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The Gravitational Wave Spectrum



What is a Stochastic Gravitational 
Wave Background (SGWB)

A SGWB is, by definition, made up of an incoherent superposition of signals 
from sources that are unresolved in both the time and angular domain

Gravitational wave production in the early Universe Valerie Domcke (DESY, Hamburg)

Sources of GWs
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transcendent signals:  merger of compact objects 

(black holes, neutron stares,  
  white dwarfs, …)

stationary  signals:  sum of unresolved transcendent  
sources 

cosmological stochastic background

propagation time, the events have a combined signal-to-
noise ratio (SNR) of 24 [45].
Only the LIGO detectors were observing at the time of

GW150914. The Virgo detector was being upgraded,
and GEO 600, though not sufficiently sensitive to detect
this event, was operating but not in observational
mode. With only two detectors the source position is
primarily determined by the relative arrival time and
localized to an area of approximately 600 deg2 (90%
credible region) [39,46].
The basic features of GW150914 point to it being

produced by the coalescence of two black holes—i.e.,
their orbital inspiral and merger, and subsequent final black
hole ringdown. Over 0.2 s, the signal increases in frequency
and amplitude in about 8 cycles from 35 to 150 Hz, where
the amplitude reaches a maximum. The most plausible
explanation for this evolution is the inspiral of two orbiting
masses, m1 and m2, due to gravitational-wave emission. At
the lower frequencies, such evolution is characterized by
the chirp mass [11]

M ¼ ðm1m2Þ3=5
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where f and _f are the observed frequency and its time
derivative and G and c are the gravitational constant and
speed of light. Estimating f and _f from the data in Fig. 1,
we obtain a chirp mass of M≃ 30M⊙, implying that the
total mass M ¼ m1 þm2 is ≳70M⊙ in the detector frame.
This bounds the sum of the Schwarzschild radii of the
binary components to 2GM=c2 ≳ 210 km. To reach an
orbital frequency of 75 Hz (half the gravitational-wave
frequency) the objects must have been very close and very
compact; equal Newtonian point masses orbiting at this
frequency would be only ≃350 km apart. A pair of
neutron stars, while compact, would not have the required
mass, while a black hole neutron star binary with the
deduced chirp mass would have a very large total mass,
and would thus merge at much lower frequency. This
leaves black holes as the only known objects compact
enough to reach an orbital frequency of 75 Hz without
contact. Furthermore, the decay of the waveform after it
peaks is consistent with the damped oscillations of a black
hole relaxing to a final stationary Kerr configuration.
Below, we present a general-relativistic analysis of
GW150914; Fig. 2 shows the calculated waveform using
the resulting source parameters.

III. DETECTORS

Gravitational-wave astronomy exploits multiple, widely
separated detectors to distinguish gravitational waves from
local instrumental and environmental noise, to provide
source sky localization, and to measure wave polarizations.
The LIGO sites each operate a single Advanced LIGO

detector [33], a modified Michelson interferometer (see
Fig. 3) that measures gravitational-wave strain as a differ-
ence in length of its orthogonal arms. Each arm is formed
by two mirrors, acting as test masses, separated by
Lx ¼ Ly ¼ L ¼ 4 km. A passing gravitational wave effec-
tively alters the arm lengths such that the measured
difference is ΔLðtÞ ¼ δLx − δLy ¼ hðtÞL, where h is the
gravitational-wave strain amplitude projected onto the
detector. This differential length variation alters the phase
difference between the two light fields returning to the
beam splitter, transmitting an optical signal proportional to
the gravitational-wave strain to the output photodetector.
To achieve sufficient sensitivity to measure gravitational

waves, the detectors include several enhancements to the
basic Michelson interferometer. First, each arm contains a
resonant optical cavity, formed by its two test mass mirrors,
that multiplies the effect of a gravitational wave on the light
phase by a factor of 300 [48]. Second, a partially trans-
missive power-recycling mirror at the input provides addi-
tional resonant buildup of the laser light in the interferometer
as a whole [49,50]: 20Wof laser input is increased to 700W
incident on the beam splitter, which is further increased to
100 kW circulating in each arm cavity. Third, a partially
transmissive signal-recycling mirror at the output optimizes

FIG. 2. Top: Estimated gravitational-wave strain amplitude
from GW150914 projected onto H1. This shows the full
bandwidth of the waveforms, without the filtering used for Fig. 1.
The inset images show numerical relativity models of the black
hole horizons as the black holes coalesce. Bottom: The Keplerian
effective black hole separation in units of Schwarzschild radii
(RS ¼ 2GM=c2) and the effective relative velocity given by the
post-Newtonian parameter v=c ¼ ðGMπf=c3Þ1=3, where f is the
gravitational-wave frequency calculated with numerical relativity
and M is the total mass (value from Table I).
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where drGW is the energy density in the frequency interval f to f + d f , rc =
3H2

0 c2

8pG is the
critical energy density, and H0 is the Hubble constant. The energy density parameter in
GWs, that can be compared to other quantities used in cosmology such as the energy
density parameters of matter, dark energy, relativistic particle or curvature, is:

WGW =
Z

WGW( f )d ln f (2)

Going back to the cosmological stochastic background formed by the overlap of many
weak sources in the early Universe, it is assumed to be Gaussian because of the central limit
theorem which says that the sum of a large number of independent variables converges
to a normal distribution, whatever distribution the variables follow individually. It is also
stationary in the sense that the normal distribution does not change with time. Figure 1
shows a time series of the GW strain amplitude of a Gaussian and stationary stochastic
background: the amplitude h(t) at any given time t follows a normal distribution centered
in zero and with the same variance. It is also assumed to be isotropic by analogy with the
Cosmic Microwave Background and unpolarized. Then it is completely characterized by
the energy density spectrum as defined in Equation (2). However, when the background
is non Gaussian, non stationary or non isotropic, which can be the case for astrophysical
backgrounds, other quantities need to be introduced, as we will discuss later.

Figure 1. Time series of the strain amplitude in GWs for a Gaussian stochastic background.

For a population of astrophysical sources from all over the Universe, the fractional
energy density can be expressed as:

WGW( f ) =
f

crc
FGW( f ) (3)

The integrated flux in gravitational waves is given by the sum of all the individual
contributions:

FGW( f ) =
Z

Q
p(q)dq

Z zmax(q)

zmin(q)
dz

dR
dz

(q, z)FGW(q, z, f ) (4)
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FIG. 3. Presented here are constraints on the background in PI form [59], as well as some representative models, across many
decades in frequency. We compare the limits from ground-based interferometers from the final science run of Initial LIGO-Virgo,
the co-located detectors at Hanford (H1-H2), Advanced LIGO (aLIGO) O1, and the projected design sensitivity of the advanced
detector network assuming two years of coincident data, with constraints from other measurements: CMB measurements at low
multipole moments [60], indirect limits from the Cosmic Microwave Background (CMB) and Big-Bang Nucleosynthesis [61, 62],
pulsar timing [62], and from the ringing of Earth’s normal modes [63]. We also show projected limits from a space-based
detector such as LISA [59, 64, 65], following the assumptions of [59]. We extend the BNS and BBH distributions using an f

2/3

power-law down to low frequencies, with a low-frequency cut-o↵ imposed where the inspiral time-scale is of order the Hubble
scale. In Figure 5, we show the region in the black box in more detail.

energy spectrum emitted by a single binary evaluated
in terms of the source frequency fs = (1 + z)f , and
E(⌦M ,⌦⇤, z) =

p
⌦M (1 + z)3 + ⌦⇤ accounts for the de-

pendence of comoving volume on cosmology. We use
cosmological parameters from Planck [40], and ⌦M =
1� ⌦⇤ = 0.308.

The energy spectrum dEGW/df is determined from the
strain waveform of the binary system. The dominant
contribution to the background comes from the inspiral
phase, however for BBH we include the merger and ring-
down phases using the waveforms from [5, 75] with the
modifications from [76]. We choose to cut o↵ the red-
shift integral at zmax = 10. Redshifts larger than five
contribute little to the integral due to the small number
of stars formed at such high redshift [1, 5, 34, 69–74].

To compute the binary merger rate Rm(z; ✓k), we use
the same assumptions as in [35], unless stated otherwise.
For the BNS case, we assume that the minimal time be-
tween the formation and the coalescence of the binary is
tmin = 20 Myr, following for instance [46]. This is to be
compared to tmin = 50 Myr for BBH [35, 77].

As was emphasized in [78], heavy stellar mass black
holes are expected to form in regions of low metallicity,
which are associated with weaker stellar winds. To ac-
count for this e↵ect, following [35], for binary systems
with chirp masses larger than 30 M�, we use only the
fraction of stars that form in an environment with metal-
licity Z < Z�/2. For BBH (and BNS) systems with
smaller masses, we do not use a cuto↵. However, we note
that it makes little di↵erence whether or not the cuto↵
is applied to high masses.

With the model defined above, the free parameters are
the local merger rate Rlocal = Rm(0; ✓k) and the average
chirp mass Mc. The distribution of the chirp mass has
little e↵ect on the spectrum for a fixed average chirp mass
[5].

We place upper limits at 95% confidence in the Mc �
Rlocal plane, which are shown in Figure 4. Alongside
the O1 results, we show the limits using Initial LIGO-
Virgo data, as well as projected sensitivity of the ad-
vanced detector network. The limits presented here are
about 10 times more sensitive than those placed with
Initial LIGO-Virgo data. Furthermore, the future runs
of the advanced detectors are expected to yield another
factor of 100 improvement in sensitivity in Rlocal for a
given average chirp mass. We also show the local rate
and chirp mass inferred from direct detections of BBH
mergers during O1 [47, 68]. Comparing the projected
design sensitivity on Rlocal and Mc, with the values in-
ferred from BBH observations in O1, suggests that it may
be possible for the advanced detector network to detect
the astrophysical BBH background.

Finally, instead of treating the chirp mass and local
merger rate as free parameters, we can use the informa-
tion from individually observed BBHs to compute the
corresponding background, see Figure 5. To do this, we
use the same model described above and we adopt the
three rate models described in [47]. Specifically, we con-
sider the three-events-based, power-law, and flat-log dis-
tributions of component masses. In each case, the rate at
redshift z = 0 is normalized to the local rate derived from
the O1 detections. With these assumptions we compute
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M
i

sim
mass of stars and led formation of N i compact objects with the merger time t

i

k
, and masses m

i

1k
, and m

i

2k
,

where k = 1...N i.
The model of the star formation rate history and metallicity evolution is adopted from [32]. It is clear that there

does not exist a one to one dependence of the metallicity on redshift but that the metallicity distribution evolves
with redshift. A detailed study of the metallicity and star formation rate distribution as a function of redshift has
recently been shown by [33]. The model very well described the merger data and is consistent with the constraints
on metallicity and star formation evolution.

With the simulations of binary evolution, using the star formation history and metallicity evolution we calculate
the properties of the cosmic compact object binary population. In particular, we calculate the rate density in Mpc�3

yr�1 [34]:

si =
1

Msim

Z

�Z

SFR(Z)dZ (1)

where the integral is the fractional star formation rate (SFR) in the simulated metallicity interval, Msim is the total
mass of single and binary stars within the mass range adopted by StarTrack for the initial mass of stars (0.08� 150
M�). The SFR is adopted from extinction corrected model of [35].

B. Population III stars

For evolution of metal-free (population III) stars we use [36]. In this study the original StarTrack code that is
used for evolution of population I/II stars was extended to allow for evolution of population III stars. The initial
properties of population III binaries are obtained from dynamical simulations of dark matter halos each with several
(⇠ 5) single stars. We employ two very di↵erent models of dark matter halos: large halos (extending to 2000 AU:
model FS1) and small halos (extending only to 10-20 AU; model FS2). Single star masses are drawn from a power-law
IMF with slope of ↵ = 0.17 (top heavy): in range 0.1� 140M� for model FS1 and 0.1� 200M� for model FS2 [37].
Dynamical interaction between stars in these dark matter halos allow for the binary formation with resultant binary
fraction of ⇠ 1/3 [38].

In each model initial properties of binaries (initial mass function of primary/more massive star in binary, mass ratio,
orbital separation and eccentricity) are found to be very di↵erent from each other and also very di↵erent for typically
assumed initial distributions for Pop I/II stars [39]. These distributions are presented in Figures 5,6,7,8 of [36]. The
evolution of massive stars (progenitors of NSs and BHs) was modified to keep stellar radii from excessive expanding
based on detailed study of [40]. This limits development of common envelope and formation of merging BH-BH/BH-
NS/NS-NS. Additionally, wind mass loss was set to zero for population III stars. Besides the above modifications
the evolution is being treated the same way as for population I/II stars. In this current study we employ results of
calculations for model FS1.B (where ”B” refers to treatment of HG donors in CE phase, see Subsection II.a). The
BH mass spectrum that corresponds to evolution of single population III stars with above prescription is presented
in Fig.2 of [36]. Note that maximum BH mass is found to be ⇠ 90M�, consistent with recent LIGO/Virgo discovery
of 85M� BH in the most massive BBH merger discover so far : GW190521 [41].

III. SPECTRAL PROPERTIES OF THE BACKGROUND

A. Sources that merge within the Hubble time

The energy density spectrum of a background of gravitational waves is usually described by the dimensionless
quantity [42]:

⌦GW(f) =
f

⇢c

d⇢GW

df
, (2)

where d⇢GW is the energy density in the frequency interval f to f + df , ⇢c = 3H
2
0c

2

8⇡G
is the critical energy density

required to close the Universe, and H0 is the Hubble constant.
For a population of coalescing binaries from all over the Universe and characterized by a set of parameters ✓, for

instance the component masses, the spins and the initial orbital parameters, we can express it as:

⌦GW (f) =
f

⇢cH0

Z
d✓p(✓)

Z
zup(✓)

0

dz

R(z; ✓)dEgw(fs;✓)

dfs

(1 + z)Ez(z)
(3)

3

=
4⇡2

3H2
0

f
2
h
2
c(f)
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FIG. 3. Presented here are constraints on the background in PI form [59], as well as some representative models, across many
decades in frequency. We compare the limits from ground-based interferometers from the final science run of Initial LIGO-Virgo,
the co-located detectors at Hanford (H1-H2), Advanced LIGO (aLIGO) O1, and the projected design sensitivity of the advanced
detector network assuming two years of coincident data, with constraints from other measurements: CMB measurements at low
multipole moments [60], indirect limits from the Cosmic Microwave Background (CMB) and Big-Bang Nucleosynthesis [61, 62],
pulsar timing [62], and from the ringing of Earth’s normal modes [63]. We also show projected limits from a space-based
detector such as LISA [59, 64, 65], following the assumptions of [59]. We extend the BNS and BBH distributions using an f

2/3

power-law down to low frequencies, with a low-frequency cut-o↵ imposed where the inspiral time-scale is of order the Hubble
scale. In Figure 5, we show the region in the black box in more detail.

energy spectrum emitted by a single binary evaluated
in terms of the source frequency fs = (1 + z)f , and
E(⌦M ,⌦⇤, z) =

p
⌦M (1 + z)3 + ⌦⇤ accounts for the de-

pendence of comoving volume on cosmology. We use
cosmological parameters from Planck [40], and ⌦M =
1� ⌦⇤ = 0.308.

The energy spectrum dEGW/df is determined from the
strain waveform of the binary system. The dominant
contribution to the background comes from the inspiral
phase, however for BBH we include the merger and ring-
down phases using the waveforms from [5, 75] with the
modifications from [76]. We choose to cut o↵ the red-
shift integral at zmax = 10. Redshifts larger than five
contribute little to the integral due to the small number
of stars formed at such high redshift [1, 5, 34, 69–74].

To compute the binary merger rate Rm(z; ✓k), we use
the same assumptions as in [35], unless stated otherwise.
For the BNS case, we assume that the minimal time be-
tween the formation and the coalescence of the binary is
tmin = 20 Myr, following for instance [46]. This is to be
compared to tmin = 50 Myr for BBH [35, 77].

As was emphasized in [78], heavy stellar mass black
holes are expected to form in regions of low metallicity,
which are associated with weaker stellar winds. To ac-
count for this e↵ect, following [35], for binary systems
with chirp masses larger than 30 M�, we use only the
fraction of stars that form in an environment with metal-
licity Z < Z�/2. For BBH (and BNS) systems with
smaller masses, we do not use a cuto↵. However, we note
that it makes little di↵erence whether or not the cuto↵
is applied to high masses.

With the model defined above, the free parameters are
the local merger rate Rlocal = Rm(0; ✓k) and the average
chirp mass Mc. The distribution of the chirp mass has
little e↵ect on the spectrum for a fixed average chirp mass
[5].

We place upper limits at 95% confidence in the Mc �
Rlocal plane, which are shown in Figure 4. Alongside
the O1 results, we show the limits using Initial LIGO-
Virgo data, as well as projected sensitivity of the ad-
vanced detector network. The limits presented here are
about 10 times more sensitive than those placed with
Initial LIGO-Virgo data. Furthermore, the future runs
of the advanced detectors are expected to yield another
factor of 100 improvement in sensitivity in Rlocal for a
given average chirp mass. We also show the local rate
and chirp mass inferred from direct detections of BBH
mergers during O1 [47, 68]. Comparing the projected
design sensitivity on Rlocal and Mc, with the values in-
ferred from BBH observations in O1, suggests that it may
be possible for the advanced detector network to detect
the astrophysical BBH background.

Finally, instead of treating the chirp mass and local
merger rate as free parameters, we can use the informa-
tion from individually observed BBHs to compute the
corresponding background, see Figure 5. To do this, we
use the same model described above and we adopt the
three rate models described in [47]. Specifically, we con-
sider the three-events-based, power-law, and flat-log dis-
tributions of component masses. In each case, the rate at
redshift z = 0 is normalized to the local rate derived from
the O1 detections. With these assumptions we compute
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101 102 103

f (Hz)

BNS and BBH

Upper Limit with NSBH

O2

O3

Design HLV

Design A+

FIG. 5. Fiducial model predictions for the GWB from BBHs, BNSs, and NSBHs, along with current and projected sensitivity
curves. In the left panel we show 90% credible bands for the GWB contributions from BNS and BBH mergers. Whereas
the BNS uncertainty band illustrates purely the statistical uncertainties in the BNS merger rate, the BBH uncertainty band
additionally includes systematic uncertainties in the binary mass distribution, as described in the main text. As no unambiguous
NSBH detections have been made, we only show an upper limit on the possible contribution from such systems. The right
panel compares the combined BBH and BNS energy density spectra, and 2� power-law integrated (PI) curves for O2, O3, and
projections for the HLV network at design sensitivity, and the A+ detectors. The solid blue line shows the median estimate
of ⌦BBH+BNS(f) as a function of frequency, while the shaded blue band illustrates 90% credible uncertainties. The dashed
line, meanwhile, marks our projected upper limit on the total GWB, including our upper limit on the contribution from NSBH
mergers.

contour can be excluded on the basis of a GWB non-
detection. Direct BBH detections, meanwhile, allow for
a measurement of �1, but are not expected to meaning-
fully constrain zpeak, which likely lies beyond the horizon
of Advanced LIGO and Virgo. The direct BBH detec-
tions in GWTC-1 only allowed for a weak upper limit on
�1: �1  13.7. The non-detection of the GWB in O2
therefore ruled out a considerable portion of otherwise
available parameter space. Improved measurements due
to GWTC-2, though, have revised estimates of �1 down-
wards to �1 = 1.3+2.1

�2.1 [75], and so present GWB searches
cannot further constrain its value. The results in Fig. 6
are therefore now dominated by direct BBH detections.

With continued data collection, however, the non-
detection (or eventual detection) of the GWB may again
o↵er informative constraints on �1 and zpeak. As addi-
tional direct BBH detections are made, our knowledge
of �1 will continue to improve, identifying an increas-
ingly narrow, nearly-vertical contour in the �1 � zpeak

plane. Continued time integration in searches for the
GWB, meanwhile, will exclude a growing fraction of this
plane, ruling out large values of both �1 and zpeak. In
Fig. 7, for example, we show projected exclusion con-
tours corresponding to one year of integration with Ad-
vanced LIGO and Virgo, at both their design sensitivity
and A+ configurations; both exclusion curves extend into
the presently allowed values of �1, where they may again
be informative and break the degeneracy between �1 and

zpeak.

VI. CONCLUSIONS

In this work, we have performed a search for an
isotropic GWB using data from Advanced LIGO’s and
Virgo’s first three observing runs. Since we did not find
evidence for a background of astrophysical origin, we
placed upper limits, improving previous bounds by about
a factor of 6.0 for a flat background.

We considered the implications of the results, and
by combining the upper limits with measurements from
GWTC-2 we have constrained the BBH merger rate as a
function of redshift. Our results can be used to constrain
additional models such as cosmic strings or phase tran-
sitions, using the cross correlation spectra we have made
publicly available [57]. Our results can also be combined
with other measurements of the GWB at other frequen-
cies [81].

Moving forward, we expect currently proposed ground-
based facilities such as A+ have the potential to probe a
large range of the model space for CBC backgrounds. In
order to make full use of the data and confidently claim
a detection, it will be important to further develop the
methods to handle correlated terrestrial noise sources,
such as the magnetic couplings described here.
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The model of the star formation rate history and metallicity evolution is adopted from [32]. It is clear that there

does not exist a one to one dependence of the metallicity on redshift but that the metallicity distribution evolves
with redshift. A detailed study of the metallicity and star formation rate distribution as a function of redshift has
recently been shown by [33]. The model very well described the merger data and is consistent with the constraints
on metallicity and star formation evolution.

With the simulations of binary evolution, using the star formation history and metallicity evolution we calculate
the properties of the cosmic compact object binary population. In particular, we calculate the rate density in Mpc�3

yr�1 [34]:

si =
1

Msim

Z

�Z

SFR(Z)dZ (1)

where the integral is the fractional star formation rate (SFR) in the simulated metallicity interval, Msim is the total
mass of single and binary stars within the mass range adopted by StarTrack for the initial mass of stars (0.08� 150
M�). The SFR is adopted from extinction corrected model of [35].

B. Population III stars

For evolution of metal-free (population III) stars we use [36]. In this study the original StarTrack code that is
used for evolution of population I/II stars was extended to allow for evolution of population III stars. The initial
properties of population III binaries are obtained from dynamical simulations of dark matter halos each with several
(⇠ 5) single stars. We employ two very di↵erent models of dark matter halos: large halos (extending to 2000 AU:
model FS1) and small halos (extending only to 10-20 AU; model FS2). Single star masses are drawn from a power-law
IMF with slope of ↵ = 0.17 (top heavy): in range 0.1� 140M� for model FS1 and 0.1� 200M� for model FS2 [37].
Dynamical interaction between stars in these dark matter halos allow for the binary formation with resultant binary
fraction of ⇠ 1/3 [38].

In each model initial properties of binaries (initial mass function of primary/more massive star in binary, mass ratio,
orbital separation and eccentricity) are found to be very di↵erent from each other and also very di↵erent for typically
assumed initial distributions for Pop I/II stars [39]. These distributions are presented in Figures 5,6,7,8 of [36]. The
evolution of massive stars (progenitors of NSs and BHs) was modified to keep stellar radii from excessive expanding
based on detailed study of [40]. This limits development of common envelope and formation of merging BH-BH/BH-
NS/NS-NS. Additionally, wind mass loss was set to zero for population III stars. Besides the above modifications
the evolution is being treated the same way as for population I/II stars. In this current study we employ results of
calculations for model FS1.B (where ”B” refers to treatment of HG donors in CE phase, see Subsection II.a). The
BH mass spectrum that corresponds to evolution of single population III stars with above prescription is presented
in Fig.2 of [36]. Note that maximum BH mass is found to be ⇠ 90M�, consistent with recent LIGO/Virgo discovery
of 85M� BH in the most massive BBH merger discover so far : GW190521 [41].

III. SPECTRAL PROPERTIES OF THE BACKGROUND

A. Sources that merge within the Hubble time

The energy density spectrum of a background of gravitational waves is usually described by the dimensionless
quantity [42]:

⌦GW(f) =
f

⇢c

d⇢GW

df
, (2)

where d⇢GW is the energy density in the frequency interval f to f + df , ⇢c = 3H
2
0c

2

8⇡G
is the critical energy density

required to close the Universe, and H0 is the Hubble constant.
For a population of coalescing binaries from all over the Universe and characterized by a set of parameters ✓, for

instance the component masses, the spins and the initial orbital parameters, we can express it as:

⌦GW (f) =
f

⇢cH0

Z
d✓p(✓)

Z
zup(✓)

0

dz

R(z; ✓)dEgw(fs;✓)

dfs
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NANOGrav SGWB detection?

 From S. Chen’s talk
The NANOGrav collaboration found strong evidence in the 12.5 yr data set of a stochastic process that has a common 

amplitude and spectral slope across the 45 millisecond pulsars!
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Figure 5: Gravitational wave energy density spectra of di↵erent SGWB sources.

BM ↵CS Gµ ↵PT �/Hn Tn (MeV) �/TeV
3 �V/MeV

4
PR0 m

CS �BM1 0.1 10�9.5
� � � � � � �

CS �BM2 0.01 10�9
� � � � � � �

PT �BM3 � � 0.3 15 2 � � � �

PT �BM4 � � 1 40 0.5 � � � �

DW �BM5 � � � � � 6⇥ 105 2.81⇥ 106 � �

DW �BM6 � � � � � 3⇥ 105 1.26⇥ 106 � �

SI �BM7 � � � � � � � 2⇥ 10�3
�0.37

SI �BM8 � � � � � � � 7⇥ 10�4
�0.75

Table I: The eight benchmark points in Fig. 5.

perturbations. Our study shows that all these SGWB sources can fit the low frequency five

bins of the NANOGrav results fairly well, depending on parameter spaces of the GW models:

1) the GWs from phase transition in the dark sector with Tn > 1 MeV can successfully fit

the NANOGrav data; 2)the symmetry breaking scale of new physics could be obtained from

the fit of GWs from cosmic strings and domain walls; 3) the fit of the scalar induced GWs

may hint the mass of PBHs and the possibility to constitute dark matter.

The fragmentation of the inflaton could product GWs during preheating process [107,

108]. At the end of inflation, the inflaton start to oscillate around the minimum of the

e↵ective potential, and the perturbations of the inflaton are exponentially amplified due to

parametric resonance. The peak value of ⌦GW comes within 10�9 to 10�11. However, since

the peak frequency of the SGWB is proportional to the inflationary energy scale [109], to

9

Consistent with signal from Super Massive 
Black Hole binaries

Consistent with cosmological signals 
(Primordial Black Holes, Cosmic 
Strings, Phase Transition…)

Looking forward for the quadrupolar spatial correlations (Hellings-Downs) predicted by General Relativity 

and necessary to claim a SGWB detection.

[ArXiv: 2009.13893]
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Improved limits on the tensor-to-scalar ratio using BICEP and Planck
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We present constraints on the tensor-to-scalar ratio r using a combination of BICEP/Keck 2018
and Planck PR4 data allowing us to fit for r consistently with the six parameters of the ⇤CDMmodel
without fixing any of them. In particular, we are able to derive a constraint on the reionization
optical depth ⌧ and thus propagate its uncertainty onto the posterior distribution for r. While
Planck sensitivity to r is no longer comparable with ground-based measurements, combining Planck
with BK18 and BAO gives results consistent with r = 0 and tightens the constraint to r < 0.032.

INTRODUCTION

Introduced in order to resolve problems within the Big-
Bang cosmological model (such as the horizon, flatness,
and magnetic-monopole problems), inflation also natu-
rally provides the seeds for generating primordial matter
fluctuations from quantum fluctuations (see for instance
Ref. [1] and references herein).

Measurements of the cosmic microwave background
(CMB) allow constraints to be placed on the ampli-
tude of the tensor perturbations that are predicted to
be generated by primordial gravitational waves during
the inflationary epoch, leaving some imprints on the
CMB anisotropies [2–5]. Over the last decade, while no
primordial signals have been discovered, significant im-
provements on the upper limit for the tensor-to-scalar
ratio r have progressively led to the constraint becom-
ing lower than a few percent in amplitude: r < 0.11
in 2013 using only temperature data from Planck [6];
r < 0.12 in 2015 using polarization from BICEP/Keck
and Planck [7] to debias the initially claimed detection
from BICEP/Keck in 2014, r = 0.2+0.07

�0.05 (excluding r = 0
at 7�) [8]; r < 0.09 in 2016 using BICEP/Keck and
Planck [9]; r < 0.07 in 2018 using BICEP/Keck 2015
data (BK15, [10]); r < 0.065 in 2019 using Planck in
combination with BK15 [11]; r < 0.044 in 2021 using
Planck in combination with BK15 [12]; and r < 0.036 in

2021 using the latest BICEP/Keck data (BK18, [13]).

FIG. 1. History of constraints on the tensor-to-scalar
ratio r (Planck PR1 [6], BK [8], Planck PR1+BK [7],
Planck PR2+BK [9], BK15 [10], Planck PR3+BK15 [11],
Planck PR4 [12], Planck PR4+BK15 [12], BK18 [13], Planck
PR4+BK18 this work). Upper limits are given at 95% CL,
uncertainty on the detection is 1�.

In this paper, we first discuss the implication of the
reionization optical depth ⌧ on the latest BICEP/Keck

ar
X

iv
:2

11
2.

07
96

1v
1 

 [a
str

o-
ph

.C
O

]  
15

 D
ec

 2
02

1

4

FIG. 4. Constraints in the tensor-to-scalar ratio r versus
ns plane for the ⇤CDM model, using CMB data in combina-
tion with baryon acoustic oscillation (BAO) and CMB lens-
ing data. The CMB data are Planck PR3 (TT,TE,EE+lowE,
gray contour), Planck PR4 [12] (TT,TE,EE+lowlEB, green
contour), and Planck PR4 joint with BK18 [13] (blue con-
tour). This assumes the inflationary consistency relation and
negligible running. Dotted lines show the loci of approxi-
mately constant e-folding number 50 < N < 60, assuming
simple V / (�/mPl)

p single-field inflation. Solid lines show
the approximate ns–r relation for locally power-law poten-
tials, to first order in slow roll. The solid black line (corre-
sponding to a linear potential) separates concave and convex
potentials. This plot is adapted from figure 28 in Ref. [11].

namely BICEP3 and Planck. The BICEP/Keck Collab-
oration recently released a likelihood derived from their
data up to the 2018 observing season, demonstrating a
sensitivity on r of �r = 0.013, covering the multipole
range from ` = 20 to 300 [13]. Complementary Planck
PR4 data released in 2020 [14] provide information on the
large scales, with a polarized likelihood covering the mul-
tipole range from ` = 2 to ` = 150 [12]. This has poorer
sensitivity, with �r = 0.043, but o↵ers independent in-
formation, with the constraint on r coming from a com-
bination of T , E, and large-scale B data. It is interesting
to note that constraints derived purely from temperature
anisotropies are not competitive anymore (�r = 0.1 [12]),
since those data are dominated by cosmic variance.

The addition of Planck data (including large angular
scales in polarization, as well as small angular scales in
TT and TE) allows us to break the degeneracy with the
reionization optical depth (which was fixed in Ref. [13])
and hence to fit r consistently, along with the usual six
parameters of the ⇤CDM model. We found that other
⇤CDM parameters are not a↵ected by the addition of

BK18 data (Fig. 5). Combining Planck PR4 and BK18,
we found an upper limit of r < 0.034 which tightens to
r < 0.032 when adding BAO and CMB lensing data.
We note that future re-analyses of the Planck data

are not anticipated to provide much improvement, while
ground-based experiments (such as BICEP/Keck, the Si-
mons Observatory [30], and later CMB-S4 [31]) will ob-
serve the sky with ever deeper sensitivity, placing even
stronger constraints on the tensor-to-scalar ratio r (or
detecting primordial B modes of course). However, im-
proved measurements of the reionization optical depth
require very large scales, which are very di�cult to mea-
sure from ground. The next generation of polarized CMB
space missions (including LiteBIRD [32]) will be able to
deliver ⌧ with a precision dominated by cosmic variance.
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Appendix

The Planck likelihood used in this analysis is described
in detail in Ref. [12]. It is based on the 400 simulations
provided with the Planck PR4 data. Those simulations
have been shown to be the most realistic description of
the Planck data, including all relevant systematic e↵ects
[14]. Using the Planck data, we expect correlations at
very low-`, related to long-term systematics, residuals
from foregrounds, and cut-sky e↵ects. These should not
be neglected.
The covariance used in the likelihood has been con-

structed from the simulations mentioned above, ensur-
ing the propagation of statistical and systematic uncer-
tainties up to the fitted parameters. Nevertheless, the
limited number of available simulations induces an un-
certainty on the estimated covariance of the order of 5%

[Tristram et al., 2021]
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Specs of future B-mode experiments

• Satellite mission 
•  2028 
• Full sky (60%) 
•  
• 15 freq bands [40 - 402 GHz] 
• Noise [60 - 5 K-arcmin] 
• Beams [60 - 17 arcmin]

∼

ℓ ∼ 2 − 1000

μ

• Ground-based 
•  2022  
• Sky fraction 10% 
•  
• 6 freq bands [27 - 280 GHz] 
• Noise [35 - 3 K-arcmin] 
• Beams [91 - 9 arcmin]

∼

ℓ ∼ 30 − 4000

μ

LiteBIRD Simons Observatory CMB-S4

• Ground-based 
•  2028 
• Sky fraction 3% 
•  
• 9 freq bands [20 - 270 GHz] 
• Noise [14 - 1 K-arcmin] 
• Beams [77 - 8 arcmin]

∼

ℓ ∼ 30 − 4000

μ
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For a given reheating history, a model makes a definitive prediction, corresponding to a

point in the ns–r plane. However, since the reheating history is uncertain, we represent the

predictions of models by bars corresponding to 47 < N⇤ < 57. One exception to this general

rule is the Starobinsky model. Unlike for most models, the underlying idea of this example is

that inflation is a consequence of a short-distance modification of the theory of gravity rather

than a consequence of the matter sector. Even though the Starobinsky model can be written

as a scalar-tensor theory, like any generic f(R) theory [123, 124], this idea naturally predicts

that the couplings to matter fields responsible for reheating are gravitational couplings in the

f(R) frame. In this case, reheating is somewhat delayed. More detailed studies suggest that

the delay corresponds to a change in N⇤ of about 5. Thus, we take N⇤ = 51 for our fiducial

model. In our simple analytic approximation, this leads to r ' 0.0046 and ns ' 0.961. Since

reheating is expected to be slower, but the details are uncertain in the Starobinsky model

as well, we show the model prediction with 42 < N⇤ < 52. The second exception to the rule

are models in which the inflaton is identified with the Higgs field. In this case we know the

couplings to the matter fields, and the reheating history is calculable. To reflect this, we

represent these models by a single point in the ns–r plane at N⇤ = 57, even though some

uncertainty exists here as well.
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Fig. 3: LiteBIRD constraints for a fiducial model with r = 0. The lighter and darker green

regions show 68% and 95% confidence level upper limits achievable with LiteBIRD and

Planck. The lighter and darker orange regions (partly hidden behind the green regions)

show 68% and 95% confidence level upper limits achievable with LiteBIRD alone. The blue

band shows the first class of models mentioned in the text, monomial models. The gray band

shows a concrete representative second class of plateau models with p = 1, ↵-attractors [118].

As discussed in the text, the second class of models depends on the characteristic scale of the

potential M. The darker gray lines show ↵-attractors with M = MP and M = 5MP. In the

absence of a detection, LiteBIRD will exclude the first class of models at high significance,

and will exclude models in the second class with a super-Planckian characteristic scale,

which includes the Starobinsky model [14] and models that invoke the Higgs field as the

inflaton [112, 113], shown as the red line and the purple dot, respectively.
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Next Generation GW Interferometers

ET included in the ESFRI roadmap for 2021LISA now in PHASE B1 (phase of development)

Geometry: Constellation of 3 spacecraft in an 
equilateral configuration (a giant interferometer) 

Mission duration: 4 y science mission
                            10 y nominal mission 

Arm Length:        2.5 million km 

Expected Launch: 2034

Geometry:  Ground-based Triangular        
detector (HF+LF)

Arm Length: 10 km 

Expected to be operative in: 2034

ET collaboration officially launched

+ CE, DECIGO, BBO, Taiji, TianQin, etc 



Astrophysical GW Background

Carry information about:

- star formation history
- statistical properties of source populations
- our cosmological model 

It is a kind of “noise” for the cosmological background, even if with different properties  

⌦(f) =
f

⇢c

Z
d✓ p(✓)

Z zmax(✓)

0
dz

R(z; ✓)

(1 + z)H(z)

dEGW (fs; ✓)

dfs
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FIG. 3. Cross-correlation spectra combining data from all
three baselines in O3, as well as the HL baseline in O1 and
O2. As described in the main text, the spectrum is consistent
with expectations from uncorrelated, Gaussian noise.
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FIG. 4. Posteriors for the strength ⌦ref and spectral index
↵ for the power law model described in the main text, using
a prior uniform in the log of ⌦ref . The top and right panels
show marginalized posteriors for ⌦ref and ↵, while the center
plot shows the 2D posterior density. The dashed, gray lines
indicate the prior distributions.

6.6 ⇥ 10�9 (2.7 ⇥ 10�8) when marginalizing over ↵. This
represents an improvement by a factor of about 6.0 (3.6)
for a flat power law, 8.8 (4.0) for a power law of ↵ = 2/3,
and 13.1 (5.9) for a power law of ↵ = 3. The improvement
for large ↵ is due in part to the improved high-frequency
sensitivity of Advanced LIGO in O3; to the addition of
the baselines involving Virgo; and to the specific noise re-
alization, in particular the negative point estimate ↵ = 3
in O3, as seen in Table I. We find a log

10
Bayes Factor of

�0.3 when comparing the hypotheses of signal and noise
to noise-only when marginalizing over ↵.

B. Non-GR polarizations

We can use our results to constrain modifications to
GR by using the SVT-PL model defined in Section IIC.
This analysis benefits from the inclusion of Virgo data,
since adding more detectors to the network can help dis-
tinguish between di↵erent polarizations, as shown in [45].
We note that ⌦GW does not necessarily have the inter-
pretation of an energy density in modified theories of
gravity, and it is in general more appropriate to think of
these quantities as a measure of the strain power in each
polarization [108].

We use the log-uniform prior on each strength ⌦(p)

ref

and the Gaussian prior for each spectral index ↵p,
as described in the previous section. We show the
results in Table III. Marginalizing over the spectral
indices for each polarization, we find that the up-
per limit on a scalar-polarized GWB in this model is

⌦(S)

GW
(25 Hz)  2.1 ⇥ 10�8, the limit on a vector GWB

is ⌦(V)

GW
(25 Hz)  7.9 ⇥ 10�9, and the limit on a tensor

GWB is ⌦(T)

GW
(25 Hz)  6.4 ⇥ 10�9. Note that the upper

limit on tensor modes in this analysis is slightly di↵erent
from the upper limit when we consider only GR modes
given in the previous section, because of the inclusion of
additional parameters. We compute that the log

10
Bayes

factor of the non-GR to GR hypotheses is �0.2 and the
log

10
Bayes factor of the hypothesis that any polarization

to be present, to the hypothesis that only noise is present,
is �0.4. Note that to compute the Bayes factors, we in-
clude prior odds between di↵erent non-GR hypotheses as
described in [45]. This confirms there is no evidence of
non-GR polarizations. The non-detection of scalar and
vector polarized GWBs is consistent with predictions of
GR.

C. Joint fit for GWB and magnetic noise

We extend the standard analysis to do a joint fit al-
lowing for both a GWB with an arbitrary power-law in-
dex, as well as an apparent GWB arising from correlated
magnetic noise. While we have already seen that corre-
lated magnetic noise is below the O3 sensitivity in Sec-
tion IIID, the analysis presented here is complementary
because it allows us to simultaneously fit for the presence
of both a GWB of astrophysical origin and a correlated
magnetic noise component. In future runs, this kind of
joint fit will become increasingly important. We use the
method described in [61].

We evaluate whether correlated magnetic noise is de-
tected by first constructing a likelihood function that in-
cludes a model for both the correlated magnetic noise
and a power-law GWB, ⌦M(f |⇥) = ⌦PL(f |⇥PL) +
⌦MAG(f |⇥MAG). Our model ⌦MAG(f |⇥MAG) takes the
same form as Eq. 11. However, rather than use the cou-
pling functions measured using magnetic-field injections,
we model the coupling functions as power laws, which

3

spectral density is not known precisely enough to be sub-
tracted accurately, and therefore in practice the cross cor-
relation is nearly optimal. With this caveat, we can con-
struct an optimal estimator to search for a GWB of any
spectral shape by combining the cross-correlation spectra
from di↵erent frequency bins with appropriate weights

Ĉ
IJ =

P
k w(fk)ĈIJ(fk)�

�2

IJ (fk)P
k w(fk)2�

�2

IJ (fk)
,

�
�2

IJ =
X

k

w(fk)
2
�

�2

IJ (fk), (4)

where fk are a discrete set of frequencies, and the optimal
weights for spectral shape ⌦GW(f) are given by

w(f) =
⌦GW(f)

⌦GW(fref)
. (5)

Here, fref is a fixed reference frequency. For ease of com-
parison with previous observing runs, we choose the ref-
erence frequency to be fref = 25 Hz. This is approxi-
mately the start of the most sensitive frequency band for
the isotropic search as described in [43]. This analysis is
very flexible and can be applied to a GWB of any spec-
tral shape. We will report results for a power law GWB
of the form

⌦GW(f) = ⌦ref

✓
f

fref

◆↵

. (6)

Our final estimator combines information from all base-
lines optimally using the sum

Ĉ =

P
IJ Ĉ

IJ
�

�2

IJP
IJ �

�2

IJ

, �
�2 =

X

IJ

�
�2

IJ , (7)

where
P

IJ is a shorthand notation meaning a sum over
all independent baselines IJ . We can also include cross
correlation results from previous observing runs in a nat-
ural way by including them in this sum as separate base-
lines. More concretely, we combine HL-O1, HL-O2, HL-
O3, HV-O3 and LV-O3.

C. Parameter estimation

In order to estimate parameters of a specific model of
the GWB, we combine the spectra from each baseline IJ

to form the likelihood [79]

p(ĈIJ
k |⇥) / exp

2

4�
1

2

X

IJ

X

k

 
Ĉ

IJ
k � ⌦M(fk|⇥)

�
2

IJ(fk)

!2
3

5 ,

(8)

where Ĉ
IJ
k ⌘ Ĉ

IJ(fk), and where we assume that the

Ĉ
IJ
k are Gaussian-distributed in the absence of a sig-

nal. The term ⌦M(f |⇥) describes the model for the
GWB, characterized by the set of parameters ⇥. This

hybrid frequentist-Bayesian approach has been shown to
be equivalent to a fully Bayesian analysis in [80].

Equation (8) assumes that cross-correlation spectra
measured between di↵erent baselines are uncorrelated.
This is not strictly true, as di↵erent baselines share de-
tectors in common. Correlations between baselines, how-
ever, enter at O(⌦2) and so can be neglected in the small-
signal limit [58].

In this work we shall consider several di↵erent models:

• Noise (N): ⌦N(f) = 0. We implicitly include un-
correlated Gaussian noise as part of every model
that follows.

• Power Law (PL): ⌦PL(f) = ⌦ref

⇣
f

fref

⌘↵
. The

parameters ⇥PL are the amplitude ⌦ref and spec-
tral index ↵. We will consider cases in which ↵ is
allowed to vary as well as those in which it is fixed.

• Scalar-Vector-Tensor Power Law (SVT-
PL): This model contains tensor polarizations,
as allowed in general relativity (GR), and vec-
tor and scalar polarizations, which are forbidden
in GR but generically appear in alternative the-
ories of gravity. We define p to be an index re-
ferring to polarization, p = {T, V, S}, where T,
V, and S refer to tensor, vector, and scalar po-
larized GWs, respectively. We assume the GWB
for each polarization can be described by a power
law, which may be di↵erent for each polariza-
tion. Thus there are six parameters ⇥SVT�PL,

given by the amplitudes ⌦(p)

ref
and spectral indices

↵p for each polarization. The model is given by

the sum ⌦SVT�PL(f) =
P

p
�

(p)

IJ (f)⌦(p)

ref

⇣
f

fref

⌘↵p

,

where �
(p)

IJ (f) = �
(p)

IJ (f)/�IJ(f) is the ratio of the
overlap reduction function for polarization p and
baseline IJ to the standard (tensor) overlap reduc-
tion function for that baseline [45].

• Magnetic (MAG): ⌦MAG(f) describes correla-
tions between two detectors induced by large-scale
coherent magnetic fields, which can appear as an
e↵ective background. We model this e↵ective back-
ground in terms of magnetometer correlations and
a transfer function between the local magnetic field
and the strain channel of the detectors. The free
parameters ⇥MAG describe the coupling function,
as described in Section IV C.

• CBC: ⌦CBC(f) is determined by an underlying
parametrized model for the mass distribution of
compact binaries and their merger rate R(z) as a
function of redshift. The parameters of this model
are discussed in Section V.

We will also consider combinations of these models,
for example ⌦M(f) = ⌦PL(f) + ⌦MAG(f). Given the
likelihood, we form a posterior using Bayes theorem,
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FIG. 6. Posterior constraints on the BBH merger rate
RBBH(z) as a function of redshift when allowing for a merger
rate that peaks and subsequently turns over at high z, com-
bining stochastic search results and direct BBH detections.
The black line shows our median estimate of RBBH(z), while
solid grey lines denote 90% credible bounds. For comparison,
the dashed red line is proportional to the rate of cosmic star
formation [111]. At 90% credibility, the merger rate of BBHs
is bounded below ⇠ 103 Gpc�3 yr�1 beyond z ⇡ 2, an order
of magnitude improvement relative to O1 and O2 [74].
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(gray shade) for all frequencies where the confusion residual signal from the CGBs dominates over the instrumental
noise (i.e. for frequencies larger than ⇠5⇥10�4). On the other hand, we notice that at lower frequencies the template
overestimates the level of confusion noise with respect to the result obtained from the simulated catalogue. In order
to look for a possible source for this deviation, we performed further parameter estimation assuming the spectral tilt
(the �7/3 in eq. (6)) to be another free parameter of the model. In this case we obtained a slightly larger value for
the tilt (see pink curve in figure 3) which leads to a better fit to the data in the low frequency band. While a detailed
analysis of this deviation could motivate further investigations, it lies beyond the scopes of the present work and thus
it is left for future studies on the topic.

Figure 3 – Fit of the two models we considered to the confusion residuals signal from CGBs. The first model,
following faithfully eq. (6), assumes a fixed spectral index of ns = �7/3 (shown in blue). The pink data refer to a

model where the spectral index ns is a free parameter of the fit (see text for details).

IV. STOCHASTIC SIGNAL DUE TO STELLAR MASS BINARY BLACK HOLES

Since the initial successes of the ground-based GW detectors, there have been studies focusing on the possibility of
measuring GW from SBBHs [73–75]. Based on the current understanding of the SBBH population, the expected the
number of detectable sources in the LISA band ranges from O(1) to O(10). These sources will be in the LISA band
for several years before entering and merging in the band covered by ground based interferometers [8, 73, 75, 76].
LISA is sensitive to the early inspiral stage of orbital evolution of SBBHs, where the orbit shrinks very slowly and
therefore most of the binaries stay in the observing band throughout the LISA observation time.

Depending on the population model, the SBBH signals may fill the LISA observing band down to ⇠3mHz, thus
partially overlapping with the high frequency tail of the CGB population. At these frequencies the CGB popula-
tion transitions from being a confusion-dominated population to the regime where all sources are individually identi-
fiable cite10.1093/mnras/stz2834. The region of potential overlap between the CGB residual and the SBBH population

Table II – The parameters of the empirical model describing the confusion noise due to the unresolved CGBs
signal. We report on both methods of performing the data smoothing : running mean and median

Parameter
Estimated

Running mean Running median
⇢0 = 5 ⇢0 = 7 ⇢0 = 5 ⇢0 = 7

a1 -0.16 -0.25 -0.15 -0.15
ak -0.34 -0.27 -0.34 -0.37
b1 -2.78 -2.70 -2.78 -2.72
bk -2.53 -2.47 -2.55 -2.49

A⇥ 10�44 1.15 1.14 1.14 1.15
f2 0.00059 0.00031 0.00059 0.00067
↵ 1.66 1.80 1.66 1.56

Figure 4: Ratios rCount (blue) and r⌦ (orange) for the terrestrial detector residual backgrounds for the total pop-
ulation I/II and III.

Figure 5: Energy density of ET (left panel) and ET+2CE (right panel) residual populations, at frequencies be-
tween 1Hz-2kHz. The solid lines indicate the contribution of the di↵erent types of binaries: BBH in red, BNS in
blue and BHNS in green. The dotted lines show the power integrated curves for ET (in purple on the left panel)
and ET+2CE (in pink on the right panel).
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design sensitivity of a pair of detectors i and j and �ij is the normalized isotropic overlap reduction function (ORF),
characterizing the loss of sensitivity due to the separation and the relative orientation of the detectors for sources
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[Caprini C. et al., in preparation] [Karnesis  N., et al., 2021]

[Perigois C. et al., 2021]
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Inflationary sources: Axion-inflation  
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Figure 4. Spectrum of GWs today h
2⌦GW obtained from a numerical integration of the dynamical

equations of motion (for a model of quadratic inflaton potential, with inflaton - gauge field coupling
f = MPl/35), versus the local parametrization h

2⌦GW / (f/f⇤)nT , evaluated at various pivot fre-
quencies f⇤ and with the spectral tilt nT obtained from successive approximations to the analytic
expression (3.13).

In figure 4, we compare the analytic expression (3.13) for the spectral tilt nT against the
result of a numerical evolution of ⌦GWh

2. For definiteness, we choose a quadratic inflaton
potential, and we fix the coupling between the gauge field and the inflaton to f = MPl/35.
This gives ⇠N=60 ' 2.46 at the CMB scales. We observe from the figure that the final
expression for the tilt in (3.13) provides a very good approximation (red segments in the
figure) to the slope of the numerical result (blue solid line in the figure). The term (1� ✏) in
the denominator of (3.13), due to the fractional change of the Hubble rate Ḣ/H

2, contributes
to nT only to second order in slow-roll parameters, and hence we disregard it. The expression
nT ' �4✏+ (4⇡⇠ � 6)(✏� ⌘) predicts correctly the slope of the numerical signal, within the
LISA frequency range, to better than ⇠ 4%. In the figure, the di↵erence between the red
segments and the true numerical signal cannot be distinguished by eye.

Let us note that for the range of ⇠ that LISA can probe [⇠ & 3.5, see figure (5)], the
term �4✏ in the final expression of (3.13) is actually negligible compared to the other terms.
We can thus further approximate the expression for the tilt as nT ' (4⇡⇠ � 6) (✏� ⌘), which
still predicts correctly the slope of the numerical signal within the LISA frequency range,
for instance in the fiducial chaotic quadratic model to better than ⇠ 10%. The advantage
of using this simplified expression for the tilt is that it allows us to reduce the number of
independent variables that the GW signal depends on, from {HN , ⇠, ✏, ⌘} to {HN , ⇠, (✏� ⌘)}.
This simplifies our next goal, which is to obtain a model-independent parameter estimation
based on the LISA sensitivity curves.

In figure 5 we plot the region in the parameter space (⇠, ✏ � ⌘) that LISA is capa-
ble of probing, with the left and right panels depicting, LISA’s best (A5M5) and worst
(A1M2) configurations, respectively. In both panels we take as a pivot scale f⇤ the frequency

of the minimum of each LISA sensitivity curve h
2⌦(AiMj)

GW (f), with f⇤|A5M5 ' 0.00346 Hz
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Peculiar features
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- Chiral SGWB spectrum

- Non-Gaussian SGWB

[Bartolo N., et al. ’16 - LISA CosWG paper]

[Cook & Sorbo, ’11]
[Domcke, Pieroni, Binetruy, ’16]

[Namba et al., ’15]



SGWB from Phase transition

- Bubble collisions
- MHD Turbulence
- Sound Waves
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The SM electroweak phase transition is a cross-over PT 

Various BSM models instead predict first-order PT 
    (at EW scale or beyond) 

This sources GWs through 

• bubble collisions 
• magnetohydrodynamic turbulence 
• sound waves 
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Figure 3: Example of GW spectra in Case 2, for fixed T⇤ = 100 GeV, ↵ = 1, vw = 1, ↵1 = 0.3, and

varying �/H⇤: from left to right, �/H⇤ = 1 and �/H⇤ = 10 (top), �/H⇤ = 100 and �/H⇤ = 1000

(bottom). The black line denotes the total GW spectrum, the blue line the contribution from the

scalar field, the green line the contribution from sound waves, the red line the contribution from

MHD turbulence. The shaded areas represent the regions detectable by the C1 (red), C2 (magenta),

C3 (blue) and C4 (green) configurations.
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As the temperature in the very early universe decreases, there can be 
several PTs: QCD, EW....Beyond Standard Model?  

If the PT is first order, the SGWB signal could be detectable by LISA/ET

[Caprini C., et al ’16, ’19- LISA CosWG paper]



Cosmic Strings (or other kind of topological defects) are non-trivial field 
configurations left-over after the phase transition has completed 

A network of cosmic strings emits GWs 

(results are model dependent) 

One model of 
Nambu Goto 
local strings

Gµ = 10�17
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Auclair et al, arXiv:1909.00819

• The signal extends over many frequencies since the GW production is 
continuous throughout the universe evolution 

• The energy density of the cosmic string network is a constant fraction of 
the universe’s one 

GW signal from cosmic strings

[Auclair P., et al ’19- LISA CosWG]
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LISA or ET

1 Introduction

The direct detection of gravitational waves (GWs) by the LIGO and Virgo network [1–5]
marks the dawn of a new era in astronomy, opening a unique window with which to observe
the Universe. GWs carry invaluable information about the sources that created them —
which could be of astrophysical or cosmological origin — since they propagate unimpeded
through space. Gravitational waves therefore constitute one of the most promising new
messengers with which we can probe aspects of the Universe so far undetermined by other
means.

One of the main targets of GW experiments is the detection of a stochastic gravita-
tional wave background (SGWB) of cosmological origin. The most famous example of such
a SGWB is the quasi–scale invariant background from inflation, due to quantum fluctu-
ations [6–9]. This background is expected to be too small be to detectable by currently
planned GW observatories. However, if axion-type species are present during inflation, po-
tentially observable GWs can also be produced with a significant blue-tilt (see e.g. [10–21],
or [22] for a general discussion on GWs from inflation). Furthermore, post-inflationary,
early-universe phenomena can also generate GWs with a large amplitude, e.g. a kination-
dominated phase [23–27], particle production during preheating [28–35], oscillon dynam-
ics [36–40], strong first order phase transitions [41–47], or cosmic defect networks [48–54].
For a comprehensive review of SGWB signals of cosmological origin, see [55]. In this paper,
we focus on precisely one such cosmological source: cosmic strings. We investigate, in par-
ticular, the ability of the Laser Interferometer Space Antenna (LISA) [56] — which will be
the first GW observatory in space — to probe the SGWB emitted by a network of cosmic
strings.

Cosmic strings are stable topological defect solutions of field theories [57] which may
have formed in symmetry breaking phase transitions in the early Universe [58, 59]. Altern-
atively, they can be cosmologically stretched fundamental strings of String Theory, formed
for instance at the end of brane inflation [60, 61]. The energy per unit length of a string µ,
is of order ⌘2, where ⌘ is a characteristic energy scale (for topological strings, the energy
scale of the phase transition). In the simplest cases, the string tension is also of order µ, and
strings are relativistic objects that typically move at a considerable fraction of the speed of
light. The combination of a high energy scale and a relativistic speed clearly indicates that
strings should be considered a natural source of GWs.

A network of strings formed in the early Universe emits GWs throughout the history of
the Universe, generating a SGWB from the superposition of many uncorrelated sources. In
this paper, we forecast the constraints that LISA may put on the dimensionless combination
Gµ (where G = 1/M2

p is Newton’s constant, and Mp = 1.22⇥ 10
19 GeV the Planck mass),

which is related to the energy scale ⌘ through

Gµ ⇠ 10
�6

⇣ ⌘

1016 GeV

⌘2
, (1.1)

and which parametrizes the gravitational interactions of the string.
There are other ways one can hope to detect the presence of cosmic strings in the

Universe that do not directly involve the observation of the GWs they generate. In fact,
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SGWB from Topological Defects
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Figure 14. The 95% confidence detection region of ET-D for stochastic backgrounds assuming
one year of observation time (shaded area), compared with the prediction for the stochastic GW
background from cosmic strings, for two di↵erent models of the loop distribution discussed in ref. [220]
(left panel) and [221] (right panel). (Figure provided by A.C. Jenkins).

stochastic GW background may be produced as true vacuum bubbles collide and convert the
entire Universe to the symmetry-broken phase. In the Standard Model of particle physics,
the electroweak and the QCD transitions are just cross-overs, hence any generated gravita-
tional wave signal is not expected to be detectable. However, there are many extensions of
the Standard Model (e.g., with additional scalar singlet or doublet, spontaneously broken
conformal symmetry, or phase transitions in a hidden sector) which predict strong first-order
phase transitions, not necessarily tied to either the electroweak or the QCD phase transition.
In such models, the power of the generated gravitational wave signal depends on the energy
available for conversion to shear stress, which is determined by the underlying particle physics
model. Hence, a stochastic background of GWs will allow us to test particle physics models
of the very early Universe, at energy scales far above those that can be reached at the Large
Hadron Collider. First-order phase transitions can also lead to turbulence that may generate
a stochastic background of gravitational waves.

Phase transitions followed by spontaneous breaking of symmetries may leave behind
topological defects as relics of the previous more symmetric phase of the Universe. In the
context of Grand Unified Theories, it has been shown [222] that one-dimensional defects,
called cosmic strings are generically formed. Cosmic string loops oscillate periodically in
time, emitting GWs, which depend on a single parameter, the string tension µ, related to
the energy scale ⌘ of the symmetry breaking through

Gµ ⇠ 10�6

⇣ ⌘

1016 GeV

⌘
2

. (3.3)

Cosmic strings may emits bursts of beamed gravitational radiation. The main sources of
bursts are kinks, discontinuities on the tangent vector of a string resulting from string inter-
commutations and exchange of partners, and cusps, points where the string instantaneously
reaches the speed of light. Gravitational back reaction is expected to smooth out the string
microstructure which implies that kinky loops become less wiggly and cusps may be the most
important points for GW emission. Another mechanism leading to bursts of gravitational
waves is kink-kink collisions, during which gravitational waves are emitted in all directions.
The incoherent superposition of these bursts generates a stationary and almost Gaussian
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GW from Primordial Black  Holes
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PBHs as DM - Current constraints

Most updated constraints leave a window open for PBHs as DM

100% DM
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Recently reanalysed in [arXiv:1906.05950]

GW signal from second order scalar perturbations: 
PBH and LISA

A. Riotto, https://indico.math.cnrs.fr/event/5766/contributions/5153/
attachments/2801/3587/Paris2021.pdf

There is a mass window for 
which PBH can still constitute 
the whole of the dark matter

If one wants to produce PBH in 
this mass range, one also has an 

observable SGWB in LISA by 
second order scalar perturbations

N. Bartolo et al, arXiv:1810.12218, 
arXiv:1810.12224
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GWB from cosmological sources superimposed to the Astrophysical GWB

Peculiar features to distinguish them:
Spectral Dependence:

Net Polarization: 

⌦GW(f)
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Anisotropies/Directionality:

Characterization of the SGWB� *OUSPEVDUJPO
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TDSJCFE CZ B TFOTJUJWJUZ DVSWF XIJDI CFMPX �N)[ XJMM
CF MJNJUFE CZ BDDFMFSBUJPO OPJTF BU UIF MFWFM EFNPO�
TUSBUFE CZ -1'� *OUFSGFSPNFUSZ OPJTF EPNJOBUFT BCPWF
�N)[ XJUI SPVHIMZ FRVBM BMMPDBUJPOT GPS QIPUPO TIPU
OPJTF BOE UFDIOJDBM OPJTF TPVSDFT� 4VDI B TFOTJUJWJUZ
DBO CF BDIJFWFE XJUI B ���NJMMJPO LN BSN�MFOHUI DPO�
TUFMMBUJPO XJUI �� DN UFMFTDPQFT BOE �8 MBTFS TZTUFNT�
ćJT JT DPOTJTUFOU XJUI UIF (0"5 SFDPNNFOEBUJPOT
BOE CBTFE PO UFDIOJDBM SFBEJOFTT BMPOF B MBVODINJHIU
CF GFBTJCMF BSPVOE ����� 8F QSPQPTF BNJTTJPO MJGFUJNF
PG � ZFBST FYUFOEBCMF UP �� ZFBST GPS -*4"�

1BHF � -*4" o �� */530%6$5*0/

[SGWBinner code (LISA CosWG) ’19, ’20]

[Domcke, V., et al.,’20]

⌦GW(f, ~x)
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[LISA Cosmology White Paper][LISA L3 Proposal



(Power law + astro (foregrounds) binaries)(Axion inflation, Phase Transition beyond SM)

Spectral shape Reconstruction

See M. Braglia’s talk

[SGWBinner code 
(LISA CosWG) ’19, ’20]

Figure 1: Main Plot. [Top] Reconstruction of the power-law benchmark signal in

the cases whithout [left] and with [right] including foregrounds. The injected signal has

↵⇤ = �12 and nT = 0. [Bottom-left] Triangle plot of the signal and noise parameters

obtained using Polychord. [Bottom-right] the triangle plot is extended to the amplitude of

galactic and extragalactic foregrounds to explicitly show the degeneracies with the template

parameters. [MB]

standard deviation is computed both using the Fisher matrix formalism and Polychord1.

In both cases we perform the analysis with and without foregrounds. When foregrounds

are included, nested sampling provides a better estimate on the error compared to the the

Fisher, probably because the latter, assuming Gaussian pdfs, easily picks up degeneracies.

This is easy to see from the line of constant nT = 2/3.

• Comparison between Fisher and Polychord. The performance of Fisher and

Polychord in estimating the model parameters are compared in Figs. 5 and 4. For simplicity

we show the case of a flat spectrum nT = 0. When foregrounds are not included in the

analysis, the Fisher formalism and nested sampling start to di↵er for ↵⇤ . �12.7 which

1
Note that, in the latter case, the posterior distributions are not always Gaussian and centered around

the injected value. This often happens when SNR < 10. For example, we may have cases where the upper

and lower limits on a parameters are di↵erent or we only have an upper limit on a certain parameter.

Nevertheless, the standard deviation is still a good estimate of the errors on the parameters.
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Chirality

RX1X2
V (f) = 0

V= circular polarization Stokes parameter 

⌦GW(n̂) / (1 + ~� · n̂)⌦0
GW
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Measurement of GW polarization at LISA / ET

Two GWs related by a mirror symmetry produce the same

response in a planar detector. Cannot detect net circular

polarization of an isotropic SGWB

Isotropy in any case broken by peculiar motion of

the solar system. Assumption, vd ! 10−3 as CMB

SNRLISA !
vd

10−3

ΩGW,R −ΩGW,L

4 · 10−11

√
T

3 years

Domcke, Garćıa-Bellido, MP, Pieroni
Ricciardone, Sorbo, Tasinato ’19

(one order of magnitude greater than estimate in Seto ’06)
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Net circular polarization and the cosmological dipole
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response in a planar detector. Cannot detect net circular
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Measurement of GW polarization at LISA / ET

Two GWs related by a mirror symmetry produce the same

response in a planar detector. Cannot detect net circular

polarization of an isotropic SGWB

Isotropy in any case broken by peculiar motion of

the solar system. Assumption, vd ! 10−3 as CMB

SNRLISA !
vd

10−3

ΩGW,R −ΩGW,L

1.2 · 10−11

√
T

3years

Domcke, Garćıa-Bellido, MP, Pieroni
Ricciardone, Sorbo, Tasinato ’19

(one order of magnitude greater than estimate in Seto ’06)

• Do the GW and the CMB dipole coincide ?

Assuming a dipole modulation due to the motion of our Solar System with respect to the cosmic frame -> 
BREAKING OF ISOTROPY 

For an ISOTROPIC SGWB

[Domcke, V., et al.,’20]

[Smith & Caldwell, ‘16]

[B. Thorne et al., ‘17]



ISOTROPIC 
BACKGROUND 

Small 
PERTURBATION 

(direction-dependent)

GWs of high frequency propagating through
 large-scale (low frequency) cosmological perturbation due to LSS

Two contributions: 1.  At production

2.  During the propagation through universe

[Bartolo, Bertacca, Matarrese, Peloso, AR, Riotto, Tasinato ’19, ’20]

Treatment as CMB

AGWB Anisotropies

[Alba, Maldacena, 2015]
[Contaldi, 2016]

(Geometric Optics Limit)

⌦GW(⌘0, k, n̂) ⌘ ⌦̄GW(⌘0, k) + �⌦GW(⌘0, k, n̂)
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LISA/ET

EuCAPT WP 
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Figure 6: Angular power spectrum of anisotropies for three frequencies in the mHz band,

for the reference astrophysical model of [37] and [36]. Multiplication by (` + 1) emphasizes

the large-scale behaviour of Eq. (3.30), while we multiplied the spectrum by the monopole

amplitude to show the frequency scaling of anisotropies. The shaded region corresponds to

the cosmic variance limit. Adapted from [37].

where ` is the multipole in the spherical harmonic expansion, P (k) is the galaxy power

spectrum, r is the (comoving) distance, related to the momentum k via the Limber con-

straint kr = ` + 1/2. Each astrophysical model predicts a functional dependence of the

astrophysical kernel @r⌦̄, defined as

⌦̄GW(f) =

Z
dr@r⌦̄(f, r) . (3.31)

It follows that the angular power spectrum depends on the astrophysical model chosen to

describe sub-galactic physics. In particular, low ` are sensitive to the low-redshift value of

the kernel @r⌦̄.

The angular power spectrum of the anisotropies in the AGWB from merging stellar-mass

binary BHs in the mHz band where LISA operates, has been computed in [37] using the

astrophysical framework of [199]. It has been shown that AGWB anisotropies are very

sensitive to sub-galactic astrophysical modeling [36, 37]. In particular, di↵erent descrip-

tions of stellar evolution and black hole binary formation lead to fractional di↵erences in

the angular power spectrum of anisotropies up to ⇠ 50%, independently on the global

normalization (monopole).

Monopole and anisotropies contain complementary astrophysical information and study-

ing the latter will allow one to break degeneracies between di↵erent astrophysical ingredi-

ents and potentially to constrain them separately.

3.3.1 Systematic e↵ects on the angular power spectrum

In estimating the anisotropies of the astrophysical gravitational-wave background, the finite

number of the sources that contribute to the background at any given time and the very
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component separation, which is in practice the inversion of the time-dependent streams

measured by the satellite to the multipole amplitudes p`m. We leave this discussion to

section 6. Here we estimate the relative sensitivity of LISA to di↵erent `�multipoles by

assuming that only one multipole dominates the SGWB and that multipoles with the same

` but di↵erent m are obtained from the same Gaussian statistics. This amounts to assuming

a statistically isotropic SGWB, with correlators given by Eq. (2.9).

Taking this into account, the expected SNR (4.38) can be written as a sum over the

various multipoles,

hSNRi ⌘
sX

`

hSNRi2` , (4.39)

where, for each multipole,

hSNRi` =
3 H2

0

4⇡2
p

4⇡

vuut
X

O,O0

Z 1

0

df

Z T

0

dt
⌦2

GW
(f)

f6 NO (f) NO0 (f)
CGW

`

⇥
R`

OO0 (f)
⇤2

, (4.40)

where we recall that the response function R`
OO0 (f) is the quantity defined in Eq. (4.28)

and rescaled as in Eq. (4.12). In the following, we can work directly in terms of R̃`
OO0 (f)

by rescaling the noise functions accordingly, see Eqs. (B.14) and (B.15). Moreover, ad

discussed above, the response function R̃`
OO0 to a statistically isotropic signal is time-

independent, so that the integral over time in Eq. (4.40) simply results in the usual

property that the SNR grows with the square root of the observation time. Finally, we

factor out the uncertainty in the Hubble rate by dividing it by its rescaled value h and by

considering the ⌦ h2 combination, as it is standard. This leads to

hSNRi` =
3 (H0/h)2

4⇡2
p

4⇡

vuutT
X

O,O0

Z 1

0

df
⌦2

GW
(f) h4

f6 ÑO (f) ÑO0 (f)
CGW

`

h
R̃`

OO0 (f)
i2

. (4.41)

From this expression we define the “channel-channel” sensitivity

⌦`
GW,OO0,n (f) h2 ⌘ 1p

T

4⇡2
p

4⇡

3 (H0/h)2
f3

q
ÑO (f) ÑO0 (f)

R̃`
OO0 (f)

, (4.42)

as well as the optimally weighted sum over the three channels

⌦`
GW,n (f) h2 ⌘

8
<

:
X

O,O0

"
1

⌦`
GW,OO0,n (f) h2

#2
9
=

;

�1/2

. (4.43)

The total sensitivity to the `�multiple is shown in Figure 9 for multipoles up to ` = 10.

From this quantity, we can immediately obtain

hSNRi2` =

Z 1

0

df

2

4

q
CGW

` ⌦GW (f) h2

⌦`
GW,n (f) h2

3

5

2

. (4.44)
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Figure 9: Estimated LISA sensitivity to a given multipole ` of the SGWB, for multipoles

up to ` = 10. Even (odd) multipoles are shown with solid (dashed) lines. The sensitivity is

obtained by optimally summing over the LISA channels, see Eqs. (4.42) and (4.43).

We note that the curves shown in Figure 9 are rescaled by Y00 = 1/
p

4⇡, in such a way

that the curve shown for ` = 0 coincides with the SciRD (Science Requirement Document)

sensitivity curve for a homogeneous signal [201] obtained from summing over the A, E, T

channels.

4.5 Sensitivity to kinematic anisotropies

Doppler anisotropies induced by the motion of the detector with respect to the SGWB

rest frame count among the guaranteed features of the SGWB. In fact, already the early

work [10], which sets the basis for the analysis of SGWB anisotropies with ground-based

GW interferometers, estimated the prospects for ground-based detectors to measure the

kinematic dipole of the SGWB. In this subsection we briefly consider the same question in

the context of LISA.

The size and properties of kinematic anisotropies depend on the frequency profile of

the rest-frame SGWB energy density ⌦GW(f). This fact can be important for enhancing
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Figure 1: Traces of early universe physics can be looked for through multiple observational windows.

and it is intriguing that a PT happening at temperatures around the weak scale or TeV scale would give a signal
in the most sensitive region of the upcoming LISA experiment [189]. Higher PT scales could be probed by
LIGO and follow-up experiments such as the Einstein Telescope and Cosmic Explorer, while PTA experiments
are sensitive to PTs at later times that could potentially happen in a hidden sector [190, 191].

2.3 Outlook and Open Problems
We are entering an age of “multi-messenger cosmology", with multiple cosmological probes (CMB, LSS and GWs)
poised to provide new tests of the physics of the early universe (see Fig. 1). In order for these observations to
fulfill their true potential, however, theoretical advances will be crucially needed. The following is a list of some
of the most important open problems for each of the topics described above.

• Inflation: Despite being a very successful phenomenological model, inflation is not yet a complete theory.
In particular, the microscopic origin of the inflationary expansion is still unknown. This challenge can be
addressed through two complementary approaches. On the one hand, it remains important to construct
explicit models of inflation and study their observational predictions, including the effects of UV comple-
tion. On the other hand, we can carve out the space of consistent inflationary correlations starting from
basic physical principles such as locality, causality and unitarity. In this way, we can hope to provide a
systematic classification of the inflationary predictions. At a more phenomenological level, future galaxy
surveys will provide interesting new constraints on non-Gaussian correlations. In order for these obser-
vations to fulfill their true potential, however, the non-Gaussianity associated to nonlinear gravitational
evolution and galaxy biasing must be characterized very accurately, so that the primordial signals can be
extracted reliably. This will require both advances in numerical simulations, as well as improvements in
the theory description of large-scale structure.

• Reheating: Some of the theoretical challenges related to the reheating era include: (1) Delineating the
model dependent vs. relatively universal predictions, both from a model-building perspective and those
resulting from nonlinear phenomena (e.g. [192–196]). (2) Numerically simulating the nonperturbative
physics of this period with increasingly more ‘realistic’ field content – scalars, fermions, Abelian and
non-Abelian fields (see [197–203]) and detailed accounting of metastable/solitonic structures, full quan-
tum and gravitational effects. (3) Performing the numerical simulations long enough to reach full (local)

175] are currently on the brink of discovering a stochastic GW background (SGWB). In 2020, NANOGrav was the first PTA
collaboration to present strong evidence for a new stochastic process affecting its 12.5-year data [176]. Joint PTA analyses based on
larger data sets in the next years, eventually leading up to PTA observations with FAST [177] and SKA [178, 179], will help clarify
whether this process really corresponds to a SGWB signal and shed more light on its origin [180]. Possible explanations include
the mergers of supermassive black-hole binaries [181] on the astrophysical side as well as an abundance of BSM scenarios on the
cosmological side, including but not limited to cosmic strings [150–152], scalar-induced GWs (SIGWs) generated at second order of
perturbation theory in conjunction with the production of primordial black holes [182–185], cosmological phase transitions [162, 186–
188], and axions [162, 163].
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and it is intriguing that a PT happening at temperatures around the weak scale or TeV scale would give a signal
in the most sensitive region of the upcoming LISA experiment [189]. Higher PT scales could be probed by
LIGO and follow-up experiments such as the Einstein Telescope and Cosmic Explorer, while PTA experiments
are sensitive to PTs at later times that could potentially happen in a hidden sector [190, 191].
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We are entering an age of “multi-messenger cosmology", with multiple cosmological probes (CMB, LSS and GWs)
poised to provide new tests of the physics of the early universe (see Fig. 1). In order for these observations to
fulfill their true potential, however, theoretical advances will be crucially needed. The following is a list of some
of the most important open problems for each of the topics described above.

• Inflation: Despite being a very successful phenomenological model, inflation is not yet a complete theory.
In particular, the microscopic origin of the inflationary expansion is still unknown. This challenge can be
addressed through two complementary approaches. On the one hand, it remains important to construct
explicit models of inflation and study their observational predictions, including the effects of UV comple-
tion. On the other hand, we can carve out the space of consistent inflationary correlations starting from
basic physical principles such as locality, causality and unitarity. In this way, we can hope to provide a
systematic classification of the inflationary predictions. At a more phenomenological level, future galaxy
surveys will provide interesting new constraints on non-Gaussian correlations. In order for these obser-
vations to fulfill their true potential, however, the non-Gaussianity associated to nonlinear gravitational
evolution and galaxy biasing must be characterized very accurately, so that the primordial signals can be
extracted reliably. This will require both advances in numerical simulations, as well as improvements in
the theory description of large-scale structure.

• Reheating: Some of the theoretical challenges related to the reheating era include: (1) Delineating the
model dependent vs. relatively universal predictions, both from a model-building perspective and those
resulting from nonlinear phenomena (e.g. [192–196]). (2) Numerically simulating the nonperturbative
physics of this period with increasingly more ‘realistic’ field content – scalars, fermions, Abelian and
non-Abelian fields (see [197–203]) and detailed accounting of metastable/solitonic structures, full quan-
tum and gravitational effects. (3) Performing the numerical simulations long enough to reach full (local)

175] are currently on the brink of discovering a stochastic GW background (SGWB). In 2020, NANOGrav was the first PTA
collaboration to present strong evidence for a new stochastic process affecting its 12.5-year data [176]. Joint PTA analyses based on
larger data sets in the next years, eventually leading up to PTA observations with FAST [177] and SKA [178, 179], will help clarify
whether this process really corresponds to a SGWB signal and shed more light on its origin [180]. Possible explanations include
the mergers of supermassive black-hole binaries [181] on the astrophysical side as well as an abundance of BSM scenarios on the
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5.2 Optimal map solutions for LISA 133

Figure 5.6: An example input map from the simulations (top panel) to be compared to the final output
maps obtained integrating with different frequency cutoffs, fmax = 0.1 Hz (bottom-left panel) and
fmax = 0.01 Hz (bottom-right panel). These highlight the different resolutions the LISA channels have
in different ranges of frequency.

values of fmax. This value of Æ is chosen as it best describes the shape of LISA noise in the

relevant frequency range and thus optimally down-weights the noise in the signal search.

In this extremely high signal scenario, the solution converges after a single iteration. As

may be seen in the example maps in Figure 5.6, the input map is reconstructed remarkably

differently in the case of fmax = 10°1 Hz and fmax = 10°2 Hz. The higher angular modes are

well preserved when allowing the estimator to integrate up to higher frequencies, where there

is finer structure in the response pattern, whereas they are aliased into lower modes when

integrating only over the lower frequencies.

To study this trend four sets of 50 analogous simulations have been run with fmax = 10°3

Hz, 10°2 Hz, 5£10°2 Hz, 10°1 Hz respectively and the average output C`s in each set has

been calculated. The transfer functions

T` =
C`

C in
`

(5.32)
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Figure 13: Noise power spectrum for LISA in ⌦GW units at reference frequency f0 = 0.01

Hz. Note the N0 here is in good agreement with the curve shown in [206], Figure 4, taking

into account that the observation time considered here is one year, whereas in [206] it is

four.

It is therefore di�cult to compare numerical estimates of the e↵ective noise at di↵erent

angular scales to the result of analytical estimates. This is an active field of research, and

it is clear that a robust regularisation scheme will be required when attempting to recon-

struct the higher modes of the angular power spectrum with this configuration of the LISA

instrument. Inevitably, the presence of complicating factors such as non-stationarity, noise

uncertainties, and scanning systematics in real data will exacerbate this issue and map-

ping techniques will require significant developments in order to reconstruct anisotropies

as optimally as possible.

7 Conclusions

The anisotropies of the SGWB represent a powerful tool to characterize and distinguish

the di↵erent sources of GWs. We have seen in this paper how di↵erent GW sources are

characterized by di↵erent angular spectra. Such anisotropies have mainly two contribu-

tions: one directly related to the production mechanism of each particular GW source,

and one being an e↵ect of the propagation of GWs on our perturbed Universe, which is

common for all the GWs sources. We have made an overview of the main cosmological and

astrophysical sources characterized by anisotropies, that are expected to be present in the

LISA frequency band. We have presented the angular spectrum for di↵erent cosmological

backgrounds (i.e., inflation, phase transition, PBH and cosmic strings) and an astrophysi-

cal one (Solar Mass Black Hole Binaries). We have then built a SNR estimator to quantify
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LISA Angular noise

Mapping the SGWB
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Conclusions

The SGWBs are powerful probes to shed light on astrophysics, 
cosmology and fundamental physics 

Actual detectors are not so far from detecting the (isotropic) 
AGWB

The characterization of the SGWBs requires EuCAPT expertise

LISA and ET will allow to look into the window opened by 
LVK and probe different SGWB features



Thank you!


