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Horizontal FFA
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Differences between conventional synchrotrons and 
zero-chromatic FFAs from beam dynamics point of 
view:

Intrinsic non-linearities,

Big horizontal aperture (with proper tune, large 
horizontal emittance can be accommodated),

More flexible longitudinal parameters.

Question 1

10

Impact of intrinsic nonlinearities of scaling FFAG on the high intensity 
beams.

How the beams respond to space charge driven resonances and 
nonlinearities in magnets?
Do nonlinearities, especially octupole, reduce (or enhance) space 
charge tune shift?
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Simulation Parameters
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Lattice: Spiral DF scaling horizontal FFA, 24 cells, k=21, 
spiral angle=60 deg, average radius=24 m.

Beam: Gaussian distribution, 4.68 1013 protons/bunch, 
rms emittance=25 𝜋 mm.mrad, energy=0.4 - 1.2 GeV.

RK4 integration in s-dependent magnetic field.

Frozen space charge (Gaussian potential), with update 
of beam size after every space charge kick.

Only transverse space charge kicks, but with 
longitudinal position dependent line distribution.

Synchrotron oscillation and acceleration included.
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Non-linearities effects
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Tune shift due to nonlinearities is 
much smaller than space charge 
tune shift in typical horizontal FFAs.

Result 1-2
tune shift due to nonlinearities
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Tune shift, mostly in vertical, is positive with amplitude.
Order of magnitude smaller than space charge tune shift.
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Result 1-1
resonance structure in tune space
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Resonance driven by magnets

Resonances driven by space charge
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Vertical excursion FFA
Vertical excursion FFA considered in 1955 as an ”Electron 
Cyclotron”, rediscovered recently.

Advantages:

 Quasi-isochronicity for relativistic particles,

 Infinite transition energy,

 Orbit radius independent of momentum, like synchrotrons,

 Geometrical arrangement of the lattice footprint independent 
of the scaling condition, unlike in horizontal scaling FFA,

 Rectangular shape for the main magnets and the coil geometry 
could be simpler compared to the spiral magnet of horizontal 
FFA. 
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To keep the transverse linearised equations of 
motion independent of momentum, the field must 
follow
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B = B0e
m(v�v0)

<latexit sha1_base64="moVd/oANZg2xDoc2PpGD5/B8BoU=">AAAB+3icdVDLSgMxFM34rPU11qWbYBHqwpJplU4XQqkblxXsA9o6ZNJMG5p5kGSKZZhfceNCEbf+iDv/xvQhqOiBC4dz7uXee9yIM6kQ+jBWVtfWNzYzW9ntnd29ffMg15JhLAhtkpCHouNiSTkLaFMxxWknEhT7Lqdtd3w189sTKiQLg1s1jWjfx8OAeYxgpSXHzNUv6w6C9C7xC5OziYNOU8fMo2LVtkrVEtSkUr6w7BmxK1YZQauI5siDJRqO+d4bhCT2aaAIx1J2LRSpfoKFYoTTNNuLJY0wGeMh7WoaYJ/KfjK/PYUnWhlALxS6AgXn6veJBPtSTn1Xd/pYjeRvbyb+5XVj5dn9hAVRrGhAFou8mEMVwlkQcMAEJYpPNcFEMH0rJCMsMFE6rqwO4etT+D9plYpWuVi6Oc/X7GUcGXAEjkEBWKACauAaNEATEHAPHsATeDZS49F4MV4XrSvGcuYQ/IDx9gk+CpNG</latexit>

m =
1

B

dB

dv
<latexit sha1_base64="VUdDOlpWrA+gY1Wav07/osb3/Dg=">AAACB3icdZDLSsNAFIYnXmu9RV0KMlgEVyFplaYLpdSNywr2Am0ok8mkHTq5MDMplJCdG1/FjQtF3PoK7nwbJ20FFT0ww8f/n8PM+d2YUSFN80NbWl5ZXVsvbBQ3t7Z3dvW9/baIEo5JC0cs4l0XCcJoSFqSSka6MScocBnpuOOr3O9MCBc0Cm/lNCZOgIYh9SlGUkkD/SiAF7Dvc4RTK0sb2Rw92MjUNckGesk0arZVrpWhgmrl3LJzsKtWxYSWYc6qBBbVHOjvfS/CSUBCiRkSomeZsXRSxCXFjGTFfiJIjPAYDUlPYYgCIpx0tkcGT5TiQT/i6oQSztTvEykKhJgGruoMkByJ314u/uX1EunbTkrDOJEkxPOH/IRBGcE8FOhRTrBkUwUIc6r+CvEIqSSkiq6oQvjaFP4P7bJhVYzyzVmpfrmIowAOwTE4BRaogjq4Bk3QAhjcgQfwBJ61e+1Re9Fe561L2mLmAPwo7e0TiRaZIA==</latexit>

with the vertical normalised field gradient.

⚠ since m is a vertical gradient, there is coupling 
between horizontal and vertical plane.

Vertical excursion FFA
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In the mid-plane (h = h0):

with m the constant normalised field gradient, and     the 
arbitrary fringe field function (tanh here).

From                       

Because of the field symmetry,

Rectangular Field model
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Cartesian coordinates (h,v,l)

⇣��!
curl
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h
= 0

<latexit sha1_base64="WSOgxVsGJC1zXNdFk1nIaOx1QXU="></latexit>

Bv(h0, v, l) = B0e
m(v�v0)F(l)

<latexit sha1_base64="6zolvcL63Obe6N1VzCnCYxrRi0I="></latexit>

Bl(h0, v, l) =

Z

v

@Bv

@l
dv = B0F 0(l)

✓
em(v�v0)

m
+ g(l)

◆

<latexit sha1_base64="sAQhDp4Y5RoR652IOeRRJgx1w/U="></latexit>

with g(l) an arbitrary function independent of v, must 
be 0 to keep the invariance of the closed orbits with 
momentum.

Bl(h0, v, l) =
B0

m
em(v�v0)F 0(l)

<latexit sha1_base64="X+vpls0lBjIEdcje2k2nZK4eRi0="></latexit>

Bh(h0, v, l) = 0
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F
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In the mid-plane (h = h0)
with m the constant normalised 
field gradient,     the fringe field
 function (tanh in the models)

F
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Off mid-plane extrapolation components  from 
Maxwell equations:
8
>>>>>>>><

>>>>>>>>:
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i
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m
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X
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Bli(l)(h� h0)
i

<latexit sha1_base64="xE8bKHY5s/zAJlyQV1GSwUtvCmo="></latexit>
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>>>:

Bh0(h0, v, l) = 0

Bv0(h0, v, l) = B0e
m(v�v0)F(l)

Bl0(h0, v, l) =
B0

m
em(v�v0)F 0(l)

<latexit sha1_base64="8fSGPqxV8P87j/KzlZ+5u2UkDa4=">AAACmXicdZFdi9QwFIbT+rXWr1HBm70JDuoMrCWdUWYWVNYVl8WrFZ3dhclY0jSdhk3TkqSFIfQ/+Vu889+Yzo4yK3og8PKePOTkPUkluDYI/fT8a9dv3Ly1czu4c/fe/Qe9h49OdVkryma0FKU6T4hmgks2M9wIdl4pRopEsLPk4kPXP2uY0ryUX82qYouCLCXPOCXGWXHvOxYsM9hCnLAll5YIvpQsbYPnh7HNUTvIY7TX7I nhW4Tx2my2zcMYQfbNFoPmZROjYYsLYnJKhD1qB2K4IcQ2gTNFqHVca4v2Cgu34BeODjCT6Z+BIFZ8mZsw7vVRuD+NRvsj6MRk/DqadmI6icYIRiFaVx9s6iTu/cBpSeuCSUMF0XoeocosLFGGU8HaANeaVYRekCWbOylJwfTCrpNt4TPnpDArlTvSwLW7TVhSaL0qEnezG17/3evMf/XmtcmmC8tlVRsm6eVDWS2gKWG3JphyxagRKycIVdzNCmlOXHTGLTNwIfz+Kfy/OB2F0TgcfX7VP3i3iWMH7IKnYAAiMAEH4BicgBmg3hPvjffRO/J3/ff+sf/p8qrvbZjH4Er5X34BIWrGgA==</latexit>

Cartesian coordinates (h,v,l)
Rectangular Field model (2)
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VFFA lattice parameters
3 key parameters in the case of rectangular magnets:

Normalised field gradient m,
F/D strength ratio,
Magnet position in the radial direction ys.

m=1.2 m-1 m=1.6 m-1 m=2.0 m-1
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Cell tune diagram

Optics tuneability
cell tune space
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Dynamic aperture (250 turns)

m=1.6 m-1 m=2.0 m-1

Dynamic aperture (250 turns)
in decoupled (orthogonal) space
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Dynamic aperture (250 turns)
in coupled (physical) space
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Example: ISIS test ring

Kinetic energy 3 - 12 MeV
Reference radius 3.9789 m
Number of cells 10
Packing factor 0.32
Straight section 1.0 m (long), 0.5 m (short)
m-index 1.6 m�1

Ratio Bd/Bf strength -0.47
Orbit excursion 0.4 m
Cell tune (H, V) (0.19, 0.16)
Transition gamma infinite
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Questions in VFFA

!16

What is the definition of a beta-function in a decoupled space?

Is there any meaning in looking at beta-functions in the decoupled 
spaces?

Is it useful to look at the 2D emittance in the decoupled spaces?

Space charge effects:

Does the space charge tune shift depress the tunes in the 
decoupled space?

Since they are 2 modes in the magnets (fringe field=solenoid 
case, and body=skew quad case), can we learn something by 
looking at the 2 cases separately (done in previous studies), or 
should they be combined from the beginning?
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Summary
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Space charge in horizontal FFAs are no different 
than in conventional synchrotrons.

VFFA is considered now for an upgrade of ISIS 
synchrotron. The dynamics are highly coupled and 
under investigation. The high intensity effects are 
still unknown.


