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Positivity restriction on anomalous dimensions
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Arguments of positivity and conformal invariance in the Gell-Mann—Low limit imply
positive anomalies ¥y [ vy = (scale dimension)—2 —N] for the operators Oa‘.._aN (N = 0) which

occur . in the light-cone expansion of two currents.

It is well known that the softness of the trace
of the energy-momentum tensor implies that the
Gell-Mann—-Low limit' of most renormalizable
theories is not only scale- but also conformal-
invariant.? It is generally accepted that such a
limit corresponds to a bona fide field theory,® the
asymptotic theory.* We shall here derive, by a
very simple procedure, general constraints on
the scale dimensions of the symmetric traceless
tensors O. . . aﬂ(x) (which in particular occur in
the light-cone expansion) from the positivity con-
ditions of the asymptotic theory. Such scale di-
mensions are known to govern the short-distance
behavior of the Green functions of the massive
theory.5

Let us consider the two-point functions

Wal. CcayiByt BN(x)

=(0]0g,- .. ay(¥) 0, .. 5,(0)]0), (1)
where O, . .. o,(x) are irreducible conformal ten-
sors (i.e., Lorentz tensors (3 N, 3 N) satisfying

[O"‘x' .. uN(O),K)‘] =0, where K, generates the spe-
cial conformal transformations) of twist (= scale
dimension minus spin) 7y =dy -~ N (N> 1, dy, =scale
dimension). Conformal symmetry gives uniquely®

Wal.' ooy [ BN(x)

= (const) (x2) ¥ SMe g, (%) -+ M, (%) = (traces),

ayBy
(2)
where S indicates symmetrization and
XX
M og(x) =2—§?ﬂ -8ap -
We perform the decomposition
2

N
Wa].' <oy Byt et BN(x) =Z wk(TN)
k=0
XWO™, o6y - 8,0,
®)

where W%, 8y (%) are homogeneous distributions
satisfying
s (N =r) =
gyt 0q, Wit ayin oo 8,(¥)=0,
O0<sksN-1 (4)

(i.e., they contain spin values down to N -£) and
w, (Ty) are coefficients which will be studied in the
following.

The spin structure of the homogeneous distribu-
tions W(c{:'.' »); g (%) implies that they are positive
distributions for 7y, =1 -k. A necessary condition
for positivity from Eq. (2) is then 7, =1. Such a
weaker condition can be obtained from scale in-
variance alone.”

To investigate further the restrictions from
positivity we study the zeros of w, (7y) in Eq. (3).
At such zeros the kth divergence of O . .. o,(x)
vanishes:

9" 90,00y - () =0 . (5)
Eq. (5) is satisfied at those 7, such that®
[aaiu-aakoal...%(o), K,]=0 (6)

It then follows that for both the quadratic and
quartic Casimir operators C,, Cy;, on the confor-
mal representation® of O"‘x' -+ ay» ODE has

Cr.m(@y, N)=cl.lll (dy +P, N-k) (7)

(we recall that C;; vanishes onthe representation®).
Equation (7) has the only solution®
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Ty=3-k. (8)

We note that the locations of such “conformal”
zeros are above those of the “kinematical” zeros
(at 7y <1-k) due to the divergences of the Fourier
transforms of the distributions W{"=*). 5, (x). For
W), 5, (x) such that its Fourier transform is

a homogeneous distribution with an over-all
normalization independent of 7y, one has that

wy_y, (Ty) must be proportional to
(y=2)[(1y=2 +B)T(1y=1)] ~1. (9)

For 7y > 2, wy_, (Ty) =0, whereas for 74<2,

wy_p (Ty)< 0. A necessary and sufficient condition
for positivity is then 7, > 2.1%!! Since none of the
coefficients wy_, (7y) change sign for 7,>2, pos-

itivity is ensured by positivity at 7,=2,3,4, ...,
which correspond to the case of free fields. In
conclusion we have shown that the operators

Og,. « - y(x) (N>1), which occur in the light-cone
expansion of two electromagnetic and weak cur-
rents, have scale dimensions'®**® dy >2+N (pro-
vided conformal symmetry and positivity hold in
the asymptotic theory®), implying that [with ex-
clusion of the scalar contribution O(x) to the
operator expansion] j, (x)j,(0) is never more
singular, at x*=0, and the Green’s function in
Eq. (2) never less singular than in the free theory.

We have had discussions on the subject with
R. J. Crewther, G. De Franceschi, G. Mack, and
G. Parisi, whom we would like to thank.

*Permanent address: Laboratori Nazionali del CNEN—
Frascati, Roma, Italy.
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