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Program

• Coordinate Systems

• Reference Systems and Frames

• Gravity Field

• Height Systems
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Coordinate Systems

Cartesian Coordinates
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Cartesian Coordinates
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Cartesian Coordinates
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Cartesian Coordinates

Example : 
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Cartesian Coordinates

2 Systems :



8CERN- Academic Training – Introduction to Geodesy – 13.06.2022 – Sébastien Guillaume

Cartesian Coordinates

2 Systems :

If                           are orthonormal
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and :

Cartesian Coordinates

Rigid transformation :

with :

Similarity transformation :

adding a scaling factor :
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Cartesian Coordinates

Parametrizations of rotation matrix :

• 3 angles

• 1 unit vector + 1 angle

• 1 unit quaternion
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Cartesian Coordinates

3 angles / Cardan Angles
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Cartesian Coordinates

3 angles / Cardan Angles
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Cartesian Coordinates

1 unit quaternion

with :

Rotation : Rotation matrix :
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Cartesian Coordinates

Example

3 Cardan angles (x=>y=>z) :

1 unit quaternion :

1 unit vector + 1 angle :

Same rotation matrix
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Coordinate Systems

Ellipsoidal Coordinates



16CERN- Academic Training – Introduction to Geodesy – 13.06.2022 – Sébastien Guillaume

Ellipsoidal Coordinates

Ellipsoid of revolution

Canonical form :
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Ellipsoidal Coordinates

Ellipsoid of revolution

Canonical form :

Geodetic parametrization :
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Ellipsoidal Coordinates

Ellipsoid of revolution

Canonical form :

Geodetic parametrization to cartesian :

Cartesian to geodetic parametrization :
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Coordinate Systems

Projective Coordinates
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Projective Coordinates

Surface of 

REFERENCE

Surface of

PROJECTION

Formulas of

PROJECTION
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Projective Coordinates

Surface of 

REFERENCE

Surface of

PROJECTION

Formulas of

PROJECTION

Basic example : 

plane chart projection
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Projective Coordinates
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Projective Coordinates
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Projective Coordinates
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Projective Coordinates
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Projective Coordinates

• Changes with respect to  position

• Changes with respect to direction 

Scale factor map/sphere (plane chart map)
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Projective Coordinates

Generalization of Analysis :

Images of small circles on the reference surface

Tissot Indicatrix
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Projective Coordinates
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Projective Coordinates

Computation of Tissot Indicatrix

Differential Distances on reference surfaces

General Parametrization : 

Tangent vectors : Metric Tensor :
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Projective Coordinates

Computation of Tissot Indicatrix

Differential Distances on reference surfaces

General Parametrization : 

Tangent vectors :

Metric Tensor :
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Projective Coordinates

Computation of Tissot Indicatrix

Differential Distances on projection surfaces

General Parametrization : 

Tangent vectors : Metric Tensor :
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Projective Coordinates

Computation of Tissot Indicatrix

Differential Distances on projection surfaces

General Parametrization : 

Tangent vectors :

Metric Tensor :
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Projective Coordinates

Surface of REFERENCE Surface of PROJECTION
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Projective Coordinates

Computation of Tissot Indicatrix

Scale between reference and projection surfaces

Deformation tensor :

Principal axes with eigenvalue decomposition



35CERN- Academic Training – Introduction to Geodesy – 13.06.2022 – Sébastien Guillaume

Projective Coordinates

Computation of Tissot Indicatrix

Example : spherical plan chart projection

Metric tensors : Deformation matrix
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Projective Coordinates

Computation of Tissot Indicatrix

Example : spherical plan chart projection

Tissot Indicatrix : 



37CERN- Academic Training – Introduction to Geodesy – 13.06.2022 – Sébastien Guillaume

Projective Coordinates

Properties of projections

• Conformal :

• Equivalent :

Classes of projections

Cylindrical : Conical : Azimuthal :
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Projective Coordinates

Cylindrical (Equivalent)
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Projective Coordinates

Conical
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Projective Coordinates

Mercator projection (cylindrical conformal)

Scale factor : Meridian convergence :
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Projective Coordinates

Mercator projection (cylindrical conformal)
loxodrome orthodrome
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Projective Coordinates

Oblique Mercator projection (cylindrical conformal)
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Projective Coordinates

Transverse Mercator projection (cylindrical conformal)
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Reference Systems and Frames
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ICRS
International Celestial Reference System

ITRS
International Terrestrial Reference System

local topocentric
Natural system of an observer aligned
with gravity vector

Reference Systems and Frames
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Reference Systems and Frames

ICRS / ICRF – International Celestial Reference System/Frame
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ICRS / ICRF – International Celestial Reference System/Frame
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ICRS / ICRF – International Celestial Reference System/Frame
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ICRS / ICRF – International Celestial Reference System/Frame
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Reference Systems and Frames

source: https://en.wikipedia.org/wiki/Geodetic_Observatory_Wettzell
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Reference Systems and Frames

TRS / TRF – Terrestrial Reference Systems/Frames
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TRS / TRF – Terrestrial Reference System/Frame

ITRS International Terrestrial Reference System

TRS Terrestrial Reference Systems :

Theoretical definitions and conventions 

TRF Terrestrial Reference Frames :

Realization of a TRS

List of coordinates and velocities of benchmarks 

ITRF89, ITRF90, …, ITRF2008, ITRF2014

ETRS89 European Terrestrial Reference System ETRF89, ETRF90, …, ETRF2014

CHTRS89 Swiss Terrestrial Reference System CHTRF95

?? RGS ?? RGF93
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TRS / TRF – Terrestrial Reference System/Frame

Definition of a Terrestrial Reference System

Reference points in a Terrestrial Reference System
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TRS / TRF – Terrestrial Reference System/Frame
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no-net rotation condition

TRS / TRF – Terrestrial Reference System/Frame
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TRS / TRF – Terrestrial Reference System/Frame
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TRS / TRF – Terrestrial Reference System/Frame
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TRS / TRF – Terrestrial Reference System/Frame
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TRS / TRF – Terrestrial Reference System/Frame
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TRS / TRF – Terrestrial Reference System/Frame

Transformation between 2 Terrestrial Reference Systems

=> Time dependent similarity transformation :

Small scale factor & small rotation angles :

Position and velocity vectors from TRS1 to TRS2
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TRS / TRF – Terrestrial Reference System/Frame

Time dependent translation vector :

Time dependent scale factor :

Position and velocity vectors from TRS1 to TRS2
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TRS / TRF – Terrestrial Reference System/Frame

Time dependent rotation matrix :

Position and velocity vectors from TRS1 to TRS2
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TRS / TRF – Terrestrial Reference System/Frame
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TRS / TRF – Terrestrial Reference System/Frame
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TRS / TRF – Terrestrial Reference System/Frame
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Reference Systems and Frames

Topocentric Reference Systems/Frames
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Topocentric Reference Systems/Frames

Topocentric Ellipsoidal System
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Topocentric Reference Systems/Frames

Topocentric Ellipsoidal System

Ellipsoidal Topocentric Observables :

Link to TRS :
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Topocentric Reference Systems/Frames

Topocentric Astronomical System

Astronomical Topocentric Observables :
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Topocentric Reference Systems/Frames

Topocentric Astronomical System

Astronomical Topocentric Observables :
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Topocentric Reference Systems/Frames

Topocentric Astronomical System

Astronomical Topocentric Observables :

Link to TRS :
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Topocentric Reference Systems/Frames

Transformation between Astronomical and Ellipsoidal Topocentric Systems

Astronomical 

Topocentric System

Ellipsoidal

Topocentric System

Connection :
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Topocentric Reference Systems/Frames

Transformation between Astronomical and Ellipsoidal Topocentric Systems

Connection :

Astronomical Topocentric Coordinates in function of Ellipsoidal Topocentric Coordinates :
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Topocentric Reference Systems/Frames

Transformation between Astronomical and Ellipsoidal Topocentric Systems

Astronomical Topocentric Coordinates in function of Ellipsoidal Topocentric Coordinates :

After 1st order Taylor series around (         )
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Topocentric Reference Systems/Frames

Transformation between Astronomical and Ellipsoidal Topocentric Systems

with :
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Topocentric Reference Systems/Frames

Transformation between Astronomical and Ellipsoidal Topocentric Systems

Example :
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Topocentric Reference Systems/Frames

Computed with 

GGMPlus (Ch. Hirt)
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Gravity Field

very short introduction
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Gravity Field

Physical Fundaments of Gravity (classical mechanics)

1. Newton’s 2nd Law in non-inertial reference systems :

2. Newton’s Law of Gravitation
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Gravity Field

Newton’s 2nd Law in non-inertial reference systems :
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Gravity Field

Newton’s 2nd Law in non-inertial reference systems :

Link between inertial and non-inertial systemsNewton’s 2nd Law in inertial reference systems

Newton’s 2nd Law in inertial reference systems

acceleration
external
forces

acceleration
of origin centrifugal

acceleration

Euler
acceleration Coriolis

acceleration
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Gravity Field

Observed acceleration = specific “force” = proper acceleration : 

Observed acceleration in Inertial System Observed acceleration in Non-Inertial System
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Gravity Field

Observed acceleration = specific “force” = proper acceleration : 

Observed acceleration in Inertial System Observed acceleration in Non-Inertial System
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Gravity Field

Observed acceleration : fix Point on the Earth, in a Sun – Moon – Earth Universe 
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Gravity Field

Observed acceleration : fix Point on the Earth, in a Sun – Moon – Earth Universe 

Earth constant 
angular velocity

point is fix 
on Earth

point is fix 
on Earth
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Gravity Field

Observed acceleration : fix Point on the Earth, in a Sun – Moon – Earth Universe 
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Gravity Field

Observed acceleration : fix Point on the Earth, in a Sun – Moon – Earth Universe 
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Gravity Field

Observed Free-Falling : on the Earth, in a Sun – Moon – Earth Universe 
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Gravity Field

Observed Free-Falling : on the Earth, in a Sun – Moon – Earth Universe 
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Gravity Field
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Gravity Field

Definition of Gravity in Physical Geodesy
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Gravity Field

Definition of Gravity Potential in Physical Geodesy
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Gravity Field

Definition of Gravity Potential in Physical Geodesy

Example : Homogeneous Spherical Earth

with :
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Height Systems

very short introduction



95CERN- Academic Training – Introduction to Geodesy – 13.06.2022 – Sébastien Guillaume

Height Systems

Homogeneous Spherical Earth
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Height Systems

Homogeneous Spherical Earth

Same Geometrical Height

=

Same equipotential
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Height Systems

Homogeneous Spherical Earth

+ Density Anomaly
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Height Systems

Homogeneous Spherical Earth

+ Density Anomaly
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Height Systems

Homogeneous Spherical Earth

+ Density Anomaly

Same Geometrical Height

≠

Same equipotential
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Height Systems

Homogeneous Spherical Earth

+ Density Anomaly

Introducing a new 

reference surface for 

Heights

Geoid
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Height Systems

Homogeneous Spherical Earth

+ Density Anomaly

Introducing a new 

reference surface for 

Heights

Geoid

Orthometric Height
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Height Systems

Homogeneous Spherical Earth

+ Density Anomaly

How to measure 

Orthometric Heights?
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Height Systems

Modern Height Systems

all based on the geopotential number

Dynamic Height :

Orthometric Height :

Normal Height :
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Height Systems

Orthometric Height Difference from Levelling

pure levelling

orthometric correction
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