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Low energy physics of asymptotically free gauge theory

asymptotically free gauge theory SU(NV,)

chiral symmetry breaking and confinement

Ny massive quarks m, < Aqcp fundamental representation of gauge group
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Low energy physics of asymptotically free gauge theory

asymptotically free gauge theory SU(N,.)

chiral symmetry breaking and confinement

Ny massive quarks m, < Aqcp fundamental representation of gauge group
Ny Ny 1
L= zz q;1Dq; — Z iy — ZGQ’”’GZU + gauge fixing 4 ghost
Y] g

gauge theory parameters: [V, Nf Mg AqQcp

What is the low energy physics?



Pion physics

chiral symmetry breaking

explicitly SU (N f) . X SU (N f) R — SU ( N f)V ."g““‘dynamica//y

quark mass mq@quj""": ... condensate <qjqj>

(approximate) Goldstone boson
dominate the low energy physics



e.g.

explicitly

quark mass 1Mq(;(q;-

Ny =2 pions Ty =T
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Pion physics

chiral symmetry breaking

SU(Nf)L X SU(Nf)R — SU(Nf)V

(approximate) Goldstone boson
dominate the low energy physics

Ty = (7r1 + i7r2) —

Sl

“._ dynamically

U

condensate <qjqj>

i—_/- pion decay constant



Pion physics

chiral symmetry breaking

explicitly SU (N f) . X SU (N f) R — SU ( N f)V ."t‘:“dynamica”y

quark mass mqq‘jq‘j""“: ... condensate <qjqj>

(approximate) Goldstone boson
dominate the low energy physics
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The problem of strongly coupled QCD

* energy
chiSB asymptotic free
weakly coupled EFT weakly coupled
(chiPT) quarks/gluons

pQCD
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The problem of strongly coupled QCD

— energy

chiSB .,.v“i)reaks down ? asymptotic free

weakly coupled
\ j quarks/gluons

Y pQCD

strongly coupled regime

bootstrap

compute the S-matrix of pions

rules of the game: chiral symmetry breaking, confinement, gauge theory parameters

as few as possible low energy parameters



Bootstrap approach

e Pure S-matrix bootstrap:

symmetry, analyticity, crossing, unitarity
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Bootstrap approach

e Pure S-matrix bootstrap:
symmetry, analyticity, crossing, unitarity

e Chiral symmetry breaking:

very low energy behavior (weakly coupled EFT)

________________________________________________________________________________________________________________



Bootstrap approach

e Pure S-matrix bootstrap:

symmetry, analyticity, crossing, unitarity

o o 1 2 1~ 1 1 1 2~ 2 1 2 7 2 2 2 7 . 2 7 . 2 7 7 . . 7 . . o . e s e i

e Chiral symmetry breaking:

very low energy behavior (weakly coupled EFT)

e Form factor bootstrap + SVZ sum rules:

gauge theory information

________________________________________________________________________________________________________________



Bootstrap approach
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Bootstrap approach
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Numerical test of the method: Nf =2 NC =3

can be compared with QCD experimental data



Bootstrap approach

o o 1 2 1~ 1 1 1 2~ 2 1 2 7 2 2 2 7 . 2 7 . 2 7 7 . . 7 . . o . e s e i

________________________________________________________________________________________________________________

Numerical test of the method: Nf =2 NC =3

can be compared with QCD experimental data

formalism is general — can be compared with lattice data



partial waves
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form factors
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> analytic function in s

2-point functions
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S-matrix bootstrap

modern S-matrix bootstrap: pa, d P3, C

in the context of pion scattering: T (pl) + 776(]72) — Wc(ps) -+ 7Td<p4)
pPi,a p2, b

<p17 a;p2, b‘T‘pS C: P4, d> - A(Sv t, u)éab(gcd i3 AU S, /U')(Sac(;bd + A(’U;./ t, S>5ad(sbc ( X momentum conservation)
s = (p1 + p2)?

t = (p1 —p3)2
u = (p1 — ps)?



S-matrix bootstrap

modern S-matrix bootstrap: pa, d P3, C

in the context of pion scattering: T (pl) + 7rb(p2) — 7Tc(p3) -+ 7Td<p4)
P1,a P2, b

(p1,a;p2,b|T|ps, ¢;pa, d) = A(Ss,t,u)0ap0ca + A(t, S, U)0ac0pa + A(u, t, 5)dqadp. (X momentum conservation)
s = (p1+p2)° crossing A(s,t,u) = A(s,u,t) analyticity cuts s,t,u > 4

t = (p1 - ps)? my = 1
u = (p1—ps)?



S-matrix bootstrap

modern S-matrix bootstrap: pa, d P3, C

in the context of pion scattering: T (pl) + 7Tb(p2) — Wc(pg)) -+ Wd(p4)
P1,a P2, b

<p17 a; p2, b‘T‘pB, C; P4, d> — A(Sv t; u)éab(gcd T A(t, S, 11’)5(L(15bd T A(U tv S)(sad(sbc ( X momentum conservation)

s = (p1 +p2)? crossing A(S, t7 u) — A<37 u, t) analyticity cuts s, t, u>4
t = (p1 — p3)? e, e m, = 1
u = (pl _p4)2 00 00
1 1
A(s, t,u) = To+ — /d Z{xz + - /dr oo () ["3 . 2t . u]
4 —t 2

/dx/dypll'y) 1 + /dx/ p2(x,y)
s |y—t (x —t)(y —u)



analytic function of s

S-matrix bootstrap

T'=9(s,t,u) = 3A(s,t,u) + A(t,s,u) + A(u,t,s)
T'= (s, t,u) = A(t,s,u) — A(u,t, s)
T'=2(s,t,u) = A(t,s,u)+ Au,t,s)

partial waves:

@) = [P T s

SU(2)y 1sospin
symmetry



S-matrix bootstrap

SU(2)y 1sospin

Ls T'=9(s,t,u) = 3A(s,t,u) + A(t,s,u) + A(u,t,s) .
it T'= (s, t,u) = At,s,u) = A(u,t,5) symmeny
y T'=2(s,t,u) = A(t,s,u)+ Au,t,s)

partial waves: physical kinematic region s > 4

A =g [P T SH6) = L i) = nf(e)

analytic function of s -1

phase shift
1Si(sT) <1, 8>4 VLI

unitarity



S-matrix bootstrap

SU(2)y 1sospin

Ls T'=9(s,t,u) = 3A(s,t,u) + A(t,s,u) + A(u,t,s) .
it T'= (s, t,u) = At,s,u) = A(u,t,5) symmeny
y T'=2(s,t,u) = A(t,s,u)+ Au,t,s)

partial waves: physical kinematic region s > 4

A =g [P T SH6) = L i) = nf(e)

analytic function of s -1

phase shift
[S{(sT)| <1, s>4 V(I

unitarity positive semidefinite — convex space of amplitudes

1 Si(s)
( SF*(s) 1 =0 convex optimization



S-matrix bootstrap

convex space of generic amplitudes

symmetry+analyticity+crossing+unitarity

space of parameters

{TO) 01,2, 01,2}



S-matrix bootstrap

modern S-matrix bootstrap:
putting bounds, map out space of
allowed amplitudes

convex space of generic amplitudes

symmetry+analyticity+crossing+unitarity

space of parameters

{To, 01,2, 01,2}



S-matrix bootstrap

modern S-matrix bootstrap:
putting bounds, map out space of
allowed amplitudes

convex space of generic amplitudes

symmetry+analyticity+crossing+unitarity

space of parameters . .
................................ non_perturbatlve numerlcal

{TO’ 0_1’27 p1,2} ............................................... > computation of scattering
amplitudes




Chiral symmetry breaking

EFT gives very good control in the very low energy subthreshold region

2

nteraction: L7 = — (70,7 - (0,7 7)) + H(@P
6f7 24f2 s
45 —m?
tree-level amplitude:  A(s,t,u) = — T
i ( ) m 32w f2

XPT




Chiral symmetry breaking

EFT gives very good control in the very low energy subthreshold region

2

. . - 1 . . q . = mo o,
interaction: £ = e ((ﬂ' 0, 7) — 70,7 - (9”7)) + Tfﬁ(ﬂz)z
45 —m?
tree-level amplitude:  A(s,t,u) = — =
P ( ) m 32w f2
2 25— 2§ —Am? 22m2 — s |
0 us 1 s 2 i
S = - S = —_—— S| —m——
S0 P1 S?2
approximate linear subthreshold behavior: input in bootstrap




Chiral symmetry breaking

EFT gives very good control in the very low energy subthreshold region

2

. . - 1 . . q . = mo o,
interaction: £ = e ((ﬂ' 0, 7) — 70,7 - (9”7)) + @(7‘(’2)2
4 s —m?
tree-level amplitude:  A(s,t,u) = — =
g ( ) m 32w f2
D De— 2 s — 4m?2 D — 5
0 ™ 1 T 2 g
= W [ [ ——— §) = ———
Jo(s) w S2xE fi(s) w 96w f2 Jo(s) T 32mf>
S0 Pl S2

approximate linear subthreshold behavior: input in bootstrap

can consider various values of the pion decay constant fw

S
approximate linearity to be valid: A\.g¢ ~ o) small in the subthreshold region 0 < s < 4m

T

2

™

XPT

== [/ bounded from below



Form factor bootstrap

an important development in modern S-matrix bootstrap:

|7¢/)1> — |plap2>in7 |/l,¢/)2> — |plap2>outa |¢3> = /dxe—i(p1+p2)'xo(x)|0>

asymptotic states — IR 1 S F

>__ 0 state created by

positive semidefinite matrix ~ (y,[yp) = | ST 1 F* local operator — UV

F*F p



Form factor bootstrap

an important development in modern S-matrix bootstrap:

|1/)]> |p1 p2>m ) |/L,/)2> = |p17p2>out ) |’¢3> S /d$€_i(p1+p2)'x0(x)|0>
asymptotic states — IR 1 S F | :
positive semidefinite matrix ~ (y,[Yp) = | ST 1 F* | =0 7;?;7 g;zé;;igrb_yuv

F*F p

2-particle form factor: . (p1, p2| O(0)|0) = F(s) analytic function of s

spectral density: /(;lﬁ) e (0|07 (2)O(0)]0) = p(s) -

T supportat s > 4



Form factor bootstrap

an important development in modern S-matrix bootstrap:

1) = |p1,P2)in , [V2) = Ip1,P2)out s |th3) = /dxe_i(p”p?)"”(?(xﬂm

asymptotic states — IR 1 S F :
" e . tat ted b
positive semidefinite matrix ~ (y,[Yp) = | ST 1 F* | =0 Z)iae, chié;aior _yUV
F*F p

2-particle form factor: <p1 . D2 | (9(0) ’()> — F( 3) analytic function of s

d*x
(2m)

e (0]0N(2)O0(0)[0) = p(s)
" supportat s> 4

spectral density: /

2d applications: bound UV central charge
allow connection with UV theory



Current correlators from the UV theory

’in>P,[,£ |OUt>P,1,£ Op1.4]0)

will use form factor (in|pr 7, 1 Sl(s) 5
bootstrap to connect with , I'x I >4 I
UV gauge theory <OUt|f Tt e I(f ) 11 ]? = ’ v
(0j0 oy, Fi Fy Py (8)



Current correlators from the UV theory

‘in>P,I,£ |OUt>P,I,€ Op1.4]0)

will use form factor (in] P i Sl{ (s) ]—“ef
bootstrap to connect with Ix I 4
UV gauge theory <OUt|ff,1,£ Sy Ef) 11 .............. fe ..... ~ 0 s>4 Vi1
(0|0 110 Fi - Fy 0y ().

construct operators from gauge theory with desired

quantum numbers and lowest scaling dimension

S0 1 js(w) = my(uu + dd)
e.g. .
Pl : gii(x)= E(ﬂ’y“u — dvy"d)



Current correlators from the UV theory

‘in>P,[,£ |OUt>P,I,€ Op1.4]0)

will use form factor (in] P i Sl{ (s) ]—“ef
bootstrap to connect with Ix T 4
UV gauge theory <OUt|ff,1,£ Sy gf) 11 .............. fe ..... ~ 0 s>4 Vi1
(0|0 110 Fi - Fy 0y ().

construct operators from gauge theory with desired

quantum numbers and lowest scaling dimension | pl(s) = 2ImlIT! (z + ie)

S0+ ste) = m(ou+dd) ) = i f %eipx<0\f{js($)js(0)}\0>

e.g.

) 1, - fe A
PL: i) = (@t —drd) ) = i [ e O {ibe)ia 0} 10




Current correlators from the UV theory

|in>P,I,€ |OUt>P,J,e Op1.4]0)

will use form factor (in|pr 7, 1 Sl(s) 5
bootstrap to connect with ) I'x L >4 I
UV gauge theory <OUt|f ¥ Sy ;f) 11 .............. fe ..... : = 0 5 v,
<O|OP’,I,€ ‘FE : ‘Fﬁ Py (S) T

construct operators from gauge theory with desired

quantum numbers and lowest scaling dimension p é (s) = 2TmTI é(:z: ie)
Ls
. _ s d*z . ’ ,
SO ¢ js(x) = my(wu + dd) m(s) = i / =P (0|T {js(2)s(0)} 0) I(s)
e.g. (2m)
. e _1 M I~ 1 : d'z 1P rolat ) 4
Pl jy(z) = 5(@*u—dy"d)  T(s) = i i 0|7 {1 (2)j-(0)} |0)

large spacelike momenta — asymptotic free region with pQCD computatioh




Form factor bootstrap — saturation

1 S F
positive semidefinite S* 1 F1 =0 VI, 0, s
F*F p

iff all its principal minors are non-negative

i, Ff
bootstrap




Form factor bootstrap — saturation

1 S F
positive semidefinite S* 1 F | >0
F*F p

iff all its principal minors are non-negative

saturation: p = ‘f-" 2

S|=1 5=

=

VI, V, s

Watson / Muskhelishvili-Omnes

boot

strap

i, Ff



Form factor bootstrap — saturation

1 S F
positive semidefinite S* 1 F | >0
F*F p

iff all its principal minors are non-negative

p+ S F2 4 S(F R —2FP—plSE>0

p>0 |[FP<p |SP<1

saturation: p = ’f-" 2

f

*

S|=1 5=

VI, V, s

Watson / Muskhelishvili-Omnes

boot

Saturation in bootstrap connects quantities controlled by pQCD and chiPT

strap

i, Ff



s — —o00  perturbative current correlator,

SVZ expansion

NNymi (—s)

e.g. II)(s) ~ o

82

In(——




SVZ expansion

s — —o00  perturbative current correlator,

OPE:

T{j(x)j(0)} =

e.g.

NNy ()
- (2m)t 8n?
(z) O(0)




SVZ expansion

s — —oo  perturbative current correlator, e.g. 1IJ(s) ~ o) 8 In( MQ) ITi(s) =~ (27) 2472 ln(—ﬁ)
LOin PT
OPE: T{j(x)j(0)} = Ci(z) 1+ ) Co(z) O(0)
i 5
(017{j(2)j(0)}]0) = Ca(x)+Cq(x) (0]75(0)[0) e
+Ce2 () <O\%GZVG" “10)+. . . Pl‘fc?




SVZ expansion

s — —oo  perturbative current correlator, e.g. IIj(s) =~ Gt 8 n(——
‘ Lb in PT
OPE: T{j(2)j(0)} = Ci(z) 1+ Y Co(z) O(0)
@

<0’T{j(3§)](0)}’0> :;Cﬂ(x) qu(a:)xo\js(())!@ quark condensate

\ / +CGz(x)<0\%G

SB vacuum E

a
v

NcmeZ (—3)

gluon condensate

G**|0)+- . .




SVZ expansion

2
s — —oo  perturbative current correlator, e.g. IIj(s) =~ NE;V;)Tq (8_71'82) In( :2) I1} (s)
‘ LO in PT
OPE: T{j(2)j(0)} = Ca(z) 1+ ) Co(z) O(0)
@
(O (7()(0)}0) = Ca )+ () {0l (0)0) rkoncrst
\ / | % 0 gluon condensate
Fourier :  SBvacuum +CG2 (:17)(0‘ T GH’/G ‘O>+' F
transform pQCD
0 Nymy _ 3 13, By Ly, &
N.—3 Holz = (2m)4 872 L 3 7 s 1 ,uQ) 88<7T ) 2 Us)
c 1»N11 [ Qg S 1 a5 9 N
M) = 55 {‘W (1457) sia(=) + 3 (56 +;<95>}
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Finite energy sum rule

s connect pQCD with bootstrap at s,
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Finite energy sum rule

=

connect pQCD with bootstrap at s,

9 integrate S”H(s) around contour

________________

50 27 ' '
— . / plx)a"de = —88+1/ e MU (50e™)dp
4 0

linear constraints on the bootstrap parameter

SO o
~o A
________




Finite energy sum rule

=

................

P1

S g
~ -
~s. -
________

connect pQCD with bootstrap at s,

integrate S”H(s) around contour

S0 2T ' '
/ p(x)a™de = —88’+1/ e MU (50e™)dp
1 0

linear constraints on the bootstrap parameter

n+1N 2
B f B (1 20 ), %6 40,2 w0
s

(2m)4 w2 3 m "4sy " T

n+1 Il S o o }
So 0 B i

5y 5 (1 +— )+ G2 5,22 > -1
- (2m)* 2{ 27T(n+2)( T 7r) 6so<7r )+ 5 (Js) n



Finite energy sum rule

S0

P1

S
S
e

S .
s connect pQCD with bootstrap at s,
~~~~~~~~~~ 11 . n
b integrate S H(S) around contour
P I \‘\ S0 2m
¢ \ ; '
e / p(x)z"dr = —sit / e MU (50e™)dp
/ 4 0
linear constraints on the bootstrap parameter
mq NC AQCD additional IR parameters

%0 ool N2 3 13 s 3
/ po(x)xdr = S0 1My {47r( %0 ) <1 + —%> +(5ni(a—G2> +5ns—w(jg>}, n >0

4 (27T)4 n+ 2 & T 430 s 0
S0 st g S o T 27
1 n — — o — —70 (1 —S)+5n_ _SGQ ‘I‘ 5n_ ' I n > _1
/4 p1(z)z"dx (2n)12 { o(n £ 2) + 68()( - ) 5 (Js) =



QCD parameters in our numerical example

explicit QCD parameters used in our test example:

_ L for comparison with
N = 2 Ne =3 experiments

gauge theory info: {
so=(1.2GeV)?, a,=04, m,=4MeV my=73MeV



QCD parameters in our numerical example

explicit QCD parameters used in our test example:

. o for comparison with
N = 2 Ne =3 experiments

gauge theory info: «{
so=(1.2GeV)?, a,=04, m,=4MeV my=73MeV

IR parameters: <%G2> ~ 0.023 GeV*, (js(0)) = m,{tu + dd) ~ —(0.1 GeV)*
T



QCD parameters in our numerical example

explicit QCD parameters used in our test example:

. o for comparison with
N = 2 Ne =3 experiments

gauge theory info: «{
so=(1.2GeV)?, a,=04, m,=4MeV my=73MeV

IR parameters: <%G2> ~ 0.023 GeV*, (js(0)) = m,{tu + dd) ~ —(0.1 GeV)*
T

N J
Y

can be extracted from lattice computation
numerically not significant in our working precision

possible bootstrap target?



Numerical pure S-matrix bootstrap

analytic & crossing ,
symmetric amplitude A(S> t, u) parametrized by T07 Oa=1,2 (CL‘), Pa=1,2 (ﬂi’, y)



Numerical pure S-matrix bootstrap

analytic & crossing ,
symmetric amplitude A(S> t, u) parametrized by T07 Oa=1,2 (CL‘), Pa=1,2 (CU, y)
l discretize
i 1 ol I compute p.w.
fﬁ (S) - Z d/,LPg(ILL)T (S?t) - {T0,0-a’i,pa’ij}’ Q p— 172
-1

bootstrap variables



Numerical pure S-matrix bootstrap

analytic & crossing ,
symmetric amplitude A(S> t, u) parametrized by T07 Oa=1,2 (CL‘), Pa=1,2 (CU, y)
l discretize
i 1 ol I compute p.w.
ff (S) - Z d/,LPE(ILL)T (S?t) - {TO70-OZ,’I:7pO£,7:j}7 & p— 172
-1

bootstrap variables

impose unitarity: |S£(S+)| <1 s>4 V(I

evaluate in unphysical region |s

f1(0<s<4) fl

linear functionals and chiSB input (next step) 4




Numerical pure S-matrix bootstrap

analytic & crossing ,
symmetric amplitude A(S7 2 u) parametrized by TO? Oa=1,2 (CE), Pa=1,2 (ZU, y)
l discretize
i 1 ol I compute p.w.
ff (S) - Z d/’LPE(/J’)T (S7t) < {TO70-OZ,’I:7pO£,7:j}7 o = 172
-1

bootstrap variables

impose unitarity: |S£I(5+)| <1 s>4 V(I

evaluate in unphysical region |s
I 0 _ 1 9\ . I
flo<s<a)  (f3(s =3), fl(s = 3)) i
linear functionals and chiSB input (next step) 4

project out space of amplitudes
symmetry, analyticity, crossing, unitarity = boundary: non-perturbative computation of amplitudes



fli(s=

3 55 1 1 2 -
. 0.2} ;
. pure S-matrix bootstrap =
. _0.4_ o.
-0.61 ’

.
® .
LK )
.
LA X Y YOO

each boundary point: a numerical amplitude

foo(s=3)

SU(2) symmetry
analyticity
crossing
unitarity



Chiral symmetry breaking input

requires p.w. in subthreshold region to match weakly coupled EFT

s fols) _3(2—s) f3(s) _3(2s—1)
p fis) ~ s—4  fl5) 54
‘
4 impose ratios at a few points in

 unphysical very low energy region



Chiral symmetry breaking input

requires p.w. in subthreshold region to match weakly coupled EFT

s B 30-9 R ses )

fi(s) s—4 fi(s) s—4

4 impose ratios at a few points in
 unphysical very low energy region




Chiral symmetry breaking input

requires p.w. in subthreshold region to match weakly coupled EFT

S il a
R TS R T R
i
4 impose ratios at a few points in

 unphysical very low energy region

f2s) L 32=8)  f8(s) L 3Cs—1)

numerics 1: linear constraints with some tolerance

€X

too loose: too tight:
large deviation from exclude the desired theory

approximate linear form

a series of tolerance

use f. = 92MeV to select appropriate tolerance



Chiral symmetry breaking input

requires p.w. in subthreshold region to match weakly coupled EFT

fols) 32=s) fils)

 unphysical very low energy region

numerics 2: in practice, only 4 points s < 2
s;=1/2,1,3/2,2
(f5(s = 3), fi(s = 3))

allowed space near
EFT prediction

3(2s — 1)

S il a
R TS R T R
i
4 impose ratios at a few points in

numerics 1: linear constraints with some tolerance

€X

too loose: too tight:
large deviation from exclude the desired theory

approximate linear form

a series of tolerance

use f_ = 92MeV to select appropriate tolerance



1

-2

-0.27

-0.4}

-0.67

tiny region of weakly coupled
Goldstone boson scattering

__ses0e0®®




S-matrix bootstrap+chiSB

0.002r ,
® » ° ® . ‘ ‘ . . | fO s
0.10 0.15 of5==)
-0.002f -
I o eX=6x1073
o eX=4x10"3
L ° » s I - @ ° =2x10-3
~0.004} W R, ‘ 1 e
- iy D = fls=3)=-RG=3) o
e " . ° . 15 L4 €X=6x10'4
- . Te g tree level amplitude with different f7r o eX=2x107*
-0.006+ .. i, :
~0.008} it
_ ., Jx decrease
I i strongly coupled
-0.010 . pions at low energy




S-matrix bootstrap+chiSB

_ . f0(5=3)

*., 005 0.10 0.15
-0.002r"-. BRI S N s take a few points, examine their numerical amplitudes
K ‘e, ¢ % 1 ‘ check approximate linearity in unphysical very low energy region
~0.004} e, T, T

-0.006(
-0.008¢

-0.010¢




o(s) o(s)
o 003 ¢
0.15 SO ° s SQ
- 0.02
. .,
0 2 *e e N
fO (O < s < 4m7r) o, o 0.01 [
0.10 oo ,°* ~ '\.\.\
chiral zero ii-' """" 1 Sy : :
disappears e S ) .
0.05 ; el -0.01 0<s< 4mﬂ-) . X :
S (] I |
e —”i—. . ! | $e.
458 -0.02 LR
- —."“ : ~. ® S
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Form factor bootstrap + SVZ sum rules

form factor bootstrap problem parameterized by:
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Form factor bootstrap + SVZ sum rules

form factor bootstrap problem parameterized by:

[ il
Ty, Gaal®), pomialey) WFl(@), pl@)  Fl)=1+— [ d“””(
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can be done for higher pw in general



Form factor bootstrap + SVZ sum rules

form factor bootstrap problem parameterized by:

1 1 |
TO; 00(21,2(56)7 pa:1,2('ray)7 ImFEI(x)a pé(x) FKI(S):l—i__/dx( __)ImFEI(I)
4

/i r—S i

AN ~ J
amplitude part %scretize
I 1
1 Sé,i F 4

{Th,0ais Parijs ImFKI,,L-, pé’i} impose positive semidefinite: ng 1 ]:glj =0

T+ I I
F, 0 F, i P

inputting QCD parameters in the FESR for SO, P1:
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Asymptotic behavior of form factor

need control of asymptotic behavior of form factors

e.g. more precisely for electromagnetic FF from pQCD

4]
at large s |F7r(3>| ~ ‘8|R72T r (S) N 16W&S<S)f72
T — _f
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need control of asymptotic behavior of form factors

e.g. more precisely for electromagnetic FF from pQCD
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in practical numerical implementation, only require smallness above S = S

factor due to charges

80,P1:  [IF(s)IIP S 2mge™, (IRl S 5 s> s



Asymptotic behavior of form factor

need control of asymptotic behavior of form factors

e.g. more precisely for electromagnetic FF from pQCD

atlarge s |F(s)| ~ \s||i|%2 .
™ F.(s) ~ —

16ma(s) f2
s

in practical numerical implementation, only require smallness above S = S

factor due to charges

80,P1:  [IF(s)IIP S 2mge™,  [IFI(s)IF S 5 s> s

O(107%) S [Frls = s0)| S O(10%)

Y]

order of magnitude can be estimated

underestimate from asymptotics FF overestimate from spectral density
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Why does it work?

energy

- gauge theory info
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Conclusions

Combining old and new techniques: using only N, Ny Mq Aqcp Jr My

g —

gauge theory parameters low energy
parameters

computed the pion S-matrix in the strongly coupled regime of QCD
Numerical test find good agreement with experiments

Results show:

strongly coupled QCD is computable with bootstrap

Further developments === deep understanding of low energy QCD
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