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Herbert De Gersem: my single slide

professor (100%, electrical engineering, TU Darmstadt)
professor (10%, accelerator physics, KU Leuven)
electromagnetic (and other) field simulation TESLA cavity

mainly by finite-element methods fundamental mode
W. Ackermann

often using own software
mainly for accelerator components

Prof. Dr.-Ing. Herbert De Gersem
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Herbert De Gersem: my 2nd single slide

Belgian (dutch speaking)
consultancy on Belgian beer (not the fruity ones)
consultancy on French wine (only the excellent ones)

fond of teaching (glad to be herel)
also hands-on sessions and projects

when not teaching,
when not doing research
practising French horn £
playing classical music ==
In symphonic orchestras Herbert De Gersem
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Overview

magnetoquasistatic formulation
discretisation in space

finite-element shape functions

boundary and symmetry conditions
reduction to 2D models

modelling of coils and permanent magnets

o0k~
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Electromagnetic Field Simulation

full Maxwell equations ~ Wete

elec magn . )
magnetoquasistatics
elec
magn
T'Dloss ’CP| T'Dloss
0ss
elec

wave equation o
electroquasistatics

magn
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Magnetoquasistatics (1) « UNIVERSITAT

* neglect displacement currents with respect to Wi

conducting currents 95 TPoss
- Ampere-Maxwell VxH =j+%t/ W,

* magnetic vector potential A
— conservation of magnetic flux

V-B=0 mm) B=0+VxA
* electric scalar potential ¢
—Faraday-Lenz

-

. 0B 9A S
UXB= —— = Jx— m) E=——-7
% ot * ot PR
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Magnetoquasistatics (2)

. permeability

Ampere VxH =] B=uH=-H
| S S V'\reluctivity
] =0FE
VX(VB) = oFE " conductivity
.
Vx(v7xA) + o4 _ %
Y ¢ ot —\_GY_Q?/ source current density
Js

parabolic partial differential equation
<> elliptic PDEs (e.g. electrostatics, magnetostatics)
<> hyperbolic PDEs (e.g. wave equation)
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Physical Meaning (1)

flux ¢=j§'d§'

l 5 definition magnetic vector potential
¢ = f VXA - dS'
S

]  stokes dz" I
¢ = 3” . d3'
0S

ool

)
<-

induced voltage 0S

d S,
uind=—afz4-ds
ds
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Physical Meaning (2)

flux ¢= %/T-d?

aS

induced voltage

d (-
Uind = T J)A-ds
s
Ampere

Nti f H) * d§’2

25,
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Overview

magnetoquasistatic formulation
discretisation in space

finite-element shape functions

boundary and symmetry conditions
reduction to 2D models

modelling of coils and permanent magnets

o0k~
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Spatial Discretisation (1)

* weighted residual approach

04
Vx(vVxA) to——=]s in V

-

- aA N / - — /
J <VX(V\7XA) + O'E> -w; dV = f]s -w; dV vV w; (1)
v

|%4

w; (1) vectorial ,weighting functions”
vectorial ,test functions”

e scalar product :  (&,8) = fo?-/?dv’
V
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Spatial Discretisation (2)

— weak formulation

-

j (VX(VVXA) + JE) Wi dV’' = j]_)S . Wi dv’ VWL(F)

V
@ (Txv) - w=V-@Wxw)+7v-Vxw

0A
f( (VVXA)XWL)+V\7XA VxXw; + O'E Wl> dv’ = _[]S w; dV’
4

Gauss
- N = - N 614) N / - N P
f(VVXA)XWi -dS" + J <v\7><A - VXw; + O'E - Wi) dV’ = _[]S -w; dV

ov “——v— %
H only first derivative required => ,weak" formulation

CAS 2023 | TU Darmstadt | Institute for Accelerator Science and Electromagnetic Fields (TEMF) | www.temf.de | Herbert De Gersem | 12

V 7
=0



http://www.temf.de/

Spatial Discretisation (3)

Dirichlet BC at S ;-
Ax7i = Agpexn & B-1 =B,

homogeneous Neumann BC at §

H, = (VWxA)xii = 0

neum

H

- - - -

J (vIxA)xw; - dS’ + f(viA)xWi -dS" v wi(F)
Sneum Sdir
~ ~~ _J/ — ~ _
=0 =0 VV_l;i:WiXT_l)=OatSdir
,natural” ,essential”

boundary condition boundary condition
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Spatial Discretisation (4)

e discretisation

AR t) = z a;(t) ;(7) B(Axi=0  atSg
J
7; (7) ,<shape/form functions®, ,trial functions”
a;(t) unknowns, degrees of freedom
» Ritz-Galerkin method v; () = w; (7)

 Petrov-Galerkin method Ui (1) # w;(1)
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Spatial Discretisation (5)

* nodal shape functions
ox,y) =  wNi(x,y) +u Ny (x,y) +u3£V3(x, y)
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Spatial Discretisation (6)

= discretization

Y V- G N S
j(VVXA'VXWi‘FO'E'Wi) dV' = _[]S.Wi dVv VWL(F)

|74
ﬂ AR ) = z @ ()W (7)

curlcurl 1l1l.m

edgemass 1ll.m

— da. .
z @ j vi?/ vxw; AV + —2A ow; - w; dv’ Jow dv
J N4 y
~ ~ / \ d
= kij = m;; = fl

da; K and M symmetric,
[Kijllaj] + [m] [ ] 7] semi-positive-definite
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Spatial Discretisation (7)

da;
2 Clj JVVXW] VXWL dV' + d—tj jO’W] y Wi dv’
J 14 v

VX (7) = Z CiZq(7)

da
2 aZchch jvzq Zp dV' + d—]JavT/’j-vT/’idV’

— v -~ ~ ~ -~ ~ ~v o
A. fe ~
a] Mqu Ma,ij jsi

) da = i da
CMifeca+ Mle— =7, wmm)p K,a+M;— =]

dt
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Overview

magnetoquasistatic formulation
discretisation in space

finite-element shape functions

boundary and symmetry conditions
reduction to 2D models

modelling of coils and permanent magnets

o0 k0w~
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2D Nodal Shape Functions
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(x3,¥3)

A

(x2,¥2)
a; + b;x + c;y
ZSUk

(le yl)

Ni(x,y) =

[ a; = XYk — XkYj

bi =Yj — Yk
ci==xk——xi

S::. = element area
\ ljk

(Ni(x;,y) = 1
N;(x, ;) =0
Ni(xge, yie) = 0

(x,y
(xll yl) (xz, )’2)
surface coordiSnates
N;(x,y) = 2
Sijk
partition of unity
ZN @y =1 V(xY)
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3D Nodal Shape Functions

(x3,¥3,23)

(N (x;, y;,2) = 1
< Ni(x, 5, 2) = 0
N;(Xk, Yk, 2k) = 0
\Ni(xp, Y0, 20) =0

(X4, Y4, Z4)

(x3,¥3,23)

(X4, Var Z4)

(x2,¥2,23) (x2,Y2,22)

a; + bix + Ciy + diZ

(x Y 'Z) N x; ) —
1 Y1, 71 i(x,y,2) 6V, ke (x1,¥1,21)
V...
( a; = volume coordinates N;(x,y,z) = pJké
b; = Vl]k{’
Ci =
< d; = partition of unity Z:N (x,y,z) =1,V(x,y,2)
&Vi jke = element volume
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Dofs or Nodal Values ?

-solution  ¢(x,y) = eair(x, ) + quN (x,9)
—interpolation :
nodal values & mterpolatlng functlons

|
'Ug e

~

N
u1 “I
I

—series development :
degrees of freedom & shape functions

Ug, Uy, Uz =—=> U N;i(x,y) +u, Ny (X, y) +u3N3(x y)
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Vectorial Shape Functions

-vector field  A(F) = A,(H)éx + A, (Pé, + A,(P)é, y
—interpolate each component
separately by scalar shape functions

AG) = (Z i (f)) é,

J
+ (2 uyJN](F)> é)y + (2 U,ZJN](”I_”))> é)z
J J
—BUT

— too much continuity
(both normal and tangential components)

— spurious modes
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Edge Elements

* shape functions defined by

(- .
w,-ds =1 e
Je
| (
w,-ds' =0,e# e
\Je, E
—linear combination E®#) = z W, (1)
j=1

« features tangential continuity (1-form)
—physical meaning of the degrees of freedom

E 4 =d/ _
e

. voltage drop along the edge
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Face(t) Elements

* shape functions defined by

( .
] s
jvT/’f-d§'=O,f’¢f .
—linear combination  B() = Z w; wr,(7)
j=1

* features normal continuity (2-form)
—physical meaning of the degrees of freedom

jB dS_')'—Zu]jwf dS—Uffo dS—Uf
f f

e flux through tﬁe facet
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Volume Elements

* shape functions defined by

f
ijdV' =1
1%

|%4

f w,dV' = 0,v" #v
v

—linear combination p(7) = z wj Wy, (7)
j=1

« commonly discontinuous (3-form)
—physical meaning of the degrees of freedom

fpdV —Zu]fwvdV —uvjwvdV = U,
v
j=

 charge within the element
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Canonical Construction

. n
e construction
—nodal shape functions o
Nm(F); Nn(f'}); Np (7:)), Nq (77'))
—edge elements m
w,(7) = N,,VN,, — N,VN,,
—facet elements n
we () = 2(Ny VN, XV N,
+ NV Ny XV Ny,
+ NV Ny, XVN,) -
1
—volume elements  w,(r) = =
v p
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Whitney Complex

* Whitney elements (for a given mesh)
— /' Y: nodal elements
— W*': edge elements
— W*: facet elements
— W?: volume elements

* Whitney complex
grad W" c !
curl W' c Ww?
diviv? c w3
curl grad W" = 0
div curl W' =0

CAS 2023 | TU Darmstadt | Institute for Accelerator Science and Electromagnetic Fields (TEMF) | www.temf.de | Herbert De Gersem | 27

<



http://www.temf.de/

2D Higher-Order Elements

* nodal elements

2 1 1 1 1
N =N (NP + NP -nP)

@ _ y@ (@ (1) 1 .
Ny —I\IY1 (N1 N> _N?E )) 2

—
—_—— = —_— ==

degrees of freedom == nodal values
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Hierarchical Finite Elements

* nodal elements

degrees of freedom = nodal values
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Hierarchical Finite Elements

* first-order system of equations

[K(ll)][u(l)] — [f(l)]

» second-order system of equations

k(1) g@2) u(l)] f(l)
K (21) K(ZZ) u(z) f(2)

first-order system embedded in second-order system

CAS 2023 | TU Darmstadt | Institute for Accelerator Science and Electromagnetic Fields (TEMF) | www.temf.de | Herbert De Gersem | 30



http://www.temf.de/

Overview

magnetoquasistatic formulation
discretisation in space

finite-element shape functions

boundary and symmetry conditions
reduction to 2D models

modelling of coils and permanent magnets

o0k~
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Boundary Conditions (1)

electric BC magnetic BC

JAux wall Jfux gate”

,current gate” ,current wall”
definition E. =0 H, =0
electric current J. %0 J, =0
magnetic flux B, =0 B, # 0
magnetic vector Dirichlet BC Neumann BC
potential formulation
magnetic scalar Neumann BC Dirichlet BC
potential formulation
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Boundary Conditions (2)

electric boundary conditions  magnetic boundary conditions

coil
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Boundary Conditions (3)

VUs/m™2

electric boundary conditions
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Boundary Conditions (4)

magnetic boundary conditions
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Symmetries (1)

air gap

m|
=|
o

CAS 2023 | TU Darmstadt | Institute for Accelerator Science and Electromagnetic Fields (TEMF) | www.temf.de | Herbert De Gersem | 36 \

n<

o



http://www.temf.de/

Symmetries (2)

electric boundary conditions

magnetic boundary conditions
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Symmetries (3)

Vs/m™~2
0.0186
0.0163
0.014
é.0116-
0.00932 -

0.00699

0.00466

0.00233 ‘“
(%

e
m|
=|
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Kpp  Kpc 0] _ [/ b]
ch ch @ fc .
unknown boundary-integral term

- - Kyp Kpe 0
insert essential % % B
boundary conditions : b See feal el = (fe |-
0 By (0
eliminate known
potentials > Kppup = fr — Kpclic
K f ——bdrycond shrink.m —> Kpp fp —KpclUc
backslash
U < bdrycond inflate.m — Uy
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Overview

magnetoquasistatic formulation
discretisation in space

finite-element shape functions

boundary and symmetry conditions
reduction to 2D models

modelling of coils and permanent magnets

OO0k w0~
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Reduction to 2D Models (1)

= 2D cartesian models
J =(0,0,].(x,y))
B = (By(x,), By(x,7),0)

A=(00,4,(x,y))
, 94 9A
B — VXA <1I:> Bx — Z; y _ — Z

0B, 0B, 0%4, 0°A, 3
dx 0y 0xdy 0xdy
0p

0A, 9B, 8B, dJ,
= but —
dz 0z ' 0z 0z 0 02;&0
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Reduction to 2D Models (2)
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= 2D cartesian models

A, dA,
By = dy ’ By__ax
Hy = vy ay; Hy = —v, Ox
0H oH dA
_ 9y  OMx _ B z
A T ST

anisotropic material
i) =[5 )
H, 0 wvy,[[By

Ampere
+ Faraday-Lenz

0( OA) 0( GA)_I_ (”)AZ_
"\ ax ) Tay\"x oy ) T O T sz

<

0A

Vx(v7xA) + 0~ = Js
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2D Discretisation (1)

da; R
z a; fVVXW] y VXWL' dV + d_t] jO’WJ ‘ Wi dV | = f]s ' Wi dVv
' 4 4

J %4

g — 1\1.(3(’:)]) -
. : Z
J J
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2D Discretisation (2)
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2D Discretisation (3)

______________

CAS 2023 | TU Darmstadt | Institute for Accelerator Science and Electromagnetic Fields (TEMF) | www.temf.de | Herbert De Gersem | 45

|
®



http://www.temf.de/

7 TECHNISCHE
UNIVERSITAT
DARMSTADT

2D Discretisation (4)
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2D Discretisation (5)

______________

face functions

Eij = NLVXW] — N]VXWL ‘
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2D Discretisation (6)

face functions

-
Zjj = NiVXWj — NjVXWi P
\ﬂ_l
piecewise constant ~

L
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2D Discretisation (7)

face functions

Zjj = NiVXWj — ]\VjVXWij
Y

linear dependence
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2D Discretisation (8)

face functions

Eij = NLVXW] — N]VXWL

\ J
Y

linear dependence
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2D Discretisation (9)

face functions

Eij = NLVXW] — N]VXWL
- _

Y

flux through the face /s {;

(xl- - Xj, x; = xj,0 - fz)

decaying to O at the
neighbouring faces

B
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2D Discretisation (10)

bq

S2D
MFE  ~ Vhpg
V;p;q S
prq
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2D Discretisation (11)

Ampere's law

CMEECG = j

Ohm + Faraday-Lenz

magnetoquasistatic formulation

~

~nqfern feda 0
CM{ECA + MF— = Js
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Overview

magnetoquasistatic formulation
discretisation in space

finite-element shape functions

boundary and symmetry conditions
reduction to 2D models

modelling of coils and permanent magnets

o0k~
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Coil Model (1)

assumptions

* homogeneous current distribution
* no eddy currents

notice (model)

» there will be an induced voltage !!
« current density not ct when cross-section not constan
winding function Xcoil,q(*) [1/m2] -
« computed geometrically e

2374

° by field solution 1673 1
1154 1
Ncoil .
Js (7_”)» t) = Z )?coil,q (77) iq (t) 84
g=1\ Y, 273 1
Y 116 -
S . =
]coil,q (T, t) ’
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Coil Model (2)

- |n 2D f(x'y! t) — (0,0,]Z(x,y, t))

-

)?coil,U(x: y) =+ €, in Sy 4

551/2

Ne
e .
SSl/Z zZ 1n SU—

< )?coil,U(x»y) - =

N )?coil,u(x» y) =0 inS;p\Sy+\Sy-
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Il

Coil Model (3)
* induced voltage ~ flux linkage L usmez
» which flux is linked? PR TR F e -2
SEEERMPT PP ﬂ 1.5e-005

. 1.05e-005 A

= for a single path 7. 11e-006 |
N o ‘" 4.63e-006 1

¢ — A-ds ' 2.78e-006 -
ds o 1.42e-006 -

4.03e-007
o 1

= for a coill
* integrating along the coll EERNE bt
- average at the coil cross-section -
O - —> [
l/)coil,q (t) = | A(r,¢t) - Xcoil,g (r) dV
/4

LB

e
m|
=
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Coil Model (4)

=in 2D: wcoil,q — f . )?coil,q av’
|74

lpcoil,U = N;

551/2 S

\I1TTg
i \

\W

G

\ZJ1LN

AN
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] v; dV’

nstr
](F; t) — Xcoil,q (F)iq (t)
q=1
nc011
i= ) ig® j Feoitg (P) - i (F)dV"
q=1
\ /
N
Xcoil,iq

j — Xcoilicoil Xcolil = current Pstr (prb);
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Stranded Conductor Model (6) 3 UNIVERSITAT
. d1aljcoilq
Ucoil,g = Rcoil,qlq + dt
l/)coil,q (t) — J)?coil,q (77) 'A(F» t)dV,
|74

da] - - - - /

Ucoil,g = Rcoﬂq q + 2 Xcoil,q (T) " Uj (T)dV
V

da ch;il,jq
Ucoil = Reoillcoil T Xcoﬂ dt
ucoil = Rcoill*icoil +li*omega*Xcoil’*a; % [V] : voltage
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Stranded Conductor Model (7)

field model K
+ stranded conductors v CO”] [ [
+ voltage sources ]choﬂ Rcoil lCOll Ucoil
L. . o . 1
symmetrisation: multiply the circuit equations by — —
Jw

no eddy-current term !
Acpl=]|

Knu -Xcoill ;

li*omega*Xco1l’” Rcoil

I g % coupled system matrix
bcpl=[ 0 ; ucoil ]; % coupled righthandside
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Overview

magnetoquasistatic formulation
discretisation in space

finite-element shape functions

boundary and symmetry conditions
reduction to 2D models

modelling of coils and permanent magnets

o0k~
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Permanent Magnet (1)

scalar and linear permanent-magnet model

B = B, + uH
H=H,+ VB
assumptions

» resulting flux approximately aligned
* operation point in linear range
B = §r + ,uﬁ

—

H=H,+vB demagngtisatibn <

-
-
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magnetoquasistatic formulation:

H = Hy +vB Him ﬁ By ¢
H=Hy, +VvWxA
Vx(vWxA) = ] — VxHy, vB %
——
fm magnetisation current
in 2D:

d [ 0A,\ 0 [ 04, OHpy OHp
() "oy (%) e

 Ox d0x dy dy 0x T dy
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Permanent Magnet (3)

discretisation:
RHS = jfm-Wi dv’
|74

RHS = —ijﬁm-v_v’i dv’
v @(Vxﬁ)-v_v’= V- (BxXW) + ¥ - VX

RHS = fv- (Wi xHy) dV' — fﬁm - Vxw; dV’

<
<

ﬁm . VXV_V)i dv’

P

-n

wn

I
~—S—

=

x
. i)

Q.
“

I
<\

= 0 when no permanent magnets at the model boundary
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Permanent Magnet (4)

discretisation (in 2D):

RHS = —jﬁm - Vxw; dV’
V

Z

RHS = f 1 (aNiH N )dV’
) e, \oy ™ ox ™Y
|74

ON; dN; ,
RHS = @j (Wme — EHmy) dS
vV
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Overview

magnetoquasistatic formulation
discretisation in space

finite-element shape functions

boundary and symmetry conditions
reduction to 2D models

modelling of coils and permanent magnets

o0k~
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