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Quantum Chromodynamics

THE QCD LAGRANGIAN 23

bosons carry the charge of the interaction, colour in case of QCD, and thus are
able to couple directly to themselves. The fermionic part of the Lagrangian is
a sum over all quark flavours, again featuring a free field term and a term for
the quark–gluon coupling. The triple-gluon and the quark–gluon coupling are
proportional to the gauge coupling gs, the four-gluon coupling is proportional to
g2

s . In addition the amplitudes associated with the individual couplings depend
on the detailed structure of the underlying symmetry group. Quark colours are
indexed by i, j = 1, 2, 3, gluon colours by a, b, c, d, e = 1, . . . , 8. The three-gluon
coupling between gluons of colour states a,b and c is proportional to the struc-
ture constant fabc, and the coupling between two quarks of colours i and j to a
gluon of type a is proportional to the matrix element T a

ij .
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Fig. 2.9. Pictorial respresentation of the QCD Lagrangian. Figure from
Schmelling(1995a).

The physics content of the QCD Lagrangian is further discussed in the follow-
ing chapter and in the problems Ex. (2-2) and Ex. (2-3) given below. It is shown
explicitly, that there is a full symmetry in all colours with respect to physics,
which is maybe not entirely obvious from the representation of the Gell-Mann
matrices or the numerical values of the structure constants. One finds that the
probability for gluon emission is the same for all quark colours, that the prob-
ability for gluon splitting into quark pairs is the same for all gluon states as is
the probability of a gluon splitting into secondary gluons. Denoting the relative
strengths of the splitting probabilities with CF , CA and TF for gluon radiation
off a quark, gluon splitting into two gluons and gluon splitting into two quarks,
respectively, QCD predicts

CF =
4
3
, CA = 3 and TF =

1
2

. (2.40)

↵s =
g2s
4⇡
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S. Bethke:   as  and QCD tests at hadron colliders       Collider Workshop        Santa Barbara, Jan. 2004                              Slide 3

World summary of

1989

s (Mz ) = 0.1100.008
+0.006

 (NLO)

G. Altarelli, Ann. Rev. Nucl. Part. Sci. 39,  1989

s
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LEP statistics (4 million events per experiment): 
a plethora of  detailed studies of pert. and non-pert. QCD.

S. Bethke:   as   at  Zinnowitz  2004                      Loops and Legs                                                                                       Slide 10

Example: hadronic width of Z0 boson
LEP data
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Anatomy of a LEP process

R28 Topical Review

As in the case of QED, QCD predicts the energy dependence of αs, while the actual
value of αs, at a given energy or 4-momentum transfer scale† Q, is not predicted but must be
determined from experiment.

Determining αs at a specific energy scale Q is therefore a fundamental measurement,
to be compared with measurements of the electromagnetic coupling α, of the elementary
electric charge or of the gravitational constant. Testing QCD as such, however, requires the
measurement of αs at least at two different energy scales, and/or at different processes: one
measurement fixes the free parameter and thus provides accurate predictions for the value of
αs at other energy scales and/or at other processes.

In general, αs can be determined in dynamic particle reactions involving in- or outgoing
quarks and gluons, which manifest themselves as hadrons. Examples of Feynman diagrams
describing hadronic final states in deep inelastic lepton–nucleon scattering (DIS), electron–
positron annihilation (e+e−), hadron collisions and quarkonia decays are shown in figure 1.

Figure 1. Examples of Feynman diagrams describing hadronic final states in processes which are
used to measure αs.

In this report, presented at the turn of the millennium, the current status of measurements
of αs is reviewed. Theoretical basics of αs and QCD are given in section 2. Measurements of
αs from deep inelastic scattering, from e+e− annihilation processes, from hadron colliders and
from heavy quarkonia decays are discussed in sections 3–6, respectively. A global summary
of these results, a determination of the world average value of αs(MZ0) and quantitative studies
of the energy dependence of αs are presented in section 7. Section 8 concludes and gives an
outlook to future developments.

2. QCD and αs: basic theoretical predictions

The concepts of QCD are described in many textbooks and review articles, see, for example,
[2, 3]. A brief review of the basics of perturbative QCD and of the coupling strength αs, such
as the concepts of renormalization, asymptotic freedom and confinement, the " parameter, the
treatment of quark masses and thresholds, perturbative predictions of physical observables and
renormalization scale dependence, and of non-perturbative methods such as lattice calculations
will be presented in the following subsections.

2.1. Renormalization

In quantum field theories such as QCD and QED, dimensionless physical quantities R can be
expressed by a perturbation series in powers of the coupling parameter αs or α, respectively.
Consider R depending on αs and on a single energy scale Q. This scale shall be larger than
any other relevant, dimensionful parameter such as the quark masses. In the following, these
masses are therefore set to zero.

† Here and in the following, a system of units is utilized where the speed of light and Planck’s constant are set to
unity, c = h̄ = 1, such that energies, momenta and masses are all given in units of GeV.
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The workhorses of those days

PYTHIA / JETSET HERWIG ARIADNE

Leading Order (LO)  
Matrix Element 

plus Parton Showers 

Lund String Model 

Herwig Cluster Model 

http://www.quantumdiaries.org/wp-content/uploads/2010/12/jets.png
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The workhorses of those days
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Measurements of αs 
R28 Topical Review

As in the case of QED, QCD predicts the energy dependence of αs, while the actual
value of αs, at a given energy or 4-momentum transfer scale† Q, is not predicted but must be
determined from experiment.

Determining αs at a specific energy scale Q is therefore a fundamental measurement,
to be compared with measurements of the electromagnetic coupling α, of the elementary
electric charge or of the gravitational constant. Testing QCD as such, however, requires the
measurement of αs at least at two different energy scales, and/or at different processes: one
measurement fixes the free parameter and thus provides accurate predictions for the value of
αs at other energy scales and/or at other processes.

In general, αs can be determined in dynamic particle reactions involving in- or outgoing
quarks and gluons, which manifest themselves as hadrons. Examples of Feynman diagrams
describing hadronic final states in deep inelastic lepton–nucleon scattering (DIS), electron–
positron annihilation (e+e−), hadron collisions and quarkonia decays are shown in figure 1.

Figure 1. Examples of Feynman diagrams describing hadronic final states in processes which are
used to measure αs.

In this report, presented at the turn of the millennium, the current status of measurements
of αs is reviewed. Theoretical basics of αs and QCD are given in section 2. Measurements of
αs from deep inelastic scattering, from e+e− annihilation processes, from hadron colliders and
from heavy quarkonia decays are discussed in sections 3–6, respectively. A global summary
of these results, a determination of the world average value of αs(MZ0) and quantitative studies
of the energy dependence of αs are presented in section 7. Section 8 concludes and gives an
outlook to future developments.

2. QCD and αs: basic theoretical predictions

The concepts of QCD are described in many textbooks and review articles, see, for example,
[2, 3]. A brief review of the basics of perturbative QCD and of the coupling strength αs, such
as the concepts of renormalization, asymptotic freedom and confinement, the " parameter, the
treatment of quark masses and thresholds, perturbative predictions of physical observables and
renormalization scale dependence, and of non-perturbative methods such as lattice calculations
will be presented in the following subsections.

2.1. Renormalization

In quantum field theories such as QCD and QED, dimensionless physical quantities R can be
expressed by a perturbation series in powers of the coupling parameter αs or α, respectively.
Consider R depending on αs and on a single energy scale Q. This scale shall be larger than
any other relevant, dimensionful parameter such as the quark masses. In the following, these
masses are therefore set to zero.

† Here and in the following, a system of units is utilized where the speed of light and Planck’s constant are set to
unity, c = h̄ = 1, such that energies, momenta and masses are all given in units of GeV.
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NLO only, typical results 

αs(MZ) ≈ 0.125 ± 0.010
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COMPARISON AND COMBINATION OF RESULTS 307

exists. The methods mentioned above are used in various combinations, which
makes it very difficult to compare theoretical uncertainties. Nevertheless, and
even if it is not possible to assign confidence levels in a strict mathematical
sense to theoretical errors, they are best estimates of the actual uncertainties
constructed such that it is reasonable to interpret them like conventional 68%
confidence level intervals.

2 – jet rate
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Fig. 8.1. Estimate of theoretical uncertainties for a measurement of the strong
coupling from global event shape variables. A detailed discussion is given in
the text.

This is illustrated in Fig. 8.1 by means of some measurement of the strong
coupling constant performed on global event shape variables by the ALEPH

collaboration. The variables will be described later. The left plot shows error
bands in measurements of αs(M2

Z) based on the LO, NLO and NLO+NLLA
predictions for the two-jet rate R2 as function of ln(µ2/Q2). The widths of the
bands indicate what happens when switching from the perturbative prediction
of R2 to that of ln R2. The theoretical error was taken to be the range of values
covered by the projection of the respective bands over −1 < ln µ2/Q2 < 1 on the
abscissa. The right figure shows how the central values and errors obtained this
way for three different shape variables converge with improvements in the theory.
That this procedure yields reasonable error estimates is demonstrated by the fact
that for a fixed level of theoretical precision the errors cover the scatter between
the different variables, and that they also match the convergence observed when
using better predictions.

8.2 Comparison and combination of results

To compare measurements of the strong coupling which were performed at dif-
ferent scales, one has to take into account that αs is energy dependent. Measure-

NLO  ➠   Resummation

Resummation matched to NLO, typical results 

αs(MZ) ≈ 0.120 ± 0.005
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αs from inclusive Z or Tau Decays 
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“suprisingly” small, O(1%)

↵s(M
2
⌧ ) = 0.325± 0.015

↵s(M
2
Z) = 0.1192± 0.0018

Bethke, Dissertori, Salam (PDG, 2016, prelim)

↵s(M
2
Z) = 0.1197± 0.0014

compare to, e.g. Pich, Rodriguez-Sanchez, 2016
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https://www.tes.com/lessons/k1Ba06GZasKO3g/sunrise

Beginning of this millenium:  
 

Out of heoric efforts, the first differential NNLO calculations appear, 
not only for e+e-, but also for DY and Higgs prod. at hadron colliders !
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https://www.tes.com/lessons/k1Ba06GZasKO3g/sunrise

Beginning of this millenium:  
 

Out of heoric efforts, the first differential NNLO calculations appear, 
not only for e+e-, but also for DY and Higgs prod. at hadron colliders !

eg. very first αs measurement at NNLO, 3-jet rate, in 2009:  αs(MZ) ≈ 0.1175 ± 0.0025
Dissertori et al
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Anatomy of a hadron-hadron collision
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Anatomy of a hadron-hadron collision

https://inspirehep.net/record/1328513/plots
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Anatomy of a hadron-hadron collision
hard scatter at NNLO or even N3LO

some to many  
legs at NLO

https://inspirehep.net/record/1328513/plots
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multi-leg generators,  MC @ NLO, …., N3LO
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During the last ~decade:  
 

A real explosion in the content of our tool-box; 

again, thanks to many heroic efforts!

Giulia Zanderighi compared some of them to the 7 wonders of the world………      (Moriond 2016)
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see also http://www.lpthe.jussieu.fr/~salam/talks/repo/2012-LaThuile-collider-QCD-Salam-SILAFAE.pdf
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some examples
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� = ↵n
s CLO + ↵n+1

s CNLO + ↵n+2
s CNNLO + · · ·LO=Leading Order 

NLO=Next-to-Leading Order 
NNLO=Next-to-Next-to-....

some examples
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probing distance scales of 10-19 m !
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Amazing precision reached ( ~1% experimental ! )  
 put important constraints on theory (NNLO, PDFs)

JH
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 1

32

Z and W boson production
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2 jets



CERN
Jun 16

G. Dissertori

Guido’s Memorial Symposium

Vector Bosons + jets 
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2 jets

Very good agreement with QCD pred., 
such as LO (NLO) + PS matched 

calculations. 

Also important for searches for new 
physics, where this is a background.

Z+
je

t p
ro

d,
  a

rX
ix

:1
30

1.
16

46

DY + jets:  MADGRAPH (version 5.1.1.0), CTEQ6L1, normalized to incl. DY NNLO (FEWZ)

EW : WW, ZZ, WZ, W+jets, normalized to NLO (MCFM);  ttbar normalized to NNLL incl. xsec

only stat. errors here
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Probing the SM at high prec.
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Di-Photon prod., NNLO

Higgs prod: 
understood at 
the 15-20% 

level 
already
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top quark production
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inclusive jet production

3- over 2-jet ratio R32

top quark production
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THANK YOU !


