Electromagnetic Theory
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Products

Scalar product Vector product
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The gradient operator

—

V = (04,0y,0;)

Is an operator that transform space dependent scalar in vector

Example: given f(x’ y) Z)

—

Vf(a:,y,z) = (a:t:fa ayfa azf)
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Divergence / Curl of a vector field

Divergence of vector field
=

A(z,y, 2) IZ> V- Az,y,z2) =
0 Az + 0y Ay + 0. A,

Curl of vector field

Aw,y,2) W VxAyz) =
(8,A, — 0. A,) i+

(0p Ay — 0, Ay)2
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Relations
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Flux Concept

Example with water
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Volume per second

or

v _ 6
@ AN
— = Lbvcost
dt
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Flux
dA
0 —
F
d®(E) = E - dA
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Flux through a surface
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Flux through a closed surface:
Gauss theorem

Any volume can be decomposed in
small cubes
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/E-M:/v-ﬁ dv
S Vv

Flux through a
closed surface
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Stokes theorem

?4 E-dl' = E,(0,0,0)A + E,(A,0,0)A
T
— E.(0,A,0)A — E,(0,0,0)A
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for an arbitrary surface
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How it works
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Electric Charges and Forces

Two charges

® O

Experimental facts

&= + + =)
b= ®=) =0
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Coulomb law
F
\ q1
o
o
.1 \
F— (11(1272

Ameg 12
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Units
System SI

L1
F— q142 p
Ameg 12

[ Newton — ¢; — 8.8541 x 10~ 2
(g1 Coulomb C2 N1 m2

T Meters

permettivity of free space
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Superposition principle
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Electric Eigld

G. Franchetti f*2:0:2:2 19

3/10/16

&1l

—

E

—

F = Q1}§
force

q1

electric field
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work done by the charge

Work done along a path
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Electric potential

V(P):—/Pﬁ-df

oo

For conservative field V(P) does
not depend on the path !

Central forces are conservative

UNITS: Joule / Coulomb = Volt
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Electric Field €= Electric Potential

E, = __255;‘/(377@5 Z)
a In vectorial notation
E,=—— L
0
E, = —gV(az,y,z)
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Electric potential by one charge

Take one particle located at the origin, then
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Electric Potential of an
arbitrary distribution

set of N particles
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Electric potential of a
continuous distribution

Split the continuous distribution in a grid

q; = p(73)dV @

1 g
V(i) =
Ty ( 4meg zz: (T’ — 7:;)2
origin —y
4meg (7 — )2
3/10/16 G. Franchetti 28

14



Energy of a charge distribution

it is the work necessary to bring the charge distribution from infinity

=0 XU
: i=1,j
di
More simply U= Zqﬂ Z 471'60 |T’] — 7’@|

More simply E qzqﬂ
T2 47r60 |7 — 73
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In integral form
1 . 3
=5 aV(i)= [ pVia

— —
Using  F' — _vv and the divergence theorem it can be proved that

2
E2 3 E is the density of
U= €0 7d$ |:> €0 9 energy of the electric

field
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Flux of the electric field

dA

=,
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Flux of electric field through a surface
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Application to Coulomb law

On a sphere
/g.dgzi
S €0

This result is general and
apply to any closed surface
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On an arbitrary closed curve
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First Maxwell Law

integral form / E . de = Q
S

€0

o - = P
for a infinitesimal v . E -
small volume

€0

differential form

(try to derive it. Hint: used Gauss theorem)
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Physical meaning

If there is a charge in one place, the electric flux is different than zero

One charge create an electric flux.
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Poisson and Laplace Equations

— — — — p
s E=-VV am V-E=2L
€0
combining b i Vi Y — p
g both we find VVV___
€0
V2V = —ﬁ Poisson
€0
In vacuum: VQV =0 Laplace

3/10/16 G. Franchetti
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Magnetic Field

There exist not a magnetic charge!
(Find a magnetic monopole and you get the Nobel Prize)
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Ampere’s experiment

3/10/16 G. Franchetti 39

Ampere’s Law

dl all experimental results fit with this law

F=1Idl xB
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Units

— - — N
From — —— =T [Tesla]
F=dlI, xB A
From E = @{@ follows
2 r

po = 4w x 107N A2

To have 1T at 10 cm <
= "
with one cable ¢ 1= 5x10% Amperes !
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Biot-Savart Law

From analogy with the electric field

\\\_/' g ,L[/O de 7:)
dB = ~—
A 3
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Lorentz force

— —

F'=qux B

A charge not in motion does not experience a force !

No acceleration using magnetic field !
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Flux of magnetic field

There exist not a magnetic charge ! No matter what you do..

\ 4

The magnetic flux is always zero!
— —
B-dA=0
S
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Second Maxwell Law

Integral form / E . dff — 0
S

Differential from v . é — O
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Changing the magnetic Flux...

E=uxB
2.0

A Magnetic flux

—

®(B) = hLB

Y
-
J
5
=3
>
oq
—+
>0
(0]
©
Q
8
>0
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Faraday’s Law

integral form

/E-dfz—dé(B)
r

dt
A

valid in any way
the magnetic flux
is changed !!!

(Really not obvious !!)
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for an arbitrary surface

Faraday’s Law in differential form

/(6><E)-d,af:—i B.d4
S dt /s
OB
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Summary Faraday’s Law

Integral form % E_” . df: _M
d it

differential form v —
X B =———

3/10/16 G. Franchetti
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Important consequence

Magnetic Field
Lines

Current creates magnetic field

I

magnetic field create magnetic flux

®(B) = LI

L = inductance [Henry]

Changing the magnetic flux creates
an induced emf

?4 = de(B)
. dt

Current In

3/10/16 G. Franchetti
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A% (B d®(B)
€omf = — d(t ) U = ey Tdt = — Lt
energy necessary to create the magnetic field U = %L[2
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Field inside the solenoid B == ILLO NI

Magnetic flux @(B) = 7'("]"2BNh

B? B2
®(B) = Volume— Volume—: = LI
pol pol
Therefore
i 2
Energy density
U 1 I — Vol B2 of the magnetic B
= 5 = (0] Um@Q—'uO field 2/1}0
3/10/16 G. Franchetti 54
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Ampere’s Law

3/10/16 G. Franchetti
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Displacement Current

]{E-df:uol
I

v
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Displacement Current

— - Here thereis a
B -dl = / varying electric field
I

but no current !
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Displacement Current

Stationary current | 2 electric
field changes with time

IZEO%/anMY
S

I This displacement current

has to be added in the Ampere
law
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Final form of the Ampere law

integral form f é . df: o (I + 602 / E . d/f)
r ot Js

— — — 8 —
differential form V x B = o (] + €o &E)
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Maxwell Equations in vacuum

Integral form Differential form
E.dA = Q V - E = ﬁ
S €0 €0
[ Bai-o v.B=0
S
. . d®(B) Lo 0B
fé dt ot
f}‘B dl=M0(1+€oat/SE~dA) VXB:M0<Q+60mE>
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Magnetic potential ?

— —
Can we find a “potential” such that B — VV ?

Maxwell equation

V-B=-VV V- -B=0
=
V2V =

= - — — it means that we cannot
But v X B — V X VV — O include currents !!
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Example: 2D multipoles

For 2D static magnetic field in vacuum (only B, B,)

ooy oy
I

—VV 2 B = (—0,V,—8,V,0)
ﬁ X fY é = (ayA27 _axAzaO)

_9,V = 8,A,
By +iB, = —0,(A +iV) 0yV = 0; A,

These are the Cauchy-Reimann

B, +iB BZ(b iy ) " <:’ That makes the function
y T 18, = n + 1an )z .
- A+1V

analytic
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Vector Potential

In general we require é ﬁ fT
A=

<]¢

N
0

0 (this choice is always possible)

Automatically 6 é
VxB=uJ B VA= —puJ
3/10/16 G. Franchetti 63
Solution
Electric potential Magnetic potential
20r, P 27 _ 7
VYV =—— VA = —poJ
€0

. T(o
/ v A= G
47T€0 |7 — 7] |7~ — 7

3/10/16 G. Franchetti
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Effect of matter

Electric field Magnetic field
Conductors Diamagnetism
Dielectric Paramagnetism

Ferrimagnetism
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Maxwell equation in vacuum are always valid, even when we consider
the effect of matter

Microscopic field Averaged field
That is the field is “local” this is a field averaged
between atoms and moving charges over a volume that contain

many atoms or molecules

3/10/16 G. Franchetti 66
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Conductors

3/10/16 G. Franchetti

bounded to
be inside the
conductor

67

Conductors and electric field

Wil e

surface distribution
of electrons

3/10/16 G. Franchetti

bounded to
be inside the
conductor

on the surface
the electric field is
always perpendicular

68
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Applying Gauss theorem

o=¢eyl
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Boundary condition

The surfaces of metals are always equipotential

3/10/16 G. Franchetti 70

9/29/16

35



Ohm’s Law

_ !

R [Ql

p resistivity [Qm]

free electrons m

1
o —= — conductivity
P
— -
E=pJ
or
<€ >
— —
J=0F
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Who is who ?
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