Overview: Design of Accelerator Magnets
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Magnet Types

Iron dominated Coil dominated
Class 1 Class 2
Normal Permanent large area, Small area
conducting Superferric magnet “‘medium” field high B, high J
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Solenoidal Magnet System for CMS (Superconducting Class 1 Mz
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String of LHC Magnets in the Tunnel (Class 2 Magnets)

{p}Gev/c = 0.3{Q}e{R}m{Bo}T

SO e

High field and high current density
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LEP Dipole (Iron Dominated Magnet)

B 015- 029
B c00- a15

N-1=4480 A B =013T Bs=0042T Fill.fac. 0.27
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H Magnet (LHC Transfer Line)

Bl o015- 029
B oi0- ais

N 1=24000 A Bi=03T Bs=0065T Fill.fac. 0.98

Cﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23




Super-Ferric H Magnet

B 255- 28
B 250- 265
Bl 236 250
B 221- 236
Bl 206- 221

B 191 - 206
B 177 1.9

162« 1,77
147 - 1.62
133 - 147
118 - 1.33
B 103- 143
B 033- 1.03
. 074- G99
P as53- a.74

B o4a- 058
B 029- caa
B cia- 029
Bl c37- a4

N - 1=96000 A B =118T Bs=026T
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Example: SIS 100 Magnets

Parameter Unit Value
Max. field strength B T 1.9

Max. current kA 13.1

Ramp rate Tis 4

Magnetic field quality +6x10°*

Polyimide insulations

Sc strands

The newly developed fast-cycling superconductiong dipole magnet
for FAIR’s SIS100 synchrotron.
Image credit: Babcock Noell GmbH.

NiCr wire
CuNi tube

Coil
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Cos O (Warm iron yoke) - Tevatron Dipole (Coil Dominated Magne
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LHC Coil Test Facility for LHC (Based on HERA/RHIC Magnet Tec

|&a)(™

B 255- 29
Bl 250- 2865
Bl 236- 250
B 221- 236
B 206- 221
B 191 - 206
177+ 191
162+ 177
147 - 1.62
132- 147
118« 1.32
103 - 1.18
N c0s8- 103
G.74 - G383
) 059- 074
B c44- 059
B 029- a4
Bl o15- 029
I cao- ais

N - I=960000 A B, =833T Bs=777T
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Conventional and Superconducting Accelerators Magnets

=» Normal conducting magnets
— Important Ohmic losses require (water) cooling
— The field is defined by the iron pole shape (max 1.5 T)
— Easy electrical and beam-vacuum interconnections
— The voltage drop over one coil of the MBW magnets =22V

=» Superconducting magnets
— The field is dominated by the coil layout
— The maximum field is limited to 10 T (Nb-Ti), 14 T (Nb,Sn)
— Strong electromagnetic forces (400 tons/m in MB for LHC)
— Quench detection and magnet protection system is required
— Cryogenic installation (1.8 K)
— Electrical interconnections in cryo-lines

= ¥o|tage drop on LHC magnet string at nominal ramp rate (154 MB) 155
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A Multiphysics Problem

=>» Beam physics — H. Schmickler
=» Material science: superconducting cable, steel, insulation

- M. Eisener (technical SC LTS), A. Ballariono (technical SC HTS), R. Piccin
(dielectric insulation), S. Sgobba (steel), G. Le Bec (permanent magnets)

=>» Mechanics and large-scale mechanical engineering
- F. Toral (SC magnet design — mechanical), S. Izquierdo Bermudez (fabrication)
=» Vacuum technology
=>» Heat transfer — R. van Weelderen
=>» Metrology and alignment — P. Bestmann
=>» Field measurements

- M. Buzio (overview), M. Liebsch (mapping techniques), L. Fiscarelli (coil

magnetometers)
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A Multiphysics Problem

=» Electrical engineering (power supplies, leads, buswork, quench
detection, and magnet protection)

- S. Yammine (powering infrastructure), E. Todesco (quench)
=» Analytical and numerical field computation

- H. De Gersem (field computation using FEM), S. Farinon (SC magnet design),
A. Milanese (normal conducting magnet design), E. Todesco (hysteresis and
dynamic effects)

=» Bringing it all together

- A. Bernhard (insertion devices), G. Le Bec (permanent magnets), L. Bottura
(collider magnets), J. Borbough (injection and extraction), F. Toral (low
emittance rings)
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Comparison NC and SC Magnets (EM-Design)

= Normal conducting (iron-dominated) magnets
— |deal pole shape is known from potential theory
— One-dimensional (analytical) field computation for the main field

— Commercial FEM software can be used as a black box

— Hysteresis modeling, eddy currents, and combined 3D effects

=» Superconducting (coil dominated) magnets
— Accuracy of the field solution
— Modeling of the coils
— Decoupling of coil and yoke optimization
— Filament magnetization

— Dynamic effects (interfilament and interstrand coupling currents)

— Quench simulations

(iE/R_NWI Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23




The CERN Field Computation Program ROXIE

= Automatic generation of coil and yoke geometries

— Feature-based design

'~ FEM-domains

=» Field computation especially suited for magnet design
(BEM-FEM)

— No meshing of the coil, no artificial boundary
conditions

— Higher order quadrilateral meshes, parametric
mesh generator, morphing

— Modeling of superconductor magnetization
— Permanent magnets

— Quench simulation of long accelerator magnets
(2.5 D)

=» Mathematical optimization techniques

— Genetic optimization, Pareto optimization, Search
algorithms

=> Simulation of magnetic measurements
=» CAD/CAM interfaces
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New Version 2023

gw ROXIE 23 Launch Event

New in ROXIE 23

Improved Pre-Processor

CCT Coil Generator

Search-Coil Design CCT M a g N ets

Strongly Curved Magnets

Python Interface

Model and Materials !)atabase Sea rch_COll Des|gn
Eddy Current Calculations

Maxwell Stresses

and much more Cu rVEd Magnets

Conceptual Coil Design

Shape Optimization % =)

Persistent Current Calculation : ' A M a XWE | | 'St re S S e S

Quench Simulation @ y ( . =

Coil-Head Optimization ) :

enspacaip R Improved Pre-Processor

Inverse Field Computation

Data-Driven Modeling

Product-Cycle Engineering 4 y -7 _7 5: Ed dy-CU rre nt SOlver

Join us at the ROXIE Users Workshop at MT28

Aix-en-Provence, 11.09.2023, 14:00 - 16:30
Program and registration at https://mt28.aoscongres.com/roxie-users-workshop!en
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Analytical and Numerical Field Computation

Stephan Russenschuck Wiley-VCH
|

Linear algebra

Vector analysis
g Field Computation for
Harmonic fields Accelerator Magnets

v v VY

Green’s functions and the T
method of images

Complex analysis
Differential geometry
Numerical field computation

Hysteresis modeling

v Vv v Vv

Coupled (thermal, magnetic,
electric) systems

2

Mathematical optimization
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New Edition, Summer 2024

=>» Field harmonics
— Toroidal harmonics
— Pseudo-multipoles
=» Coil Magnetometers
=>» Stretched-Wire Measurements
=» Synchrotron Radiation
=» Faraday Paradoxes
=» Iron-dominated magnets
— Wigglers and Undulators
=» Coil-dominated magnets
— CCT Magnets

— Strongly curved magnets

Stephan Russenschuck

Field Simulation for
Accelerator Magnets

Theory of Fields and Magnetic Measurements

Volume 1

Stephan Russenschuck

Field Simulation for
Accelerator Magnets

Methods for Design and Optimization

Volume 2
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Mathematical Foundations of Magnet Design

Maxwell Equations

Integral Form Local Form Global Form

| T

Laplace’ s Equation Curl-Curl

Equation

Harmonic Fields Green’ s Functions Weak-

‘ Forms

Kichhoff’s
Lumped circuit | Field quality in The field of Theorem
calc. of NC Accelerator magnets line-currents
magnets Coil-dominated ‘

magnets
FEM BEM DEM
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Main Field in Normal Conducting Dipole

Ampere's law

f _H-dxzf_]-nda;
" oo o

Y ”
. ﬂron s°

: : f H—dr+f H-d:zf_ J-nda,
" ," n L?;'.mn jﬂﬂ ﬁc-uil

r “ Hiron Siron + Hoso = N I,
dr‘[// 1 1

4 —— Biron Siron + —Boso = N I,
of Zod 1o iron 2iron 1 0 =0

7/ —
,/ t N ~ . BD —_—
L 50
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Dipole with Varying Cut-Section
n

_ H;
<< K pi Qg
— ¢ A
®
P =NI="Vm
<< T Z 0 Qi K
] [
— w
Ohm's law: I} 1" aK:U
- :
S0
NI=o — +
zZ: a; Uz (CLO 240 zz a; Nz)

Conclusion: Magnet with large air gap is stabilized against variations in permeability
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Permanent Magnet Excitation

B, oM

I B I
} Ncodfmium Ir
> - — 717 -4 - -+
\
- - -
ﬂm ) Samarium Cobalt
- |
-
\
SO H kAm -1(;00 ]
Sm —poH "t 2 i ds de o 0z o
™~ %
Bmam = Bopag = pnoHoag
p HOSO = —Hmsm
—Hoso
Bmamsm = poHoao—/ —
m
Conclusion: Operate PM in
its B,H,, maximum Hy = (amsm)(=BmHm) — \/Vm(—BmHm)
ro(aoso) 1oVo
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Optimal Position of Permanent Magnets

1Bl (T] e
1.4 - e e
1.326
— B 4 B
- 1.252 [ l f—»— — e
1.178
=
1.105
=l
- 1.031
0.957
]
0.884
0.810
0.736

R R e e T T R I ] ‘ﬁ.-),'

Magnetic
Scalar
Potential

RRRRRERE
A
Z

Conclusion: Do not bother with reluctance models —use FEM codes
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Mathematical Foundations of Magnet Design

Maxwell Equations

Integral Form Local Form \ Global Form
Laplace’s Equation Curl-Curl
///// Equation
Harmonic Fields Green’ s Functions Weak-
‘ Forms
Kirchhoff’s
Lumped circuit Field quality in The field of Theorem
calc. of NC Accelerator magnets/ line-currents
magnets Coil-dominated ‘
magnets
FEM BEM DEM
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Solving of Boundary Value Problems

1. Governing equation in the air domain
V2A, =0,

2. Chose a suitable coordinate system

22 A 0A., 0%A
2 z z z

:0
g dr2 T a7 T d? ’

3. Find eigenfunctions and incorporate

some knowledge. Coefficients are not known yet | ) .
40119 = L, 7" (Ansinne + Bycoone) L
= TN

4. Calculate the field components

B,(r,¢) = %ai; — E nr"_l(./i'ln cosng — By, sinng),
n=1
dA ©
By(r, @) = — a: — _ :lnr”_l (Ay sinng + By, cosng),
n:
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Solving of Boundary Value Problems

1 dA; E Hf‘n_l (Aﬂ COSNP — B, sin ﬂfp)f

n=1

Br(?" (P) T‘ a(P

5. Measure the field on a reference radius and perform Fourier
analysis (develop into the eigenfunctions). Coefficients are known here.

B, (ro, @) Z (Bu(ro)sinng + Ay (rg) cosng),

6. Equate the known and unknown coefficients

1 —1
AH = nrg lA (T{}) Bn = F:_IBH(TD).

7. Put this into the original solution for the entire air domain

Az(r, @) = — i o (L)n (By(rg) cosng — Ay(rg) sinng).

n=1 " \T0
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Rotating Coil Magnetometers

8 mm

Induced Voltage
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The Electronic Rack
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Mathematical Foundations of Magnet Design

Maxwell Equations

Integral Form Local Form Global Form
aplace’ s Equation The Curl-Curl
\ Equation
Harmonic Fields Green’s Functions Weak-
‘ Forms
Kirchhoff’ s
1D Calculation of  Field quality in The field of Theorem
NC Magnets accelerator maghnets line-currents
Coil-dominated ‘
magnets
FEM BEM DEM
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Rutherford (Roebel) Kabel, Strand, Nb-Ti Filament
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Expanding the Green Function

LR

ol (=T
(l‘) 27T ( Vref )

This is a H: cohomology solution:
curl-free but cannot be expressed as
the gradient of a scalar potential

e\ Mol g L o
]n( )+2H2n(rc) cosn(p — @c)
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Conclusion: Iron yoke contributes about 20% to the dipole

field (and much less to the higher order harmonics)
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“Allowed” Multipoles for fully symmetric magnets
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Sources of Multipole Field Errors

-
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Superconductor Properties

2
¥

E/Ec

=» Hard Superconductors (Type 2)

— Magnetic field can penetrate sl S

— Magnetization with hysteresis

- . 0 0.2 0. 0. 2
=>» Critical current density J, ST

— Current density at spec. electric field (E_= g\
1 uV/cm)

=» Critical surface

— Dependence of J_.on Tand B

Temperature <> =\ <
Margin
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Peter Lee's Jc Tables https://fs.magnet.fsu.edu/~lee/plot/plot.ht
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Enthalpy Margin {mJ'cm3)

- -
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o 2475 - 1162
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)
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= :_;:: = B2.79
- o [
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Enthalpy reserve Average heat reserve (copper, SC and
Heat capacity of the helium) in the cable (slow losses). No
copper/SC strand until heat transfer.
guench
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Excitation Cycle
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Bean’s Critical State Model (CSM)
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Bext

{ ) () {)
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Screening Field in a Slab

Coffey, 1967
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Magnetization in SC Slab, Measured in LHC Strands
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Superconducting Magnetization (Hysteresis Model)

—strand measurement initial state curve

-0.04 — strand magnetization
—filament magnetization

16 12 08 04 00 04 0.8 1.2 16 ‘
B[I]
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Field Quality Calculation from Magnetization

‘1 folm r—r’
A.(r) = x grad s In [ ————
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Field and SC Magnetization

B3(M)




Vector-Hysteresis in Combined Function Magnet (MCBX)
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Eddy Currents in Rutherford Cables

Pitch = 100 mm

Ns = 36

Nodes = 30 000 / meter

LHC main dipole = 4.2 km cable

126 Million Nodes

Nodes: 2 Ns * Nb + Ns
Nb = L/ pitch * Ns
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Field Generated by ISCC
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Computation relying on empirical parameters such as
RRR, and adjacent/transversal contact resistances in the cable
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=» Quench: Transition from SC to normal conducting state caused by
beam losses, conductor movement, eddy currents etc.
=» Propagation:
— Normal conducting zone generates Ohmic heat

— Quench- und temperature distribution determined by loss-mechanisms
and cooling capacity

(r

va
-
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Quench Mechanism and Magnet Protection

58
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Switches and Dump Resistors

Heater failure and switch failure are not permitted
Anekdote: Dynamite switch
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Quench Simulation (Multi-Physics, Multi-Scale)

#

TN

74

Margin
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Challenges |

=» Multiscale

— Filaments 6 um

Field computation

— Strands 1 mm y
B PLoss L
— Cable 0.1 m .
— Magnet 10 m Electrical network
F Y
— String 3.2 km 'B iPDhm [
= Multiphysics Thermal network
=» The smallest time constant determines I T R
the Runge-Kutta step v v v
Critical surface model
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Challenges II: Material Parameters
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Validation

14000 T T T T 350
Simulated Current - RRR=200 with losses
Simulated Current - RRR=100 no losses ===
Simulated Current - RRR=200 no losses e ..
Measured Curmrent .
12000 [- Simulated Temperature - RRR=200 with losses 7 300 EI I Ipl rlcal paral I lete rS.

Simulated Temperature - RRR=100 no logses --------
Simulated Temperature - RRR=200 no losses oo

10000

| 0 - RRR
- Ra/Rc

1150 - IFCC effective res.
1 - heat conductivity

- heat capacity

0 1 1 1 Il = 0
0 0.1 0.2 0.3 0.4 0.5

tins

=» Different families of parameters yield exactly the same observable I(t)
=» More than one solution exists
=» Care must be taken to model

— all relevant phenomena

— using realistic material parameters

%E/R;‘lwl Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23




Our Test and Measurement Environment (SM18 and 311)

Nobody believes in the field
simulations, but the field
computation expert himself.

......

e i
I —— f-luuxi% it
[INT A gy

Everybody believes in the
measurements, but the : o
measurement engineer himself. S FY  SX -
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Quench Simulation

Challenge

Model all relevant physical phenomena with adequate accuracy so that we
can be confident to simulate the internal states of a quenching magnet and
understand its behavior.

Validation

Measured quantities can be reproduced with all material- and
model-parameters within their range of uncertainty.

Extrapolation and Introspection

If the above criteria are reached, extrapolated results will match
measurements without adaptation of material- and model parameters. It is
then also possible to simulate the internal states of the magnet that escape
measurements.
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Introspection (Voltage Ripples)

Outer (1) Inner (2)
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Defect on Quench Heater Circuit
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Defect on Quench Heater Circuit
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Defect on Quench Heater Circuit
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Bringing together Simulations Tests and Magnetic Measuremen

Physical object (magnet)

Magnetic flux density in
the magnet bore

Capture noise
(random, systematic)

Field

Transducer

Read-out noise
(electronics, maiinly

Raw signal L
voltages
( ges) AD-conversion
* - ——— Digital integration,
Drift correction
Processed data (fluxes)
' - - - — - - Modelling,
Calibration,

Approximation errors

2 & .
Bu(ro) =~ RkE By (ro, i) sinngy.
=1
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Bringing together Simulations and Magnetic Measurements

Manufacturing
tolerances/errors

Modeling errors I— - Num. magnet model (design) * Physical object (magnet)

Num. magnet model (as built)

QA

— Magnetic flux density in
Approximation errors the magnet bore
—————————— >
Discretization errors
Capture noise
Numerical errors | == == == =——— »  Prediction Solver :
Post-processor Field
— Transducer
Magnetic flux
density in Q
- —-———- | Read-out noise
Observation .
function F\{/i‘a’as'ggal
( ¢ ) AD-conversion
* = ————— Digital integ_ration.
Processed data (fluxes) Drift correction
v v
X X
Simulated 27?7?77 Measured
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Bringing together Simulations and Magnetic Measurements

Physical object (magnet)

Physical state variables

Prediction Observation function

Field
Transducer
Avatar B(r) = _/r (B(r') - n') grad o u*(r',r) dd’
—fr (0" x B(r') x grad g u”(r,r)da’.
l )
|
Quantity of interest Comparable quantity

Weighted least-
squares

Inverse field problem
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The Observation Function

= The observation function s: B(r,t) = U(r,t) is determined by modelling the magnetic
measurement technique which allows including calibration and the sources of uncertainty:

— Modelling errors (neglect of temperature dependent
— Approximation errors (coil parameters approximated by surface and radius)

— Calibration errors (e.g., errors in the surface and radius measurements)

= The inverse observation function s~1: U(r,t) - B(r,t) may not exist

’om 3 : : ; : : : " Coil couples with B, and B,
: O S v

i WS v

MRBSHERM

= The observation function allows the combination of different transducers (sensor fusion)
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Bringing together Simulations and Magnetic Measurements

Physical object (magnet)

Prediction Observation function

Quantity of interest

Maximum a
posteriori

>

3D Field inversion
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Model-Based Systems Engineering

Engineering
Generatiom
System-

Design Software
Numerical Models
Measurement Data
DAQ & Analysis

Software

Physical Objects

System Models

Model-Based Systems Engineering
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Field Description I-IlI

Stephan Russenschuck, CAS, 2023
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A Little Self-Test

= What is a vector? An arrow, a tuple of numbers, a quantity having
direction and magnitude, a solution of a linear equation system, a
contravariant tensor?

= What is the difference between coefficients, components, and
coordinates?

= We know (from school) how to add vectors represented as arrows by
means of the parallelogram law. Why not add the position vector (units of
meter) and the force vector (units of newton), represented by an arrow at
the tip of the position vector?

= What are field lines
=» What are magnetic fields

=> We say that fields are linear. So is the field in a sextupole non-linear?
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Mathematical Foundations of Magnet Design

Maxwell Equations

Integral Form Local Form Global Form

| T

Laplace’ s Equation Curl-Curl

Equation

Harmonic Fields Green’ s Functions Weak-

‘ Forms

Kichhoff’s
Lumped circuit  Field quality in The field of Theorem
calc. of NC Accelerator magnets line-currents
magnets Coil-dominated ‘

magnets
FEM BEM DEM
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Faraday’ s Law (Inner Oriented Surface, Voltage along its Rim)

(st ) = —%ﬁb(ﬁ)

The potential to induce a voltage (electro-motive force)

B. Auchmann, S. Kurz and S. Russenschuck, "A Note on Faraday Paradoxes," in IEEE Transactions
on Magnetics, vol. 50, no. 2, Feb. 2014
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Faraday Paradoxes

Conducting

Conducting disk
plate

Sliding contact

Switch
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Faraday Paradoxes

Convective derivative

JB

G =[ S dat [ (v gmd)p

—(x(r,t)) = 5, + (v- grad )x dt

0B
__f()at da—|—/ curl(va) da

oB
== | 5 da+/ (vp X B) - dr

Ohms law for moving media

o = of (t+ At)

9B
en=-[ 5 da+f (Ven X B) -dr,

Terminal voltage (measured)

ulzz—%-k ((Vm—VP)XB)-dr.
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Decision Tree for Induction Problems

yes

>

y/ diff.

7\ motion

diff, yes

motion

no

When slip rings or bulk materials are present, always use the local Ohm’s law. The symmetry of the device must allow
to use “arbitrary” integration paths, otherwise a boundary value problem must be solved. The “naive” application of the

“flux rule” works in cases where the loop is made of a thin wire.
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Ampere’ s Law (Outer Oriented Surface - Current Crossing)

Vm(0e) = 1(F) -

The current needed to cancel the longitudinal field component
(magnetomotive force)

Cw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23
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Gauss Law (Outer Oriented Volume - Electric Charge Influenced)

F¥(97) = Q(7)

The capacity to induce charge

C\E/RW Stephan Russenschuck, CERN TE-MSC-TM, 1211 Genev_



Magnetic Flux Conservation Law (Inner Oriented Volume)

Conservation of flux

DY) =0
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Maxwell’ s Extension

<
>~
<
|~

Ampere Vm(aﬁ) _ I(ﬁ) d T(ﬁﬁ?’) Rate of Change of

T E charge

%E/RW Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23




Maxwell’ s Equations in Global Form

d
Ampere Vm(0a) = I(a)+ &\U(a)
Faraday U(aa) — —%Cb(a)
Flux conservation (D(@V) — 0
Gauss v oV) = Q(V)

Conservation of charge / Kirchhoff law
d
Vm(9(0V)) =0 =1(0V) + 7Q(V)
The current exiting a volume is equal to the negative rate of the charge in that volume
For it is unworthy of excellent men to lose hours like slaves in the labor of calculation

which could safely be regulated to anyone else if machines were used.
Gottfried Wilhelm Leibniz (1646-1716)
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Mathematical Foundations of Magnet Design

Maxwell Equations

Integral Form Local Form Global Form

| T

Laplace’ s Equation Curl-Curl

Equation

Harmonic Fields Green’ s Functions Weak-

‘ Forms
Kirchhoff’s

Lumped circuit | Field quality in The field of Theorem

calc. of NC Accelerator magnets line-currents

magnets Coil-dominated ‘

magnets
FEM BEM DEM
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Maxwell’ s Equations in Integral Form

d
H.-dr = -da+ — D -da,
3./ ﬁf’l dt Jor
E-dr:—E B - da,
9./ dt Jor
?VB-da:U, 4
d
Vm(0) =1(«) + Y (&),
Eﬁ”D.da: N)VpdV. P dt
U(de/ ) = —Edb(ﬁ),
dd7) =0,

Y(07) = Q(¥).
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Electromagnetic Fields

Electric current | 1A I(o
Electriccharge | 1As Q¥

= [,)-da 1Am™2 Electric current density
= [y p-dV || 1TAsm™ | Electric charge density

Global quantity | Sl unit Relation Sl unit Field
MMF 1A V() = [,H-dr || 1Am™! Magnetic field
Electric voltage | 1V U(.#) = [LE-dr 1Vm™! Electric field
Magnetic flux 1Vs &) = [, ,B-da || 1Vs m~2 | Magnetic flux density
Electric flux 1As Y(«) = [,D-da | 1A sm~2 | Electric flux density

)

)
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Flux Tubes of Mother Earth

What is a magnetic field?
What is more fundamental H or B?
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Earth Magnetic Field (better representation)

Erdmagnetfeld

TN WAR ALLEN BELT
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Different Renderings of the Same Vector Field
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Oriented Manifolds

Set Vector space
Boundary 0. | P

Affine space
Contractable
(or not)

Topology
Inner and outer orientation
09:00 or 15:00 ?
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Inner and Outer Oriented Surfaces

_,H'dl‘z ~H-tdS:/~Jnda
0.9/ 0.9/ o
~\ A
» I
d D
= .f
® =
45 &
C—~—=C
Outer oriented
by the current D, = /ﬂ B -nda
l
%ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23 -
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Inner and Outer Oriented Surfaces

b

~H.dr: ”thS:/:Q{”Jnda x%y yji\

0./ 0.o/

== ="y Inner oriented,

®© g because flux is a
) measure for the

ANA
\

== = voltage that can be
L L o generated on the
| rm
"
Embedding into oriented ambient D, = / B -nda
<

space (Origin, Basis)

%E/R;\lwl Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23
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Consistently-Oriented and Embedded Manifolds

Set Vector space

l_,

Affine space + Origin + Basis

\ 4

Topology,
orientation

Embedded,
consistently inner and
outer oriented

Bruno Touschek (1921-1978)

(%@;\ Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23
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Coordinates and Metric

Origi Basi
PeEA -5 reV, 28 (x,...,x") eR".
93
91
Set Vector space —
Y
1 cosa cosp d,
[G] =] cosa 1 cosvy
cosp cosy 1 Affine space + Origin + Basis
u Topology Inner product
T space
b Metric space
Orthonormal
basis
Applications: Calibration of Helmholtz coils, calibration
of 3-axis displacement stages and robots
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Tangent Space on Differential Surfaces

Set Vector space —

l_,

Affine space + Origin + Basis

a

Coordinates

}

Differentiability

}

Tangent space

\ 4

Inner product
Topology space

A 4

A

\ 4

—  Metric space

Orthonormal
basis
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The Required Mathematical Structure of Vector Fields

Required: Orientable manifolds, origin, coordinate frame, metric, smoothness
No switches, no Moebius strips, no internal boundaries

E3

Oriented Set Vector space
Euclidean

Affine Space

Affine space + Origin + Basis

P

Coordinates <

}

Differentiability

}

Tangent space

\ 4

Inner product
Topology space

A 4

\ 4

a

— Metric space—

A 4

Vector fields 1

v Orthonormal
Basis field “ basis
a:Q — R :r—a(r):alr) = (a(r),d(r),a’(r))
%ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23 -
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Constitutive Equations

B = uH, D = ¢E, J = xE,

Permeability: P] 1 VSA_I m—l 1 Hm_l,
Permittivity:  |e] = 1 AsV1 m_l,

] =1AV Im1=10"1m™"

Conductivity:

Linear (field independent), homogeneous (position independent),
lossless, isotropic (direction independent), stationary

H = HcHo, € = €ré€o,

o =41 x 1077 Hm™?, g = 8.8542... x 1072 Fm™!,
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Hysteresis

106 Rotation
80%|Ni-Fe . BI‘ B - -
10°
||| [5p% NiFg
HoMs
t 104 Low Irreversible
’_‘_ carbon Boundary
Hr o NFe L Displacement lm,
10° Reversible Boundary Displacement A/ N T _y--- MoH
Mild steel . > -
H
102 ¢ /
AlINiCo
10 [] e Major hysteresis loop
Ferrite Eall'-;;
1 [ /=—— ﬁ Hd
| 10 102 107 104 107 108 Afm 107
H —

B = joH + Pm(H) = po(H+M(H)),
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Surface Charge and (Fictitious) Surface Current

Ay Al

h N

AQ
Al

Thin layer with pmag Thin layer with J
AQ = AzxzAydpmag Al = JdAI

pmag — o0 and d — O J—o00and d — 0
Omag — dpmag o = Jd

[omag] = 1 V:s/m? [a] =1 A-m-1

Fictitious quantities to define boundary values
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Continuity Conditions (1)

[ Hz-dr—l—/ Hl-dr=/ (H1—H2)-dr=—f (n X &) - dr
S A S S

(HH—Hp) +An = —n X «.
nXx (nxa)=(n-&)n—(n-n)ag =—«

a =nx (Hy —Hy) =nx[H]»

Hi=Hp = nx(H;—H))=0
%E/RW Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23
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Continuity Conditions (2)

B-da=0 0 — 0
oV

/ O'magda
a

/Bl-da1+B2-daQ
a

= /(Bl — B>) -nida
a

Holds for any surface a if

. 05 omag = (B1—B2)-n
12 = [B-n]qo
Bhi=Bn2 = (B1—-B) n=0 = [B:n];,=0
(iE\/RTDI Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23 -




Surface Current and Surface Charge

\\\ ' N e
~ \ | [/ -~ —~ |/ o
/‘ T 1 o _____ﬁ(;\/)'i_/r“;bj\ o (’\/,(7\—7;“;‘\
Y /1
/ / _/ _-\\\ .-f / }ﬁju q\\\\ .“'\ \)\
f v '|,++U.'~§ ¥y |
N ) A\\G /)
N SN g
Lq{_v__‘:i/‘ B N I S |
— 1\ & ) O
/ N DA N
H B M
[LH-d
lim =(H; —H3) xn=—«
c—0 C
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Continuity Conditions (3)

Bu Ha
No surface currents: tanx; B, MB, _ MmiHa _ H1
- Be  ,, He  y,Hp
tanay ge  Japs H2He 2
Ho > U1

Cﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23
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CERN

Continuity at Iron Boundaries
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Stacking Factor for Yoke Laminations

HY = H{® = H;

Y t = ———— (lpepHt + lopuoHy
< ] lre + 1o ( ° )
N
g -
N N B = B =B,
5 | L H, = lew + 1 (lFef + ZOM—Z>
Fe 0 0
RS
| [
o \ = __‘Fe
S o lFe + lo
ke _
* = Au+ (1 = Nuo
1
A 1—A
p Ho
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The Homopolar Generator

dF=1drxB

Conducting disk

Sliding contact

Einstein: All physics is local
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Mathematical Foundations of Magnet Design

Maxwell Equations

Integral Form Local Form Global Form
Laplace’ s Equation The Curl-Curl
/ Equation
Harmonic Fields Green’ s Functions Weak-
‘ Forms
Kichhoff’s
1D Calculation ¢f  Field Quality in he Field of Theorem
NC Magnets Accelerator Magnets ine-currents
Coil-Dominated ‘
Magnets
FEM BEM DEM
(iE\/Ri‘IDI Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23 -




Space Curves (as Mappings)

Beam orbit
S 1 — Ez:t—r(t)

r(t) = x(t)ex +y(t)e, + z(t)e;

dr(t) _dx ~ dy ~ dz
TR A TR A The

T(t) := v(t) = Ty(t)ex + Ty(t)ey + T:(t)e;

dv(t) ~ d%x d?y d’z
a 2= gpet gt gpe

C\ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23 _



Freney Frame of Space Curves

r’ = dr/ds

/ Rectifying Plane

7 A Osculating Plane ,
T B
“"--.\x
r=r1(s+ As) —r(s) N Normal Plane

r(s + As R

( ) K P
s) N r(s)

r'” 1 7 I 7
T’ =«xN, N'=7tB—«T, B'= —1N
(iﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23 -
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Nested Helices

_ Rep+ Z/(p)e;
VR + (2 (9))?

B RZ"(p) e, — RZ/(¢) ep + R%e;
V(R2"(9))2 + (RZ'(9))? + RY’

_ —R(Z'(9))> —R%e, —RZ"(9) Z'(9) ey + R?2" () e,
V(R? +(Z/(9))?) (RZ"(9))? + (R (9))? + R%)

‘e

\ :-:}?A 4

Y
; \‘_:\“ 4

s 0 o0 dBY ¢,

A DAY

O\
s \V

N
%

a

A
).A [ 4

y A
'

v/ /1//]

44(’;/

oy

vy

\ 4
\ 4

r(¢) = Rcos(@) ex + Rsin(¢@) ey + z(p) ez, z(@) = Rtan(a) sin(ne) + %
v(p) = Reyp+Z'(¢) e; = Rey + (nRtan(a) cos(ng) +9) e;

C\ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23
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Geodesic Strips

D=1tT+«xB

T’ 0 Kn —Kg T T’ 0 «x 0 T
n |=| —x, O T n N [= -« 0 = N
!
T =DxT, N'=D xN, B'=DxB
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Darboux and Frenet Frames

0 20 40 60deg80
$/N —»
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Directional Derivative and the Gradient

Space curve with r(t) = (x(t),y(t), 2(1))
parametrized such that r(0) =

1-smooth scalar field ¢ : E3 — R : r+— ¢(r)
expressed as ¢(x,y, z), then ¢(r(t)) at
parameter (time) t.

Ovop = % g[(b(r + V)]0 = m o(r +tv) — ¢(r)
v =0 ;
aex¢= 8¢($>?J,Z) — lim (b(a?—I—Aa:,y,z) _¢($,y,2)
Ox Axr—0 A1
_ g . Opdx O¢pdy 8¢% _ .
No= o) =5 @t dy dt T, g~ drade-v
O¢ ¢ ¢
grade¢ = 8—3513 + a_ey + aez
{
Best linear approximation of ¢ over displacement distance dr n

C\ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23 _
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Grad, Curl and Div in Cartesian Coordinates

grad ¢ := 5,8 + @ey + %
9gz _ 98y Igx _ 98z 9y _ 9gx
curlg (ay 0z €x T 0z  ox €y T dx dy €z
. dgx , 98y | 98z
d — | |
V8T oy dy = 0z
%ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23
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The First Lemma of Poincare

curl grad ¢ = curl !la—(pe 1 +ia—¢e z+la—¢e 3]

hioul ™™ hyou?2 ™™ hyoud ¥

_ 1 (P P
" hohs \ouZoud  auBouz ) ™

1 0% ¢ 0% ¢
+ —— ey
hahy \ oudoul ouloud ) ™

1 9% )
_ 7P Ve,—0
* hiho (aulasﬂ auzaul) Cu? '

Ugly and not even a universal proof (orthogonality assumed)

%ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23 -
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Coordinate Free Definition of Grad, Curl, and Div

-d
n- curlg = lim Jous 8 r,
a—:0 ]
. . faf:p’g'da
d =1
V'8 VIED 74 '

=Y

Cﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23
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Kelvin-Stokes Theorem

Smooth vector fields, smooth surfaces with simply connected,
closed, piecewise-smooth and consistently oriented boundaries, and
volumes with piecewise-smooth, closed and consistently oriented
surfaces.

No jump discontinuities (for example,
co-moving shielding devices)

d—/d/d— d d
| g-dr gdrt [ gdr= | gedrt | g-dr

faﬁ(g-dr hm /gdr—llm Aa—/ g -dr

I—)OO I—)DO

= lim Z curlg); -nAa; = / curlg -da.
[=e0 3 o

Cﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23




Gauss’ Theorem

Smooth vector fields, smooth surfaces with simply connected,
closed, piecewise-smooth and consistently oriented boundaries, and
volumes with piecewise-smooth, closed and consistently oriented
surfaces.

I
-dal= lim f da = lim &.V—/ da
oY 5 I—}m Z 5 [—o0 ! i—1 5
I
— lim ) (divg); AV, — / divgdV .
[—c0 b 4

%E/RW Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23 -
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The Boundary Operator and the First Poincare Lemma

V) =D, 9(0e7) = D,

di ldV:/ 1-.:1:/ dr=0,
[y iv curlg ., curlg-da a(a";V)g r

| erad ¢ - da = d¢-dr= =0,
/ﬂf curl grad ¢ - da o grad ¢ - dr 4’|a(a.ﬁf’)

Much nicer than proving it in coordinates

Reversal of arguments yields two important statements (next)

(iﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23 -
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The Second Lemma of Poincare on Contractible Domains

divb =0 — b = curla.

curlh=0 —  h= grad¢.

%ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23 -
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Lemmata of Poincare on Non-Contractible Domains

Surface Volume

Point

‘ solenoidal Vector
g field

irrotati'onal Vector H2(Q)), e.g., Cr = 4_7%2
2 field
uniform ; ;
Scalar H(Q), eg., Hp = 5
field
;Zizlial(rdzn:;in Q in a cylindrical coordinate . Domain bet.w.een oo nested soheres con.
e Az tered at the origin.
I r—r Q
H = r=\r Iz —
Y 2nr (r.9) Dp 2= °R
Y = (re, ¢c)
10 T ) 10, 5
=-— = ‘ divD = - ——(R?Dg) =0
CunHt = Z5p(rile) =0 : : VD = agp R
But ch-dSZIand 2, with fcgradgb-dszo ButfaD-dazQ and faCUHA'da:O
%ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23
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Maxwell’ s Equations in Local Form

H- dr—f J- da+§/ D - da,
f curlg - da—f g - dr, 0 =

Edr—— /Bda

J, divedav=[ g-da i /Bda—(},
Y
_D-d _/ av.
a Hyp
/curlH-da—/ ]+a -da
o ot ' d

curlH=J]+ —D,

[ curlE-da:—f ;B da, aat
o 7 curlE:—a—B,
f div BdV =0, t
4 . div B =0,
[ydedV:[ypdV. dvD=p

%ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23 -
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Maxwell’s House

Faraday complex Ampere-Maxwell complex curl B is ugly !
Inner oriented Outer oriented
v
div
A i
of s : J
A
1 _
curl curl m curlA =]

P T
%ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23




Maxwell’s Facade

1 div pugrad ¢,,, = 0

curl —curl A = J

) podivgrad ¢, = 0
—-curlcurlA =J i 5
o A ]

e V2 = 0

V?A — graddivA =0 curl Leurl A = |
2 \/
o I /‘\ A
div p grad ¢m = 0
O Jom

_________________________________
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Solving of Boundary Value Problems

1. Governing equation in the air domain

VZAE — U,

2. Chose a suitable coordinate system

5 %A, HaAz PAz

0
or? r ™ d¢? '

¥

3. Make a guess, look it up in a book, use the method of separation:
That is: find eigenfunctions. Coefficients are not know yet

Az(r, @) = 2 (Enr™ + Fur ") (Gy sinng + Hy cos ng).
n=1

%ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23 -
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Solving of Boundary Value Problems

4. Incorporate a bit of knowledge and rename

Ay (r, ) = Y r"(Apsinng + By, cosng).

n=1

5. Calculate a field component

. _10A: _ & Ly, -
r(r,(p)—; 90 an (Ay cosng — B, sinng),
n=1
dA; ad
_ _ n—1 .
By(r, @) = — 3 2 nr'(Ay sinng + By cosng),
n=1
N =
\;\\l&\ﬂi"_‘?ﬁ/x;ﬁﬁ NN
N ] S
| | i
! .Hf?ii::::lli{{ir{!._ A
didid i R ML 10 A
kL =\ i
€ — =
%ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23




Solving of Boundary Value Problems

B, (1, @) = %aaf; =) nr" (A cos ng — By sinng),
n=1

6. Measure or calculate the field on a reference radius and perform Fourier
analysis (develop into the eigenfunctions). Coefficients known here.

oo

By (ro, @) = Z(Bn(rg) sinng + Ay (rg) cosng),

Cﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23




Solving the Boundary Value Problem

7. Compare the known and unknown coefficients

1 0A; =
B/ (7, @) " 99 n; n" 1 ( Ay, cosng — By sinng),
B, (rg, @) 2 n(rg)sinng + Ay (rg) cosneg),
1 —1
An = 1 An (?‘[}) , B, = 1—1 Bn(r{]) .
nry nry

8. Put this into the original solution for the entire air domain

Az(r, @) = — i 0 (i)” (By(rg) cosng — Ay (rg) sinng).

Cﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23



Solving the Boundary Value Problem

9: Calculate fields and potential in the entire air domain

00 n—1
By(r, ) = ; (%) (Bu(rg) cosng — Ay (rg) sinneg)
0o ’ n—1
Bx(r, @) = Z (r_) (Bu(ro)sin(n —1)¢ + Ay (ro) cos(n — 1))
n=1 0
) n—1
Burg) = L (1) (Balro)cos(n = 1)g — An(ro)sinn 1))

%ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23 -
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Solving Boundary Value Problems

Take any 2rn periodic function and develop according to

Co ~— .
0 13 (Calro) sinng + Da(ro) cosn).

n=1
Br B‘P By B‘y A, ®m
Bn = Cn D, Cn—1 Dy _1:1?“ _nﬁcﬂ
Ap = D, —Ch D, 1 —Cp—1 nCn —npoDn
Lt} ™0

We can use fields, potentials, fluxes, or wire-oscillation amplitudes as
‘raw data”. The linear differential operators grad and rot transform into
simple algebra in the L2 space of Fourier coefficients.

This is also the foundation for the method of superposition

(iE/R_NWI Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23




Complex Potentials

H= —grad¢ = —a—¢ex — a—(Pey,

0x Ay
0A d0A
B = curl(e;A;) = ayz ey — axz ey .
This implies
dA, ¢ dA; d¢p
S d I
dy Mooy 1 ox 1O dy’

Which are the Cauchy Riemann equations of

w(z) = u(x,y) +iv(x,y) = Az(x,y) +ipod(x,y).

dw JdA; . dp  JdA; dp

7 i — — —1un— = B 'B —: B(z).
(iﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23 -




Complex Representation of the Field in Accelerator Magnets

BI:BrCDSQD—Bq;SiH(P, By:BrsianJqu;msq),

B, +iBy = (By +iB,)e '?.

n=1 o
00 ~ n—1
=By Y () +im(0) (2)
— ro
n=1
%ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23
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Maclaurin Series and the Analytical Continuation

1 d"B,

— n - - -
n! dxn X'

x=y=0

00 y n—1
By(r,g)= Y (—) (Bu(ro) cos(n — 1)@ — An(ro) sin(n — 1)g)

Tgn_l 1 dn_lBy
By (n—1)! dxn-1

x=y=0

300

200

100

yinmm

—100

-200

-300
=5

-300 -200 -100 0 100 200 300
X in mm

C\ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23 _
Nl



Ideal Pole Shape of Conventional Magnets

Cauchy-Schwarz inequality [ (a,b) [<[lalllb]

For the directional derivative |avq')| < | grad q')| |v|

The directional derivative takes its maximum when v points in the
direction of the gradient. Therefore, the gradient points in the direction of
the steepest ascent of @ and is thus normal to the surface of
equipotential.

The flux density B exits a highly permeable surface in the normal
direction. Therefore, the pole shape of normal conducting magnets can
be seen as an equipotential of the magnetic scalar potential.

(iE/R_NWI Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23




Ideal Pole Shape of Conventional Magnets

Cﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23




Ideal Pole Shape of Conventional Magnets

1
2110

Om(r,9) = 57— (Ba(r0) 2xy + A2 (r0) (x* =) ) -

C\ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23 _
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3D Field Harmonics

0001 = w0 f
ot |-
0 |- o [
By @ 100 mm [
0001 |- I
[ 0 -
L b 53@100mm
|- oo -
0002 |- 8
I [
0,003 |- a0 |-
---------------------- By center 0w |- B3 center,
004 T 0 | e
I 1 P | AT T PR FEEEE ST N R S
L] 10 n 10 0 “w ®w mm T ] 18 n w 48 - ® mm T
r— r ’
042 r 0 =
ulo": i wint [ 1
o1 |- i 01 | !
| r L
r
N F !
| ! 0 |- !
.08 = ! E f
- ’ "
1} I 1
i 8 §
| By center 0z - I
0.06 [ s | !
,-" ws By center /
f = |'
0.04 [ | !
& a1 [ ;
' /
8 g
| F y
0z | s [ o
E >
0 0 _ By @ 100 mm
(L T PR DU PN ST P
e L] 10 n » 40 “w @ mm 7
r —»
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Integrated Harmonics

x103. : Local transverse
= — 0.004 .
g . harmonics calculated at
012 |- i different reference radii
o1 f T and scaled with the 2D
T 0.08 ~ T laws
o . 0
B; 0.06 - B.
0.04 ~ i
- — -0.002
0.02 [- L n—N
E ‘ "
YE - .0.004 bﬂ(rl) T\ bﬂ(rU)f
0.02 - ! o
| A BT | | pa l i
300 200 <100 0 100 200 mm 300
wrong




Integrated Harmonics

Ppm(x,y,2) | PPm(xy,2) | 3*Pm(xy,2)
2 . m\As Y, m\As Y, m\As Y, .
Viom(x,y,2) = 0x2 + Jy? * 0z2 =0

2% 25 20
J qu(x,y) + d (Pm(x’y) :f (achm + az¢m) dz

0x2 dy?
20 82¢m a¢m
- (_ 072 ) dz=— 3~

— H,(—20) — Hy(z0) = 0.

The 2D scaling laws hold for the integrated harmonics

Cﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23
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Mathematical Foundations of Magnet Design

Maxwell Equations

Local Form

aplace’ s Equation

AN

Integral Form Global Form

The Curl-Curl
Equation

Harmonic Fields Green’ s Functions Weak-
‘ Forms
Kirchhoff’ s
1D Calculation of  Field Quality in The Field of Theorem
NC Magnets Accelerator Magnets Line-currents
Coil-Dominated ‘
Magnets
FEM BEM DEM
%ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23




Rutherford (Roebel) Kabel, Strand, Nb-Ti Filament

Cw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23




The Field of Line Currents

r e ¢(|r—r'|) grad ¢(|r —¥'|) = —grad ¢ g(|r — ¥,
' — ¢(|r—1')) diva(|r—r'|) = —divya(jr—r|),
curla(|r—r’|) — —curly a(|r—r’|),

VZp(lr—r|) = Vig(r—r|).

Why bother?
Reciprocity; except for
sign it does not matter if
we exchange the
source and field points

%ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23
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Greens Functions of Free Space

Lop(r') = —f(r')

L.G(r,Y)=-6(r—-1),

/ﬁfG(rr’)f /51‘—1‘ V=—f().

Log(¥) = [ LoG(xnY)f @AV =L, / G(r,)f(r)dV

_ Ac(r,r')f(r)dv.
_ , 1
Go(rt') = %ln (%) , Ga(r,r) = 4mtlr — v

%ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23 -
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Biot-Savart’s Law

1
47t|r — /|

VZA = —ug], Ga(r,¥') =

dV"
ol |r—rf| ’

."
A(r) = Ayex + Ayey + Aze, = f—?{; /ﬂy |r](— r)’| dv’

This works only in Cartesian Coordinates

B(r) = curl A(r yﬂ L curl (|r—r"|) dv’

Ailr) = fxﬁqr rr|21k(r ei(r) - e () AV’ 4V"

_ PO QU AT g
A Jy  |r—1'P3

%ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23 -
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Biot Savart’ s Law

But wait a minute: Are we finished? Are we sure that the
divergence of the vector potential is zero as it was required for
the Laplace equation?

divA(r) = ;i/ dw(lrl(_rfg)dV’

/ 1 L. /
— ;—i/fy (](r ) - grad (l —r’|) + |r—r’|dwl(r{)) dv
d

4 Jy
= —f—ﬁ/ J(v') - grad,, (lr_lr,|) dv’
- ﬁf[ (divf’ (|rl(_r2;|) |r_1r,|dwr J( )) dv’
~in e (P = L e

Current loops must always be closed and must not leave the problem domain

%E/RW Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23
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Biot-Savart’s Law for Line Currents

1.-"
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Vector Potential of a Line Current

Au(x,y,z) = yDI/ dz. ygff dzc
e r—7 VAT G

Cﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23




Field of a Line Current (Infinitely Long)

2
z—a+\/x2+y2+(z—a)? _ﬁ+|a‘\/1+x+y

Iim In = Ilim In
ab—teo  z—b+\/x2+1y2+ (z—b)2  ab—otoo —b+|b\\/1 x2—|—y2
x> 4y
C fim TS ) e 2
a,p—Foo —b+b(1+%ﬁ+...) a,b—+co —b+b+x2+f
—4ab

— lim In 5 .
ab—too X<+ Y

I —4ab I 2 + 12
AZ(x.r y) = lim 'ui In 2—'112 P{] In xz T yz .
a,b—+oo 47 X5 + ' 471 X4 + V5
Arbitrarily large but constant
_ Mol x? + 12 _ Mol r
A In| —~— — 1
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Field of a Line Current Segment

I I ®2 I
B(#) = Fol /_g OOy = Hoo cosrxdxx — o (sinap —sinaq)n

47 "5 9 AR 47TR
_ Mol cosa +cosay sina; —sinag N

47 R COS (7 + COS (1

ol (1 1 sin(ap — aq)
~4n (|1’1| |1'2) 1+ cos(az —a1)
_ Hol ( 1 1 ) sin(ay — aq) Iy X Iy
CAr \In| /) 14 [ ] sin(e; —a)
ol n| 4] X

AT (|4 |y (e

%ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23




Field of a Ring Current

AZ

1’ = coS Qcrc ey + sin gt ey

dr’ = —sin pcrc dgcey + cos ¢cre dcey

P | =\ (x = x0)2 4 (v — ye)? + 22

= \/(rcos @ — Tc COS ¢ )% + (rsin ¢ — resin ¢¢)? + z2

= \/r2+r§+zz—2rrccosq)c,

A, (r2) ;uolrc f cos @cd @
/ \/T2+r§+22—2rrccosgoc

Cﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23




Field of a Ring Current

AZ
Ay I/lofi”c / cos gocdgoc
i V24 rE 422 — erccosq)c
B 4rr.
p = (T4 90)/2 e (r+1c)? + 22
T/2 2
A(p(T,Z) VOIT’C 2/ 2sin“ ¢ —1 dy
V(r+re)?+ 22 Jo \/1_kzsjnzlp

- /2 le
2 k) ._fo \/1—kzs'1r121p’

E (%k) = fom V1—Rsin g dy,

a2 = B foror e [(1- 5 )k (Z.0) £ (3

%ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23
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Field in the Return Yoke of CMS

I || || || |

RSN (N WSS W—— —
T s
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Magnetic Dipole Moment

Far field approximation 2
- m = Irgm
olr?msin®  pom sin® (m] = TAm?.
4t RZ  4m R2’

Ap(R,8) ~ L

R=+vr?2+z2andsind® =r/R,

m = Ia,

m:é/%?rxdr,
dm

M(r) = T = < J(x),

%ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23 -
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Measuring the Magnetization of PM Block in a Helmholtz Coil

i (Dp(fh) _ ‘I)h(Ip) S g
ph I I hp

I I m - B([}
Py = 2@p(1) = LB(R,) -2 = 2B
h h h

C\ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23 _
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The Solid Angle and Magnetic Scalar Potential

a0 = | ;(dlxdr’)-egz—/ (r=r)

T
dr’ x (r—1')

oc/ |t —1']3

— —dl

vapressing d® as grad © - dl

B dr’ x (r—1r')
grad® = — | B

I dr/ x (r — v
B =" [ |r—(rf!3 ) — oM = 1o grad g

I

Solid angle (easy to compute) yields the magnetic scalar potential of a current loop

%ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23
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The Solid Angle and Magnetic Scalar Potential

Euler Theorem
(spherical excess)

_,.
@Z/cos'yda:/ (r r)nda’
¥ ¥

R2

) .
tm(f): - (2 X 13)

rirors + (11 - 1p)r3 + (ry - 13)r0 + (r2 - 13)17

%ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23 -
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Elegant Proof of the Imaging Current Method

z A
K1
P 0y
I
T 1“12 X
>
r*
I*
P* Q)
H2
%ﬁw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23




Magnetic Energy

W:-E/H.de Linear !
@V

div(AxH)=H- curlA—-—A-(curlH)

1
I —/H-curIAdV
> v

1 1
—/ div(AxH)dV—I——/A-curIHdV
> Jv > Jv

1 1
[ (AxH)-d —/A-curIHdV
Q/EW( )-da+3 |,

W = 1/ A-curIHdV:l/ A.JdvV
> Jv > Jv

Cw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23
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[, My

r—r/

dv/dv

n n n n

W:ZZ ZW’U S

=15=1

/ Ji(x) - J;(r")

r—r|

|
5
(]
110~
—

n n /
%) Ji(r) - J;(r") /
— E E I;1; / / dvV ' 'dVv
8T /21 /=1 v/ Lilijr —r’|

(). (p
Lij = // Jir) 35000 40 gy
47TII v/’ |r—r/|
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Mutual Inductance Matrix

Coil 1 2 3 4 5 &) 4 3
1 12.601 6.517 | -0.245 0.252 0.478 -0.478 -0.252 0.245
2 6.517 12.601 | -0.478 -0.252 0.245 -0.245 0.252 0.478
3 | -0.245 -0.478 | 0.136 0.027 -0.010 0.009 -0.010 0.027
4 0.252 -0.252 | 0.027 0.136 0.027 -0.010 0.009 -0.010
5 0.478 0.245 | -0.010 0.027 0.136 0.027r -0.010 0.009
6 -0.478 -0.245 | 0.009 -0.010 0.027r 0.136 0.027 -0.010
7 | -0.252 0.252 |-0.010 0.009 -0.010 0.027r 0.136 0.027
3 0.245 0.4r78 | 0.027 -0.010 0.009 -0.010 0.027r 0.136

A coil of multipole order N does not couple into one of order K

Cw Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23
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Nonlinear Circuits (Differential Inductance)

U(t) = — = — .yl
() dt dt dt dt
dl oL oL
— rd = dL = —dI + —dt
d=1 d ol ot
oL dl oL
LI(t) = I+ L -1
(t) (81 i ) ar o
Ld — [, IaL — d_(I) For example,
aI dl machine rotor motion
(i'i/Ri\l)I Stephan Russenschuck, CERN TE-MSC-TM, 1211 Geneva 23 -




Differential Inductance for the MQXY

15.0

12.5

13.0

135

300 140

14.5

120
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Nonlinear Circuits

wz/tum:/; dq’gf))f(r)drzf()t dPU() dI(T) f oy 4o

[(t) ()
_/ —Idl_/ rdrdr,
0

1w w_ 2 [y
W= LV L_W/o 14 1dI

No hyseresis !
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The CERN Field Computation Program

Cockpit 1.1 [fhome/russ/Genetic/geneb

lock_postp.daa]
I

=

a5 ] &20.4 E20.4 &20.4 E20.4 &20.4

[

GAP 2 8.2445

L]

-l ohiective

function
0.18387E+04

100000 L

3 Xhermes - [fhome/russ/analytfortyC_core_saturation]
10000 o s
] Show Labels |
f(1443=1901.0
1000 — Auto-fit |
— T T T T T T T T T T T T T
50 100 150
}\l IS W Full Graph Hodes |
E [Rg={01) 10, 00T s.bbb PHTT I . N
Wersion 1.29/04 of HIGE started E Edges
PLOTTING OF CONVERGENCE: i
F3LINY | CNC Ma Finite Elements |
FIRST OBJECTIVE RED, SECOND ELUE,
THIRD MAGENTZ, ALL OTHERS ELACE ED) - Ansys (L
I Mirtual R Triangles Allowed |
) I Extended
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Objectives for the ROXIE Development

=» Automatic generation of coil and yoke geometries
— Features: Layers, coil-blocks, conductors, strands, holes, keys

=» Field computation specially suited for magnet design (Ar, BEM-FEM)
— No meshing of the coil
— No artificial boundary conditions
— Higher order quadrilateral meshes, Parametric mesh generator
— Modeling of superconductor magnetization

= Mathematical optimization techniques
— Genetic optimization, Pareto optimization, Search algorithms

=» CAD/CAM interfaces

— Drawings, End-spacer design and manufacture
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The Problem Domain
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Shape Functions

Aj(}{) = (X1 + Q2T + 3y, X & Qj Aj(x) — Azj (‘T:' y)

AY) = oy 4 aszy + asy
AR = o) + asry + azys
AB) — 1 + 2r3 + 3ys3

Al Lz ary

AP =1 22 yo v

AB) 1 x3 y3 g
{a} =[C]7H{A} - {A} = [CHa}
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Transformation of Differential Operators

ON,.  ON. 9€

ON,. On

dr  Of Ox

Complicated

dn Ox

% 2\~

_ _ —1

=\ oo | =V
dn on

(5

8"”; (k) ON, ONy ONa |
Zﬁ,l Sl Zklagy))_(ag DE

8'\ N
ZLl k(kal ey
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Collinear Sides yield Singular Jacobi Matrices

N
Y
"I
lII|
— )
| ""-_,.'L r e,
|'__+"'."{.,_ H?
| 7 N
—_ =
J— _'r -'r;rf_“' 1 }_:’)\-. .
- L I__J_—T__
[ =S
80 100 420 440 160 180 200 220 240 260

0 20 40 &0

== |
—— | ]
=y

180 480 200 220 240 280

20 40 &0 80

120 140

100

Note: Bad meshing is not a trivial offence
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Curl-Curl Equation

B = curl A in <2

1
curl— curlA =J in <2
7

1
Hi=0 — —(CUI’|A)><I1 = 0 onlygy
7

Bh=0 — B-n=curlA-n = 0 onlgp
1
[—(curlA)x n] = 0 onl
K ai
[Alsi = 0 on Ty

Problem in 3-D: Gauging

A—A": A=A+ grady
divA' =g

qg= divA + V2

ldivA:O in €2
7

A-n=0 on FH

1
curl —
v

curl A — grad ldivA:J in
3
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Weak Form in the FEM Problem

curll curl A — grad 1 divA=J inQ
1 7

A-n=0 only,

ldivA =0 onlpg,

nx(Axn)=0 onlpg,




Weak Form in the FEM Problem (Green’s First Theorem)

curl 1 curl A — grad 1 div A=J in{

M M
1 1.
curl — curl A — grad — div A—-J =R
M H
1 1 .
wg - [ curl —curl A — grad —divA ) dQ2 = | w,-JdQ, a=1,23.
Q H H Q
1 1 1 . .
—curl A - curl w,d€? — —(curl A x n) - w,dl'y + —div A divw,df2 —
0 M Iy M 0 M
1 . 1 . |
/ —divA(n-w,)dl'g — / (— div Aj(n; - w,) + —div A, (n, ‘Wa)) dl’,; —
e M Tai \H HO
1 1
—(curl Ay x nj) + —(curl A, x ng,) | -wedly = [ w, - Jd8,
o WH H0 0

/ 1curlw.fa- curl A d€2 —|—/ ldiv w, div A dQ = / w, - JdQ
0 H 0 M Q

Removal of the second derivatives
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Meshing the Coil
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Magnet Extremities
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BEM-FEM Coupling (Elementary Model Problem)

BEM-domain
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The Elementary Model Problem in Magnet Design

I'p P Qa = QBEM
B -n=20 . |

{2 = {lBEM TBEMFEM &

L R0
%ﬁ . % r n n) =0
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Green’ s First and Second Identities in FEM and BEM

/Q( grad ¢ - gradtp—l—cpvzlp)dV:/rcp grad ¢ -nda,

Weighted Residual Method

Green's first theorem Green's second theorem
(Removal of second derivatives) (Removal of all volume integrals)
Weighting function = Weighting function =
Element shape function Fundamental solution of the Laplace operator
| |
Weak integral form Fredholm integral equation
| |
FEM BEM

o (4’V2IIJ — lpvzq’)) dV = /r (pOnp — POn¢) da,
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The FEM Part (Iron-Domain)

B = jioH + P (H) = po(H+M(H))

1
Vector-Laplace — —V?A =J+ curlM in €2,
HO
A-n=0 on 'y,
1
—divA =0 onI'p,
Ho
nx(Axn)=20 on I'p,
1
;({:urlA) xn =20 on 'y,
1 .
[— div Aa] = on I'yi,
Ho ai
1 1
— (curl Aj — poM)x nj +—(curl Ay)x ny, = 0 on Iy,
110 10
Al =0 on [y .
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FEM Part (Iron Magnetization but no Current Sources)

1 1 dA
— grad (A - e, ) - grad w, d{} — — — (oM x ny) | - w,dl,; =
s
/ M - cuyl w, d€2;
£y
1 FEM 1 BEM
- i — Holv i ' : a — ai
(curl A; oM )x ny +—(curl A" )xn, =0 onl
Ho Ho
HAFEM §ABEM
o (pgM < ny) + o 0 onl,
HABEM
Qr, = — on.
1 1
— egrad (A - e,) - grad w, d{; — — Qr,,  -w,dl'y = M - eurl w, d€2
HO Joy HO JT 4 Qi

K{A} = [T{Q} = {FM)}
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BEM Part (Air-Domain — No Iron, but Current Sources)

Vector Laplace Weighted Residual

VZA = — gl . in {2, / VZAwdQ, = — / o Jw dQy
Qa (2,

Apply Green’ s second theorem:

ow 0A
/ AV wdQ, -—l- / A- . dla; — / ——wdl 'y
Q. an, ong
I - o = Biot-Savart

Y N 1 e Out Ow  (r—1')-n,
W (') = w = ppm— g (r,r') = o = o = PR
Viw = —o(|r —r'|) / A(r)VZwdQ) = / A(r)o(jr — r'[)dQ = A(x')
Q Q

GIQ} + [H[{A} = {As}
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BEM-FEM Coupling

BEM
Coil
|4 GHQ + [H]{A} = {4s)
S B FEM EREE
ABEM lA’FEM FEM
e K[{A} - [T]{Q} = {F(M)}
| Zrosos Foare
Aperture

{Q} = —[G] ' [H{A} + [G] {4}

([K]+ TG HH]) {AY = {F(M)} + [T1]G]H{ As)
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Open Boundary Problems (1)

LHC Beam Screen
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Open Boundary Problem (2)

Collared Call
Field Problem

Collared Coil §,_
Measurements in ===
Industry
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Source Field
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Reduced Field
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Total Field

R
s [ — V)
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Forces (N) in the Connection Ends of the LHC Main Dipole

I Fx Fy Fz
1 |-39.7 |-440 |-454
2 |-65 |37 -41.7
3 |[-6.1 |883 -38.2
4 |125 |39 -28.5
5 (481 |-46.7 |-485
Sum | -2.95 | 5.2 -202.3
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