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1 FORMALISM FOR INCLUSIVE QUARKONIUM PRODUCTION

1.1 NRQCD factorization method
In both heavy-quarkonium annihilation decays and hard-scattering production, large energy–momentum
scales appear. The heavy-quark mass x is much larger than � (*),+ , and, in the case of production, the
transverse momentum .[� can be much larger than � (*),+ as well. This implies that the associated values
of the QCD running coupling constant are much less than one. ( ø & E x J H<§ ^ � ü � and ø & E x + H § ^ � $ � .)Therefore, one might hope that it would be possible to calculate the rates for heavy quarkonium decay and
production accurately in perturbation theory. However, there are clearly low-momentum, nonperturbative
effects associated with the dynamics of the quarkonium bound state that invalidate the direct application
of perturbation theory.

In order to make use of perturbative methods, one must first separate the short-distance/high-
momentum, perturbative effects from the long-distance/low-momentum, nonperturbative effects — a pro-
cess which is known as “factorization.” One convenient way to carry out this separation is through the
use of the effective field theory Nonrelativistic QCD (NRQCD) [1–3]. NRQCD reproduces full QCD
accurately at momentum scales of order x Æ and smaller, where Æ is the typical heavy-quark velocity in
the bound state in the CM frame. ( Æ � § ^ � ý for charmonium, and Æ � § ^ � $ for bottomonium.) Virtual
processes involving momentum scales of order x and larger can affect the lower-momentum processes,
and their effects are taken into account through the short-distance coefficients of the operators that appear
in the NRQCD action.

Because T UT production occurs at momentum scales of order x or larger, it manifests itself in
NRQCD through contact interactions. As a result, the inclusive cross-section for the direct production of
the quarkonium & at large transverse momentum (.S� of order x or larger) in hadron or ü . colliders or
at large momentum in the CM frame (. � of order x or larger) in ü ¥ ü � colliders can be written as a sum
of products of NRQCD matrix elements and short-distance coefficients:à î & ò}� � ~ à ~ Eg� H � ���~ Eg� H " � (5.1)

Here, � is the ultraviolet cutoff of the effective theory, the à ~ are short-distance coefficients, and the� � �~ " are vacuum-expectation values of four-fermion operators in NRQCD. There is a formula analo-
gous to Eq. (5.1) for inclusive quarkonium annihilation rates, except that the vacuum-to-vacuum matrix
elements are replaced by quarkonium-to-quarkonium matrix elements [3].

The short-distance coefficients à ~ Eg� H in (5.1) are essentially the process-dependent partonic cross-
sections to make a TýUT pair, convolved with parton distributions if there are hadrons in the initial state.
The T UT pair can be produced in a colour-singlet state or in a colour-octet state. Its spin state can be
singlet or triplet, and it also can have orbital angular momentum. The short-distance coefficients are
determined by matching the square of the production amplitude in NRQCD to full QCD. Because the
scale of the T UT production is of order x or greater, this matching can be carried out in perturbation
theory.
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The four-fermion operators in Eq. (5.1) create a T UT pair in the NRQCD vacuum, project it onto
a state that in the asymptotic future consists of a heavy quarkonium plus anything, and then annihilate
the T UT pair. The vacuum matrix element of such an operator is the probability for a T UT pair to form
a quarkonium plus anything. These matrix elements are somewhat analogous to parton fragmentation
functions. They contain all of the nonperturbative physics associated with evolution of the T UT pair into
a quarkonium state. An important property of the matrix elements, which greatly increases the predictive
power of NRQCD, is the fact that they are universal, i.e., process independent.

The colour-singlet and colour-octet four-fermion operators that appear in Eq. (5.1) correspond to
the evolution into a colour-singlet quarkonium of a TîUT pair created at short distance in a colour-singlet
state or a colour-octet state, respectively. In the case of decay, the colour-octet matrix elements have
the interpretation of the probability to find the quarkonium in a Fock state consisting of a TVUT pair plus
some number of gluons. It is a common misconception that colour-octet production proceeds through
the production of a higher Fock state of the quarkonium. However, in the leading colour-octet production
mechanisms, the gluons that neutralize the colour are not present at the time of the creation of the colour-
octet T UT pair, but are emitted during the subsequent hadronization process. The production of the
quarkonium through a higher Fock state requires the production of gluons that are nearly collinear to theT�UT pair, and it is suppressed by additional powers of Æ .

NRQCD power-counting rules allow one to organize the sum over operators in Eq. (5.1) as an
expansion in powers of Æ . Through a given order in Æ , only a finite set of matrix elements contributes.
Furthermore, there are simplifying relations between matrix elements, such as the heavy-quark spin
symmetry and the vacuum-saturation approximation, that reduce the number of independent matrix ele-
ments [3]. Some examples of relations between colour-singlet matrix elements that follow from heavy-
quark spin symmetry are � � ð�£�¤� E u w �`H " � ý � � â � E � w FtH " ú (5.2)� ��� ��� E u ïzð H " � �u E ü � j $ H � ��� � E � ï �eH " � (5.3)

These relations hold up to corrections of order Æ � . The prefactors on the right side of Eqs. (5.2)–(5.3)
are just ratios of the numbers of spin states. Since the operators in Eqs. (5.2) and (5.3) have the same
angular momentum quantum numbers as the T UT pair in the dominant Fock state of the quarkonium,
the vacuum-saturation approximation can be used to express the matrix elements in terms of the squares
of wave functions or their derivatives at the origin, up to corrections of order Æ s . heavy-quark spin
symmetry also gives relations between colour-octet matrix elements, such as� � ð�£�¤� E u w �`H " � ý � � â � E � w FtH " ú (5.4)� � ð�£�¤� E � w FtH " � � � â � E u w �`H " ú (5.5)� � ð�£�¤� E u ïzð H " � �u E ü � j $ H � � â � E � ï �eH " ú (5.6)� � � g�� E u w �`H " � �u E ü � j $ H � ��� � E � w FIH " � (5.7)

These relations hold up to corrections of order Æ � . The prefactors on the right side of Eqs. (5.4)–(5.7) are
again just ratios of the numbers of spin states. The vacuum-saturation approximation is not applicable to
colour-octet matrix elements.

The relative importance of the terms in the factorization formula in Eq. (5.1) is determined not
only by the sizes of the matrix elements but also by the sizes of the coefficients à ~ in Eq. (5.1). The size
of the coefficient depends on its order in ø & , colour factors, and dimensionless kinematic factors, such asx � � . �� .

The NRQCD factorization approach is sometimes erroneously called the “colour-octet model,”
because colour-octet terms are expected to dominate in some situations, such as ��� � production at large.5� in hadron colliders. However, there are also situations in which colour-singlet terms are expected
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to dominate, such as �Z� � production in continuum ü ¥ üP� annihilation at the Û factories. Moreover,
NRQCD factorization is not a model, but a rigorous consequence of QCD in the limit � (*)b+ � x 
 ^ .

A specific truncation of the NRQCD expansion in Eq. (5.1) could be called a model, although,
unlike most models, it is in principle systematically improvable. In truncating at a given order in Æ , one
can reduce the number of independent matrix elements by making use of approximate relations, such
as Eqs. (5.2)–(5.3) and Eqs. (5.4)–(5.7). The simplest truncation of the NRQCD expansion in Eq. (5.1)
that is both phenomenologically viable and corresponds to a consistent truncation in Æ includes four
independent NRQCD matrix elements for each S-wave multiplet (one colour-singlet and three colour-
octet) and two independent NRQCD matrix elements for each P-wave multiplet (one colour-singlet and
one colour-octet). We will refer to this truncation as the standard truncation in Æ . For the S-wave
charmonium multiplet consisting of �Z� � and ® J , one can take the four independent matrix elements to
be � � ð�£�¤� E�u w ��H " , � � ð�£�¤� E � w FtH " , � � ð�£�¤� E�u w �`H " , and � � ð�£�¤� E�u�ï F�H " . Their relative orders in Æ are Æ F , Æ�u , Æ s ,
and Æ¦s , respectively. It is convenient to define the linear combinationp �Y � � � �� E � w F�H " j ox �J � � �� E u ï FIH " ú (5.8)

because many observables are sensitive only to the linear combination of these two colour-octet matrix
elements corresponding to a specific value of o . These four independent matrix elements can be used to
calculate the cross-sections for the ® J and each of the 3 spin states of the �Z� � . Thus, this truncation of
NRQCD gives unambiguous predictions for the polarization of the �Z� � . For the P-wave charmonium
multiplet consisting of � J F , � J � , � J � , and

� J , we can take the two independent matrix elements to be� � �  ç� E u ï FtH " and � � �  ç� E u w �`H " . Their orders in Æ relative to � � ð�£�¤� E u w �`H " are both Æ � . These two inde-
pendent matrix elements can be used to calculate the cross-sections for each of the 12 spin states in the
P-wave multiplet. Thus, this truncation of NRQCD gives unambiguous predictions for the polarizations
of the � J � , � J � , and

� J .
The NRQCD decay matrix elements can be calculated in lattice simulations [4–8] or determined

from phenomenology. However, it is not yet known how to formulate the calculation of production matrix
elements in lattice simulations, and, so, the production matrix elements must be obtained phenomeno-
logically. In general, the production matrix elements are different from the decay matrix elements. The
exceptions are the colour-singlet production matrix elements in which the T UT pair has the same quan-
tum numbers as the quarkonium state, such as those in Eqs. (5.2) and (5.3). They can be related to
the corresponding decay matrix elements through the vacuum-saturation approximation, up to correc-
tions of relative order Æ s [3]. Phenomenological determinations of the production matrix elements for
charmonium states are given in Section 2.1.

The proof of the factorization formula in Eq. (5.1) relies both on NRQCD and on the all-orders
perturbative machinery for proving hard-scattering factorization. A detailed proof does not yet exist,
but work is in progress [9]. At a large transverse momentum (.M� of order x or larger), corrections to
hard-scattering factorization are thought to be of order E x Æ H � � . �� (not x � � . �� ) in the unpolarized case
and of order x Æ � .�� (not x � .�� ) in the polarized case. At a small transverse momentum, .M� of orderx Æ or smaller, the presence of soft gluons in the quarkonium binding process makes the application of
the standard factorization techniques problematic. It is not known if there is a factorization formula for� à � � . �� at small .�� or for � à � � . �� integrated over .[� .

In practical calculations of the rates of quarkonium decay and production, a number of signifi-
cant uncertainties arise. In many instances, the series in ø & and Æ in the factorization formula in Eq. (5.1)
converge slowly, and the uncertainties from their truncation are large — sometimes $ ^�^ % or larger. In ad-
dition, the matrix elements are often poorly determined, either from phenomenology or lattice measure-
ments, and the important linear combinations of matrix elements vary from process to process, making
tests of universality difficult. There are also large uncertainties in the heavy-quark masses (approximately
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8% for x J and approximately 2.4% for x +
) that can be very significant for quarkonium rates that are

proportional to a large power of the mass.
Many of the largest uncertainties in the theoretical predictions, as well as some of the experimental

uncertainties, cancel in the ratios of cross-sections. Examples in charmonium production are the ratio� ¤ of the inclusive cross-sections for �<E ü w H and �Z� � production and the ratio � �  of the inclusive
cross-sections for � J � and � J � production. These ratios are defined by

� ¤ � à î �<E ü w HÜòà î �Z� � ò ú
(5.9)

� �  � à î � J ��òà î � J � ò � (5.10)

Other useful ratios are the fractions � � of �Z� � ’s that come from decays of higher quarkonium states & .
The fractions that come from decays of �E ü w H and from � J E $ ï H are defined by

� ¤ Í � ç Ï � �k� î �<E ü w HR
��Z� � j�~ ò à î �E ü w HÜòà î �Z� � ò ú (5.11)

� �  � ��ð�� F �k� î � J ð�E $ ï HR
 �Z� �'j�~ ò à î � J ðZE $ ï HÜòà î �Z� � ò � (5.12)

The � � ^ term in (5.12) is usually negligible, because the branching fraction �k� î � , FI
��k� �U� ò is so
small. The fraction of �Z� � ’s that are produced directly can be denoted by � ð�£�¤ .

Another set of observables in which many of the uncertainties cancel out consists of polarization
variables, which can be defined as ratios of cross-sections for the production of different spin states of
the same quarkonium. The angular distribution of the decay products of the quarkonium depends on the
spin state of the quarkonium. The polarization of a $ �*� state, such as the �Z� � , can be measured from the
angular distribution of its decays into lepton pairs. Let ë be the angle in the �Z� � rest frame between the
positive lepton momentum and the chosen polarization axis. The most convenient choice of polarization
axis depends on the process. The differential cross-section has the form� à� E þhÿ Þ ë H � $ j ø þhÿ Þ � ë ú (5.13)

which defines a polarization variable ø whose range is L $ ' ø ' j $ . We can define longitudinally and
transversely polarized �Z� � ’s to be ones whose spin components along the polarization axis are 0 and� $ , respectively. The polarization variable ø can then be expressed as E $ L ý9� HR� E $ j � H , where � is the
fraction of the �Z� � ’s that are longitudinally polarized. The value ø � $ corresponds to �Z� � with 100%
transverse polarization, while ø �ÌL $ corresponds to �Z� � with 100% longitudinal polarization.

One short-coming of the NRQCD factorization approach is that, at leading order in Æ , some of the
kinematics of production are treated inaccurately. Specifically, the mass of the light hadronic state that
forms during the evolution of the T UT pair into the quarkonium state is neglected, and no distinction is
made between ü x and the quarkonium mass. While the corrections to these approximations are formally
of higher order in Æ , they can be important numerically in the cases of rapidly varying quarkonium-
production distributions, such as .�� distributions at the Tevatron and � distributions at the Û factories and
HERA near the kinematic limit � � $ . These effects can be taken into account through the resummation
of certain operator matrix elements of higher order in Æ [10]. The resummation results in universal
nonperturbative shape functions that give the probability distributions for a T UT pair with a given set of
quantum numbers to evolve into a quarkonium with a given fraction of the pair’s momentum. The shape
functions could, in principle, be extracted from the data for one process and applied to another process.
Effects from resummation of logarithms of $ L � and model shape functions have been calculated for the
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process ü ¥ ü�� 
���� �ËjÏ~ [11]. For shape functions that satisfy the velocity-scaling rules, these effects
are comparable in size. It may be possible to use this resummed theoretical prediction to extract the
dominant shape function from the Belle and BaBar data for ü ¥ üP� 
��Z� ��j ~ and then use it to make
predictions for �Z� � photoproduction near � � $ [12].

1.2 Colour-singlet model
The colour-singlet model (CSM) was first proposed shortly after the discovery of the �Z� � . The initial
applications were to ® J and � J production through two-gluon fusion [13–16]. Somewhat later, the CSM
was applied to the production of �Z� � and ® J in Û -meson decays [17–19] and to the production of �Z� �
plus a gluon [20–25] through two-gluon fusion and photon–gluon fusion. The CSM was taken seriously
until around 1995, when experiments at the Tevatron showed that it under-predicts the cross-section for
prompt charmonium production in . U. collisions by more than an order of magnitude. An extensive
review of the colour-singlet model can be found in Ref. [26].

The colour-singlet model can be obtained from the NRQCD factorization formula in Eq. (5.1) by
dropping all of the colour-octet terms and all but one of the colour-singlet terms. The term that is retained
is the one in which the quantum numbers of the T UT pair are the same as those of the quarkonium. The
CSM production matrix elements are related to the corresponding decay matrix elements by the vacuum-
saturation approximation, and, so, they can be determined from annihilation decay rates. Thus, the CSM
gives absolutely normalized predictions for production cross-sections. The heavy-quark spin symmetry
relates the CSM matrix elements of the � E ü  j $ H states within an orbital-angular-momentum multiplet
with quantum number

 
. Thus, the CSM also gives nontrivial predictions for polarization.

In the case of an S-wave state, the CSM term in Eq. (5.1) is the one whose matrix element is of
leading order in Æ . However, owing to kinematic factors or factors of ø & in the short-distance coefficients,
the CSM term may not be dominant. In the case of a P-wave state or a state of higher orbital angular
momentum, the CSM term is only one of the terms whose matrix element is of leading order in Æ . For
these states, the CSM leads to infrared divergences that cancel only when one includes colour-octet terms
whose matrix elements are also of leading order in Æ . Thus, the CSM is theoretically inconsistent for
quarkonium states with nonzero orbital angular momentum.

1.3 Colour-evaporation model
The colour evaporation model (CEM) was first proposed in 1977 [27–30] and has enjoyed considerable
phenomenological success. In the CEM, the cross-section for a quarkonium state & is some fraction � �
of the cross-section for producing T UT pairs with invariant mass below the p Up threshold, where p is
the lowest mass meson containing the heavy quark T . (The CEM parameter � � should not be confused
with the fraction of �Z� � ’s that come from decay of & .) This cross-section has an upper limit on the TVUT
pair mass but no constraints on the colour or spin of the final state. The T UT pair is assumed to neutralize
its colour by interaction with the collision-induced colour field, that is, by “colour evaporation.” TheT and the UT either combine with light quarks to produce heavy-flavoured hadrons or bind with each
other to form quarkonium. If the T UT invariant mass is less than the heavy-meson threshold ü x q ,
then the additional energy that is needed to produce heavy-flavoured hadrons can be obtained from the
nonperturbative colour field. Thus, the sum of the fractions � � over all quarkonium states & can be less
than unity. The fractions � � are assumed to be universal so that, once they are determined by data, they
can be used to predict the cross-sections in other processes and in other kinematic regions.

In the CEM at leading order in ø & , the production cross-section for the quarkonium state & in
collisions of the light hadrons

���
and

� % isà ÍT���*Ï)���� î ���	� %ª
 & j�~ ò}�
� � � � � � � s ö |�

s ö�| � Ù� � � X � � X � N ���� ExX � ú } H N ���� ExX � ú } H Ùà � ��E Ù� H ø�E Ù� L X � X � � H ú (5.14)
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where � � � _ U_ or �Á� , Ù� is the square of the partonic centre-of-mass energy, and Ùà � ��E Ù� H is the � � 
 T UT
subprocess cross-section. The leading-order calculation cannot describe the quarkonium .�� distribution,
since the .�� of the T UT pair is zero at LO. At NLO in ø & , the subprocesses � � 
 obT UT , where � , � , and o
are light quarks, antiquarks, and gluons, produce T UT pairs with nonzero .[� . Complete NLO calculations
of quarkonium production in hadronic collisions using the CEM have been carried out in Refs. [31, 32],
using the exclusive T UT production code of Ref. [33] to obtain the T UT pair distributions. The resulting
values of the parameters � � are given in Section 3.3. There are also calculations in the CEM beyond LO
that use only a subset of the NLO diagrams [34] and calculations that describe the soft colour interaction
within the framework of a Monte Carlo event generator [35]. Calculations beyond LO in the CEM have
also been carried out for È . , È�È and neutrino–nucleon collisions and for   F decays [36–40]. Apparently,
the colour-evaporation model has not been applied to quarkonium production in ü ¥ ü � annihilation.

The most basic prediction of the CEM is that the ratio of the cross-sections for any two quarkonium
states should be constant, independent of the process and the kinematic region. Some variations in these
ratios have been observed. For example, the ratio of the cross-sections for � J and ��� � are rather different
in photoproduction and hadroproduction. Such variations present a serious challenge to the status of the
CEM as a quantitative phenomenological model for quarkonium production.

In some papers on the Colour Evaporation Model [34], the collision-induced colour field that neu-
tralizes the colour of the TýUT pair is also assumed to randomize its spin. This leads to the prediction that
the quarkonium production rate is independent of the quarkonium spin. This prediction is contradicted by
measurements of nonzero polarization of the �Z� � , the �<E ü w H , and the )GEx� w H in several experiments. The
assumption of the randomization of the T UT spin also implies simple spin-counting ratios for the cross-
sections for the direct production of quarkonium states in the same orbital-angular-momentum multiplet.
For example, the CEM with spin randomization predicts that the direct-production cross-sections for
charmonium satisfy à �O¡ � î ® J ò(¢ à �O¡ � î �Z� � òM� $ ¢ ý and à �O¡ � î � J F òp¢ à �£¡ � î � J � òp¢ à �O¡ � î � J � ò*� $ ¢ ý ¢ � . The in-
clusive cross-sections need not satisfy these spin-counting relations if there is significant feeddown from
decay of higher quarkonium states, as is the case for �Z� � . Deviations from the predicted spin-counting
ratio for � J � to � J � have been observed. One might conclude that the CEM is ruled out by the obser-
vations of nonzero polarization and of deviations from the spin-counting relations. On the other hand,
the assumption of the randomization of the T UT spin is really independent of the assumption of colour
evaporation. Some proponents of the CEM omit the assumption of spin randomization. Alternatively,
since the CEM is just a model, one can simply declare it to apply only to spin-averaged cross-sections.
In the remainder of this chapter, when we mention the predictions of the CEM for the relative production
rates of quarkonium states that differ only in their spin or total-angular-momentum quantum numbers,
we are referring to the version of the CEM that includes the assumption of spin randomization.

There is a simple correspondence between the CEM and the NRQCD factorization approach. The
CEM amounts to the assumption that an NRQCD production matrix element � � �~ Eg� H " is proportional
to the expectation value of the operator that is obtained by replacing the projector onto the hadronic
state & with a projector onto the set of T UT states with invariant mass less than ü x q . In addition to an
integral over the T UT phase space, the projector contains sums over the T UT spins and colours. The only
dependence on the quarkonium & is through a common factor � � in the proportionality constant for
each NRQCD matrix element. Since, in this picture, the probability of forming a specific quarkonium
state & is independent of the colour and spin state of the T UT pair, NRQCD matrix elements that differ
only by colour and spin quantum numbers are equal up to simple group theory factors. This picture also
implies a hierarchy of NRQCD matrix elements according to their orbital-angular-momentum quantum
number

 
. In the integration over the T UT phase space of an NRQCD operator with orbital-angular-

momentum quantum number
 

, the leading term scales as o � | ¥ � , where o is the T or UT momentum in
the T UT rest frame. The difference �9¤ N u L � x � is proportional to o � . Hence, there is an orbital-angular-
momentum suppression factor

î Ev� ¤ N u L � x � HR� � x � ò | � Æ � | in the matrix elements.1 That is, the CEM

1From the perspective of NRQCD, the upper limit ¥z¦Q§g¨z�¨µ£© |� on the ª¬«ª invariant mass that traditionally has been used
in the CEM is quite arbitrary. Any choice that satisfies ¥`¦Q§g¨> µ2© |® ~ µ£© |® � | leads to the same velocity-scaling rules.
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implies that S-wave NRQCD matrix elements dominate and that those with orbital-angular-momentum
quantum number

 °¯ $ are suppressed as Æ � | . One way to test the assumptions of the CEM is to extract
the NRQCD matrix elements from data and compare them with the predictions of the CEM.

The qualifier NLO in “the CEM at NLO” is somewhat misleading. As is described in Section 1.4,
the NLO cross-section for TýUT production that is used in computing the CEM predictions is accurate
through order ø u & , which is next-to-leading order at zero .S� , but leading order at nonzero .�� . This is the
same accuracy in ø & as the existing predictions in the NRQCD factorization approach. The NLO TÌUT.5� distribution is singular at .�� � ^ , but integrable. The existing NLO calculations in the CEM obtain
a smooth .�� distribution at small .[� by using a smearing prescription to mimic the effects of multiple
gluon emission. The smearing has a significant effect on the shape of the .>� distribution, except at very
large .�� .

1.4 Multiple gluon emission
Multiple gluon emission can be very important for transverse momentum distributions, distributions
near kinematic limits, and in situations in which production near threshold is important. For example,
a fixed-order perturbative calculation typically gives a transverse momentum distribution � à � � . �� for
quarkonium that includes terms proportional to ø�E . �� H and $ � . �� that are singular as .[� 
 ^ . (However,
the distribution has a well-behaved integral over . � .) This singular distribution becomes a smooth one
when the effects of multiple gluon emission are taken into account to all orders in perturbation theory.
Several methods, which we now describe, have been developed to take into account some of these effects.

Resummation methods sum, to all orders in ø & , certain logarithmically enhanced terms that are
associated with soft- and collinear-gluon emission. The resummations can be carried out at various levels
of precision in the logarithmic enhancements, that is, in leading logarithmic (LL) order, in next-to-leading
logarithmic (NLL) order, etc. Resummation can, in principle, be extended to arbitrarily high precision in
the logarithmic enhancements. However, in practice, it is seldom carried out beyond LL or NLL accuracy.
Generally, logarithms of . �� � p � have the largest effect on .[� distributions [42], although logarithms of
the available partonic energy above threshold (threshold logarithms) and logarithms of � � . �� (small- X
logarithms) can also be important for particular processes and kinematic regions2. Because arbitrarily
soft or collinear gluon emissions are resummed, the resummed expressions depend on nonperturbative
functions. This dependence lessens as the mass and transverse momentum scales of the process increase,
and it may be insignificant at large masses and/or transverse momenta. Some practical disadvantages
of the resummation method are that it has to be reformulated, to some extent, for every process and
that it usually does not yield results that are fully differential in all of the kinematic variables. Since
resummation calculations retain only soft and collinear logarithmically enhanced terms, they generally do
not describe accurately processes in which hard gluons are emitted at large angles — so called “Mercedes
events.” This situation can be remedied to some extent by combining resummation with exact next-to-
leading order (NLO) calculations, which retain all contributions associated with gluon emission at NLO,
not just logarithmically enhanced contributions [44].

Parton-shower Monte Carlos share with resummation methods the approach of modeling multiple
gluon emission by retaining certain logarithmically enhanced terms in the cross-section. The Monte Car-
los take into account a finite, but arbitrarily large, number of gluon emissions. The original implementa-
tions of shower Monte Carlo methods, such as ISAJET [45,46], generally treat only the leading collinear
logarithmic enhancements correctly, while more recent implementations, such as PYTHIA [47, 48] and
HERWIG [49,50] treat both the leading collinear and soft logarithmic enhancements correctly. Generally,
the showering processes are cut off so that they do not become so soft or collinear as to be nonpertur-
bative in nature. The showering may then be supplemented with nonperturbative models that describe
the hadronization of the partons. A practical advantage of the shower Monte Carlo approach is that it is

2For a general discussion of resummation techniques for logarithms of ± |² ¾�³ | and threshold logarithms, see Ref. [43].
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generally applied easily to any Born-level production process. Furthermore, it produces results that are
differential in all of the kinematic variables that are associated with the final-state particles. Hence, it
lends itself to the application of experimental cuts. As is the case with resummation methods, the shower
Monte Carlo approach does not yield an accurate modeling of processes in which hard gluons are emitted
at large angles. A partial remedy for this problem is to use shower Monte Carlos in conjunction with
exact NLO calculations, rather than LO calculations. Recently, important progress has been made in this
direction [51–56]. In contrast with resummation methods, some shower Monte Carlos do not take into
account virtual gluon emission. Such shower Monte Carlos do not yield reliable estimates of the total
cross-section.

The o � -factorization method is an attempt to take into account initial-state radiation through par-
ton distributions that depend the parton’s transverse momentum o � , as well as on the parton’s longitu-
dinal momentum fraction X . It generally gives answers that are very different from those of collinear
factorization. The o � -dependent parton distributions are not very well known phenomenologically, and
there are possibly unresolved theoretical issues, such as the universality of the o � -dependent parton
distributions.

The o � -smearing method is a phenomenological model for multiple initial-state radiation. As in
the o � -factorization method, the o � smearing method makes use of o � -dependent parton distributions.
It is assumed that the distribution factors into the X -dependent PDF’s that are defined by collinear fac-
torization and a Gaussian distribution in the transverse momentum o � . The width � o �� " of the Gaussian
can be treated as a process-dependent phenomenological parameter. One advantage of this model is that
it is easy to implement. On the other hand, while this model may capture some of the crude features of
soft- and collinear-gluon emission, it is probably incorrect in detail: resummation methods and shower
Monte Carlos yield transverse-momentum distributions that have longer tails than those of a Gaussian
distribution. The impact of a parton shower on the quarkonium transverse momentum distribution is, in
general, larger than for the Gaussian o � smearing, and it extends out to larger values of .M� .

1.5 Production in nuclear matter
The existing factorization “theorems” for quarkonium production in hadronic collisions are for cold
hadronic matter. These theorems predict that nuclear matter is “transparent” for �Z� � production at large.5� . That is, at large .�� , all of the nuclear effects are contained in the nuclear parton distributions.
The corrections to this transparency are of order E x Æ H � � . �� for unpolarized cross-sections and of orderx Æ � . � for polarized cross-sections.

The effects of transverse-momentum kicks from multiple elastic collisions between active partons
and spectators in the nucleons are among those effects that are suppressed by E x Æ H � � . �� . Nevertheless,
these multiple-scattering effects can be important because the production cross-section falls steeply with.5� and because the number of scatterings grows linearly with the length of the path through the nuclear
matter. Such elastic interactions can be expressed in terms of eikonal interactions [57] or higher-twist
matrix elements [58].

Inelastic scattering of the quarkonium by the nuclear matter is also an effect of higher order inE x Æ H � � . �� . However, it can become dominant when the amount of nuclear matter that is traversed by the
quarkonium is sufficiently large. Factorization breaks down when the length

 
of the quarkonium path

in the nucleus satisfies  «� n � ó Eg� Ð ú � YÐ2H ï ���´ ¡¶µ ¤p � Evo � � �� H � ú
(5.15)

where p � is the mass of the nucleus, � is the parton longitudinal momentum fraction, ï ��´ ¡¶µ ¤ is the mo-
mentum of the quarkonium in the parton CM frame, and o

�x� �
� is the accumulated transverse-momentum

“kick” from passage through the nuclear matter. This condition for the break-down of factorization is
similar to “target-length condition” in Drell–Yan production [59,60]. Such a breakdown of factorization

290



PRODUCTION

is observed in the Cronin effect at low .S� and in Drell–Yan production at low T � , where the cross-section
is proportional to the nucleon number raised to a power less than unity.

It is possible that multiple-scattering effects may be larger for colour-octet production than for
colour-singlet production. In the case of colour-octet production, the pre-quarkonium TVUT system carries
a nonzero colour charge and, therefore, has a larger amplitude to exchange soft gluons with spectator
partons.

At present, there is no complete, rigorous theory to account for all of the effects of multiple
scattering, and we must resort to “QCD-inspired” models. A reasonable requirement for models is
that they be constructed so that they are compatible with the factorization result in the large-.p� limit.
Many models treat interactions of the pre-quarkonium with the nucleus as on-shell scattering (Glauber
scattering). This assumption should be examined carefully, as on-shell scattering is known, from the
factorization proofs, not to be a valid approximation in leading order in E x Æ H � � . �� .

2 QUARKONIUM PRODUCTION AT THE TEVATRON

Charmonium and bottomonium are produced copiously in high energy hadron colliders. The present and
future hadron colliders include

– the Tevatron, a . U. collider operating at Fermilab with centre-of-mass energy of 1.8 TeV in Run I
and 1.96 TeV in Run II,

– RHIC, a heavy-ion or ./. collider operating at Brookhaven with centre-of-mass energy of up to
200 GeV per nucleon–nucleon collision,

– the LHC at CERN, a ./. collider under construction at CERN with centre-of-mass energy of
17 TeV.

In this section, we focus on the Tevatron, because it has produced the most extensive and precise data
on quarkonium production. The photoproduction of quarkonium at high-energy . U. , .¦. , and heavy ion
colliders is discussed in Chapter 7 of this report.

2.1 Charmonium cross-sections
In high energy collisions, charmonium is produced both through direct production mechanisms and
through decays of other hadrons. In the case of charmonium production through Û -hadron decays,
the charmonium is produced at a secondary vertex, and a vertex detector can be used to identify this
contribution to the measured production rate. We refer to the inclusive cross-section for production of a
charmonium state with the contribution from Û decays removed as the prompt cross-section. The prompt
cross-section includes both the direct production of the charmonium and its production through decays
of higher charmonium states.

In Run I of the Tevatron, the CDF collaboration measured the prompt cross-sections for the pro-
duction of several charmonium states in . U. collisions at a centre-of-mass energy of 1.8 TeV [61,62]. The
CDF data for production of direct �Z� � , prompt �<E�· w H , and prompt �Z� � from decay of � J are shown in
Fig. 5.1. In the CDF analysis, prompt ��� � ’s that do not come from decays of �E�· w H or � J were assumed
to be produced directly.

At non-vanishing transverse momentum, the leading parton processes for producing charmonium
( � � 
 ³ U³�j o , where � , � , and o are light quarks, antiquarks, and gluons) occur at order ø u & . The
colour-singlet-model (CSM) predictions are shown as dotted lines in Fig. 5.1. In the top two panels of
Fig. 5.1, the more steeply falling dotted lines are the predictions of the CSM at leading order in ø & .
The other dotted lines in the top two panels of Fig. 5.1 are contributions of higher order in ø & involving
gluon fragmentation. As can be seen in the top panel of Fig. 5.1, the gluon-fragmentation contribution
renders the shape of the CSM prediction for direct �Z� � production roughly compatible with the CDF
data. However, the normalization is too small by more than an order of magnitude. There is a similar
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Fig. 5.1: Differential cross-sections for the production of direct ����� (top), prompt ��	�Ö�×´� (middle), and prompt����� from decay of � Ù (bottom) at the Tevatron as a function of ¸�¹ . The data points are CDF measurements from
Run I [61, 62]. The dotted curves are the CSM contributions. The solid curves are the NRQCD factorization fits,
and the other curves are individual colour-octet contributions to the fits. From Ref. [64].

292



PRODUCTION

Table 5.1: NRQCD production matrix elements for charmonium states obtained from the transverse momentum
distributions at the Tevatron [64]. The errors quoted are statistical only.

& � � �� " � � �� E�u w � H " p �u n É�Z� � $ � $ W * ¢�£ u E $ � $ # ��^ � $ � H õ $ ^ � � * ¢�£ u E �,�©�d� � $ � $�$ H õ $ ^ � � * ¢�£ u�E�· w H ^ � �PW * ¢�£ u E�^ �©� ^<��^ � ^ W H õ $ ^�� � * ¢�£ u E $ � � # �l^ ��� W H õ $ ^�� � * ¢�£ u� J F ^ � $�$ * ¢�£ É E�^ �»º $ ��^ � ^ � H õ $ ^�� � * ¢�£ u
discrepancy in the normalization for prompt �<E�· w H production, as can be seen in the middle panel of
Fig. 5.1. In the case of production of prompt �Z� � from decay of � J , which is shown in the bottom panel
of Fig. 5.1, the discrepancy is less dramatic, but the cross-section is still under-predicted by the CSM. The
large discrepancies between the measurements and the CSM predictions for the production cross-section
for S-wave charmonium states rules out the CSM as a credible model for quarkonium production.

According to the NRQCD factorization approach, the charmonium production cross-section con-
tains not only the CSM terms, which are absolutely normalized, but also colour-octet terms, whose
normalizations are determined by colour-octet matrix elements. In the case of �Z� � and �E�· w H produc-
tion, the most important colour-octet matrix elements are � � �� E�u w ��H " , � � �� E�u�ï FIH " , and � � �� E � w FtH " . At
large . � , the �Z� � and �E�· w H cross-sections are dominated by gluon fragmentation into colour-octet u w �
charm pairs [65], which falls as � Ùà � � . �� � $ � . s� . The colour-octet

� w F and u ï¦ð channels are significant
in the region .[� � � $ ^ GeV, but fall as � Ùà � � . �� � $ � . �� and become negligible at large .S¼ . Because the� w Í � ÏF and uhï Í � Ïð short-distance cross-sections have a similar .I¼ dependence, the transverse momentum
distribution is sensitive only to the linear combination p �Y defined in (5.8), with o § º

. As can be seen
in the top panel of Fig. 5.1, a good fit to the normalization and shape of the direct �Z� � cross-section
can be obtained by adjusting � � ð�£�¤� E�u w �`H " and p ð�£�¤u n É . As is shown in the middle panel of Fig. 5.1,
a similarly good fit to the prompt �<E�· w H cross-section can be obtained by adjusting the corresponding
parameters for �<E�· w H . In the case of production of the � J ð states, the most important colour-octet ma-
trix element is � � �� E�u w � H " . As can be seen in the bottom panel of Fig. 5.1, the fit to the cross-section
for production of prompt �Z� � from decay of � J can be improved by adjusting � � �  ç� E�u w �`H " . Table 5.1
shows the values of the quarkonium matrix elements that are obtained in the fit of Ref. [64, 66]. The
colour-singlet matrix elements are taken from the potential-model calculation of Refs. [67, 68]. The
colour-octet matrix elements have been extracted from the CDF data [61, 62]. The CTEQ5L parton dis-
tribution functions [69] were used, with renormalization and factorization scales } � E . �� j � x �J H � £ �
and x J � $ �©� GeV. The Altarelli–Parisi evolution has been included for the � � �  ç� E�u w �`H " fragmentation
contribution. See Ref. [66] for further details. The extraction of the various colour-octet matrix elements
relies on the differences in their .S� dependences. Smaller experimental error bars could help to resolve
the different .[� dependences with greater precision.

The normalization and the shape of the prompt charmonium cross-section at the Tevatron can also
be described reasonably well by the colour-evaporation model (CEM). The CEM parameters can be fixed
by fitting to the data from . � collisions and by using the measured branching fractions for charmonium
decays. The predictions of the CEM at next-to-leading order in ø & (NLO) can be calculated using the
NLO parameter sets that are described in Section 3.3. The normalization of the predicted cross-section
for prompt �Z� � production is in reasonable agreement with the CDF data from Run I. The shape can be
brought into good agreement by adding o � smearing, with � o �� " � · �©� GeV � . In Fig. 5.2, the resulting
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Fig. 5.2: Differential cross-sections for production of direct ����� (top left), prompt ����� from decays of ��	\Öº×´� (top
right), and prompt ����� from decays of � Ù (bottom) at the Tevatron as a function of ¸ ¹ . The data points are the
CDF measurements [61,62]. The dotted and solid curves are the CEM predictions at NLO with ½¿¾ Þ¹SÀ F�Ö$M¶ GeV Þ ,
using the first and fourth charmonium parameter sets in Table 5.8.

CEM predictions are compared with the CDF charmonium data for production of direct �Z� � , prompt�Z� � from decay of �<E�· w H , and prompt �Z� � from decay of � J . The predictions are all in good agreement
with the CDF data.

In the case of the S-wave production matrix elements, the NRQCD velocity-scaling rules predict
that � � � "� � � " � Æ s· � J ú (5.16)

where this estimate includes colour factors that are associated with the expectation values of the NRQCD
operators, as advocated by Petrelli et al. [70]. As can be seen from Table 5.1, the extracted colour-octet
matrix elements are roughly compatible with this estimate [ Æ s � E�· � J H2§ ^ � ^ $ � ]. However, a much more
stringent test of the theory is to check the universality of the extracted matrix elements in other processes.
In the case of the P-wave production matrix elements, the velocity scaling rules yield the estimate� � � "� � � " � x �J � Æ F· � J � (5.17)

The P-wave colour-octet matrix element in Table 5.1 is somewhat smaller than this estimate would sug-
gest. That is also the case for the matrix elements that appear in P-wave quarkonium decays, which have
been determined phenomenologically [71] and in lattice calculations [4–8].
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In Table 5.2, we show matrix elements for �Z� � production that have been obtained from various
other fits to the transverse momentum distribution. We see that there is a large uncertainty that arises
from the dependence of the matrix elements on the factorization and renormalization scales, as well as a
large dependence on the choice of parton distributions. The extracted values of the colour-octet matrix
elements (especially p�Y ) are very sensitive to the small-. � behavior of the cross-section and this, in turn,
leads to a sensitivity to the behavior of the gluon distribution at small X . Furthermore, the effects of mul-
tiple gluon emission are important, and their omission in the fixed-order perturbative calculations leads to
overestimates of the sizes of the matrix elements. In Table 5.2, one can see the results of various attempts
to estimate the effects of multiple gluon emission. Sanchis–Lozano (S) and Kniehl and Kramer (KK)
made use of parton-shower Monte Carlos, while Petrelli (P) and Sridhar, Martin, and Stirling (SMS)
employed models containing Gaussian o � smearing. In addition, Sanchis–Lozano included a resumma-
tion of logarithms of . �� � x � . Hägler, Kirschner, Schäfer, Szymanowski, and Teryaev (HKSST) used theo � -factorization formalism to resum large logarithms in the limit �mÁ � x �J . (See also the calculations by
Yuan and Chao [87, 88].) Similar large dependences on the choices of factorization and renormalization
scales, parton distributions, and multiple gluon emission can be seen in the matrix elements that have
been extracted from the �<E�· w H and � J transverse momentum distributions. See Ref. [64] for details.

Effects of corrections of higher order in ø & are a further uncertainty in the fits to the data in
Table 5.2. Such corrections are known to be large in the case of charmonium decays. In the case of char-
monium production, a new channel for colour-singlet production, involving

]
-channel gluon exchange,

first appears in order ø & and could yield a large correction. Maltoni and Petrelli [83] have found that
real-gluon corrections to colour-singlet u w � production give a large contribution. Next-to-leading order
(NLO) corrections in ø & for � J F and � J � production have been calculated [70], as have NLO corrections
for the fragmentation process [89–91]. Large corrections from the resummation of logarithms of . �� � x �
in the fragmentation of partons into quarkonium have also been calculated [80, 92–94].

Similar theoretical uncertainties arise in the extraction of the NRQCD production matrix elements
for the �E�· w H and � J states. The statistical uncertainties are larger for �<E�· w H and � J production than for�Z� � production. We refer the reader to Ref. [64] for some examples of the NRQCD matrix elements that
have been extracted for these states.

The CDF collaboration has measured the fraction of prompt �Z� � ’s that come from decays of�<E�· w H and � J E $ ï H states and the fractions that are produced directly [62]. The CDF measurements were
made for �Z� � ’s with transverse momentum . � « � GeV and pseudo-rapidity S ®*S � ^ � W . The fractions,
which are defined in Eqs. (5.11) and (5.12), are given in Table 5.3. The fraction of �Z� � ’s that are directly
produced is approximately constant over the range 5 GeV � .I� � 15 GeV. The fraction from decays of�<E�· w H increases from E � �Â· H % at .[� � �

GeV to E $ � � � H % at .�� � $ � GeV. The fraction from decays
of � J E $ ï H seems to decrease slowly over this range of .S� . Such variations with .�� are counter to the
predictions of the colour-evaporation model.

The CDF collaboration has also measured the ratio of the prompt � J � and � J � cross-sections at the
Tevatron [95]. The measured value of the ratio � �  defined in Eq. (5.10) is

� �  � $ � ^ � �l^ � · # E stat. H �Ç^ � $ ·,E sys. H � (5.18)

The � J � and � J � were observed through their radiative decays into a �Z� � and a photon, which were
required to have transverse momenta exceeding 4 GeV and 1 GeV, respectively. The colour-evaporation
model predicts that this ratio should be close to the spin-counting ratio

º � � , since the feeddown from the�<E�· w H is small. The NRQCD factorization fit to the prompt � J cross-section in the region .�� « � GeV
implies a ratio of ^ �@# ��^ � · [96]. The CDF result slightly favors the NRQCD factorization prediction.

Charmonium production data from Tevatron Run II have recently become available. Using a
39.7 pb � � data sample from Run II, the CDF Collaboration has measured the inclusive cross-section for�Z� � production and subsequent decay into } ¥ }¦� [97]. The inclusive cross-section includes both prompt�Z� � ’s and �Z� � ’s from decays of ± -hadrons. The inclusive differential cross-section as a function of .p�
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Table 5.2: ����� production matrix elements in units of J��¦! Þ GeV Ã [64]. The first error bar is statistical; the second
error bar (where present) is obtained by varying the factorization and renormalization scales.

Reference PDF � � ð�£�¤� E u w ��H " p ð�£�¤Y o
LO collinear factorization

CL [73] MRS(D0) [74] ^ � W�W ��^ � · $ W � W � $ �©� 3
CTEQ4L [75] $ � ^ W ��^ � $ � ¥ � n F É� F n É�Ä �,�»º � � $ � $ � ¥ � n É �� F n � s

BK [66] GRV-LO(94) [76] $ � $ ·��^ � $ � ¥ F n Ä�Ä� F n É � º��@# ^� $ � $ � ¥ � n sß�� � n Fz� 3.5
MRS(R2) [77] $ ��� ^<��^ � ·G· ¥ � n u É� F n � Ä $ ^ �@# �Å· � ^ � ¥ � n � Ä� � n � �

MRST-LO(98) [79] ^ ����� ��^ � ^ � � � � ��^ �@#
BKL [78]

CTEQ5L [69] ^ �»º$# �l^ � ^ � W � W ��^ � � 3.4

Parton shower radiation
CTEQ2L [81] ^ �@# W �l^ � $ � $ �»º · ��^ � · $S [80] MRS(D0) [74] ^ � W � ��^ � $ W $ �»º · �l^ � · $ 3

GRV-HO(94) [76] ^ �@# ·��^ � $�$ ^ ���Á� ��^ � ^ #
KK [82] CTEQ4M [75] ^ � · � ��^ � ^ � ^ �©� � �l^ � $ � 3.5

o � -smearing� o � " [GeV]
1 $ �©� ��^ � ·G· � � W �Å· � $P [83] CTEQ4M [75]

1.5 $ � � �l^ � $ # �,�©� � $ �©� 3.5

0.7 $ �»º�� ��^ �»º ^ � ��� W � $ ��� $SMS [84] MRS(D
/ � ) [74]

1 $ �©� ��^ � · # � � ^ � � $ � $ � 3

o � -factorization
HKSST1 [85] KMS [86] § ^ � ^ � ��^ � ^ $ § W �©� ��^ �©� 5

Table 5.3: The fractions Æ�Ç of prompt ����� mesons that are produced by the decay of higher charmonium statesÈ
and the fraction ÆSÉ åaÊ that are produced directly.& � � (in %)��� � W � � W�E�· w H � ��· to $ � � �� J E $ ï H · #�� � � $ � � E stat. H � ��� � E sys. H
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Fig. 5.3: Differential inclusive cross-section for ¸ 9¸ � �����>Ë (left). Differential cross-section distribution of �����
events from z -hadron decay (right). Both cross-sections are plotted as a function of the transverse momentum ¸ ¹
of the ����� and are integrated over the rapidity range � Ì>	v�����i���x�Î�/M N .

for rapidity S Í*S � ^ � W has been obtained down to zero transverse momentum and is shown in the left
panel of Fig. 5.3. The total integrated cross-section for inclusive �Z� � production in . U. interactions aty � � $ �@# W TeV is measured to beà î . U. 
 ��� ��~ ú S Í*E �Z� � H S � ^ � W òÄ� �,� ^ � ��^ � ^�·,E Þ&Á ÷ ÁtH �Ç^ �»º W E Þ&À�Þ&Á�H }MÎ � (5.19)

These new measurements await comparison with updated theoretical calculations in the low .p� region.
Using a sample of 4.7 pb � � of Run II data, the D0 collaboration has verified that the �Z� � cross-

section is independent of the rapidity of the �Z� � for a rapidity range 0 � S Í*S � 2. This analysis has been
performed for .�� E �Z� � HÜ« � GeV and .�� E ��� � HÜ« � GeV [98]. The CDF and D0 collaborations have
performed studies of forward differential ��� � production cross-sections in the pseudo-rapidity regions
2.1 � S ®*E �Z� � H S � 2.6 and 2.5 ' S ®*E ��� � H S ' 3.7, respectively, using their Run I data [99, 100].

Using 39.7 pb � � of the Run II data, the CDF Collaboration has also measured the differential
cross-section as a function of .�� and the cross-section integrated over .S� for the production of ± -hadrons
that decay in the channel & + 
 �Z� ��~ [97]. The differential cross-section multiplied by the branching
fraction for �Z� � 
 } ¥ } � is shown in the right panel of Fig. 5.3. A recent QCD prediction that is based on
a fixed order (FO) calculation plus a resummation of next-to-leading order logs (NLL) [101] is overlaid.
The cross-section integrated over .�� was found to beà î . U. 
 & + ~ ú .5� E �Z� � Ho« $ � · ��* ¢�£ ú S Í*E �Z� � H S � ^ � W òÄ� · � ��� ��^ ��� E Þ&Á ÷ Á�H ¥ s n F� u n � E Þ&À�ÞCÁ`H }MÎ � (5.20)

This measurement can be used to extract the total inclusive ± -hadron cross-section.

2.2 Bottomonium cross-sections
Using Run I data, the CDF Collaboration has reported inclusive production cross-sections for the ) E $ w H ,) E�· w H and ) E º w H states in the region 0 � . � � ·P^ GeV [102]. The rates of inclusive production of
the )GE $ w H , ) E�· w H and ) E º w H states for .[� « � GeV were found to be higher than the rates predicted
by CSM calculations by a factor of about five. Inclusion of colour-octet production mechanisms within
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Fig. 5.4: Inclusive �ã	*J�×´� cross-section at the Tevatron as a function of ¸Q¹ . The data points are the CDF measure-
ments [61]. The solid curve is the NRQCD factorization fit, and the other curves are individual contributions to the
NRQCD factorization fit. From Ref. [64, 104].

the NRQCD framework can account for the observed cross-sections for .>� « � GeV [72, 73, 104, 105],
as is shown for ) E $ w H production in Fig. 5.4. An accurate description of the ) cross-section in the low-.5� region requires NLO corrections and a resummation of multiple gluon radiation. A fit to the CDF
data using a parton shower Monte Carlo to model the effects of multiple gluon emission has given much
smaller values of the colour-octet matrix elements that are compatible with zero [106].

The normalization and the shape of the bottomonium cross-sections at the Tevatron can also be
described reasonably well by the colour-evaporation model (CEM). The CEM predictions are compared
with the CDF data for )GE $ w H , ) E�· w H , and ) E º w H in Fig. 5.5. Most of the relevant parameters can
be fixed completely by fitting data from . � collisions and by using measured branching fractions for
bottomonium decays. The predictions of the CEM at NLO that are shown in Fig. 5.5 have been calculated
using the NLO parameter sets that are described in Section 3.3. The predicted cross-sections for ) E $ w Hand ) E º w H production are a little below the data; the normalizations can be improved by multiplying the
cross-sections by a K-factor of 1.4. The shapes have been brought into good agreement with the data
by including o � smearing, with � o �� " � º�� ^ GeV � . This value of � o �� " is a little larger than the value� o �� " � · �©� GeV � that gives the best fit to the charmonium cross-sections.

A recent calculation of the production cross-sections for the ) E $ w H , ) E�· w H , and ) E º w H at the
Tevatron combines a resummation of logarithms of p �Ï � . �� with a calculation at leading order in ø & in
what is, in essence, the colour-evaporation model [41]. The resummation of the effects of multiple gluon
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Fig. 5.5: Differential cross-sections for �ã	*J�×´� (top left), �ã	�Ö�×´� (top right), and �ã	"�×´� (bottom) at the Tevatron
as a function of ¸Ð¹ . The data points are the CDF measurements [102]. The solid curves are the CEM predictions
at NLO with ½¿¾ Þ¹ À F�/M � GeV Þ , using the first bottomonium parameter set in Tables 5.8. The dashed curves are
multiplied by a Ñ -factor of 1.4.

emission in the CEM has some simplifications that do not occur in the NRQCD factorization approach.
The results of the calculation of Ref. [41] are shown, along with CDF data, in Fig. 5.6. The resummation
of logarithms of p �Ï � . �� allows the calculation to reproduce the shape of the data at small .I� . The
normalizations have been adjusted to obtain the best fit to the data. the best fit to the data.

The CDF Collaboration has also reported the fractions of ) E $ w H mesons, for .>� « � GeV, that
come from decays of � + E $ ï H , � + E�·Pï H , � + E º ï H , ) E�· w H , and )GE º w H and the fraction that originate from
direct production [103]. The fractions from decays of ) Ex� w H and for � + Ex�Mï H are defined by

� Ï Í ~ ç Ï � �Ò� î ) Ex� w HR
 ) E $ w H j�~ ò à î ) Ex� w HÜòà î ) E $ w HÜò
ú

(5.21)

� � v Í ~ p Ï � u�ð�� F �Ò� î � + ð Ex�Mï HR
 ) E $ w H j�~ ò à î � + ð Ex�Mï HÜòà î ) E $ w HÜò � (5.22)

The fraction of ) E $ w H ’s that are produced directly can be denoted by � Ï Í � ç Ï . The fractions are given in
Table 5.4.

2.3 Polarization
The polarization of the quarkonium contains important information about the production mechanism.
The polarization variable ø for a $ �*� state, such as �Z� � , �E�· w H , or ) E $ w H , is defined by Eq. (5.13),
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Fig. 5.6: Calculated differential cross-sections times leptonic branching fractions � , evaluated at Ì FÏ� , as func-
tions of transverse momentum for hadronic production of (a) �ã	*J�×´� , (b) �ã	\Öº×´� , and (c) �ã	��×´� [41], along with
CDF data [102, 107] at Ó ×�F JºM " TeV. The solid lines show the result of the full calculation. The 1995 CDF
cross-sections are multiplied a factor �/M "�" .
Table 5.4: The fractions ÆSÇ of �ã	ÜJ�×´� mesons that are produced by the decay of a higher bottomonium state

È
and the fraction ÆSÔSÕ Ú7Ö9× that are produced directly.& � � (in %)) E $ w H � ^ �@# � � � ·,E stat. H � #�� ^bE sys. H) E�· w H $ ^ � � ¥ � n ��Ss n �) E º w H ^ � � ¥ F n �� F n s� + E $ ï H · � � $ � W �@# E stat. H � �,��� E sys. H� + E�·Pï H $ ^ �©� � �,��� E stat. H � $ ��� E sys. H� + E º ï H � W
where the angle ë is measured with respect to some polarization axis. At a hadron collider, a convenient
choice of the polarization axis is the direction of the boost vector from the quarkonium rest frame to the
centre-of-momentum frame of the colliding hadrons.

The NRQCD factorization approach gives a simple prediction for the polarization variable ø at
very large transverse momentum. The production of a quarkonium with .>� that is much larger than the
quarkonium mass is dominated by gluon fragmentation — a process in which the quarkonium is formed
in the hadronization of a gluon that is created with even larger transverse momentum. The NRQCD
factorization approach predicts that the dominant gluon-fragmentation process is gluon fragmentation
into a T¯UT pair in a colour-octet u w � state. The fragmentation probability for this process is of orderø & , while the fragmentation probabilities for all other processes are of order ø � & or higher. The NRQCD
matrix element for this fragmentation process is � � �� E�u w ��H " . At large .�� , the fragmenting gluon is nearly
on its mass shell, and, so, is transversely polarized. Furthermore, the velocity-scaling rules predict that
the colour-octet TýUT state retains the transverse polarization as it evolves into an S-wave quarkonium
state [108], up to corrections of relative order Æ � . Radiative corrections and colour-singlet production
dilute the quarkonium polarization somewhat [66, 89]. In the case of ��� � production, feeddown from
higher quarkonium states is also important [78]. Feeddown from � J states is about 30% of the �Z� �
sample and dilutes the polarization. Feeddown from the �<E�· w H is about 10% of the �Z� � sample and
is largely transversely polarized. Despite these various diluting effects, a substantial polarization is
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′

Fig. 5.7: Polarization variable Ø for prompt �¦��� (left) and for prompt ��	�Öº×?� (right) at the Tevatron as a function
of ¸H¹ . The data points are the CDF measurements from Run I [103]. In the left panel (prompt ����� ), the band is
the NRQCD factorization prediction of Ref. [78], and the other curves are the values of Ø for individual compo-
nents of the prompt ����� signal. In the right panel (prompt ��	�Ö�×´� ), the bands are various NRQCD factorization
predictions [66, 78, 109].

expected at large .�� , and its detection would be a “smoking gun” for the presence of the colour-octet
production mechanism. In contrast, the colour-evaporation model predicts zero quarkonium polarization.

The CDF measurement of the �Z� � polarization as a function of .M� [103] is shown in the left
panel of Fig. 5.7, along with the NRQCD factorization prediction [78]. The observed �Z� � polarization
is in agreement with the prediction, except for the highest . � bin. However, the prediction of increasing
polarization with increasing .�� is not in evidence. The CDF data [103] and the NRQCD factorization
prediction [66, 78, 109] for �E�· w H polarization are shown in the right panel of Fig. 5.7. The theoretical
analysis of �E�· w H polarization is simpler than for the �Z� � , since feeddown does not play a rôle. However,
the experimental statistics are not as good for the �E�· w H as for �Z� � . Again, the expectation of increasing
polarization with increasing .�� is not confirmed.

Because the polarization depends on ratios of matrix elements, some of the theoretical uncertain-
ties are reduced compared with those in the production cross-section. The polarization is probably not
strongly affected by multiple gluon emission or

�
-factors. Uncertainties from contributions of higher-

order in ø & could conceivably change the rates for the various spin states by a factor of two. Therefore, it
is important to carry out the NLO calculation, but that calculation is very difficult technically and is com-
puting intensive. order- Æ � corrections to parton fragmentation to quarkonium can be quite large. Bodwin
and Lee [110] have found that the Æ � corrections to gluon fragmentation to �Z� � are about j � ^ % for
the colour-singlet channel and L � ^ % for the colour-octet channel. The colour-singlet correction shifts ø
down by about 10% at the largest .�� . Since the colour-octet matrix element is fit to Tevatron data, the Æ �
correction merely changes the size of the matrix element and has no immediate effect on the theoretical
prediction. An additional theoretical uncertainty comes from the presence of order- Æ � spin-flip processes
in the evolution of the T UT pair into the quarkonium. It could turn out that spin-flip contributions are
large, either because their velocity-scaling power laws happen to have large coefficients or because, as
has been suggested in Refs. [111–115], the velocity scaling rules themselves need to be modified. Then
spin-flip contributions could significantly dilute the �Z� � polarization. Nevertheless, it is is difficult to
see how there could not be substantial polarization in �Z� � or �E�· w H production for .>� « � x J .3

3It has been argued that re-scattering interactions between the intermediate charm-quark pair and a co-moving colour field
could yield unpolarized quarkonium [116,117]. The theoretical analysis of these effects, however, relies on several simplifying
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Fig. 5.8: Polarization variable Ø for inclusive �ã	*J�×´� production at the Tevatron as a function of ¸ ¹ . The data
points are the CDF measurements from Run I [102]. The theoretical band represents the NRQCD factorization
prediction [118].

The CDF data for ) polarization is shown in Fig. 5.8, along with the NRQCD factorization predic-
tion. Averaging over a range of .�� , the CDF Collaboration finds ø � L ^ � ^ W �l^ � ·P^ for $ GeV � .�� �·P^ GeV [119, 120], which is consistent with the NRQCD factorization prediction [118]. In compari-
son with the prediction for �Z� � polarization, the prediction for ) polarization has smaller Æ -expansion
uncertainties. However, in the case of ) production, the fragmentation mechanism does not dominate
until relatively large values of .�� are reached, and, hence, the transverse polarization is predicted to be
small for .�� below about 10 GeV. Unfortunately, the current Tevatron data sets run out of statistics in the
high-. � region.

2.4 Prospects for the Tevatron Run II
Run II at the Tevatron will provide a substantial increase in luminosity and will allow the collider exper-
iments to determine the ��� � , �E�· w H and � J cross-sections more precisely and at larger values of .I¼ . An
accurate measurement of the �Z� � and �E�· w H polarization at large transverse momentum will be the most

assumptions, and further work is needed to establish the existence of re-scattering corrections in charmonium hadroproduction
at large ± ² .
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crucial test of NRQCD factorization. In addition, improved data on the �Z� � and �E�· w H cross-sections
will help to reduce some of the ambiguities in extracting the colour-octet matrix elements.

With increased statistics it might be possible to access other charmonium states such as the ® J Ex� w H
or the

� J Ex�Mï H . heavy-quark spin symmetry provides approximate relations between the nonperturbative
matrix elements that describe spin-singlet and spin-triplet states. The matrix elements for ® J Ex� w H are
related to those for �Ex� w H , while the leading matrix elements for

� J Ex�Mï H can be obtained from those for� J Ex�Mï H . [See Eqs. (5.2–5.7).] Within NRQCD, the rates for ®*Ex� w H and
� Ex�Mï H production can thus be

predicted unambiguously in terms of the nonperturbative matrix elements that describe the �Z� � , �E�· w H
and � J production cross-sections. A comparison of the various charmonium production rates would
therefore provide a stringent test of NRQCD factorization and the heavy-quark spin symmetry. The cross-
sections for producing the ® J and the

� J at Run II of the Tevatron are large [121,122], but the acceptances
and efficiencies for observing the decay modes on which one can trigger are, in general, small, and
detailed experimental studies are needed to quantify the prospects. Other charmonium processes that
have been studied in the literature include the production of D-wave states [123], �Z� � production in
association with photons [124, 125], and double gluon fragmentation to ��� � pairs [126].

The larger statistics expected at Run II of the Tevatron will also allow the collider experiments to
improve the measurements of the bottomonium cross-sections. As yet undiscovered states, such as the® + E $ w H , could be detected, for example, in the decay ® + 
��Z� �Çj ��� � [105] or in the decay ® + 
�- � j- Í � Ï [127], and the associated production of ) and electroweak bosons might be accessible [128]. If
sufficient statistics can be accumulated, the onset of transverse ) Ex� w H polarization may be visible at.5� � Ï «� $ � GeV.

3 QUARKONIUM PRODUCTION IN FIXED-TARGET EXPERIMENTS

3.1 Cross-sections
Several collaborations have made predictions for fixed-target quarkonium production within the NRQCD
factorization formalism [129–131]. The predictions of Ref. [129] for �Z� � and �<E�· w H production in . �
collisions are shown, along with the experimental data, in the left panels of Figs. 5.9 and 5.10. The
calculation is at leading-order in ø & and uses the standard truncation in Æ that is described in Section 1.1.
The data are from the compilation in Ref. [26], with additional results from Refs. [132–134]. In the case
of . � production of �Z� � , the data clearly require a colour-octet contribution, in addition to a colour-
singlet contribution. In the case of �E�· w H production, it is less clear that a colour-octet contribution is
essential. One should keep in mind that the colour-singlet contribution is quite uncertain, owing to un-
certainties in the values of x J and the renormalization scale [111]. One can reduce these uncertainties by
considering the ratio of the cross-sections for direct and inclusive �Z� � production, which is predicted to
be approximately 0.6 in the NRQCD factorization approach and approximately 0.2 in the colour-singlet
model [111]. Clearly, experiment favors the NRQCD factorization prediction. However, the prediction
for the ratio depends on our knowledge of feed-down from � J states, and, as we shall see, NRQCD fac-
torization predictions for � J production in fixed-target experiments are not in good agreement with the
data.

In fixed-target production of �Z� � and �<E�· w H at leading order in ø & (LO), the relevant production
matrix elements are � � �� E u w �`H " , � � �� E � w F�H " , and � � �� E u ï FIH " , but the cross-section is sensitive only to
the linear combination p �Y defined in (5.8) with o § � . The fits of the LO predictions for ��� � and �E�· w H
production in . � collisions [129] yield p ð�£�¤� � º�� ^ õ $ ^ � � GeV u and p ¤ Í � ç Ï� � ��� · õ $ ^ � u GeV u . The
corrections at next-to-leading order in ø & (NLO) give a large

�
-factor in the colour-octet contributions

[70]. A fit to the data using the NLO result for the colour-octet contributions gives p ð�£�¤� n s � $ � � õ$ ^ � � GeV u and p ¤ Í � ç Ï� n s � · � W õ $ ^ � u GeV u [71]. The NLO value of p ðO£�¤� n s is about a factor · smaller
than the LO value of p ð�£�¤� . Note that the NLO fit uses CTEQ4M [75] parton distributions, while the LO
fit uses the CTEQ3L [140] parton distributions. The LO result for p ð�£�¤ is somewhat smaller than the
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Fig. 5.9: Forward cross-section ( Ù�ÚKÛì� ) for ����� production in ¸ÐÜ collisions (left) and �5Ü collisions (right).
The curves are the CSM predictions for direct ����� (dashed lines), the NRQCD factorization predictions for direct����� with Ý É åaÊÞ F /M ��ßkJQ�/! Þ GeV Ã (dotted lines), and the inclusive cross-sections for ����� including radiative
feed-down from � Ù É and ��	�Ö�×´� (solid lines). From Ref. [129].

LO result from the Tevatron, and the NLO result for p ð�£�¤ is somewhat larger than the parton-shower
result from the Tevatron. However, given the large uncertainties in these quantities, the agreement is
reasonable. It should also be remembered that the Tevatron cross-sections are sensitive to p �Y witho § º rather than o § � , and, so, comparisons are somewhat uncertain. Attempts to constrain this
uncertainty are hampered by the fact that the náà matrix elements need not be positive. One can also
question whether hard-scattering factorization holds for the total cross-section, which is dominated by
small .�� -contributions. Furthermore, kinematic corrections from the difference between · x and the
quarkonium mass may be large.

The predictions of Ref. [129] for �Z� � and �E�· w H production in ] � collisions are shown, along
with the experimental data, in the right panels of Figs. 5.9 and 5.10. The calculation is at leading-order
in ø & and uses the standard truncation in Æ that is described in Section 1.1. Again, the data are from
the compilation in Ref. [26], with additional results from Refs. [132–134]. In the NRQCD predictions
in Figs. 5.9 and 5.10, the values of p � that are used are the ones that were obtained from the fits to the. � production data. The ] � production data clearly show an excess over these predictions that cannot
be accounted for by the colour-octet contributions. This discrepancy has been discussed extensively in
Ref. [26], and it may reflect our lack of knowledge of the gluon distribution in the pion or the presence
of different higher-twist effects in the proton and the pion. Such higher-twist effects are not accounted
for in the standard NRQCD factorization formulas, which are based on leading-twist hard-scattering
factorization.

Some of the largest uncertainties in the predictions cancel out if we consider ratios of cross-
sections. The uncertainties in the NRQCD factorization predictions can still be very large. They arise
from uncertainties in the colour-octet matrix elements, uncalculated corrections of higher order in Æ andø & , and uncertainties from the choices of renormalization and factorization scales. In addition, one can
question whether hard-scattering factorization holds for the cross-section integrated over . � .

The �E�· w H to �Z� � ratio � ¤ is defined in Eq. (5.11). The experimental results for � ¤ from fixed-
target experiments are compiled in Table 5.5. The result from experiment E673 is obtained by dividing
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Fig. 5.10: Forward cross-section ( Ù Ú Û�� ) for ��	\Öº×´� production in ¸HÜ collisions (left) and �5Ü collisions (right).
The curves are the CSM predictions (dotted lines) and the NRQCD factorization predictions with Ý Ê Õ Þ�Ö9×Þ F /M Ömß§JQ�/!ÐÃ GeV Ã (solid lines). From Ref. [129].

the observed fraction of �Z� � ’s from decays of �<E�· w H by the branching fraction for �E�· w HR
 ��� ��~
given by the Particle Data Group [135]. The result from experiment E771 is obtained by dividing the
observed ratio of the products of the cross-sections and the branching fractions into } ¥ }¦� by the ratio
of the branching fractions into } ¥ } � given by the Particle Data Group [135]. The NRQCD factorization
approach gives the values � ¤ � ^ � $ W for both . � collisions and ] � � collisions [129]. The colour-
singlet model gives � ¤ � ^ � $ � for . � collisions and � ¤ � ^ � $ W for ] � � collisions [129]. In the
colour-evaporation model, this ratio is simply an input. Thus the ratio � ¤ is not able to discriminate
between any of these approaches.

The fraction � �  of �Z� � ’s that come from � J decays is defined in Eq. (5.12). The experimental
results for � �  from fixed-target experiments are compiled in Table 5.6. The NRQCD factorization
approach gives the values � �  � ^ � · � for . � collisions and � �  � ^ � · � for ] � � collisions [129]. The
colour-singlet model gives � �  � ^ � W � for . � collisions and � �  � ^ � W�W for ] � � collisions [129]. In
the colour-evaporation model, this ratio is simply an input. Clearly, the experimental results favor the
NRQCD factorization approach over the colour-singlet model. The most precise results from . � fixed
target experiments are compatible with the Tevatron result in Table 5.3. The most precise results from] � fixed target experiments are somewhat larger.

The � J � to � J � ratio � �  is defined in Eq. (5.10). There are substantial variations among the
NRQCD factorization predictions for � �  in fixed-target experiments. Beneke and Rothstein [129] give
the values � �  � ^ � ^ � for . � collisions and � �  � ^ � ^ � for ] � � collisions. Their calculation is carried
out at leading order in ø & and uses the standard truncation in Æ that is described in Section 1.1. Beneke
and Rothstein [129] suggest that corrections to hard-scattering factorization may be large. Beneke [111]
gives the estimate � �  § ^ �»º for both . � and ] � collisions. This estimate is based on the assumption
that the uhï � and u�ï F colour-octet matrix elements dominate the � J � production. It is consistent with the
estimate in Ref. [136], once that estimate is modified to take into account the dominant colour-singlet
channel in � J � production [111]. Maltoni [71] gives central values of � �  for . � collisions that range
from � �  � ^ � ^ � to � �  � ^ � $ as the beam energy ranges from 200 GeV to 800 GeV. Maltoni’s
calculation takes into account matrix elements at leading order in Æ , but contains corrections of next-to-
leading order in ø & . His calculation displays a very large dependence on the renormalization scale. In
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Table 5.5: Experimental results for the ratio â�Ê of the inclusive cross-sections for ��	�Ö�×´� and ����� production.

Experiment beam/target y � � GeV � ¤E537 [132] U. W $ ���»º ^ � $ � � ��^ � ^ # · �E705 [141] . Li · º�� � ^ � $ � ��^ � ^�·��^ � ^�^ � �l^ � ^�·E705 [141] U. Li · º�� � ^ � · � ��^ � ·G·��^ � ^�^ � �l^ � ^ �
E771 [134] . Si º � � � ^ � $ � ��^ � ^�·HERA-B [142] p(C, W) � $ �©� ^ � $ º ��^ � ^�·E537 [132] ] � W $ ���»º ^ � · � ^ � ��^ � ^ W � ^
E673 [144] ] Be ·P^ � W ^ � ·P^ ��^ � ^ #
E705 [141] ] ¥ Li · º�� � ^ � $ � ��^ � ^�·��^ � ^�^ � �l^ � ^�·E705 [141] ] � Li · º�� � ^ � $ ·��^ � ^ º ��^ � ^ º ��^ � ^�·E672/706 [146] ] � Be º $ � $ ^ � $ � ��^ � ^ º ��^ � ^�·

summary, the existing predictions for � � based on NRQCD factorization are in the range 0.04–0.3 for
both . � and ] � collisions. The colour-singlet model predicts that � �  § ^ � ^ � – ^ � ^ � for both . � and] � collisions [111, 129]. The colour-evaporation model predicts that � � �ã º � � [34, 147].

The experimental results for � �  are compiled in Table 5.6. As can be seen, the data are somewhat
inconsistent with each other. The results from the most precise experiments are significantly smaller
than the Tevatron result in Eq. (5.18). There seems to be a trend toward larger values of � �  in ] �experiments than in . � experiments. Such a dependence on the beam type is contrary to the predictions
of the colour-evaporation model. It also would not be expected in the NRQCD factorization approach,
unless there is an unusual enhancement in the _ U_ production channel [111]. Both the . � and ] �data yield results that are significantly larger than the predictions of the colour-singlet model. The . �
experiments seem to favor the NRQCD factorization predictions, while the ] � experiments seem to
favor the colour-evaporation prediction. However, in light of the large theoretical and experimental
uncertainties, no firm conclusions can be drawn.

3.2 Polarization
The polarization variable ø for �Z� � production is defined by the angular distribution in Eq. (5.13). In
fixed-target experiments, the most convenient choice of the polarization axis is the direction of the boost
vector from the �Z� � rest frame to the lab frame. Experimental results for ø are shown in Table 5.7.
The prediction of the NRQCD factorization approach is ^ �»º $ � ø � ^ � W º [129]. Both the theoretical
prediction and the data include feeddown from � J states. The prediction is largely independent of the
target and beam types. It was made specifically for the beam energy 117 GeV. However, the energy
dependence of the prediction is quite mild, and the prediction would be expected to hold with little error
even at a beam energy of 800 GeV. The colour-singlet model predicts a substantial transverse polarization
[151]. The colour-evaporation model predicts that ø � ^ for all processes. There are also specific
predictions for the HERA-B experiment in which the region of small .I� is excluded. The predictions for
the range .�� � $ �©� – � GeV are ø � ^ – ^ � $ in the NRQCD factorization approach and ø � ^ � · – ^ ��� in the
colour-singlet model [152]. Experimental results for the polarization variable ø in ��� � production are
shown in Table 5.7. The data from the conventional fixed-target experiments are consistent with ø � ^
and favor the prediction of the colour-evaporation model over the predictions of NRQCD factorization
or the colour-singlet model [129]. At the smaller values of .I� , one can question whether resummation
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Table 5.6: Experimental results for the fraction of ����� ’s from �´Ù decay, Æ�ä�å , and the � Ù*Ú to � ÙßÞ ratio, âkä�å . In
view of the experimental uncertainties, no attempt has been made to rescale older measurements to account for the
latest � Ù branching fractions. Modified version of a table from Ref. [111].

Experiment beam/target y � � GeV � �  � � E673 [137] . Be $ #���� � · $ � � ^ ��� � �l^ � · º ^ � · � �l^ � · �
E705 [138] . Li · º�� � — ^ � ^ � ¥ F n � É� F n � ÉE705 [141] . Li · º�� � ^ �»º ^�l^ � ^ � —
E771 [139] . Si º � � � — ^ �©�Gº ��^ � ·P^ �l^ � ^ �

HERA-B [142] p(C, W) � $ �©� ^ �»º ·��^ � ^ W ��^ � ^ � —
WA11 [143] ] Be $ � � W ^ �»º ^ � �l^ � ^ � ^ ^ � W � �l^ � · �
E673 [137] ] Be $ � �@# ^ �»º $ �l^ � $ ^ ^ �@# W �l^ � W �
E673 [144] ] Be ·P^ � W ^ �»º � �l^ � ^ # ^ �@# �l^ ���
E705 [138] ] Li · º�� � — ^ �©� · ¥ F n É �� F n � �
E705 [141] ] ¥ Li · º�� � ^ ��� ^�l^ � ^ � —
E705 [141] ] � Li · º�� � ^ �»º � �l^ � ^ º —

E672/706 [145] ] � Be º $ � $ ^ �����@º ��^ � ^ � $ ��^ � ^ º�� ^ �©� � ��^ � $ � ��^ � ^ W
of the perturbation series is needed and whether hard-scattering factorization would be expected to hold.
The HERA-B data are also consistent with ø � ^ and favor the predictions of the NRQCD factorization
approach and the colour-evaporation model over the prediction of the colour-singlet model.

There is also a measurement of the polarization of �E�· w H in a fixed-target experiment. The E615
experiment measured ø for �E�· w H mesons produced in ] � collisions at 253 GeV [153]. The data
yield L ^ � $ · � ø � ^ � $ W , while the prediction of the NRQCD factorization approach is ^ � $ � � ø �^ ����� [129].

The E866/NuSea experiment has studied the production of dimuons in the collision of 800 GeV
protons with copper [154]. The experiment used the angular distributions of dimuons in the mass range
8.1–15.0 GeV to measure the polarization variable ø for Drell–Yan pairs, for ) E $ w H mesons, and for
a mixture of ) E�· w H and ) E º w H mesons. The data cover the kinematic ranges 0.0 � X � � 0.6 and. � � 4.0 GeV. The results for the polarization variable ø as a function of . � and X � are shown in
Fig. 5.11. The ) E $ w H data show almost no polarization at small X � and .�� , but show nonzero transverse
polarization at either large .�� or large X � . A fit at the ) (1S) mass for a polarization that is independent
of X � and .�� gives ø � 0.07 � 0.04. This observation is substantially smaller than a prediction that is
based on the NRQCD factorization approach, which gives ø in the range 0.28–0.31 [155,156]. However,
it also disagrees with the prediction of the colour-evaporation model that the polarization should be
zero [34]. The most remarkable result from this experiment is that the ) E�· w H and ) E º w H were found to
be strongly transversely polarized, with the polarization variable ø close to its maximal value ø � j $for all X � and .�� , as in the case of Drell–Yan pairs. This result provides strong motivation for measuring
the polarizations of the ) E�· w H and )GE º w H at the Tevatron to see if these states are also produced with
substantial polarizations in . U. collisions.

It has been proposed that � � production in hadron collisions at zero .S� may serve as a tool to
measure the polarized gluon structure function of the proton [157]. This proposal relies on the assump-
tion that � � production at zero .[� is dominated by gluon fusion, and it requires that at least one of the
colliding hadrons be polarized, as is the case, for example, in the RHIC polarized program.
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Table 5.7: Experimental results for the polarization variable Ø in ����� production. Modified version of a table from
Ref. [142].

Experiment beam/target Beam Energy/GeV ø
E537 [132] E ] ú . H (Be, Cu, W) $ · � ^ � ^�· � – ^ � ^ º ·

E672/706 [148] pBe �Gº ^ ^ � ^ $ ��^ � $ �E672/706 [148] pBe � ^�^ L ^ � $�$ �l^ � $ �E771 [149] pSi � ^�^ L ^ � ^ # ��^ � $ ·E866 [150] pCu � ^�^ ^ � ^ W # ��^ � ^ �
HERA-B [142] p(C, W)

# ·P^ E L ^ �©� ú j<^ � $ H ��^ � $
Table 5.8: Inclusive CEM parameters ÆMÉ å7Ê and Æ�ÔSÕ Ú7Ö9× from Ref. [158] for various choices of PDF’s, quark masses
(in GeV), and scales.

PDF x J } � x J � � ðO£�¤ PDF x + } � x + � � Ï Í � ç Ï
MRST HO 1.2 2 0.0144 MRST HO 4.75 1 0.0276
MRST HO 1.4 1 0.0248 MRST HO 4.5 2 0.0201
CTEQ 5M 1.2 2 0.0155 MRST HO 5.0 0.5 0.0508
GRV 98 HO 1.3 1 0.0229 GRV 98 HO 4.75 1 0.0225

Table 5.9: Ratios of the direct CEM parameters Æ ^`æ ]Ç to the inclusive CEM parameter ÆMÉ åaÊ in the case of charmo-
nium states and to the inclusive CEM parameter ÆSÔMÕ Ú�Ö9× in the case of bottomonium states. From Ref. [159].& �Z� � �E�· w H � J � � J �� �O¡ �� � � ð�£�¤ 0.62 0.14 0.60 0.99& ) E $ w H ) E�· w H ) E º w H � + E $ ï H � + E�·Pï H� �£¡ �� � � Ï Í � ç Ï 0.52 0.33 0.20 1.08 0.84

3.3 Colour-evaporation-model parameters
Data from ./. and . Q collisions have been used to extract the parameters � � of the colour-evaporation
model. (The CEM parameter � � should not be confused with the fraction of �Z� � ’s that come from
decay of & .) The results of these extractions are given in Tables 5.8 and 5.9. The numerical values of
the CEM parameters � � that are obtained by fitting data depend on the choices of the parton densities
(PDF’s), the heavy quark mass x0Ð , the renormalization/factorization scale } , and the order in ø & of the
calculation. The CEM parameters have been calculated using several sets of parton densities [69,79,160],
quark masses, and scales [161,162] that reproduce the measured T UT cross-section. In these calculations,
the scale } was set to a constant times x!Ð�� � E x � Ð j . �� H � £ � , where .�� is the sum of the transverse
momenta of the T and the UT .

We first describe the extraction of the CEM parameters � � for charmonium states. The inclusive
cross-section for ��� � production has been measured in ./. and . Q collisions up to y � � W º GeV. The
data are of two types: the forward cross-section, à2ExX � « ^ H , and the cross-section at zero rapidity,� à � � Í*S ç�� F . These cross-sections include the feeddown from decays of � J ð and �E�· w H . The parameters
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Fig. 5.11: Polarization of � mesons and Drell–Yan pairs as a function of ¸Q¹ and Ù Ú in p–Cu collisions in the E866
experiment. From Ref. [154].

� ð�£�¤ that were obtained by fitting the inclusive �Z� � cross-sections measured in ./. and . Q collisions are
given in Table 5.8 for four sets of PDF’s and parameters. The ratio of the parameter � �£¡ �� for the direct
production of a charmonium state & to the parameter � ð�£�¤ for the inclusive production of �Z� � can be
determined from the measured ratios of the inclusive cross-sections for & and �Z� � using the known
branching fractions for the feeddown decays. These ratios are given in Table 5.9 for various charmonium
states.

A similar procedure can be used to determine the CEM parameters � � for bottomonium states.
In most data on ./. and . Q collisions below y � � $ ^�^ GeV, only the sum of the ) E $ w H , ) E�· w H , and) E º w H cross-sections weighted by their branching fractions to decay into lepton pairs is reported. A fit
to the lepton-pair cross-section in the ) region at zero rapidity therefore gives a linear combination of
the inclusive parameters � Ï Í ~ ç Ï weighted by the branching fractions Û î ) Ex� w HR
�è ¥ è � ò . The inclusive
parameters � Ï Í � ç Ï given in Table 5.8 were extracted by using the known branching fractions and the
measured ratios of the inclusive cross-sections for ) Ex� w H in . U. collisions at the Tevatron [163]. The
ratios of the parameters � �O¡ �� for the direct production of a bottomonium state & to the parameter � Ï Í � ç Ï
for the inclusive production of )GE $ w H that were obtained in Ref. [164] have been updated in Ref. [159]
by using recent CDF data on � + production and are given in Table 5.9.
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Fig. 5.12: Forward ����� production cross-section (left) and weighted average of the �ã	bé,×´� production cross-
sections at zero rapidity (right) as a function of the centre-of-mass energy Ó ê . The ����� data are from ¸�¸ exper-
iments and from ¸Ðë experiments with light targets ëíì J�Ö . It has been assumed that the cross-sections scale asë �2î ï . The low-energy � data are from ¸�¸ and ¸Hë experiments. It has been assumed that the cross-sections are
linear in ë . The high-energy � data are from ¸ 9¸ experiments. The curves are the cross-sections calculated to NLO
in the CEM using the four charmonium parameter sets and the four bottomonium parameter sets in Table 5.8.

The forward cross-section for ��� � and the weighted cross-section at zero rapidity for ) Ex� w H are
shown as a function of the centre-of-mass energy in Fig. 5.12. The energy dependence of both cross-
sections is well reproduced by the CEM at NLO. All of the CEM parameter sets give good fits to the data
for y � ' W º GeV, but their predictions for ) Ex� w H differ by up to a factor of two when extrapolated to
2 TeV. The extrapolation of the forward �Z� � cross-section to 2 TeV cannot be compared with data from
Run I of the Tevatron because the lepton-.S� cut excludes a measurement of the cross-section for �Z� � in
the region .�� � � GeV that dominates the integrated cross-section.

4 QUARKONIUM PRODUCTION AT HERA
4.1 Inelastic photoproduction of charmonium
At the ü . collider HERA, the inelastic charmonium production process is dominantly virtual-photon-
gluon fusion: a photon emitted from the incoming electron or positron interacts with a gluon from
the proton to produce a ³ U³ pair that subsequently forms a charmonium state. In photoproduction, the
photon virtuality T � is small and the photon is quasi-real. In this case, the photon can either couple to
the ³ quark directly (“direct” processes, Fig. 5.13a or b) or it can interact via its hadronic component
(“resolved” processes, Fig. 5.13c). Many models have been suggested to describe inelastic charmonium
production in the framework of perturbative QCD, such as the colour-singlet model (CSM) [21–24]
described in Section 1.2, the colour-evaporation model [28, 36] described in Section 1.3, and soft colour
interactions [35].
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Fig. 5.13: Generic Feynman diagrams for inelastic �¦��� production. a,b) direct-photon processes; c) resolved-
photon process. In diagrams a) and c), the 0 90 pair leading to the formation of the �¦��� can be in a colour-singlet
or a colour-octet state while in b) it can only be in a colour-octet state. Additional soft gluons emitted during the
hadronization process are not shown.

For ��� � and �<E�· w H photoproduction, the CSM calculations are available to next-to-leading order
[165, 166]. These are performed using standard hard-scattering factorization in which the gluon density
depends only on the momentum fraction X . Alternatively, using the CSM, inelastic �Z� � production
can be modeled in the o � -factorization approach (see Section 1.4) using an unintegrated ( o � -dependent)
gluon density in the proton.

Theoretical calculations based on the NRQCD factorization approach [1–3] are available in lead-
ing order. For ��� � and �E�· w H photoproduction at HERA, these have been performed by Cacciari and
Krämer [167], Beneke, Krämer, and Vänttinen [168], Amundson, Fleming, and Maksymyk [169], Ko,
Lee, and Song [170], Godbole, Roy, and Sridhar [171], and Kniehl and G. Kramer [172, 173]. The
theoretical calculations use the standard truncation in Æ , in which the independent NRQCD matrix el-
ements are � � ð�£�¤� E u w ��H " , � � ð�£�¤� E � w FtH " , � � ð�£�¤� E u w �`H " , and � � ð�£�¤� E u ï FIH " . The relative strength of the
colour-octet contributions depends crucially on the size of the corresponding NRQCD matrix elements.
Unfortunately the values of the matrix elements � � ð�£�¤� E � w FtH " and � � ð�£�¤� E�u�ï FtH " , which are most impor-
tant in �Z� � and �<E�· w H photoproduction at HERA, still show large uncertainties. (See Section 2.1 and
Ref. [64].)

The theoretical predictions are sensitive to a number of input parameters, e.g., the parton distri-
butions, the values of ø & , and the charm-quark mass x J , as well as the choice of the renormalization
and factorization scales. In the NRQCD factorization approach, the values of the colour-octet NRQCD
matrix elements are additional parameters. The comparison with the data in the NRQCD approach also
suffers from the uncertainties associated with LO calculations. Next-to-leading-order corrections might
change the results substantially. Although the NLO terms have not been calculated in the NRQCD ap-
proach, effects that are similar to those in the CSM may be expected, in which the NLO terms lead to an
increase in the cross-section of typically a factor two, with a strong . � � ¤ dependence.

Figure 5.14 shows the measurements of the prompt �Z� � cross-section by the H1 collaboration
[174] and the ZEUS collaboration [175], compared with the theoretical predictions given in Ref. [64].
The variable � denotes the fraction of the photon energy that is transferred to the �Z� � and is defined as

� � E % L .�ð H ðO£�¤E % L .�ð H LON � � ��´ ' ú (5.23)

where % and . ð in the numerator are the energy and � -component of the momentum of the �Z� � and% and .�ð in the denominator are the sums of the energies and � -components of the momenta of all the
hadrons in the final state.
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Fig. 5.14: The rate for inelastic �¦��� photoproduction at HERA as a function of ñ . The open band represents the
LO NRQCD factorization prediction [64]. The solid band represents the NLO colour-singlet contribution [64,166].
The data points are from the H1 [174] and ZEUS [175] measurements.
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Fig. 5.15: The rate for inelastic ����� photoproduction at HERA as a function of ¸5¹@ò Ê . The solid band represents the
NLO colour-singlet contribution [64, 166]. The dotted line is the LO colour-singlet contribution. The data points
are from the H1 [174] and ZEUS [175] measurements.
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Fig. 5.16: Differential cross-sections ó�ô,�Vó@ñ ( Nº�õ�÷öEø2ùí� ÖV1��>hkj`l ) for ¸ ¹Hò Ê Û ÖIhkj`l (left panel) and¸Ð¹@ò Ê¬ÛÒ�hkj`l (right panel) in comparison with NRQCD calculations that include colour-octet and colour-singlet
contributions and resummations of soft contributions at high ñ [12]. The curves correspond to three values of the
parameter ú : úÏF�� , i.e., no resummation (dashed line), ú�Fìº��� MeV (solid line), and ú�Fû º�º� MeV (dash–
dotted line). The theoretical curves have been scaled with a common factor 2 in the left panel and 3 in the right
panel.

The ��� � data points shown in Fig. 5.14 are not corrected for feeddown processes, such as diffrac-
tive and inelastic production of �E�· w H mesons ( § $ � % ), the production of ± hadrons with subsequent
decays to �Z� � mesons, or feeddown from the production of � J states. The latter two contributions are
estimated to contribute between 5% at medium � and 30% at the lowest values of � . The open band in
Fig. 5.14 represents the sum of the colour-singlet and colour-octet contributions, calculated in leading
order in QCD perturbation theory. The uncertainty is due to the uncertainty in the colour-octet NRQCD
matrix elements. The NRQCD prediction deviates from the data near � � $ , owing to the large colour-
octet contribution in that region. The shaded band shows the calculation of the colour-singlet contribution
to next-to-leading order in ø & [165, 166]. The NLO corrections increase the colour-singlet contribution
by about a factor of two, so that it accounts for the data quite well without the inclusion of a colour-octet
contribution.

Uncertainties in x J could lower the colour-singlet contribution by about a factor of two, leaving
more room for colour-octet contributions. In the experimental data, the cut . � � ¤ « $ GeV is employed.
One can question whether hard-scattering factorization is valid at such small values of . � � ¤ . However,
the data differential in . � � ¤ are compatible with colour-singlet production alone at large . � � ¤ (Fig. 5.15).

The next-to-leading-order QCD corrections are crucial in describing the shape of the transverse-
momentum distribution of the �Z� � . The NLO colour-singlet cross-section includes processes such asÈ j � 
 E�³ U³ H j ��� , which are dominated by

]
-channel gluon exchange and scale as ø u & x �J � . �� � ¤ . At. � � ¤ � « x J their contribution is enhanced with respect to the leading-order cross-section, which scales

as � ø � & x s J � . �� � ¤ . The comparison with the experimental data in Fig. 5.15 confirms the importance of
the higher-order corrections.

At large � , the emission of soft gluons in the conversion of the ³ U³ pairs to �Z� � mesons is sup-
pressed, owing to phase-space limitations. Furthermore, the velocity expansion of the NRQCD factoriza-
tion approach is expected to break down [10]. These effects are not taken into account in the theoretical
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Fig. 5.17: Inelastic ����� production in the region N��i�<ö ø2ù ��Öü1�� GeV, �/M ��ýñ��¥�/M þ , and ¸ Þ¹Hò Ê ÛÏJ GeV Þ , in
comparison with a ¾9¹ -factorization model implemented in the Monte Carlo generator CASCADE [176,177]. Left
panel: differential cross-section ó@ô,�Vó�ñ ; right panel: ÿ9ô,�Vÿ2¸ Þ¹Hò Ê in the range �¦M m��ño�ÿ�/M þ .
calculation that is shown in Fig. 5.14. In Ref. [12], a resummation of the nonrelativistic expansion was
carried out, leading to a decrease of the predicted cross-section at high � . The resummation involves
a parameter � that describes the energy in the ³ U³ rest frame that is lost by the ³ U³ system in its conver-
sion into the �Z� � meson. In Fig. 5.16, the measured cross-sections � à � � � for . � � ¤ « · GeV and for. � � ¤ « º GeV are compared with the results of these resummed calculations. The calculated curves have
been roughly normalized to the data points at low � . The resummed calculation for � � � ^�^ MeV gives
an acceptable description of the data at . � � ¤ « º GeV, while the agreement between data and calculation
is still poor for . � � ¤ « · GeV or for lower � values.

Effects from resummation of logarithms of $ L � and model shape functions have also been cal-
culated for the process ü ¥ ü � 
��Z� � j ~ [11]. It may be possible to use this resummed theoretical
prediction to extract the dominant shape function from the Belle and BaBar data for ü ¥ üP� 
��Z� �Çj ~
and then use it to make predictions for �Z� � photoproduction near � � $ .Measurements of the �Z� � production cross-section at large � are available from H1 [204] and
from ZEUS [175]. In this region, the contribution from diffractively produced ��� � mesons is expected
to be large, as is discussed below in Section 4.3.

The ZEUS Collaboration has also measured the � / to �Z� � cross-section ratio [175] in the range^ �©��� � � � ^ �@# and � ^ ��� � $ � ^ GeV. It is found to be consistent with being independent of the
kinematic variables � , . ¼ � ¤ and � , as is expected if the underlying production mechanisms for the �Z� �
and the � / are the same. An average value à2Ex� / HR� à2E �Z� � H � ^ �»ºGº � ^ � $ ^bE ÞCÁ ÷ Á � H ¥ F n Fe�� F n F � E Þ&À�Þ&Á � H is found
which compares well with the prediction from the leading-order colour-singlet model [165].

The o � -factorization approach (see Section 1.4) has recently been applied successfully to the de-
scription of a variety of processes [176–178]. In this approach, the �Z� � production process is factorized
into a o � -dependent gluon density and a matrix element for off-shell partons. A leading-order calculation
within this approach is implemented in the Monte Carlo generator CASCADE [176, 177]. Figure 5.17
shows a comparison of the data with the predictions from the o � -factorization approach. Good agree-
ment is observed between data and predictions for � �� ^ � � . At high � values, the CASCADE calculation
underestimates the cross-section. This may be due to missing higher-order effects, or missing relativistic
corrections, which are not available for the off-shell matrix element. It could also indicate a possible
missing colour-octet contribution. The CASCADE predictions for the the . �� � ¤ dependence of the cross-
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section (Fig. 5.17c) fit the data considerably better than the collinear LO calculations. This improved
fit is due to the transverse momentum of the gluons from the proton, which contributes to the trans-
verse momentum of the �Z� � meson. Note, however, that the NLO colour-singlet calculation in collinear
factorization [166] also describes the . �� � ¤ distribution.

The polarization of the ��� � meson is expected to differ in the various theoretical approaches dis-
cussed here and could in principle be used to distinguish between them, independently of normalization
uncertainties. The general decay angular distribution can be parametrized as� ñòE �Z� � 
 û ¥ ûØ� H�Yí � $ j æ þhÿ Þ � ë j } Þ � ó ·Pë þhÿ Þ�� j � · Þ � ó � ë þhÿ Þ · � ú (5.24)

where ë and � refer to the polar and azimuthal angle of the û ¥ three-momentum with respect to a co-
ordinate system that is defined in the �Z� � rest frame. (See, for example, Ref. [168] for details.) The
parameters

æ ú } ú � can be calculated within NRQCD or the CSM as a function of the kinematic vari-
ables, such as � and . � � ¤ .

In Fig. 5.18, the data are shown, together with the results from two LO calculations: the NRQCD
prediction, including colour-octet and colour-singlet contributions [168], and the colour-singlet contri-
bution alone. A calculation that uses a o � -factorization approach and off-shell gluons is also avail-
able [179]. In contrast to the predictions shown in the Fig. 5.18, in which

æ
is zero or positive, the

prediction of the o � -factorization approach is that
æ

should become increasingly negative toward larger
values of . ¼ � ð�£�¤ , reaching

æ � L ^ �©� at . � � ¤ � W GeV. However, at present, the errors in the data pre-
clude any firm conclusions. In this range of . � � ¤ none of the calculations predicts a decrease in

æ
with

increasing � . In order to distinguish between full NRQCD and the colour-singlet contribution alone,
measurements at larger . � � ¤ are required. The measured values of � , for which no prediction is available
from the o � -factorization approach, favor the full NRQCD prediction.

4.2 Inelastic electroproduction of charmonium
As in photoproduction, inelastic leptoproduction of �Z� � mesons at HERA ( ü�j . 
 ü�j �Z� �j«~ ) is dom-
inated by virtual-photon-gluon fusion ( È � � 
 ³ U³ ). In leptoproduction, or deep inelastic ü . -scattering
(DIS), the exchanged photon has a nonzero virtuality T � �ìL _ � , where _ is the four-momentum of the
virtual photon. For events with a photon virtuality of T ���� $ GeV � , the electron scattering angle is large
enough for the electron to be detected in the central detectors.

The analysis of leptoproduction at finite T � has experimental and theoretical advantages in com-
parison with the analysis of photoproduction. At high T � , theoretical uncertainties in the models decrease
and resolved-photon processes are expected to be negligible. Furthermore, the background from diffrac-
tive production of charmonia is expected to decrease faster with T � than the inelastic process, and the
distinct signature of the scattered lepton makes the inelastic process easier to detect.

A first comparison between data and NRQCD calculations was presented in Ref. [180]. The
NRQCD calculations in Ref. [180] were performed by taking into account only “ · 
 $ ” diagrams (see
the top left diagram of Fig.5.19) [181], and disagreement between data and theory was observed both
in the absolute values of the cross-sections and in their shapes as functions of the variables that were
studied.

More recently, the cross-section for �Z� � production in deep-inelastic ü . scattering at HERA was
calculated in the NRQCD factorization approach at leading order in ø & by Kniehl and Zwirner [182],
taking into account diagrams of the type “ · 
 · ”, as are shown in the top right and bottom diagrams
of Fig. 5.19. The calculation made use of the matrix elements of Ref. [78] and MRST98LO [79] and
CTEQ5L [69] parton distributions.

In Fig. 5.20, the results of this calculation are plotted as a function of T � and . �� � ¤ , along with
the H1 data [183]. The NRQCD results that are shown in Fig. 5.20 include the contributions from the
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Fig. 5.18: Polarization parameters � (left panels) and � (right panels) in the target rest frame as functions of ñ
(top panels) and ¸ ¹@ò Ê (bottom panels). The error bars on the data points correspond to the total experimental error.
The theoretical calculations shown are from the NRQCD approach [168] (shaded bands) with colour-octet and
colour-singlet contributions, while the curves show the result from the colour-singlet contribution separately.
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Fig. 5.21: Differential cross-sections ÿ9ô,�Vÿ�� Þ (left) and ÿ#ô,�üÿ#ñ (right) and theory predictions. The data from
ZEUS [184] are compared with the NRQCD calculation [182] (CO+CS, dark band), the colour-singlet contribution
(CS, light band), and with the prediction LZ(kt,CS) from the ¾ ¹ -factorization approach within the CSM [185]. The
solid lines delimit the uncertainties, and the dashed line show the central values. The CSM prediction LZ (CS) in
the collinear-factorization approach, as given by the authors of Ref. [185], is also shown (dotted line).

colour-octet channels u w � , u ï¦ð�� F � � � � , � w F , as well as from the colour-singlet channel u w � . The contribution
of the colour-singlet channel is also shown separately. The values of the NRQCD matrix elements were
determined from the distribution of transverse momenta of �Z� � mesons produced in . U. collisions [78].4

The bands include theoretical uncertainties, which originate from the uncertainty in the charm-quark
mass x J � $ �©� ��^ � $ GeV, the variation of renormalization and factorization scales by factors 1/2 and
2, and the uncertainties in the NRQCD matrix elements, all of which result mainly in normalization
uncertainties that do not affect the shapes of the distributions.

Figure 5.21 shows the differential electroproduction cross-sections for �Z� � mesons as functions
of T � and � , as measured by the ZEUS collaboration [184]. The ZEUS data, which are consistent
with the H1 results shown in Fig. 5.20, are compared with predictions in the framework of NRQCD
(CS+CO) [182] and also with predictions in the o � -factorization approach in which only the colour-
singlet contribution (CS) is included [185]. As in Fig. 5.20, the uncertainties in the NRQCD calculations
are indicated in Fig. 5.21 as shaded bands. For the prediction within the o � -factorization approach
(LZ(kt,CS)), only one of the sources of uncertainty is presented, namely the uncertainty in the pomeron
intercept � , which controls the normalization of the unintegrated gluon density.

In Fig. 5.22, the normalization uncertainties of the theory, which are dominant, are removed by
normalizing the differential cross-sections measured by H1 [183] and the theory predictions to the inte-
grated cross-sections in the measured range for each distribution. The comparisons in Figs. 5.20–5.22
indicate that the colour-singlet contribution follows the shape of the data from H1 and ZEUS quite well.
In general, the CSM predictions are below the H1 and ZEUS data, but are consistent with the data, given
the uncertainties, both in shape and normalization. However, the differential cross-sections as a function
of the transverse momentum squared of the �Z� � are too steep compared to the data (lower left plot in

4 The extracted values for the NRQCD matrix elements depend on the parton distributions. For the set MRST98LO [79], the
values are ��� �����} ¸ �@� } Â"!����Q¹ °¦±¨�º¹»� GeV � , ��� ���#�$ ¸ �U� } Â"!��!¸�µ�¹ µ�± �º¹ ¼`Â&%�� � � � GeV � and ³ ������(' ) �!¸�²º¹ ¼/± �O¹ ·hÂ&%��R� � | GeV � ,
where ³ ���#��(' ) is the linear combination of two NRQCD matrix elements that is defined in Eq. (5.8).
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Fig. 5.23: Diagram for diffractive charmonium production via exchange of two gluons in a colour-singlet state.

Fig. 5.20). A similar observation was made for photoproduction (Section 4.1, Fig. 5.15), in which the LO
CSM calculation is too steep and the NLO CSM calculation is found to describe the data well. The � dis-
tribution (Figs. 5.21 and 5.22) is very poorly described by the full calculation that includes colour-octet
contributions, while the colour-singlet contribution alone reproduces the shape of the data rather well.
The failure of the colour-octet calculations could be due to the fact that resummations of soft-gluons are
not included here. It is worth noting that the calculation of Kniehl and Zwirner disagrees with a number
of previous results [186–190], which themselves are not fully consistent.

4.3 Diffractive vector meson production
At HERA, the dominant production channel for quarkonia with quantum numbers of real photons (i.e.,� p10 � $ �*� ) is through diffractive processes. In perturbative QCD, the diffractive production of vector
mesons can be modeled in the proton rest frame by a process in which the photon fluctuates into a _ U_
pair at a long distance from the proton target. The _ U_ subsequently interacts with the proton via a colour-
singlet exchange, i.e., in lowest order QCD via the exchange of a pair of gluons with opposite colour (see
Fig. 5.23) [191–197]. At small S ] S , where

]
is the momentum-transfer-squared at the proton vertex, the

elastic process in which the proton stays intact dominates. Toward larger values of S ] S , the dissociation
of the proton into a small-invariant-mass state becomes dominant. Measurements of diffractive vector-
meson production cross-sections and helicity structure from the H1 [180,198–205] and ZEUS [206–211,
213, 214] collaborations are available for : F , c , � , �Z� � , � / , and ) production, spanning the ranges of^ ã T � � $ ^�^ GeV � , ^ ã S ] S � ·P^ GeV � , and ·P^ �2� ¡43 � · # ^ GeV. ( � ¡43 is the È . centre-of-mass
energy.) In Fig. 5.24, the elastic photoproduction cross-sections are shown. Perturbative calculations in
QCD are available for the kinematic regions in which at least one of the energy scales } � (i.e., T � , p �5
or S ] S ) is large and the strong-coupling constant ø & E\} � H is small [215–221].

In the presence of such a ‘hard’ scale, QCD predicts a steep rise of the cross-section with � ¡43 .
At small T � , S ] S and meson masses p 5 , vector-meson production is known to show a non-perturbative
“soft” behavior that is described, for example, by Regge-type models [222–226]. Toward larger values
of S ] S , in the leading logarithmic approximation, diffractive �Z� � production can be described by the
effective exchange of a gluonic ladder. At sufficiently low values of Bjorken X (i.e., large values of� ¡43 ), the gluon ladder is expected to include contributions from BFKL evolution [227–231], as well as
from DGLAP evolution [232].

Experimentally, diffractive events are generally distinguishable from inelastic events, since, aside
from meson-decay products, only a few final-state particles are produced in the central rapidity range
in proton dissociation and no particles are produced in the central rapidity range in elastic diffraction.
The elasticity variable � defined in Eq. (5.23) is often used to demark the boundary between the elastic
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Fig. 5.24: Total cross-section and cross-sections for production of various vector mesons in jx¸ collisions as a
function of ö ø2ù , as measured at HERA and in fixed-target experiments.

321



CHAPTER 5

and inelastic regions, with a typical demarcation for �Z� � production being � « ^ �@#�� for the diffractive
region and � � ^ �@#�� for the inelastic region. However, at large � , there is actually no clear distinction
between inelastic �Z� � production and diffractive �Z� � production in which the proton dissociates into a
final state with large invariant mass, owing to the fact that the two processes can produce the same final-
state particles. In the region of large � , both inelastic and diffractive processes are expected to contribute
to the cross-section. In calculations that are based on the NRQCD factorization approach, the cross-
section increases toward large � , owing to large contributions from colour-octet ³ U³ pairs, as is explained
in Section 4.1. These contributions are, however, substantially reduced when one takes into account
multiple soft gluon emission, e.g., in resummation calculations [12]. At the same time, calculations
in perturbative QCD that assume a diffractive colour-singlet exchange are capable of describing the
production cross-sections at large � [204, 211, 212]. A unified description in QCD of the large � region,
taking into account both inelastic and diffractive contributions, has yet to be developed.

4.4 Prospects for the upgraded HERA collider
With the HERA luminosity upgrade, a wealth of new quarkonium data will become available. The ex-
isting �Z� � and �E�· w H measurements can be improved and extended into new kinematic regions, and
other quarkonium final states may become accessible. The future analyses of quarkonium production at
HERA offer unique possibilities to test the theoretical framework of NRQCD factorization. It should
be noted here that calculations to next-to-leading order, which are not yet available in the framework of
NRQCD factorization, could be an essential ingredient in a full quantitative understanding of charmo-
nium production at HERA, and also at other experiments, such as those at the Tevatron. Some of the
most interesting reactions will be discussed briefly below. See Refs. [64, 233] for more details.

The measurement of inelastic � J photoproduction is a particularly powerful way to discriminate
between NRQCD and the colour-evaporation model. The assumption of a single, universal long-distance
factor in the colour-evaporation model implies a universal à î � J òx� à î ��� � ò ratio. A large � J cross-section
is predicted for photon–proton collisions. The ratio of � J production to �Z� � production is expected to
be similar to that at hadron colliders, for which à î � J òx� à î �Z� � ò�§ ^ �©� [62]. In NRQCD, on the other
hand, the à î � J òx� à î ��� � ò ratio is process-dependent and strongly suppressed in photoproduction. Up to
corrections of � E ø & ú Æ � H one finds that [64]à î È . 
�� J ð ~ òà î È . 
��Z� �§~ ò § $ �� E�· � j $ H � � �  ç� E�u w � H "� � ð�£�¤� E u w �`H " § E�· � j $ H ^ � ^�^ � ú (5.25)

where the last approximation makes use of the NRQCD matrix elements that are listed in Table 5.1.
A search for � J production at HERA that results in a cross-section measurement or an upper limit on
the cross-section would probe directly the colour-octet matrix element � � � �� E�u w � H " and would test the
assumption of a single, universal long-distance factor that is implicit in the colour-evaporation model.

The inclusion of colour-octet processes is crucial in describing the photoproduction of the spin-
singlet states ® J E $ w H , ® J E�· w H , and

� J E $ ï H . With regard to the P-wave state
� J , the colour-octet contribu-

tion is required to cancel the infrared divergence that is present in the colour-singlet cross-section [234].
The production of the ® J , on the other hand, is dominated by colour-octet processes, since the colour-
singlet cross-section vanishes at leading-order, owing to charge-conjugation invariance [235, 236], as is
the case for � J photoproduction. The cross-sections for ® J E $ w H , ® J E�· w H , and

� J E $ ï H photoproduction
are sizable [234, 235], but it is not obvious that these particles can be detected experimentally, even with
high-statistics data.

The energy spectrum of �Z� � ’s produced in association with a photon via the process È . 
��Z� �0jÈ ~ is a distinctive probe of colour-octet processes [233, 237–239]. In the colour-singlet channel and
at leading-order in ø & , �Z� ��j È can be produced only through resolved-photon interactions. The cor-
responding energy distribution is therefore peaked at low values of � . The intermediate- � and large- �
regions of the energy spectrum are expected to be dominated by the colour-octet process È � 
 ³ U³ � E�u w �`H È .
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Fig. 5.25: Differential rate ÿ��-�üÿ#ñ for inclusive decay of 6�� into ����� . The data is from the ALEPH collaboration
[240]. The dashed line is the sum of the tree-level colour-singlet and colour-octet terms. The solid line is an
interpolation between resummed calculations in the small- ñ and large- ñ regions. From Ref. [244].

Observation of a substantial fraction of ��� � j È events at � � « ^ �©� would provide clear evidence for the
presence of colour-octet processes in quarkonium photoproduction. Experimentally, this measurement is
very difficult due to the large background from photons from ] F decays which are produced in the final
state.

With the significant increase in statistics at the upgraded HERA collider, it might be possible
to study inelastic photoproduction of bottomonium states for the first time. The large value of the ± -
quark mass makes the perturbative QCD predictions more reliable than for charm production, and the
application of NRQCD should be on safer ground for the bottomonium system, in which Æ87 § ^ � $ .However, the production rates for ) states are suppressed compared with those for ��� � by more than
two orders of magnitude at HERA — a consequence of the smaller ± -quark electric charge and the phase-
space reduction that follows from the larger ± -quark mass.

5 QUARKONIUM PRODUCTION AT LEP
5.1 V�WYX production
The LEP collider was used to study ü ¥ ü�� collisions at the   F resonance. Charmonium was produced
at LEP through direct production in   F decay, through the decays of ± hadrons from   F decay, and
through ÈZÈ collisions. The contributions from the decays of ± hadrons can be separated from those from
direct production by using a vertex detector. Charmonium that is produced directly will be referred to as
“prompt.”

In   F decay, the dominant mechanism for charmonium production is the decay of the   F into± U ± , followed by the fragmentation of the ± or U± into a heavy hadron and the subsequent decay of the
heavy hadron into charmonium. The inclusive branching fraction of the   F into a charmonium state &
is to a good approximation the product of the branching fraction for   F:9 ± U ± , a weighted average of the
inclusive branching fractions of ± hadrons into & , and a factor of two to account for the ± and the U ± :�k� î   F 9 & ~ ò}§ · �k� î   F 9 ± U ± ò � % - + 9 % �k� î Û 9 &ÿ~ ò � (5.26)
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e+e− → e+e−J/ψ X at LEP2
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Fig. 5.26: Differential cross-section for the process jYjÕ�������©l Ë as a function of ¸ Þ¹ . The data points are
from the DELPHI Collaboration [245, 246]. The upper set of curves is the NRQCD factorization predictions, and
the lower set of curves is the colour-singlet model prediction. The solid and dashed curves correspond to the
MRST98LO [79] and CTEQ5L [69] parton distributions, respectively. The arrows indicate the relative contribu-
tions at ¸Ð¹©F¥� from parton processes ; <$� 0 90 , which were ignored in the analysis. Here ; <�F jYj , =�= , or > 9> . From
Ref. [251].

The branching fraction for the ± hadron Û to decay into a state that includes & is weighted by the
probability - + 9 % for a 45 GeV ± quark to fragment into Û . The inclusive branching fractions for   F
decay into several charmonium states have been measured. Since these measurements have more to do
with ± -hadron decay than   F decay, they are presented in Section 7.

The ALEPH, DELPHI, L3, and OPAL collaborations at LEP have measured the inclusive branch-
ing fraction of   F into prompt �Z� � [240–243]. In the NRQCD factorization approach, there are two
mechanisms that dominate direct �Z� � production. The first is   F decay into ³ U³ , followed by the frag-
mentation of the ³ or U³ into ��� � via the colour-singlet channel ³ U³@?sE�u w ? H . The second is   F decay into_ U��� , followed by the fragmentation of the gluon into �Z� � via the colour-octet channel ³ U³ � E u w ? H . Boyd,
Leibovich, and Rothstein [244] have used the results from the four LEP collaborations to extract the
colour-octet matrix element: � � ðO£�¤� E u w ? H " � E $ �@# ��^ �©� & ¼ O ¼ � $ � ^ ¼ �:ACB(D ç H õ $ ^�� 7 GeV u . This is about
a factor of two larger than the Tevatron value and has smaller theory errors, but feeddown from � J and�E�· w H states was not taken into account in the theoretical analysis. Boyd, Leibovich, and Rothstein [244]
also carried out a resummation of the logarithms of p 7E � p 7¤ and � 7 , where � � · % J YJ � x E . Their result
for the resummed � distribution for prompt ��� � production is compared with data from the ALEPH
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collaboration [240] in Fig. 5.25. Their analysis predicts an enhancement in the production rate near� � ^ � $ � . The uncertainties in the data are too large to make a definitive statement about the presence or
absence of this feature.

The inclusive cross-section for È�È 9 �Z� � j ~ at LEP has been measured by the DELPHI Collab-
oration [245,246]. The cross-section at nonzero . � has been computed at leading order in ø & . The com-
putation includes the direct-photon process È�È 9 E�³ U³ H j � , which is of order ø 7 ø & , the single-resolved-
photon process � È 9 E�³ U³ H j � , which is of order ø	ø 7 & , and the double-resolved-photon process � � 9 E�³ U³ H jÕo ,
which is of order ø u & [247–251]. (Here, � � � ��� , � _ , � U_ , or _ U_ .) Note that all processes contribute for-
mally at the same order in perturbation theory since the leading behavior of the parton distributions in the
photon is

� ø � ø & . The contribution to the ÈZÈ 9 ��� � j�~ cross-section at LEP that is by far dominant
numerically is that from single-resolved processes, i.e., photon–gluon fusion.

The results of the LO computation [251] are shown in Fig. 5.26. The computation uses the
NRQCD matrix elements of Ref. [78]. Theoretical uncertainties were estimated by varying the renor-
malization and factorization scales by a factor two and by incorporating the effects of uncertainties in
the values of the colour-octet matrix elements. As can be seen from Fig. 5.26, the comparison with
the DELPHI data [245, 246] clearly favors the NRQCD factorization approach over the colour-singlet
model. However, the comparison of Fig. 5.26 is based on a leading-order calculation. It is known from
the related process of ��� � photoproduction at HERA, which is also dominated by photon–gluon fusion,
that the LO colour-singlet cross-section fails to describe the �Z� � data at nonzero . � . Inclusion of the
NLO correction, however, brings the colour-singlet prediction in line with experiment. Similarly large
NLO corrections can be expected for È�È 9 �Z� �'j�~ production at LEP, and a complete NLO analy-
sis is needed before firm conclusions on the importance of colour-octet contributions can be drawn. A
first step in this direction has been taken recently in Ref. [252], where the NLO corrections to the direct
process È�È 9 E�³ U³ H j � have been calculated.

5.2 FHGJILKNM production
The OPAL collaboration has measured the inclusive branching fraction for the decay of   F into ) E $ w H[253]. The NRQCD factorization prediction for �k� î   F 9 ) E $ w H j ~ ò is ���@# õ $ ^ � É [254]. The
colour-singlet-model prediction is $ � � õ $ ^ � É [254–259]. The experimental result from OPAL [253] isî $ � ^b�Ü^ ��� E stat. H �Ü^ � $ E sys. H �Ü^ � ·,E prod. mech. HÜò õ $ ^,�Ss . This is compatible with the NRQCD factorization
prediction, but not with the colour-singlet-model prediction.

6 CHARMONIUM PRODUCTION IN OLPQO�R ANNIHILATIONS AT 10.6 GEV
The Û factories have proved to be a rich source of data on charmonium production in ü ¥ üP� annihila-

tion. The Û factories operate near the peak of the ) E � w H in order to maximize the production rate for Û
mesons, but about 75% of the events are continuum ü ¥ ü � annihilation events. The enormous data sam-
ples that have been accumulated compensate for the relatively small cross-sections for ü ¥ üP� annihilation
into states that include charmonium.

6.1 V�WYX production
The Belle and BaBar Collaborations have measured the inclusive cross-section à î ü ¥ ü � 9 �Z� �©~ ò . The
Belle Collaboration obtains · �©� ·¨��^ � · $ �Ç^ � · $ pb [260], while the BaBar Collaboration obtains $ ��� � �^ � $ ^ � ^ � $ º pb [261]. The leading-order parton process in the colour-singlet model is ü ¥ ü � 9 E�³ U³ H jTS&S ,
which is of order ø 7 ø 7 & . The leading colour-octet contributions in the NRQCD factorization approach
come from ü ¥ ü � annihilation into E�³ U³ H jUS , which is order ø 7 ø & , and into E�³ U³ H j _ U_ and E�³ U³ H jUS&S , which
are order ø 7 ø 7 & . The prediction for the cross-section à î ü ¥ ü � 9 �Z� �©~ ò in the colour-singlet model is^ ���Á� L ^ � � $ pb [262–265], while the NRQCD factorization prediction is $ � $ L $ � W pb [263–265]. There is
a º à discrepancy between the experiments, but the NRQCD factorization prediction seems to be favored.
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Fig. 5.27: ����� production rate in ���P��! annihilation at J��/M N GeV as a function of ¸SúäFÂ¸ Ê , the ����� momentum
in the CM frame. The vertical axis is the number of �¦��� events per 0.5 GeV �V0 . The data points are from (a) the
Belle Collaboration [260] and (b) the BaBar Collaboration [261]. The upper lines are the sum of the leading-order
colour-singlet contribution and the colour-octet contribution, which includes a resummation of logarithms of JPH�ñ
and a phenomenological shape function. The lower lines are the leading-order colour-singlet contribution alone.
From Ref. [11].

The discrepancies between the two experiments in this and other measurements may be due partly to
differences in cuts that were used to suppress contributions from processes in which the charmonium
is not produced by annihilation of ü ¥ and ü � with a centre-of-mass energy of 10.6 GeV. These include
radiative-return processes, in which the ü ¥ or ü�� loses a substantial fraction of its momentum by radiating
a collinear photon before the collision, virtual photon radiation, in which the ü ¥ or ü � radiates a virtual
photon that becomes a �Z� � or �E�· w H , and two-photon collisions, which produce ® J , � J F , and � J 7 .

The momentum distribution of the ��� � provides information about the production mechanism.
The momentum of the �Z� � in the CM frame can be characterized in terms of its magnitude . � and its
angle ë � with respect to the beam direction. The Belle [260] and BaBar [261] measurements for the
differential cross-section for �Z� � production as a function of . � are shown in Fig. 5.27. The colour-
singlet prediction, which is shown in the lower curves in Fig. 5.27, is far too small to describe the data.
The measurements from Belle and BaBar do not show any enhancement at the maximum value of . � , as
might be expected from the colour-octet process ü ¥ ü � 9 E�³ U³ H jUS that is of leading order in ø & . However,
there are two effects that are expected to modify the leading-order result. The first effect is that theÆ expansion of NRQCD breaks down near the kinematic maximum value of . � . Resummation of the
expansion is required [10, 12], and it leads to a nonperturbative shape function [10], which smears out
the peak in the leading-order result. A second effect near the maximum value of . � is that there are large
logarithms of $ L � , where �WV % J YJ � % ¤ N uJ YJ , that must also be resummed. The effect of that resummation
is again to smear out the peak in the leading-order result. A resummation of logarithms of $ L � has been
combined with a phenomenological shape function in Ref. [11]. The results of this calculation are shown
in the upper curves in Fig. 5.27. The shape function has been chosen to fit the Belle and BaBar data. The
normalization of the shape function is fixed by the colour-octet NRQCD matrix elements, which were
taken to be � � ð�£�¤� E ? w FtH " V � � ð�£�¤� E�u�ï FIH " V W � W õ $ ^ � 7 GeV. These values of the colour-octet matrix
elements are consistent with data from photoproduction and hadroproduction [129,169]. As can be seen,
the resummations of the Æ expansion and the logarithms of $ L � produce reasonable fits to the data.
The resummation prediction is not expected to be valid at small values of . � . It should also be kept in
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mind that hard-scattering factorization may not hold unless . � Á � (*),+ . While the comparison of the
resummed theory with experiment indicates that it is plausible that the NRQCD factorization approach
can describe the experimental data, the theoretical results rely heavily on the phenomenological shape
function, whose shape is tuned to fit the data. The resummed theory will receive a much more stringent
test when a phenomenological shape function that has been extracted from the ü ¥ ü � data is used to
predict the �Z� � production cross-section in some other process, for example, photoproduction at HERA.

Table 5.10: Angular asymmetry variable ë and polarization variable Ø for various ranges of the CM momentum ¸ ú
of the ����� in ���P��! � �����>Ë at Ó ê F J��/M N GeV, as measured by the Belle [260] and BaBar [261] Collaborations.

Belle BaBar
Range of . � (GeV) Q ø Range of . � (GeV) Q ø· � ^ � . � � · � W ^ � � · ¥ F n ÄRÉ� F n � u L ^ � W · ¥ F n u F� F n 7 s . � � º��©� ^ � ^ � ��^ � ·G· L ^ ��� W ��^ � · $· � W � . � � º���� $ ����� ¥ F n s 7� F n u&� L ^ �»ºd� ¥ F n ? �� F n ? �º���� � . � � ��� ^ $ � ^ � ¥ F n s&s� F n uRu L ^ �»º · ¥ F n 7 F� F n ? � º��©� � . � $ �©� ��^ � W L ^ � � ^<��^ � ^ #

The other variable that characterizes the momentum of the �Z� � is its angle ë � with respect to the
beam direction in the CM frame. The angular distribution � à � � E þhÿ Þ ë � H is proportional to $ j Q þhÿ Þ 7 ë � ,which defines an angular asymmetry variable Q . The Belle [260] and BaBar [261] Collaborations have
measured Q in several bins of . � . Their results are shown in Table 5.10. The NRQCD factorization
approach predicts that Q § ^ at small . � and ^ � W � Q � $ � ^ at large . � [266] . The colour-singlet model
predicts that Q § ^ at small . � and Q §ìL ^ � � at large . � [266]. The Belle and BaBar results favor the
NRQCD factorization prediction, but the uncertainties are large.

The polarization of the �Z� � provides further information about the production mechanism. The
polarization variable ø for �Z� � production is defined by the angular distribution in Eq. (5.13). In ü ¥ üP�annihilation, the most convenient choice for the polarization axis is the boost vector from the quarkonium
rest frame to the ü ¥ ü � centre-of-momentum frame. The Belle and BaBar Collaborations have measured
the polarization variable ø in several bins of . � . Their results are shown in Table 5.10. The polarization
of �Z� � ’s from ü ¥ ü � annihilation at the Û factories has not yet been calculated within the NRQCD
factorization approach. In contrast to the production of �Z� � ’s with large .>� at the Tevatron, where the
dominance of gluon fragmentation into colour-octet u w ?	³ U³ states implies a large transverse polarization,
production of �Z� � ’s at the Û factories occurs at values of . � for which there are no simple qualitative
expectations for the polarization. A comparison between theory and experiment must await an actual
calculation of the �Z� � polarization, including the effects of feeddown from higher charmonium states.
It may be necessary to include in such a calculation resummations of the Æ expansion and logarithms of$ L � in order to make precise quantitative statements. However, the effects of these resummations is
mainly to re-distribute the �Z� � ’s that are produced via the colour-octet mechanism over a range in . �without affecting the total number of such �Z� � ’s.

A surprising result from the Belle Collaboration is that most of the ��� � ’s that are produced inü ¥ ü � annihilation at $ ^ � W GeV are accompanied by charmed hadrons. The presence of a charmed hadron
indicates the creation of a second ³ U³ pair in addition to the pair that forms the �Z� � . A convenient measure
of the probability for creating the second ³ U³ pair is the ratio

� �
� µYXYZ µ V à î ü ¥ ü � 9 �Z� �'j ~ J YJ òà î ü ¥ ü � 9 ��� � j�~ ò � (5.27)

The Belle Collaboration finds that � �
� µYXYZ µ V ^ � � · � ^ � $ � � ^ � $ � with � �

� µYXYZ µ « ^ ��� � at the 90%
confidence level [267]. The NRQCD factorization approach leads to the prediction � �

� µYXYZ µ § ^ � $ [262,
263,268], which disagrees with the Belle result by almost an order of magnitude. The discrepancy seems
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Fig. 5.28: Distribution of masses recoiling against the reconstructed ����� in inclusive �º�P��! � ������Ë events at
Belle [271]. The solid line is the best fit, including contributions from the n Ù , � Ù � 	*J\[�� , and n Ù 	\Öº×´� . The dotted
line is a fit in which additional contributions from the ����� , �´Ù*Ú�	ÜJ][�� , �-ÙßÞº	ÜJ][�� , and ��	\Öº×´� have been set at their
largest possible values within the 90%-confidence-level limits.

to arise primarily from the cross-section in the numerator of (5.27). The Belle result for this cross-section
is about 0.6–1.1 pb [269], while the prediction is about 0.10–0.15 pb [262, 263, 268, 270]. At leading
order in ø & , which is ø 7 & , the process of ü ¥ ü � annihilation into �Z� �j«~ J YJ proceeds through E�³ U³ H j ³ U³ . The
contributions to this cross-section in which the ��� � is formed from a colour-octet ³ U³ pair are suppressed
by a factor Æ s § ^ � $ , and they have been found to yield only about 7% of the total cross-section [270].
Corrections of order ø u & and higher are also not expected to be particularly large. Thus, the source of the
discrepancy between the Belle result for � �

� µYXYZ µ and theory remains a mystery.
There is also a large discrepancy between theory and experiment in an exclusive double- ³ U³ cross-

section. For the double-charmonium process ü ¥ ü�� 9 ��� �´j�® J , the Belle Collaboration measures the
product of the cross-section and the branching fraction for the ® J to decay into at least two charged
tracks to be · ��� W �°· � � � º����

fb [271]. In contrast, leading-order calculations predict a cross-section of· �»º $ � $ � ^ # fb [272–274]. There are some uncertainties from uncalculated corrections of higher-order
in ø & and Æ and from NRQCD matrix elements. However, because this is an exclusive process, only
colour-singlet matrix elements enter, and these are fairly well determined from the decays �Z� � 9 ü ¥ ü��and ® J 9 È�È .

Since the Belle mass resolution is 110 MeV but the �Z� � – ® J mass difference is only 120 MeV, it
has been suggested that some of the �Z� �Ñj ® J data sample may consist of �Z� �Ñj ��� � events [275,276].
The state �Z� �Gj �Z� � has charge-parity g Výj $ , and consequently, is produced in a two-photon process,
whose rate is suppressed by a factor E ø � ø & H 7 relative to the rate for ��� � jÇ® J . However, as was pointed
out in Refs. [275, 276], the two-photon process contains photon-fragmentation contributions that are
enhanced by factors E % X µ N ¤ � · x J H s from photon propagators and ^ ÿ Ã î � E % X µ N ¤ � · x J H s ò from a would-be
collinear divergence. As a result, the predicted cross-section à î ü ¥ ü � 9 ��� �'j �Z� � ò V � � � ^ � · �@#d� fb is
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larger than the predicted cross-section à î ü ¥ üP� 9 �Z� � jÇ® J ò Ví· �»º $ � $ � ^ # fb [275, 276]. Corrections of
higher order in ø & and Æ are likely to reduce the prediction for the �Z� � j �Z� � cross-section by about a
factor of three [276, 277]. These predictions spurred a re-analysis of the Belle data [278]. The invariant
mass distribution of ~ in ü ¥ ü � 9 �Z� �lj ~ is shown in Fig. 5.28. No significant �Z� �´j �Z� � signal
was observed. The upper limit on the cross-section times the branching fraction into at least two charged
tracks [271] is à î ü ¥ ü�� 9 �Z� � j �Z� � ò
� #�� $ fb, which is consistent with the prediction of Refs. [275,276].

6.2 Prospects at BaBar and Belle
The BaBar and Belle detectors are accumulating ever larger data samples of charmonium that is produced
directly in ü ¥ ü�� annihilation. The simplicity of the initial state makes the theoretical analysis of this
process particularly clean. These two factors make charmonium production in continuum ü ¥ ü � annihi-
lation a particularly attractive process in which to compare theoretical predictions with experiment. The
experimental results that have already emerged from these detectors provide further motivation for un-
derstanding this process. There are significant discrepancies between previous measurements by BaBar
and Belle. There are also surprising results from Belle on double ³ U³ production that differ dramatically
from theoretical expectations. The resolution of these problems will inevitably lead to progress in our
understanding of charmonium production.

The surprising double- ³ U³ results from Belle include an inclusive measurement, the ratio � �
� µYXYZ µ

defined in Eq. (5.27), and exclusive double-charmonium cross-sections, such as à î ü ¥ ü � 9 �Z� �lj¯® J ò .
The discrepancies between theory and experiment in these measurements are among the largest in the
standard model. Theory and experiment differ by about an order of magnitude — a discrepancy which is
larger than any known QCD

�
-factor. It is important to recognize that these discrepancies are problems

not just for NRQCD factorization, but for perturbative QCD in general. It is difficult to imagine how any
perturbative calculation of � �

� µYXYZ µ could give a value as large as 80%. With regard to the cross-section
for ü ¥ ü � 9 �Z� �Çjl® J , the perturbative QCD formalism for exclusive processes [274] gives a result that
reduces to that of NRQCD factorization [272, 273] in the nonrelativistic limit and is well-approximated
by it if one uses realistic light-cone wave functions for �Z� � and ® J .5 Clearly, it is very important to
have independent checks of the Belle inclusive and exclusive double- ³ U³ results. If the Belle results
are confirmed, then we would be forced to entertain some unorthodox possibilities: the inapplicability of
perturbative QCD to double- ³ U³ production, new charmonium production mechanisms within the standard
model, or perhaps even physics beyond the standard model.

The larger data samples that are now available should allow much more accurate measurements
of the inclusive process ü ¥ ü � 9 �Z� �Ä~ , including the momentum distribution of the �Z� � and its polar-
ization. The measurements of the �Z� � momentum distribution may allow the determination of all the
relevant NRQCD matrix elements. A comparison with the NRQCD matrix elements measured at the
Tevatron would then provide a test of their universality. Once the NRQCD matrix elements are deter-
mined, they can be used to predict the polarization of the ��� � as a function of its momentum, which
would provide a stringent test of the NRQCD predictions for spin. Instead of imposing cuts to suppress
contributions from radiative return, virtual photon radiation, and two-photon collisions, it might be bet-
ter to choose cuts in order to maximize the precision of the measurements, without any regard to the
production mechanism. The contributions from other mechanisms could instead be taken into account in
the theoretical analyses.

The large data samples of BaBar and Belle should also allow measurements of the inclusive pro-
duction of other charmonium states, such as the �<E�· w H and the � J E $ ï H . Such measurements could be
used to determine the NRQCD matrix elements for these charmonium states. They are also important
because they provide constraints on the contributions to inclusive ��� � production from decays of higher
charmonium states.

5The Belle result can be accommodated by using asymptotic light-cone wave functions that are appropriate for light hadrons
[279], but there is no justification for using such wave functions for charmonium.
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There are some straightforward improvements that could be made in the theoretical predictions for
inclusive charmonium production in ü ¥ ü � annihilation. For example, there are only a few components
missing from a complete calculation of all contributions through second order in ø & . In the contribution
from the colour-octet u w ? channel, the virtual corrections at order ø 7 & have not been calculated. There are
also colour-octet contributions to ü ¥ ü � 9 ³ U³�³ U³ at order ø 7 & that have not been calculated. The theoretical
predictions for inclusive charmonium production could also be improved by treating more systematically
the contributions from the feeddown from decays of higher charmonium states and from other mecha-
nisms, such as radiative return, virtual photon radiation, and two-photon collisions.

7 CHARMONIUM PRODUCTION IN
� -MESON DECAYSÛ -meson decays are an excellent laboratory for studying charmonium production because Û mesons

decay into charmonium with branching fractions greater than a percent. At a Û factory operating near
the peak of the ) E � w H resonance, about 25% of the events consist of a Û ¥ Û � pair or a Û F UÛ F pair.
The large sample of Û mesons accumulated by the CLEO experiment allowed the measurements of
many exclusive and inclusive branching fractions into final states that include charmonium. The Belle
and BaBar experiments are accumulating even larger samples of Û mesons, providing a new source of
precise data on charmonium production in Û decays.

The inclusive branching fractions of Û mesons into charmonium states can be measured most
accurately for the mixture of Û ¥ , Û F , and their antiparticles that are produced in the decay of the )GE � w H
resonance [280, 281]. Those that have been measured are listed in Table 5.11. The fraction of ��� � ’s
that come from decay of � J ’s, which is defined in Eq. (5.12), is � �  VìE $�$ ��· H %. This is significantly
smaller than the value that is measured at the Tevatron, which is given in Table 5.3. The � J ? to � J 7 ratio,
which is defined in Eq. (5.10), is � �  V ��� $ � º�� ^ . Although the error bar is large, this ratio seems to be
substantially larger than the value that is measured at the Tevatron, which is given in Eq. (5.18), and the
values measured in fixed-target experiments, which are given in Table 5.6. Such differences in � �  and� �  are contrary to the predictions of the colour-evaporation model.

Inclusive branching fractions into charmonium states have also been measured at LEP for the
mixtures of Û ¥ , Û F , Û F& , ± baryons, and their antiparticles that are produced in   F decay [241,282,283].
This mixture of ± hadrons can be interpreted as the one that arises from the fragmentation of a ± quark
that is produced with a momentum of 45 GeV. The branching fractions that have been measured are listed
in Table 5.11. The branching fraction into � J ?tE $ ï H seems to be significantly larger than for the mixture
from ) E � w H decay. The difference could be due to the contribution from ± baryons. It is often assumed
that the mixture of ± hadrons that is produced at high-energy hadron colliders, such as the Tevatron, is
similar to that produced in   F decay. This assumption could be tested by measuring ratios of inclusive
cross-sections for charmonium states that come from the decays of ± hadrons at the Tevatron.

Table 5.11: Inclusive branching fractions (in units of JQ��!�Ã ) for mixtures of z hadrons to decay into charmonium
states.

mixture �Z� � �<E�· w H � J ?IE $ ï H � J 7 E $ ï Hfrom )GE � w H decay $�$ �©� ��^ � W º��©� ��^ �©� º�� W ��^ �©� ^ � � ��^ ���
from   F decay $�$ � W � $ � ^ �,� � �Å· ��� $�$ �©� � �,� ^

The observed inclusive branching fractions of Û mesons into �Z� � and �E�· w H are larger than the
predictions of the colour-singlet model by about a factor of three. Ko, Lee, and Song applied the NRQCD
factorization approach to the production of �Z� � and �<E�· w H in Û decays [284]. The colour-octet u w ?
term in the production rate is suppressed by a factor of ÆSs that comes from the NRQCD matrix element.
However, the production rate also involves Wilson coefficients that arise from evolving the effective weak
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Hamiltonian from the scale p`_ to the scale x +
. The Wilson coefficient for the colour-octet u w ? term is

significantly larger than that for the colour-singlet term, although the smallness of the colour-singlet term
may be the result of an accidental cancellation that occurs in the leading-order treatment of the evolution
of the coefficients. Moreover, the colour-singlet contribution is decreased by the relativistic correction of
order Æ+7 . The inclusion of the colour-octet u w ? term allows one to explain the factor of three discrepancy
between the data and the colour-singlet-model prediction.

The observed branching fraction for decays of Û directly into �Z� � , which excludes the feeddown
from decays of �<E�· w H and � J , is much larger than the prediction of the colour-evaporation model. The
CEM prediction for the direct branching fraction is ^ � · � L ^ � W�W [285], where the range comes from
the uncertainty in the CEM parameters. The CLEO collaboration has made a precise measurement of
the direct branching fraction of Û into �Z� � [286]: �Ò�V�O¡ � î Û 9 �Z� ��j ~ ò V E�^ � � $ º �ý^ � ^ � $ H&% . The
CEM prediction is significantly smaller than the data. As we have already mentioned, the data can be
accommodated within the NRQCD factorization approach by including colour-octet terms.

Beneke, Maltoni, and Rothstein [287] have calculated the inclusive decay rates of Û mesons into�Z� � and �E�· w H to next-to-leading order in ø & . They used their results to extract NRQCD matrix elements
from the data. Their results for the linear combinations of NRQCD matrix elements defined in Eq. (5.8)
are p ð�£�¤u n ? VìE $ �©� ¥ F n �� ? n ? H õ $ ^ � 7 GeV u and p ¤ Í 7 ç Ïu n ? VVE�^ �©� �l^ �©� H õ $ ^ � 7 GeV u . The uncertainties arise
from experiment and from imprecise of knowledge of the matrix elements � � �� E�u w ? H " and � � �? E�u w ? H " .
Ma, taking into account initial-state hadronic corrections, has extracted slightly different linear combi-
nations of matrix elements [288]: p ð�£�¤u n s Võ· ��� õ $ ^�� 7 GeV u and p ¤ Í 7 ç Ïu n s V $ � ^ õ $ ^�� 7 GeV u . In both
extractions, the colour-octet matrix elements are considerably smaller than those from the Tevatron fits,
but the uncertainties are large.

The effects of colour-octet terms on the polarization of �Z� � in Û decays were considered by
Fleming, Hernandez, Maksymyk, and Nadeau [289] and by Ko, Lee, and Song [285]. The polarization
variable ø for ��� � production is defined by the angular distribution in Eq. (5.13). In Û meson decays,
the most convenient choice of the polarization axis is the direction of the boost vector from the �Z� � rest
frame to the rest frame of the Û meson. The colour-evaporation model predicts no polarization. The
predictions of NRQCD factorization and of the colour-singlet model depend on the mass of the ± quark.
For x + V �,� � ��^ �»º GeV, the prediction of NRQCD factorization is ø V L ^ �»ºGº ��^ � ^ � [289] and the
prediction of the colour-singlet model is ø V L ^ ��� ^��¯^ � ^ � [289]. The uncertainties that arise fromx + have been added in quadrature with other uncertainties. We note that the uncertainty in x +

that was
used in this calculation is considerably larger than the uncertainty of 2.4% that is given in Chapter 6.
Measurements of the polarization by the CLEO Collaboration have given the results ø V L ^ �»º ^¬��^ � ^ �
for �Z� � and ø V L ^ ���Á� � ^ �»º ^ for �E�· w H [286]. The result for �Z� � strongly disfavors the colour-
evaporation model and is consistent with the predictions of the NRQCD factorization approach and the
colour-singlet model.

Bodwin, Braaten, Yuan, and Lepage have applied the NRQCD factorization approach to the pro-
duction of the P-wave charmonium states � J ð in Û decays [290]. For P-wave quarkonium production,
there is a colour-octet NRQCD matrix element that is of the same order in Æ as the leading colour-singlet
matrix element. Therefore, the factorization formula must include both the colour-singlet P-wave and
the colour-octet S-wave contributions. The short-distance coefficient in the colour-singlet u�ï ð term for� J ð production vanishes at leading order in ø & for � V ^ ú · [18, 291]. The colour-octet u w ? term for� J ð production is proportional to the number of spin states · � j $ . Thus, the relative importance of the
colour-singlet and colour-octet terms can vary dramatically among the three � J ð states. The prediction
of the colour-singlet model at leading order in ø & that the direct production rate of � J 7 should vanish can
be tested. The feeddown from �E�· w H decay contributes E�^ � · � �Ë^ � ^ � H õ $ ^�� u to the inclusive branching
fraction into � J 7 given in Table 5.11. The remainder E�^ �©� � ^ ��� H õ $ ^ � u is consistent with zero, and
hence it is compatible with the prediction of the colour-singlet model, but it is also compatible with a
small colour-octet contribution.
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8 �U�
PRODUCTION

The Û J and Û �J are the ground state and the first excited state of the U ±e³ quarkonium system. Their total
angular momentum and parity quantum numbers are � p = ^ � and $ ¥ , and their dominant Fock states
have the angular momentum quantum numbers ? w F and u w ? , respectively. In the following discussion,
we will refer to general U±e³ quarkonium states as Û J mesons and use the terms Û J and Û �J specifically for
the ground state and the first excited state.

In contrast to charmonium and bottomonium states, which have “hidden flavour,” Û J mesons con-
tain two explicit flavours. As a consequence, the Û J decays only through the weak interactions, and theÛ �J decays through an electromagnetic transition into the Û J with almost $ ^�^ % probability. The higher-
mass Û J mesons below the Û - threshold decay through hadronic and electromagnetic transitions into
lower-mass Û J mesons with almost $ ^�^ % probability. They cascade down through the U ±e³ spectrum, even-
tually producing a Û J or a Û �J . Another consequence of the explicit flavours is that the most important
production mechanisms for Û J mesons are completely different from those for hidden-flavour quarkonia.
In the production of Û J mesons by strong or electromagnetic interactions, two additional heavy quarksU³ and ± are always produced. The production cross-sections for Û J mesons are suppressed compared
with the production cross-sections for hidden-flavour quarkonia because the leading-order diagrams are
of higher order in the coupling constants and also because the phase-space is suppressed, owing to the
presence of the additional heavy quarks.

The small cross-sections for producing Û J mesons make the prospects for observing the Û J atü ¥ ü � and ü . colliders rather bleak. A possible exception to this assessment exists for the case of produc-
tion at an ü ¥ üP� collider with energy at the   F peak, for which the production rate of the Û J is predicted to
be marginal for observation [292]. The Û J was not discovered at LEP, despite careful searches [293–295].
It was finally discovered at the Tevatron by the CDF collaboration in 1998 [296, 297]. We restrict our
attention in the remainder of this subsection to the production of Û J mesons at hadron colliders.

The production of Û J mesons was studied before the discovery of the Û J [292,298–302,307–309].
If one assumes that all nonperturbative effects in the production of the Û J in hadron–hadron collisions
can be absorbed into the hadrons’ parton distribution functions (PDF’s), then the inclusive production
cross-section can be written in the factorized form� à î �5�¦� % 9 Û J j ~ ò V �ba � � � Xc? � X 7 N � �a ExXc? ú } H N � �� ExX 7 ú } H � Ùà î d � 9 Û J j�~ ò � (5.28)

The NRQCD factorization formula for the parton–parton cross-section is� Ùà î d � 9 Û J j�~ ò V � ~ � Ùà î d � 9 EKU±e³ H ~ j ~ ò � � % ~ " ú
(5.29)

where the sum is over 4-fermion operators that create and annihilate U±e³ . At the leading order in ø & , which
is ø s & , the parton–parton process is

d � 9 E.U±e³ H jr± U³ , where
d � VeS@S (gluon fusion) or _ U_ (quark–antiquark

annihilation). Since x %  « x + « x J Á � Ð 0gf , the leading-order parton–parton process involves
only hard propagators, even at small . � . Nevertheless, because of soft-gluon interactions, for example
between the Û J and the recoiling ± and U³ quarks, it is not clear that hard-scattering factorization holds at
small .�� .

According to the velocity-scaling rules of NRQCD, the matrix element for Û J production that is
of leading order in Æ is � � % ? E ? w FtH " . The vacuum-saturation approximation can be used to show that it
is proportional to � 7%  , where � %  is the decay constant of the Û J , up to corrections of order Æàs . The
leading matrix element for Û �J production is � � % ;? E�u w ? H " . The vacuum-saturation approximation and
heavy-quark spin symmetry can be used to show that this matrix element is also proportional to �h7%  ,
up to corrections of order Æ u . The leading colour-octet matrix elements are suppressed as Æ u or Æ¦s . The
colour-octet terms in (5.29) are probably not as important for Û J mesons as they are for hidden-flavour
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quarkonia. In the case of �Z� � production, the short-distance coefficients of the colour-octet matrix el-
ements are enhanced relative to those for the colour-singlet matrix element by an inverse power of the
QCD-coupling ø & , by factors of .[� � x J at large .�� , by factors of x J � .5� at small .�� , and by colour fac-
tors. The only one of these enhancement factors that may apply to the Û J is the colour factor. Because
there are many Feynman diagrams that contribute to the parton process

d � 9 E U ±h³ H j ± U³ at order ø s & , the
colour correlations implied by individual Feynman diagrams tend to average out. We therefore expect
a U±e³ pair to be created in a colour-octet state roughly eight times as often as in a colour-singlet state.
We will assume that, in spite of the enhancement from this colour factor, the colour-octet contributions
to the production cross-sections for Û J and Û �J are small compared with the leading colour-singlet con-
tributions. This assumption is equivalent to using the colour-singlet model to calculate the production
rate.

Two approaches have been used to compute the cross-sections for Û J mesons: the complete order-ø s & approach [299–302, 307, 308] and the fragmentation approach [298, 310]. In the complete order- ø s &
approach, the parton cross-section in Eq. (5.29) is computed at leading order in ø & , where the only
subprocesses are

d � 9 E�U±h³ H jl± U³ :� Ùà î d � 9 Û J j�~ ò V � Ùà î d � 9 U±e³ ? E ? w F H jl± U³ ò � � % ? E ? w F H " � (5.30)

The fragmentation approach is based on the fact that, for asymptotically large .>� Á p %  , the cross-
section (5.29) can be further factored into a cross-section for producing U ± and a fragmentation function- Y + 9 %  Eg� ú } H that gives the probability for the U ± to fragment into a Û J carrying a fraction � of the U±
momentum: � Ùà î d � 9 Û J j�~ ò}§ � � � � Ùà î d � 9 U±2jl± ò�- Y + 9 %  Eg� ú } H � (5.31)

If both factors are calculated only at leading order in ø & , this is just an approximation to the complete
order- ø s & cross-section in Eq. (5.29). One advantage of the fragmentation approach is that the expressions
for the U ± production cross-section � Ùà and the fragmentation function - Y + 9 %  in Eq. (5.31) can be written
down in a few lines. For .[� Á x %  , the fragmentation approach has another advantage in that the
Altarelli–Parisi evolution equations can be used to sum the leading logarithms of . � � x J to all orders.
Unfortunately, as was pointed out in Ref. [300–302], the fragmentation cross-section does not become
an accurate approximation to the complete order- ø s & cross-section until surprisingly large values of .M� .
For example, if the parton centre-of-mass energy is y Ù�iVí·P^�^ GeV, the fragmentation cross-section is a
good approximation only for .�� ¯ � ^ GeV. We will therefore not consider the fragmentation approach
further.

The authors of Ref. [311] recently developed a Monte Carlo event generator for hadronic Û J
and Û �J production, using the complete order- ø s & approach and taking advantage of helicity amplitude
techniques [312]. The generator is a Fortran package, and it is implemented in PYTHIA [313], which
allows one to generate complete events. The complete order- ø s & cross-section includes contributions
from gluon–gluon fusion and quark–antiquark annihilation. At the Tevatron, the gluon–gluon fusion
mechanism is dominant over quark–antiquark annihilation, except in certain kinematics regions [299,
314]. At the LHC, the gluon–gluon fusion mechanism is always dominant. All the results below are
obtained from the gluon–gluon fusion mechanism only.

The inputs that are required to calculate the complete order- ø s & cross-sections are the massesx + ú x J , and x %  , the decay constant � %  , the PDF’s, the QCD coupling constant ø & , and the factoriza-
tion scale T . The masses x +

and x J are known with uncertainties of about 2.4% and 8%, respectively. In
the NRQCD factorization approach, one sets x %  V x J j x + and x % ; V x J j x + in the short-distance
coefficients. Contributions from operators of higher order in Æ then account for the binding energy inx %  and x % ; . This procedure is also required in order to preserve gauge invariance if one makes use
of on-shell spin-projection operators for the Û J and Û �J states [20,315]. Since an experimental measure-
ment of the decay constant � %  is not available, one has to use a value that is obtained from potential
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Table 5.12: The cross-sections (in nb) for direct production of ��Ù and �ãúÙ at the Tevatron and at the LHC for
various values of the charm-quark mass Ç Ù . The gluon distribution function is CTEQ5L, the running of Ø s is
leading order, the scale is � Þ Fejê �O1 , and the other parameters are Æ8k5åiFÂ1#"�� MeV, and Ç � FÂ1¦M þ GeV.

Tevatron ( y �QVõ· TeV) LHC ( y �lV $ � TeV)x J (GeV) $ ��� $ �©� $ � W $ � � $ � � $ ��� $ �©� $ � W $ � � $ � �à î Û J ò (nb) 3.87 3.12 2.56 2.12 1.76 61.0 49.8 41.4 34.7 28.9à î Û �J ò (nb) 9.53 7.39 5.92 4.77 3.87 153. 121. 97.5 80.0 66.2

models [316–319] or from lattice gauge theory [320]. The uncertainty in the factor � 7%  is about 6%.
Since the order- ø s & cross-section is at leading order in perturbation theory, the running of ø & can be taken
at leading order, and LO versions of the PDF’s can be used.

The running coupling constant and the PDF’s depend on the renormalization/factorization scale} , and, so, a prescription for the scale } is also required. There is no general rule for choosing the
scale in an LO calculation, especially in the case of a · 9 º subprocess, such as

d � 9 Û J jî± U³ . The
factorization formula (5.31) for asymptotically large .M� suggests that an appropriate choice for the scales
in the fragmentation contribution to the cross-section might be to set }mV x + � w E x 7+ j . 7� H ?æ£ 7 in the
PDF’s and ø s & V ø 7 & E x + � H ø 7 & E x J H in the parton cross-section. However, the fragmentation term does not
dominate until very large . � , and there are important contributions to the cross-section that have nothing
to do with fragmentation [300–302]. For example, there are contributions that involve the splitting of
one of the colliding gluons into a ³ U³ pair, followed by the creation of a ± U ± pair in the hard scattering of
the ³ from the other gluon and then by the recombination of the U ± and ³ into a Û J . The sensitivity to the
choice of } could be decreased by carrying out a complete calculation of the production cross-section
for the Û J at next-to-leading order in ø & , but this is, at present, prohibitively difficult. In the absence of
such a calculation, we can use the variation in the complete order- ø s & cross-section for several reasonable
choices for the scale as an estimate of the uncertainty that arises from the choice of scale.

The hadronic production cross-section for Û J mesons depends strongly on the collision energy.
In Table 5.12, we give the direct cross-sections for Û J and Û �J production at the Tevatron and the LHC
for several values of the charm quark mass x J and for typical values for the other parameters. The
cross-section for Û J production at the LHC is larger than at the Tevatron by a factor of about 16. The
cross-sections for Û �J production are larger than those for Û J production by a factor of about 2.4. The
cross-sections are fairly sensitive to the charm-quark mass, varying by more than a factor of two as x J
is varied from 1.4 to 1.8 GeV. In Fig. 5.29, we show the differential cross-sections for Û J production
as a function of the Û J transverse momentum .[� and Û J rapidity Í at the Tevatron and the LHC, using
four different prescriptions for the scale } . At central rapidity, the variations among the four choices of
scale is about a factor of three at the Tevatron and a factor of two at the LHC. The differential cross-
sections decrease more slowly with .S� and S ÍMS at the LHC than at the Tevatron. The total uncertainty
from combining all of the uncertainties in the direct cross-section for Û J production is less than an order
of magnitude. The uncertainty in the ratio of the direct-production cross-sections for the Û �J and the Û J
is much smaller because many of the uncertainties cancel in the ratio.

The results presented above are for the direct production of the Û J and the Û �J . Experiments
at the Tevatron and the LHC will measure the inclusive cross-sections, including the feeddown from
all of the higher states of the U±e³ system. The U±e³ system has a rich spectrum of excited states below
the Û - threshold. They include an additional S-wave multiplet, one or two P-wave multiplets, and a
D-wave multiplet. After being produced, these excited Û J mesons all cascade eventually down to the
ground state Û J . Since the Û �J decays into the Û J with a probability of almost 100%, the feeddown from
directly-produced Û �J ’s increases the cross-section for the Û J by about a factor of 3.4. The complete
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Fig. 5.29: The differential cross-sections for the direct production of the � Ù as a function of its transverse mo-
mentum ¸Ð¹ and its rapidity Ì at the Tevatron ( Ó ê FóÖ TeV) and at the LHC ( Ó ê F J`1 TeV) for four choices
of the scale: � Þ Fnjê �O1 (solid line), � Þ F°¸ Þ¹ lÎÇ Þk5å (dotted line), � Þ Fojê (dashed line), and � Þ F�¸ Þ¹ � l Ç Þ �
(dash–dot line). The gluon distribution is CTEQ5L, the running of Ø s is leading order, and the other parameters
are Æ�k5åtFÂ1#"º� MeV, ÇáÙ?F�J�M  GeV, and Ç � FÂ1¦M þ GeV.

order- ø s & cross-sections for Û J and Û �J production can be applied equally well to the · w multiplet. The
direct-production cross-sections for these states are smaller than those for the $ w states by the ratio of
the squares of the wave functions at the origin, which is about 0.6. Thus, the inclusive cross-section
for Û J production, including the effect of feeddown from the direct production of all of the S-wave Û J
states, is larger than the cross-section for direct Û J production, which is given in Table 5.12 and shown
in Fig. 5.29, by a factor of about 5.4.

The production of Û J in . U. collisons at y �WV $ � � TeV has been measured at the Tevatron by the
CDF collaboration [296, 297]. CDF has measured the ratio

� î ��� �òû � ò V à î Û J ò_�k� î Û ¥J 9 �Z� ��û ¥ � òà î Û ¥ ò_�k� î Û ¥ 9 ��� � � ¥ ò (5.32)

for Û ¥J and Û ¥ with transverse momenta .[� « 6.0 GeV and with rapidities S ÍMS � 1.0. Their result is� î �Z� ��û � ò V ^ � $ º · ¥ F n F s ?� F n F u � E Þ&Á ÷ Á � H �ý^ � ^ º $ E Þ&À�Þ&Á � H ¥ F n F u�7� F n F 7 F Ep^ �rq ¢ Á � Ý ¢ H . This result is consistent with results
from previous searches [293–295]. Figure 5.30 compares the CDF measurements of � î ��� �òû � ò and theÛ J lifetime with theoretical predictions from Refs. [303,304] for two different values of the semileptonic
width ñp& n [ n V ñ î Û J 9 �Z� ��û � ò . The theoretical predictions use the values S � J + SsV ^ � ^ � $ �r^ � ^�^ � [305],à î Û ¥J òx� à î U ± ò V $ �»º õ $ ^ � u [306], à î Û ¥ òx� à î U± ò V ^ �»º � � � ^ � ^�·G· [305], and �k� î Û ¥ 9 �Z� � � ¥ ò VE $ � ^ $ ��^ � $ � H õ $ ^�� u [305]. The predictions and the measurement are consistent within experimental
and theoretical uncertainties.

Quantitative predictions for the contribution to the inclusive Û J production cross-section from the
feeddown from P-wave states would require complete knowledge of the order- ø s & cross-sections for the
production of P-wave states. It is theoretically inconsistent to use the colour-singlet model to calculate
these cross-sections for the P-wave states. There are colour-octet terms in the P-wave production cross-
sections that are of the same order in both Æ and ø & as the colour-singlet terms, and they must be included.
The colour-singlet production matrix elements for the P-wave states can be estimated from potential
models or determined from lattice gauge theory. The colour-octet production matrix elements for the
P-wave states can perhaps be estimated by interpolating between the corresponding matrix elements for
charmonium and bottomonium states.
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[296, 297]. The shaded region represents the theoretical predictions and their uncertainty bands from Refs. [303,
304] for two different values of the semileptonic width � s î - î F¥�>4 �<Ù
�������wtv� 6 .

In summary, the order- ø s & colour-singlet production cross-section for S-wave U±e³ mesons can be
used to predict the Û J production cross-section, including feeddown from excited S-wave states. The
uncertainty in the normalization of that prediction is less than an order of magnitude. If the inclusive
cross-section for Û J production that is measured at the Tevatron or the LHC is much larger than that
prediction, it could indicate that there is a large contribution from the feeddown from P-wave or higher-
orbital-angular-momentum states. It could also indicate that the colour-octet contributions to the direct
production of the Û J and the Û �J are important.

9 SUMMARY AND OUTLOOK

NRQCD factorization, together with hard-scattering factorization, provides a systematic formalism for
computing inclusive quarkonium production rates in QCD. Nonperturbative effects associated with the
binding of a T UT pair into a quarkonium are factored into NRQCD matrix elements that scale in a definite
manner with the typical relative velocity Æ of the heavy quark in the quarkonium. The NRQCD matrix
elements are predicted to be universal, i.e., independent of the process that creates the T UT pair. The
NRQCD factorization formula for inclusive cross-sections is believed to hold when .�� Á � (*)b+ , where.5� is the transverse momentum of the quarkonium with respect to the colliding particles. It is well-
motivated by the effective field theory NRQCD and by factorization theorems that have been proven
for simpler hard-scattering processes. Explicit proofs of factorization for quarkonium production would
be welcome, because they would help quantify the sizes of corrections to the factorization formula. It
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is important to bear in mind that conventional proofs of hard-scattering factorization fail at small .(� .
Consequently, NRQCD factorization formulas, even those that include soft-gluon resummation, may be
unreliable in this region. It also follows that the NRQCD factorization approach may not be applicable
to total cross-sections if they are dominated by contributions at small .I� .

The NRQCD factorization approach incorporates elements of both the colour-singlet model and
the colour-evaporation model. It includes the colour-singlet model terms, for which the NRQCD matrix
elements can be determined from annihilation decays. It also includes colour-octet production mecha-
nisms, as in the colour-evaporation model. The NRQCD factorization approach extends these models
into a systematically improvable framework. The colour-singlet model is emphatically ruled out by the
observation of prompt �Z� � and �E�· w H production at the Tevatron at rates that are more than an order of
magnitude larger than the colour-singlet-model predictions. The colour-evaporation model is ruled out
by the observations of nonzero polarization of �Z� � ’s in Û meson decays and in ü ¥ ü � annihilation at
10.6 GeV and by the observation of nonzero polarization of ) E�· w H ’s and )GE º w H ’s in fixed-target exper-
iments. It is also ruled out by the fact that different values of the fraction of �Z� � ’s that come from � J
decays are measured at the Tevatron and in Û -meson decays. Despite having been ruled out, the colour-
singlet model and the colour-evaporation model can still play useful roles as “straw men” with which
to compare the predictions of NRQCD factorization. The colour-evaporation model has not yet been
ruled out, for example, as a description of differential cross-sections at the Tevatron and in fixed-target
experiments.

The NRQCD factorization approach provides a general phenomenological framework that cannot
be ruled out easily. The factorization formula involves infinitely many NRQCD matrix elements, most
of which are adjustable parameters. It is only the truncation in Æ that reduces those parameters to a finite
set. The standard truncation has four independent NRQCD matrix elements for each S-wave multiplet
and two independent NRQCD matrix elements for each P-wave multiplet. NRQCD factorization with
the standard truncation in Æ remains a phenomenologically viable description of inclusive quarkonium
production. As one tests NRQCD factorization at higher levels of precision, the standard truncation must
ultimately fail. The NRQCD factorization approach itself may remain viable if one truncates at a higher
order in Æ , but only at the cost of introducing many new adjustable parameters.

In the effort to make the predictions of the NRQCD factorization approach more quantitative, the
most urgent need is to extend all calculations to next-to-leading order (NLO) in ø & . For hadron collisions
at small . � (. �yx x ), the leading-order parton process is

d � 9 T UT . NLO calculations of that process
are already available, but a resummation of multiple gluon emissions is required in order to tame large
logarithms of x 7 � . 7� and to turn the singular .[� distribution into a smooth distribution. For very large.5� (.5� Á x ), the production of quarkonium is dominated by gluon fragmentation. The leading-order
fragmentation process is S 9 T¯UT � E�u w ? H , and the NLO calculation of the gluon fragmentation function
into T¯UT is available. What is still lacking is the NLO calculation at intermediate . � , for which the
leading-order parton process is

d � 9 T UT j o . By taking into account the NLO corrections in ø & , one
should significantly decrease some of the uncertainties in the NRQCD factorization predictions.

One problematic source of uncertainties in the NRQCD factorization predictions is relativistic
corrections. The first relativistic corrections of order Æ�7 in the channel that corresponds to the colour-
singlet model have been calculated for many processes. In many cases, they have large coefficients that
cast doubt on the validity of the expansion in powers of Æ for charmonium, and even for bottomonium.
The success of lattice NRQCD in describing bottomonium spectroscopy ensures the applicability of the
velocity expansion for this system in some form. It is possible that some reorganization or resumma-
tion of the velocity expansion might be necessary in order to make precise quantitative calculations of
charmonium production.

The best individual experiments for determining the NRQCD production matrix elements for both
charmonium and bottomonium are probably those at the Tevatron, because of the large range of .p� that
is accessible. It will be important to take advantage of the measurements down to small .�� that were
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achieved at the CDF detector for bottomonium in Run I and for charmonium in Run II. This will require
taking into account the effects of multiple gluon emission in the theoretical analysis. Measurements of
charmonium production in other experiments are also important because they provide tests of the uni-
versality of the production matrix elements. These experiments include those that measure charmonium
production in ü . collisions at HERA, in ü ¥ ü � annihilation at the Û factories, and in Û meson decays at
the Û factories. One can use these experiments to extract values of the NRQCD matrix elements or, as
has typically been the practice to date, one can use the matrix elements that have been extracted from the
Tevatron data to make predictions for charmonium production in other experiments.

The ratios of the production cross-sections for different quarkonium states may also provide im-
portant tests of NRQCD factorization. (Here, particularly, one must keep in mind the caveats about the
applicability of the NRQCD factorization approach to total cross-sections.) The uncertainties in the pre-
dictions for ratios of cross-sections are much smaller than those in the individual cross-sections because
many of the uncertainties cancel in the ratio. The variations of the ratios from process to process and as
functions of kinematic variables provide important information about the production mechanisms. The
ratios of production rates of spin-triplet S-wave states, such as the �E�· w H to �Z� � ratio, do not seem
to vary much. However, a significant variation has been observed in a ratio of the production rates of
P-wave and S-wave states, namely the fraction of �Z� � ’s that come from decays of � J ’s. A substantial
variation has also been observed in a ratio of production rates of P-wave states, namely the � J ? to � J 7
ratio. More precise measurements of these and other ratios would be valuable. Of particular importance
would be measurements of ratios of production rates of spin-singlet and spin-triplet quarkonium states,
such as the ® J to �Z� � ratio. The absence of clean signatures for spin-singlet quarkonium states makes
such measurements difficult.

The polarization of quarkonium is another important test of NRQCD factorization. The standard
truncation in Æ leads to unambiguous predictions for the ratios of production rates of different spin states,
without introducing any new parameters. The predictions are most easily tested for the quarkonium states
with � p10 V $ �*� , but they can also be tested for other states. It is extremely important to test the simple
qualitative predictions that in hadron collisions the $ �*� states should become transversely polarized at
sufficiently large .[� . More careful quantitative estimates of the polarization of the ��� � , the �E�· w H , and
the ) E{z w H as functions of .[� at the Tevatron and the LHC would be useful. More precise measurements
of the polarization of the �Z� � and the �E�· w H in other production processes, such as ü . collisions, ü ¥ ü �annihilations, and Û decay, would also be valuable.

The most puzzling experimental results in quarkonium production in recent years have been the
double- ³ U³ results from ü ¥ ü � annihilation at the Û factories. The measurements by the Belle collaboration
of the fraction of �Z� � ’s that are accompanied by charmed hadrons and of the exclusive cross-section for�Z� � jy® J production are both much larger than expected. No satisfactory theoretical explanation of these
results has emerged. It would be worthwhile to measure the fraction of �Z� � ’s accompanied by charm
hadrons in other processes, such as . U. annihilation at the Tevatron and ü . collisions at HERA, to see if
there are any surprises.

The outlook for progress in understanding quarkonium production is very bright. The NRQCD
factorization approach provides a general framework for describing inclusive quarkonium production.
Current experiments will provide severe tests of NRQCD factorization with the standard truncation of
the velocity expansion. These tests will either provide a firm foundation for predictions of quarkonium
production in future experiments or lead us to new insights into the physics of quarkonium production.
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[166] M. Krämer, Nucl. Phys. B 459 (1996) 3 [hep-ph/9508409].
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