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Introduction

@ This talk is about QFT calculations in N' = 4 SYM theory which
have string theory interpretations.

@ In string theory, we study scattering amplitudes.

@ N =4 SYMis a CFT — we study correlation functions.
@ Last few years: lots of quantitative precision tests.

e N =4 SYM correlators at large N = graviton scattering
amplitude.

@ So far: many impressive checks

@ This talk: new string theory scattering amplitudes from CFT.
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Introduction

What’s new?

@ Integrated correlator of 2 local ops and a Wilson (or 't Hooft or
Wilson-'t Hooft) line W

/ d*x dy (%, 7){O(F)O(7)W)

in /Y =4 SYM in “very strong coupling” limit.

@ Implications for scattering of gravitons from long strings.
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Introduction

What’s new?

@ Integrated correlator of 2 local ops and a Wilson (or 't Hooft or
Wilson-'t Hooft) line W

/ d*x dy (%, 7){O(F)O(7)W)

in /Y =4 SYM in “very strong coupling” limit.

@ Implications for scattering of gravitons from long strings.

Plan:
@ First, context: Review of older work on 4-pt integrated correlator in
N =4 SYM and relation to 4-pt scattering amplitudes
@ Then: 2-pt integrated correlator in presence of Wilson loop and
interpretation
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|
Graviton scattering in 10d type IIB string theory

@ 2 — 2 scattering of gravitons + superpartners

SUSY —

(where s and t (and u = —s — t) are Mandelstam invariants) is

Azz = 0'%(Q) f(s,t)
——
polarizations

captured by the 10d effective action:

Siog = /d1°x\Fg[R+£2R4+£;°D4R4+€;2D6R4+---

+ (SUSic completion)
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|
Graviton scattering in 10d type IIB string theory

@ 2 — 2 scattering of gravitons + superpartners

SUSY —

(where s and t (and u = —s — t) are Mandelstam invariants) is

Azz = 0'%(Q) f(s,t)
——
polarizations

captured by the 10d effective action:

Siod = /d‘ox\fg[RJrEgR“+£;°D4R4+€;2D6R4+---

+ (SUSic completion)

@ String theory has parameters: o/ = /2, string coupling gs = (e~?),
and y = (Cp). Denote 7 = x + i/gs.

@ f(s,t) is known in various limits:
e 3 lowest orders in g2 at all orders in £sx momentum.
@ 4 lowest orders in £5x momentum at all orders in gs and .
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Graviton scattering at tree level

@ At leading order in string coupling gs, i.e. tree level (see Polchinski
(12.4.30)):

r(—%o/s)l_(—%a't)l_(—%a’u)

O 2
F(1+ Ia/s)r(1 + fo/r(1 + Ja/u) (95)

f(s,t) ~

@ Further expansion at small momentum gives interpretation in
terms of diagrams:

f(s,t) = iJreﬁg( )+€1°C( )( +t2 4+ u? )+£12<( s stu+---+ O(g?)

stu ° 32 s 210 211

~—~ \w—’

SG D4R4 DSR4
’,\—.}SGme{i1 :—f}i;—: i:D%E;I i;;fli;/
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I
Small momentum expansion

@ Small momentum at fixed 7 = x + i/gs [Green, Guiperle, Vanhove, Sethi;

Wang, Yin ’'15] :
1
f(S,t): a +£g6S4E(%7T77_')+£§g§fR|H(S7t)
~~ et
SG tree e SG one-loop
s +t2+u? s _ stu _
+ E:‘SOTQSZ E(%, T,T) +£;2ﬁggg(3, %, %,7—,7—) +ee
DR DSRA
SG tree i:i?;: SG 1-loop iﬁi i:D}‘j?:]:
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Eisenstein series

@ The Eisenstein series are modular invariants defined by

S
_ To . ,
E(s,7,7) = g T T=T+Im.
(m,n)#(0,0)

@ For example,
EG,7,7)= 2C( ) s% \/@Z o-a(k (2;k> cos(2mkx)

S
gs

@ The last term is non-perturbative in gs:
272 3 s
QsZE(z,T, T)=2¢(3) + 3 gs +e % cos(2my) [47795 4g52 +}

+ e_% cos(4my) [ . ] + ...
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]
N = 4 SYM correlators

@ N =4 SYM: vector field A, + scalars X; (I =1,...,6) + fermions
in adjoint of SU(N), w/ gauge coupling

0 Ari

2n T

. A=g°N.
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0 Ari

2n T

. A=g°N.
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N = 4 SYM correlators

@ N =4 SYM: vector field A, + scalars X; (I =1,...,6) + fermions
in adjoint of SU(N), w/ gauge coupling

0 Ari

2n T

, A=g°N.

@ Limits:

e 't Hooft strong coupling: N large w/ X fixed, then X large
(In this limit, g — 0)

e “very strong coupling”: N large with 7 fixed

e Dual: IIB strings on AdSs x S°, with i =4 gs = %, X= L.
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]
N = 4 SYM correlators

@ N =4 SYM: vector field A, + scalars X; (I =1,...,6) + fermions
in adjoint of SU(N), w/ gauge coupling

0 Ari

2n T

, A=g°N.

@ Limits:

e 't Hooft strong coupling: N large w/ X fixed, then X large
(In this limit, g — 0)

e “very strong coupling”: N large with 7 fixed
e Dual: IIB strings on AdSs x S°, with i =4 gs = %, X= L.
@ Operator

O/J = tr <X/XJ — (SSIJXKXK>

has A =2 andis %—BPS. Same multiplet as stress tensor.

AdS/CFT — O +<— (metric + 4-form) fluctuations
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-]
Relation b/w SYM correlator and graviton scattering
Flat space

4 i i N — oo, 7 fixed
(0000) oniR (OOOO) in Mellin space IIB string amplitude
TU,V;7,7) M (s, 1) flat space limit t
f(s,t)
constraints from analyticity direct
computation

o1 .
m N expansion

constraints from
integrated correlators

[Worldsheet perturbation theory]

[Analytic Bootstrap]

SUSic Localization
log Zga(T,7,b,m)

@ SUSY — (0O00O0) is expressed in terms of a single function 7
(O00O0) = (free part) + (prefactor)7 (U, V; 1, 7)

—0 oo
_ X14X33

where, with Xj = X; — X;,
= 2 g2
X2, X5,

U:

2 oo
X12X34
22 oo
X13X24

6-7-2023
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Relation b/w SYM correlator and graviton scattering

Flat

(0OO00O) on R* (OOOO) in Mellin space [N — oo, T fixed s

. |e— —— | [IB string amplitude
TU,V;7,7) M (s, 1) flat space limit
f(s,t)

constraints from constraints from analyticity direct
integrated correlators in % expansion computation
SUSic Localization [Analytic Bootstra,p] [Worldsheet perturbation theory]

log Zga(T,7,b,m)

@ Mellin space (withu=4 —s—1):
oo ds dt s u o (A—8\2 _[4-1\%_[4-u\?
T(U,V)—/C_ioo GeEMls DUtV r( - ) r( - ) r( . )

@ M(s,t) is the AdS analog of the scattering amplitude f(s, t).

o N — oo, 7 fixed: f(s,t) extracted from large s, t limit of M(s, t)
[Giddings "99; Polchinski '99; Susskind '99; Penedones '10; Fitzpatrick, Kaplan '11]
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-]
Relation b/w SYM correlator and graviton scattering

Flat

(0OO00O) on R* (OOOO) in Mellin space [N — oo, T fixed s

. |e— —— | [IB string amplitude
TU,V;7,7) M (s, 1) flat space limit
f(s,t)

constraints from constraints from analyticity direct
integrated correlators in % expansion computation
SUSic Localization [Analytic Bootstrap] [Worldsheet perturbation theory]

log Zga(T,7,b,m)

Integrated correlators (can be computed using SUSic localization)
[Binder, Chester, SSP, Wang '19; Chester, SSP '20] :

(Im 7)20,0:02, log Zga
m=
b=

.= /dUdV/M(U, )T (U, V),
{

8;‘;, |Og 234

0= (free part) + /dU aVv (U, V)T (U, V).
m=

b=1

where 11 and pp are SUSY-preserving measures.
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Relation b/w SYM correlator and graviton scattering

Flat

(0OO00O) on R* (OOOO) in Mellin space [N — oo, T fixed e s

. |e— —— | [IB string amplitude
TU,V;7,7) M (s, 1) flat space limit
f(s,t)

constraints from constraints from analyticity direct
integrated correlators in % expansion computation
SUSic Localization [Analytic Bootstrap} [Worldsheet perturbation theory]

log Zga(T,7,b,m)

Analytic bootstrap:
@ At each order in deriv expansion, M(s, t) is determined by
analyticity + crossing + SUSY up to a few constants

@ 2 constants at each order can be fixed using the derivs of Zga.
@ Can (re)derive low-energy expansion of f(s,t) from N' = 4 SYM!
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Relation b/w SYM correlator and graviton scattering

Flat

(0000) on R* (OOOO) in Mellin space [N — oo, T fixed [ RS

_ —— | [IB string amplitude
TU,V;7,7) M (s, 1) flat space limit
f(s,t)

constraints from constraints from analyticity direct
integrated correlators in % expansion computation
SUSic Localization [Analytic Bootstrap} [Worldsheet perturbation theory]

log Zga(T,7,b,m)

Analytic bootstrap:
@ At each order in deriv expansion, M(s, t) is determined by
analyticity + crossing + SUSY up to a few constants

@ 2 constants at each order can be fixed using the derivs of Zga.

@ Can (re)derive low-energy expansion of f(s,t) from N' = 4 SYM!
Take-away: Same fns of (7, 7) appear in derivs of log Zgs and in f(s,t)
at low orders in derivative expansion. (E.g. the Eisenstein series!!)
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How do we see the Eisenstein series from Zg.?

@ [Pesun 07]: S* partition fn of A = 2* theory (i.e. N' = 4 SYM
deformed by an N = 2-preserving mass m for the adj hyper)

_8rf g 2
Zge = / d"a[[(a - a)Pe & =% Zyon(ay, )| Znsi(@i, 7. m)?

i<j
@ Zyert cOmes from perturbative contirbution
H?(a; — aj)
Zpert(aia m) = I !

H(mN=1T],,; H(ai — & + m)
where H(x) = e"(")¥ G(1 + ix)G(1 — ix).

@ Zn.st comes from instantons at the poles of S* and is complicated:
sum of N-tuples of Young diagrams that represent contour
integrals [Nekrasov '02; Nekrasov, Okounkov ‘03]

@ For 93, log Zg:|,,,_, only rectangular Young diagrams contribute!
Silviu Pufu (Princeton University) 6-7-2023 13/24



How do we see the Eisenstein series from Zg.?
@ Compute
a12'n log ZS4 ‘mzo = ( ;;/ert(aiv o)>GMM + <Zi/r45t(af7 T, 0)>GMM + <2i/rqst(aiv T, 0)>GMM

by writing each term as an expectation value in the Gaussian
matrix model.
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a12'n log ZS4 ‘mzo = < ;;/ert(aiv o)>GMM + <Zi/r45t(af7 T, 0)>GMM + (Zﬁst(aiv T, 0)>GMM

by writing each term as an expectation value in the Gaussian
matrix model. Use resolvents & topological recursion & Mellin
transforms to systematically evaluate each term [Chester, Green, SSP,
Wang, Wen ’19, '20; SSP, Rodriguez, Wang '23] .
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How do we see the Eisenstein series from Zg.?
@ Compute
a12'n log ZS4 ‘mzo = < ;;/ert(aiv o)>GMM + <Zi/r45t(af7 T, 0)>GMM + (ngt(aiv T, 0)>GMM

by writing each term as an expectation value in the Gaussian
matrix model. Use resolvents & topological recursion & Mellin
transforms to systematically evaluate each term [Chester, Green, SSP,
Wang, Wen ’19, '20; SSP, Rodriguez, Wang '23] .

@ Expand in very strong coupling limit (large N, fixed 7) [Chester, Green,
SSP, Wang, Wen ’19, '20; Dorigoni, Green, Wen '21] :

N2 3VN 45

Im 7)20,9:02, log Z, = — - CE(@,T1,7 T T) 4
(mT) 'm 108 £54 ’gf? 4 167T% (2 T T) 287T2\/7 (2 )+
- SG R4 DA R4

(Recall £ = \"/* = g'/2N"/4, s0 k derivs ~ N~K/4))
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A defect CFT +— open-closed string system example

@ So far: CFT 4-pt function +— 2 — 2 scattering of closed strings

@ For the rest of talk, another setup: open-closed amplitudes in
type 1B string theory.
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A defect CFT +— open-closed string system example

@ So far: CFT 4-pt function +— 2 — 2 scattering of closed strings
@ For the rest of talk, another setup: open-closed amplitudes in
type 1B string theory.

@ 1 — 1 scattering of a graviton from a 1/2-BPS extended string
(long fundamental string, D1-brane, or (p, q)-string)

SUSY — A= &@Q) f(s1)
N —r
polarizations

s:2p12H:2p§||7 t=p1-p2.
@ Setup is not SL(2,Z) invariant. Under 7 — 278 'we have

b 9= a (_ab —c)_ cr+d’
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What’s known
@ Much less is known about this setup. Schematically:
S = Siog +/d2x\ﬁg [DBI 4 A2 DR 4 DRP -

R = ambient space-time curvature, D = tangential deriv.

@ Amplitude known only at leading order in gs (disk diagram) for
D1-brane and (n, 1) string. For D1-brane [Garousi-Myers '96; Hashimoto,
Klebanov '96; Basu '08] .

AT (st 4 2 1
f o 3(2)(5(5)) O(gs) = — — /4 _(s+1)¢B)B+--+O(gs
r(1 + o ) st 6 2
2z ~— S
SG+DBI R? D2R?

@ O(gs) not fully understood—annulus diagram diverges!

@ Small momentum, all orders in gs: Coeffs of R?, D°R?, D*R?,
etc. should be fns of (7, 7). NOT modular invariant and not known.
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|
Extended string «— CFT defect

@ N =4 SYM: two-pt function of O in presence of 1/2-BPS line
defect (Wilson line, 't Hooft line, (p, q) Wilson-"t Hooft dyonic line)

[Barrat, Liendo, Plefka '20]
SUSY = (OOL) = (prefactor) 7.(U, V)

_ X1l X2L ()_('1 —)?2)2
Xil x| penipen
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|
Extended string «— CFT defect

@ N =4 SYM: two-pt function of O in presence of 1/2-BPS line
defect (Wilson line, 't Hooft line, (p, q) Wilson-'t Hooft dyonic line)

[Barrat, Liendo, Plefka '20]
SUSY = (OOL) = (prefactor) 7.(U, V)

. X1 X2L ()?1 — )?2)2
‘X1 | 2‘ |X1 HX2|
@ Simplest case: Wilson loop L. = W in fundamental representation:

W = triung Pexp [i]{ds (Au(x(s))x"(s) + Xo(x(5))|X(s)])

@ On S*, can compute
Ty = 0% log(W)| _, = integrated (OOW)

using localization. (Insert )", €°™a in matrix model.)

@ SL(2,7) relates amplitudes (OOW) to (OOL) with coprime (p, q).
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Scattering from extended string from CFT

Expect similar connections, but more conjectural in this case:

: : Flat
(OOL) on R* (OOL) in Mellin space 1B striig?li;elitu de
_—
(U, V My, (s, 2 imi
L( ) L(s,1) flat space limit fiu(s,t)

constraints from constraints from analyticity limited direct

integrated correlators in % expansion computation

SUSic Localization Al ot Worldsheet perturbation theory

(L)ga(r,7,b,m) with long strings or branes

Expect:
Same fns of (, 7) appear in derivs of 93 log(L)| _, and in fi(s,t) at
low orders in the derivative expansion.
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Two-point function in presence of Wilson loop

@ For line operator L, expand

Tuae  Tug g2
VN TN T e

@ For L =W (Wilson loop), matrix model gives [SSP. Rodriguez, Wang 23]

o |0g<L>‘m:0 = I]L,—1/2m+I]L,O + +---

Ty, _12=06,
1 72
Two=» — =
'W,0 2 37
3 4
Iw1/2—89 35

3(1+4¢(3)) , ¢°

Twi = 82 11520 2 = Zcos (k0)Ka(872k /P _a(K)
_3(21+64¢(3)) g 79° B g° )
Twsre = =584 256 10240 1935360 | ("on-pert)

@ We determined Zy «(r, 7) for k < 3/2. NOT modular invariant.
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Two-point function in presence of 't Hooft loop

@ SL(2,Z) duality relates W to LL for Wilson-'t Hooft loops +—
(p, q)-strings.
@ For example, S-duality when ¢ = 0 gives for the 't Hooft loop T:

4z
Ir,_1/2= rk
1 72
I'JT,O - E - ? )
4
o
It = ym )
_ 24m((8) 7 o« 3g? 3g e 2592 4
Toi= =g @ s a8 T gp1° © \! " Baez MO0

_ 1672
+(’)<e 9 )
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Two-point function in presence of 't Hooft loop

@ SL(2,Z) duality relates W to LL for Wilson-'t Hooft loops +—
(p, q)-strings.
@ For example, S-duality when ¢ = 0 gives for the 't Hooft loop T:

4z
Ir,_1/2= rk
1 72
I'JT,O - E - ? )
4
&' 39
It = ym )
_ 24m((8) 7 o« 3g? 3g e 2592 4
Toi= =g @ s a8 T gp1° © \! " Baez MO0

_ 1672
+(’)<e 9 )

@ Finite number of perturbative terms + infinite number of

non-perturbative corrections for both W and T!
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String theory interpretation

@ At each order, tree level diagrams + loop diagrams:

Ti1/2 7
I]L’,1/2\/N+I]L7o + L7/\// + kf —+ ..
—_— =
tree 1-loop ? DZVR2,

2100 3-loop,
oop bulk contact

3-loop  contact

@ Some examples of diagrams are:
4> @ v/
tree 1-loop R? 2-loop  p2Re?

@ At each order in 1/v/N, the contact and loop diagrams can be
distinguished by their (7, 7) dependence!

6-7-2023 21/24
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Conjecture for graviton scattering amplitude

@ Let me make a conjecture for L = W (Wilson loop) «+—
fundamental string

@ Bulk effective action is Nambu-Goto +R2 + D°R? + D*R? + - - -,
but better to think about it in terms of scattering amplitude.

@ Scattering amplitude\fh_n = (prefactor)fy(s, t) \ where:

1
fw(s,t) = i i ioop(S, t) + L2 (fg_.oop(st) + ¢ gg)
F,vz

+ €§ f3—loop(s~, t) + Q§ fbulk contact(s7 t) + CZQSIWJ (Ta f)(S + t) + e

D2R?

Silviu Pufu (Princeton University) 6-7-2023 22/24



Conjecture for graviton scattering amplitude

@ Let me make a conjecture for L = W (Wilson loop) «+—
fundamental string

@ Bulk effective action is Nambu-Goto +R2 + D°R? + D*R? + - - -,
but better to think about it in terms of scattering amplitude.

@ Scattering amplitude\fh_n = (prefactor)fy(s, t) \ where:

1
fw(s,t) = i i ioop(S, t) + L2 (fg_.oop(sJ) + ¢ gg)
F,vz

+ €§ f3—loop(s~, t) + Q§ fbulk contact(s7 t) + CZQSIWJ (Ta f)(S + t) + e

D2R?

@ Apply SL(2,7) to this formula = scattering from (p, q) strings.
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Conjecture for graviton scattering amplitude

@ D1-brane at y = 0: ’A1_>1 = (prefactor)fr(s,t) ‘ where:

1
fT(S,t) = § + fggsfrloop(sat) + fi (g§f2-|00p(s7t) + \Cl_/)
R2

+ fg QS f3—|oop(s7 t) + Gshoulk contact(s7 t) + nggfm (S + t) + -
—— ———

D2R?
where
3¢(3) mgs  wgs 393 393 e 25¢s
2 _ _ IS IS IS -Js s
ST =75 278 Tt e 1 T, T O)
+O(e_277sr>

@ ((3) matches disk amplitude [Hashimoto, Klebanov '96; Basu 08] .
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Conclusion

@ We determined new functions of (r, 7) that appear in the effective
actions at orders D?>R? and D*R? on extended (p, g)-strings.
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Conclusion

@ We determined new functions of (r, 7) that appear in the effective
actions at orders D?>R? and D*R? on extended (p, g)-strings.

Didn’t talk about:

@ Actual computations using matrix model
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Conclusion

@ We determined new functions of (r, 7) that appear in the effective
actions at orders D?>R? and D*R? on extended (p, g)-strings.

Didn’t talk about:
@ Actual computations using matrix model
For the future:

@ Make connections precise between two-pt function in presence of
line defect and graviton scattering from a long string.

@ Generalization to Wilson loops in other irreps — effective action
on D3- and D5-branes.
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