k

In the sequel we develop bounds on T} and T5. For 17, observe that since X; ~ Z;u* + ¢;
where ¢; is a Gaussian vector with covariance 02 and Z; independent under Py, standard
x? tail bounds imply that

Boll Sl - BRI = ] < o
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Finally, we turn our attention to the term 75. Observe that,

1 . 1 x
X e gN ('t o |ul3) + SN (=, 02| ll3),

so that | X p ~ [N (u® ¥, 0?||p||3)|. Denote U; =| XF'11|. Letting e denote a Rademacher
random variable, observe that

(i) (i)
Eexp(tU;) < Eexp(2tel;) < exp (26202 ||u||3 + 2tu” 1*),

where (i) follows using symmetrization, and (ii) follows since the random variable eUj; is a
Gaussian mixture. Observe that

(i) . (iv) . .
EU; < [p"p*|+ollpllz < 200+ [l ll2)lu*]l2,

M

where we have used for (iii) that U; is a folded normal, and for (iv) that ||pu — p*||2 < ”“;”2.

log(6k /)

Setting D : = 4o ||p*||2
the Chernoff bound yields

observe that ﬁ > 2M + D for big enough ¢;. Thus, applying

1 & 1 &
T2§IP’0[|E§ Ui—EUi|22M+D]§]P’O<|E§ Ui|2M+D)
=1 =1

t m
< 93 _ A _
_Q%IZ%{EGXP (m;Ul Mt Dt)},
mD? ) i
802|pll3/ ~

§2exp<— 3%

By combining the bounds on T} and T, some algebra shows that our choices of ¢, k yield
the claimed bound—mnamely, that P[en(X) > t/(202)] <.

C.3 Proofs of technical lemmas

In this section, we collect the proofs of various technical lemmas cited in the previous
sections.

C.3.1 PROOF OF LEMMA 8

We use the following concentration theorem (e.g., Ledoux (1997)): suppose that the function
f:R™ — R is coordinate-wise convex and L-Lipschitz with respect to the Euclidean norm.
Then for any i.i.d. sequence of variables {X;}7 ; taking values in the interval [a, b], we have

52

P[f(X) 2 Ef(X) +0] <e 50-ar (66)

We consider the process without absolute values (which introduces the factor of two in
the lemma) and see that € : = (€1, ..., €,) is a random vector with bounded entries and that
the supremum over affine functions is convex.
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It remains to show that the function € — Vm()? ,u) is Lipschitz with Lm()z ;u) as follows

m m

1 1 _
|sup > eifo(Xiar) — sup > e folXion))|

i=1 =1

< 213 (e — ) o Kion)|
=1

3

m
S > Qwg(Xiar) = D2(Xi g, u)?le — €']l2
=1

< Lin(X;u)le = €|z

where 6 = arg maXgeq » ; Ezfg( i:2k) in the last line and we use that |2w9(Xi;2k) -1/ <1.

C.3.2 PROOF OF LEMMA 9

The proof consists of three steps. First, we observe that the Rademacher complexity is
upper bounded by the Gaussian complexity. Then we use Gaussian comparison inequalities
to reduce the process to a simpler one, followed by a final step to convert it back to a
Rademacher process.

Relating the Gaussian and Rademacher complexity: Let g; ~ N(0,1). It is easy

to see that using Jensen’s inequality and the fact that €;|g;| 4 Gi

m

1 & - 2 1
Ec sup - > eifo(Xior) = \/;Ee sup > €ilyllgil] fo(Xicon)

=1 =1
2 1 & ~
<\/ZE - (X on).
_\/; gsgpm;wfe( )

Lipschitz continuity: For 6 = (u,3) define the corresponding effective parameter that is
obtained by treating the observed variables X as fixed

A Xl )XZ
;= (7’576) = (<M,0_2 71>7'-~7 <M o2 2k>

,B). (67)

Now we can use results in the proof of Corollary 1 to see that 6; — F(6;; )Z'i;%) t= fg()zi;gk)
is Lipschitz in the FEuclidean norm, i.e. there exists an L, only dependent on ppix such that

(055 Xion) = F (03 Xison)| < LI|i = 0| 21{Xi e, )| (68)

For this we directly use results (exponential family representation) that were used to show
Corollary 1. We overload notation and write Xy : = X ¢ and analyze Lipschitz continuity for
the first block. First note that F(6;, X;.01) = (QEZk|X12k7OZk —1)X; k. By Taylor’s theorem,
we then have

|F(9i;Xi;2k) - F(an Xi;?k)| = [(Xi ko >||Ezk|)~(i;2k’92k - Ezk‘fgi;%’g/zﬂ
< [ Xik, >”Ezk|)~(i;2k7(uﬁ)zk B Ezk|)~(i;2k7(u’75)zk|
+[(Xik, >|’Ezk|xi;2k’(ﬂlﬁ)zk N Ezkl)}iﬁk»(/jaﬁl)zﬂ
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Let us examine each of the summands separately. By the Cauchy-Schwartz inequality and
Lemma 6, we have

2k

1 0?® ,
|Ezk‘)~(i;2kv(/‘«ﬁ)zk B Ezk‘)}i;%v(#/ﬁ)zu - 7| Z 000 ‘9 A =)
2k B ~
= ‘ Z COV(Z(]v Zﬁ ’ Xi;2k7 0)(</’67 X€> - <M/7 X@))‘
(=1

2k

< Z4pm1x Z _72)2’

=1

as well as
’EZkI)?i;zkv(u’ﬁ) IEZklxz 2k, (1 5’ ‘Z 85587 ’9 6 (8 -5
2k N )
=|>cov(Zo, ZeZes | Xisor, 0)(8 — 8]
{= 1
< B—p
1- pm1x| |
Combining these two bounds yields
o 2k
|F(05; Xion) — F(0}; Xior)* < (XKoo w)?L(D (v —90)* + (B = 8)?)
(=1

= Xk, u)* L2160 — 073
: 2 _ 8
with L* = )

Applying the Sudakov-Fernique Gaussian comparison: Let us introduce the short-
hands Xy = + > 9ifo(Xir), and

*LZ Z 7>+912k+1/3)< X, u).

By construction, the random variable Xy — X} is a zero-mean Gaussian variable with variance

Eg(Xg — X@/)2 = Z(F(é7 Xi;Qk) - F(é/§ X:i;%))Q

i

2k
<L) (Xipw) (D (vie —)* + (8- 5))
i (=1
=E,(Yp — Yy )? (69)
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By the Sudakov-Fernique comparison Ledoux and Talagrand (2013),we are then guaranteed
that Esupy Xy < Esupy Yy. Therefore, it is sufficient to bound

m 2k
Eysup Yy = Eysup 5 Zzgzﬁ s X)Xy ) + Eg sup Zgzzk+15< ko 1)
i=1 (=1 i=1
b T,

Converting back to a Rademacher process: We now convert the term 77 back to
a Rademacher process, which allows us to use sub-exponential tail bounds. We do so by
re-introducing additional Rademacher variables, and then removing the term max; |g;| via the
Ledoux-Talagrand contraction theorem (Ledoux and Talagrand, 2013). Given a Rademacher

variable ¢;; independent of g, note the distributional equivalence €;;g; 4 gie- Then consider
the function ¢i(gie) : = gichir With hi 1= (1, X; ¢)(X; i, u) for which it is easy to see that

\Pie(Gies hie) — Gie(gie Pig)| < |giel|hie — Ry (70)

Applying Theorem 4.12. in Ledoux and Talgrand Ledoux and Talagrand (2013) yields

m 2k m 2k
Esupizzezéng My ZZ < ik, U > < E ||g||oo]E SUP*ZZEM M, zé Zk7u>'
=1 ¢=1 =1 {=1

Putting together the pieces yields the claim (62).

C.3.3 PrOOF oF LEMMA 10

We prove that the probability of each of the events corresponding to the inequalities is

=~ k
smaller than %e*Cd log(§)

Bounding L,,: We start by bounding Lm(f( ;u). Note that

Z i S I+ 03 )+ 2034w (e )
=1 1= 1=

where the sum Y 7" | (n; x, u)? is sub-exponential random variable with parameters (2y/mo?, 4)
so that
1 « 1 1
]P)(% z;<ni,k, u>2 — o2 > 252 log(1/8)) < e° mlog 5 <e© dlog §
1=

where the last inequality follows since m > d by assumption. Since (n;j,u) can be
readily bounded by a sub-Gaussian tailbound it then follows directly that L,zn()? su) <
gQM with probability at least 1 — Lg=c'dlog(5) for ¢/ large enough.
m 3

Bounding N,,: In order to bound Nm()? ;u), we first introduce an extra Rademacher
random variable into its definition; doing so does not change its value (now defined by an
expectation over both g and the Rademacher variables). We now require a result for a
product of the form egh where g, h are independent Gaussian random variables.
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Lemma 11 Let (e, g, h) be independent random variables, with € Rademacher, g ~ N (0, 02),
and h ~ N(0,0%). Then the random variable Z = egh is a zero-mean sub-ezponential random

. . o202 1
variable with parameters (=%, 7).

Proof Note that ¢’ = ah with a = g—: is identically distributed as g. Therefore, we have

1 1
gh=—gg' =
o 4oy

—g—9)+(g+9)]

The random variables g — ¢’ and ¢ + g’ are independent and therefore (g — ¢')?, (g +¢')? are
sub-exponential with parameters v? = 40 , b= 7. This directly yields

2 4

Eerellota)?—(9-9")%] < 4r%0g

225252
for |A| < %. Therefore Eerdh < ¢4 h, which shows that egh is sub-exponential with
2 .2
parameters (U"; Lo3). [ |

Returning to the random variable Nm()?;u), each term €;g; op+1(Xik,u) is a sub-
exponential random variable with mean zero and parameter V2 = H w3+ "—2. Consequently,

there are universal constants such that Nm()? su) < cLv Wlth probability at least
1— %efc’dlog(g)'

7c’d10g(§)

Bounding M,,: Our next claim is that with probability at least 1 — %e , we have

1 & dlog &
Eellm;in,MXi,k,u)\lz < (15 + o)y = (71)

which then implies that M, (X;u) < CH/J/*HQ(”'[Z_Q 2 +1)ky/ %. In order to establish
this claim, we first observe that by Lemma 11, the random variable €; ((X; ¢, u)(X; j, u) is
zero mean, sub-exponential with parameter at most v2 = (||u*||3 + ¢2)2. The bound then
follows by the same argument used to bound the quantity N,,.

Appendix D. Mixing related results

In the following we use the shorthand notation 7% : = p(z;, | &, 6) which we refer to the

filtering distribution which is tied to some distribution p on zy.
Introducing the shorthand notation py(zx) := 3. >, p(@k | 21)p(2k | 2—1)p(2k-1),
we define the filter operator

> oy P(@i | 2)p(2i | zim)v(zi1) Z p(z; | z)p(zi | 2i—1)

Fiv(z) =
( ) Zzi Zzi,1 p(l’z | zl)p(zi ‘ Zi— 1) Zi— 1 ]/ xl)

V(Zi—l)-
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where the observations x are fix. Using this notation, the filtering distribution can then be

rewritten in the more compact form 7TZ = p(2k | 2K, 0) = Fy, ... Fip. Similarly, we define

p(z | zi—1)p(zs | 2)p(xh g | 25) p(l iy | ze0)v(2e)

Kji(2 | zj-1) : and  vy);

T [ z)p(as | )p(aiz) T X (@, [zv(z)

-1

Note that €,;xCo < p(w@H | z0) < €, Co where

Co= Y plxi|z)p(zi| zic1) . p(@epr | 2e01)T(2001)

Zi- 2041

and therefore by definition of epyix (3)

sup, p(zpy | 20) _ o

— “mix"’

sup (72)

x infzp($};+1 | 2¢)
With these definitions, it can be verified (e.g., see Chapter 5 of van Handel (2008)) that
Fi...Fpv= VZTH‘Z.KgHM ... Ky, where V1K : = [v(2/)K (z]a’)da’. In the discrete setting,
this relation can be written as the row vector v being right multiplied by the kernel matrix
K.

D.1 Consequences of mixing
In this technical appendix we derive several useful consequences of the geometric mixing

condition on the stochastic process Z;.

Lemma 12 For any geometrically pmix-mizing and time reversible Markov chain {Z;} with
s states, there is a universal constant ¢ such that

c(s+1
sup [p(zo | af) — plz0)| < S gt (73)
20 T in €mix
Proof We first prove the following relation
P
sup [p(2; | Tivk) — p(2i)| < co 2. (74)
x Tmin

Using time reversibility and the definition of mixing (4) we obtain

max(p(zo | 2x) = 7(20)) = > (20 | z) = 7(20))p(2k | 1)

< max |(p(zo | 2¢) — 7(20))| > oz | zn)
p(zk | 20)7(20)  7(20)7(2)
= HL?}X‘ 7(h) 7(8) ‘
— k
< TU0) o p( | 20) — F(z0)] < “Lmix
W(Zk) Zk Tmin
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where p(zg | 20) = P(Zk = 21 | Zo = 20) and p(zo | zi) = P(Zo = 20 | Z = z1).
Using this result we can now prove inequality (73). By definition, we have

p(zi | 21)p(zr)p(20)
p(xz_i_la wk)

(i | Tk, 20)P(7k | 20)P(20)
p(xZ+1,xk)

p(zo) =

, and p(z() ’ mkvxZJrl) -

and therefore

ple0) — pleo | )| < PN ) — plas v 20)
p(z})
p(zy,q | Tk, 20)p(20)

+
p($2+1 | )

[p(zx) — plax | 20)| (75)
In the following we bound each of the two differences. Note that

[p(eksr 2w, 20) = p(afn |2l = D0 Y p(af | zren)p(zien | 26) (e | 2k, 20) — plan | )]

2k Rk+1

< sup [p(zk | Tk, 20) — P(2k | 1) ZP(HTZH | 2) (76)
2k,Tk 2k

The last term 3 p(z}, | z) is bounded by s for s-state models. Using the bound (74),
we obtain

oo | 20) = pla)| = L TGO < Pow) )
which yields
b 1050) ot 20 =t ) |2 2) T
< zgz | zz; (Ip(z | 20) — T(z1)| + ;((;Zi (x| 20) — pla)|)
plaglz) (1 4
< p(xk | ZO) (pmix + 7?r2nin pmlx)

< mIX_ S — p L (78)
(2 | 20) i~ FownCmix

The last statement is true because one can check that for all ¢ € N we have

min p(zj, | z0) = min(A");; > min(A)ij > emixTmin
2,20 1) 1]

for any stochastic matrix A which satisfies the mixing condition (3).
Substituting (76) with (78) and (77) into (75), we obtain

p(xy zk)P(20 20k . x} x, 20)p(20) ok .
|p(20) —p(Zo ’ $2)| < sz ( k+1 | )p( ) Pmix p< k+1 ‘ k 0)]?( 0) Prmix

B sz p($Z+1 | Zk)p(zk | xk) 7??ninemix P($Z+1 | l‘k) Tmin
2s 1 k 2s+1
< (st ) b < ool
( Ignineisnix EI2niX7Tmin e 7-‘-gﬂine?nix e
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where we use (72) to see that

> @iy [ 2i)p(2k | 2k, 20)  max, p(af, | zk) c 2
o P@py L ze)p(er | o)~ ming, p(afy, |2) = ™

and similarly for the first term.

Lemma 13 (Filter stability) For any mixzing Markov chain which fulfills condition (3),
the following holds

I1F; .. Fa(v = )lloo < eqinixllv — ¥/ l11

where pmix = 1 — €mixTmin- In particular we have

sup [p(z | 21) = p(zi | 22,)] < 2655 Pnix-

Zi

(79)

Proof Given the mixing assumption (3) we can show that Kj;(x|y) > epj;(z) with
€ = €mixTmin for some probability distribution pj;(-). This is because we can lower bound

Koo ) = p(zj | zj—1)p(a; | zj)p(alyy | 2))
AT S oz 2 0)p(ag | 2wty | %)

emixT (2)p(25 | 2)p(2% 1 | 25)

> =— :
., 2p(a; | z)p(atyy | )
=:ep;|i(25)

with € = €pjxTmin. This allows us to define the stochastic matrix

1
Qji = :(Km - EPj\z‘) or K;j; = ePj; + (1- E)lei'

where (Pjj;)xe = p;ji(¢) and for any two probability distributions v1,v2 we have (v; —

I/Q)T]Dﬂi = 0. Using pmix = 1 — € we then obtain by induction, Hoelder’s inequality and
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inequality (72)
[ (15 — V1|i)TK1|z‘ o Kijillo

(2
< T = ol = 1) @t Q2
j=1

< ﬁﬁnix”yl\i - V1|i||2 H ||Q?|iHOP < Z)ﬁnxllvm - Vi\iH2
j=1
play [ Jv() ph [ )Y()
> P(xz \ zv(z1) . play | z1)v/(21)
)

| /
P | 5= 0 =)
——— - ) o]

2 <Zzl p(ay | 20)v(z) Y., p(ad | 21

(220 )
— T\ inf, p(adh | 21)

~i
—_ mix

2

2

+

) v = vl < 2l — 1.
since @;|; are stochastic matrices and |[v[|2 < [[v[[1 < 1 for probability vectors. The second

statement is readily derived by substituting v(z1) = p(z1) and v/(z1) = p(z1 | 1,,). [ |

D.2 Proof of Lemma 3

Recall the shorthand ppix = 1 — €mixTmin- First observe that

n
1 an itk < 1,n iy itk N P(xz‘ﬂ)
S}Zlip\p(zz\wl) p(zi | 20| < Ip(zilaiyr)p(zilo) p(zz!ml)p(zzmlfkﬂ)!p—(%lwl)p(%)
l’l:+k 1
+ ’A— 1’ p( H—l)

p(l‘zi’f mg_kﬂ) p(zi)

ek
p(z} p(z;
where A = (,/“)i i+(k ix1)
p(xi+1\x1) p($i+1|l',b k+1)

From Lemma 13 we directly obtain the following upper bounds

1
) . We bound the two terms in the sum separately.

. . _ H .,k
sup [p(z | #)) — p(zi | 2y )| < el pmimiik)
2,x

. _ _'7k
sup [p(zi | 2fy) — p(zi | 20)] < e 2 poain=sh)
2,T

where the latter follows because of reversibility assumption (2) of the Markov chain. Inequal-

: pfyy) p(il1)
ity (72) can also be used to show that P T S €5 A proof for a similar

statement is given after inequality (80). The first term of the sum is therefore bounded
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ﬁ/m%n{i,n—i,k}

above by QW
For the second term, we mainly need to bound |[A — 1|. In order to simplify the
notation in the proof, we divide the sequence of values all observed variables in the window
. . . .. max{i+k,n}
i — k,i+ k around index 4, i.e. x . r 1y
in chronological order, explicitly defined as

into four disjoint chunks and call them a, b, c,d

max{i—k,1} _min{it+k,n} d = max{i+k,n}

— i )
= Tointiokay 0 Tmax(iok1)41 €T Tip = Trnin{i+k,n}+1°

Note that the definition depends on whether ¢ — k > 1 or ¢ + k£ < n. Depending on the
combination of ¢ + k < n and ¢ — k > 1 being true or false,

b)p(d|a,b,c)

y {P<dlc)p(a'b> ifi—k>1i+k<n
p(alb.cd)p(dlc)

p(d|a,b,c)p(alb,c)
pa ifi—k>1,i+k>n

For the other two possible cases, A is an inverse of the above. We demonstrate the main
argument by looking into these two cases in more detail. Observe that the following inequality
holds for the first case

lp(d ] e) —p(d|abc) plalb) | |plalb)—pla]bc)
p(d|a,b;c) plafb;c) plafb,c)

holds for all x. For the second case there is only an additional conditioning on d for the
second term on the right hand side. In the inverse case that i — k < 1,7+ k > n we have

pld]c) —p(d]abc)lpla]bc)  Ip(a]d)—pla]b o)l
pld]e) pla D) pla D)

and equivalently with an additional conditioning on d for ¢ — k < 1,7+ k < n. It is thus
sufficient to consider sup, |p(d | ¢) — p(d | a,b,c)| and sup, [p(a | b) — p(a | b,c,d)|. We see
later that this is also the critical quantity to bound for the inverses.

First note that

A-1] <

|A—1] <

palb) plalbey _
a5 palh) | = o

For the first term we see that for all £ we have

max {

(80)

plalb)  pldlah,y) Y., p@a ] zp0)p(zsen | 2h)

plalbie)  p(al| b, alyy) ., p@e | z0p(za11 | 7))

< SuPzP(‘Tg ’ ZB—H) < 2
— . B — “mix
inf, p(xa | 2541)

where the second inequality holds because of conditional independence of w,’B 41 and acg given
2g+1 in an HMM, and the last line holds because of inequality (72) and the fact that the
Markov chain is invertible. Observe that the same arguments goes through for the inverse
as well so that inequality (80) holds.
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Let us now look at the rest of the terms involving differences. For the sake of simplification,
let us introduce the shorthand notation

a:=min{i — k,1}, p:=max{i—k,1}, ~:=min{i+k,n}, and 0:=max{i+ k,n}.

Then we can write 25 = a; x,i6’+1 =bz], =¢ :U?H_l = d and bound |p(d | ¢) — p(d | a,b, c)|.
Using Lemma 13 and inequality (72), we have the bound

p(d] &) = pld | a,b,e) _ Ipaalady) = plaedyalad, o1,
p(d ’ a, b? C) p(xisy+1|liioul‘7+1)
>z, p(fo_l | 2)p(2y|241) — P2yl )]

B Z ($6+1‘27) (Zﬂxl)

Supz ( 7+1|Z’Y
< g 2|z 2|2
> 1nfzp( +1|ny) ‘p ’Y| 1+1) (’Y| a)|

. 086_4 ~m1n{n i k:}

IanmeX mix/”mix

2y

< Cse_
The same argument applies if the denominator is p(d | ¢). Analogously, we have that

|p(a | b) _p(a | b, C)‘ < Os 6—4 ~—f+1 _ 08674 ﬁmln{k i}

(a ’ b C) —_ leple mix/’~ mix

and the same holds for the case when the denominator is p(a | b) by inequality (80).
Note that the additional conditioning on d, does not change the result. Also, considering
the inverses we see that the inequalities still hold.
Putting everything together now yields
’A . 1’ < 0/86_6 ~min{n— zzk}

HllX mix
where C” is a generic constant and thus

~m1n{z n—i,k}

sup p(z; | #) — plz | 175)] < C°

8
Zi Tmin€

mix

D.3 Proof of Lemma 6

The latter inequality is valid in our particular case because

| cov(z0, 2 | o, .-, k)| = | D 202p(2e | 20,2)p(20lx) =Y 20p(20l2) Y zep(zel)|

20,%¢ 20 24
= 1> 20zp(z0l2)(p(20|20, %) — p(20 | )]
20,%¢
< sup |p(z¢|20, 2) — p(2e | )| ZZ |z02¢|p(20 | @)
2¢,20 z0 2z

Let us now show that sup,, . Ip(2¢ | 20,2) = p(z¢ | 2)| < plyi Introducing the shorthand
A(l)=pzg=1]20=1,2) —p(ze = 1| 20 = —1, z), we first claim that

’A(l)‘ < Pmix (81)
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To establish this fact, note that

p(x |z =1) p(z |z =1)
All) = |—— =1|z-1=1)— =1|z-1=-1
S e e L
_ ap __a(l-p)
ap+b(l—p) a(l—p)+bp
ab
= 2p—1
(ap 90— p) (i —p) v o)
where we write a = p(x | zp = 1) and b = p(x | zp = —1). The denominator is minimized at

p =1 so that inequality (81) is shown. The same argument shows that |A(—1)| < pmix-
Induction step: Assume that A(4 —1) < pf;l_bl(. It then follows that

’p(Zg =1 | 20 = 1,17) _p(zﬁ =1 | 20 = —1,$)|
= plze =11 z-1,2)p(ze-1 | 20 = 1,2) = p(ze = 1| 21, 2)p(20-1|20 = —1, )|

Ze—1

= AMA ~ 1) < ploix
Since
plze=1]z20=-Lx)—plzg=1]20=1,2) = —plae=—-1|20=—-Lx) +plzg=-1] 2 =12)
we use the shorthand s = p(zp = 1 | ) to obtain

sup | p(z¢ | 20, %) — p(z¢ | @)l

20,20

=supp(ze =be| 20 =bo,x) = [(pP(ze =be | 20 =1,2)s +p(2e = bg | 20 = —1,2)(1 — 5)]

be,bo

< (1— 8)|AW0)] < pmix

which proves the bound for cov(Zo, Z1 | 7).
For the two state mixing we define A(¢) = p(2¢ = 1| z120 = 1, 2)—p(z¢ = 1 | 2120 = —1, )
and can readily see that |A(1)] < pmix and

IP(zer12z002 = 1] 20201 = 1,2) — p(2es12012 = 1 | 20201 = —1, 1)

= [p(ze42 = 1| ze41 = 1, 2) — p(2e42 = =1 | 2041 = —1,7)]A(2)
Using equation (81), we obtain
B@)| = (a1 =11 20 = 1,2) —p(z1 = —1 | 20 = ~La)A0) < puix (52)
from which it directly follows that
IP(zer12002 = 1] 20201 = 1, 2) — p(zey12002 = 1| 20201 = —1,2)| < pimix

The rest follows the same arguments as above and the bound for cov(ZoZ1, Z;Z¢41 | ) in
inequality (55) is shown.

Finally, the bound for cov(Zy, ZyZs11 | v) in inequality (55) follows in a straightforward
way using the relation (82) and induction with equation (81), as above.
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