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ABSTRACT

We show that the leading divergence of the
single meson loop of the dual pion model is cancelled
by a similar divergence of the fermion loop in the
model with no ghosts. There is still one remaining

divergence at the one-loop level.
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1)

The elegant structure of dual models has been further enhanced
by the discovery of the consistency of the gauges operating in the Neveu-

3) (fermion model). We

Schwarz model 2) (pion model) and the Ramond model
now know that these models can only be consistent in 10 space-time dimensions
with the leading meson Regge pole intercept X o0 = 1 and the leading fermion
intercept 520 = %u It is also precisely in this critical space-time dimension

4),5)

that the renormalization procedure for dual loops runs into trouble.

It is the purpose of this letter to point out a beautiful and
tantalizing similarity that exists between the fermion loop and meson loop
contributions to meson scattering amplitudes in the critical dimension of
space-time (i.e., 10) and when the trajectory intercepts take their critical

6),7)

values. We will show that the leading meson loop divergence is exactly

cancelled by that of the fermion loop (without a counter term). However, we

are still left with a lower lying divergence to deal with.

We will discuss the significance of these cancellations at the

end of the paper.

The fermion model is ccnstructed from the two sets of operators,

a and b where :
T r

Cak o] =5as %m 3 U\mbsszs * @e-s ¥

with a__ = a and b =L .
The field \7& (z) is defined by
o0

Y;L-a = Y + 112 x;?; C‘D’:\ 2" bl 2”3 (2)

\

The Dirac matrices satisfy the algebra

EXV\QS“E = -2 %}A\b (3)

These matrices have a dimension, E, that depends on the number of dimensions

of space-time.



E= ?_D/Z (4)

is the minimum value of E consistent with the Clifford algebra and the

natural value to consider in any model.

The vertex operator for a fermion emitting a ground state meson is :

Lk Q)
Vo =15 te : /JZ ()
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where

b_y\bn

The position operator, Q(z) is as defined, for example, in
Ref. 3). An important point is that we have chosen the normalization in
Eq. (5) to be consistent with the normalization of the three meson vertex
also given in Ref. 3). This relative normalization is fixed at the tree
diagram level by duality [éee Corrigan and Olive, Ref. 8z]. The propagator
takes the form (FO - m/N”Q)_1 where m 1s the ground state fermion mass

(which we will put equal to zero from hereon). We have :

2 © =
Fo=loz T+ Z C0ibe +2. mbiby ()
(o} ° c
- 00 mz —o@
The expression for the fermion loop is thus (in the F2 formalism which is

known to have a satisfactory m = 0 1limit ! ) e

MP= | d'% T¢ V) Ly L (1)

which transforms simply 1) (by substituting FO/LO = 1/Fo) into :

z

MF.; J Tl V@) —C‘;V‘(l) ..... A (8)



where

Vi(?) = RT@ N, () (9)

We emphasize the factor of %‘in Eq. (8) (which arises in the transformation
essentially because of double counting of fermions flowing round the loop

in opposite directions). By writing (LO)_1 = j;dx XLO_1, Eq. (8) becomes :

NF={ I ﬁ ;{f@»ﬁm ’\36,,) T(iyf\/‘ x& ..V ,\g (10)

where

&CT\'Z') :-,;—_-T\"L T = h.\.P |+...+1::'.~_‘ W= Y K. KAy

Equation (10) is analogous to Eq. (3.8) of Ref. 6). We have
inserted a function P(w) to account for projection onto the space of
physical states. By analogy with the conventional model and Neveu-Schwarz

9)

model we shall take P(w) to be an inverse power of the "partition

function"

= n A2
’P(w\:n\j (=% \2(\—\-)4) (11)

This should be checked by using an appropriate physical state projection

operator as was done for the other models 10).

In Eq. (10), the trace is to be taken over the spinor indices

as well as the operator modes. The terms involving the b operators may be

separated and the loop momentum performed in the standard way 11)’12)

M7 = Zv"ﬁi dxi T L™ o)™
. 2w
LT [P ‘\?gxfbv,b.,.;..xf"\fﬁ )

giving



where
o0 \2
o = TV (1+W") (13)
[ n=\
oo 2
n
Lo =T (1=-W") (14)
n=,
X.. = X. X. seeX. .o R and V are the terms in L and V which
iJ i i1 i1 b b o] 2

contain the b operators. The functions qJ are defined in Ref. 12).

The trace occurring in Eq. (12) may be evaluated by tedious algebra or by

the elegant method of Clavelli and Shapiro 7 , noting that the vertices
V1b(pi’xi> heve similar commutation properties to those of the Neveu-Schwarz

model. The trace becomes

T Ve X = 3 U]

PP’

N2

+ T (15)
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where the sum is over all permutations P that pair the momenta, the
ordering of the momenta in any pair being irrelevant [Ehis is the same type

of sum that occurs in Refs. 6),7I]. The function 7( ; is given by

N
XE=yv 2 Xy
° - -

(16)

It is very similar to )(4+ [@efined in Ref. 61] but the sum runs over
integers. Note the zeroth modes contribute %—since they must only be counted
once. The factor Tr‘“} in Eq. (15) signifies that we are left with a
trace of the unit matrix over the spinor indices, which gives [éee Eq. (4[]
2D/2. Putting expression (15) in Eq. (12) gives a form for M’ that is
directly comparable with the Neveu-Schwarz model [Eq. (%3.9) of Ref. 6[1.
However, it will be more instructive to compare the models after making

a Jacobi transformation into the standard set of variables which correspond

to ordering the particles in a disc with a hole in it.



Let

Q;-.X‘...XL N ‘-J_?-_V\_g;' T = 9.{'\N

' 2wi 2we

We shall use :

¥, N - i ByolT) Bulole) Buleile)
Xoloer) = % B, (i)

(obtained by observing that 'X,Z is related to the Jacobi dnu function

We now transform to disc variables :

r= €& = e

This gives @

XL (eew) = & 2 Bylole) B (o) Buls i)
B (vith)

- + 2o LW

El‘he notation indicates that 'X.+ contains odd powers of re' ™ :[

- -
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(19)

(20)

(21)

(22)
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‘We notice the startling similarity of the Jacobi transformed
expressions relevant to the fermion loop [Egs. (20) and (22)] to those
relevant to the meson loop [Egs. (21) and (23)]. In fact, substituting
in Egs. (15) and (12), we see that the ratio of the integrands in the
fermion loop to that in the meson loop E@hich we obtain by suitable trans-

formations of Eq. (3.9) of Ref. 6)] is just

lr\\e,c\vo\nb Lo Lermion lop - _.\.. Ei-i (‘2. VzN I
-lv\%-amn) foc mown \oop WISl

N ( <0t

where we have expanded the relevant ')L functions about r = 0 where they
are analytic. In ten dimensions (D = 10) we see that the ratio of the
integrands is one (to leading order). But to account for Fermi statistics,

we should include a minus sign for the fermion loop (this can be checked

by requiring consistency with the Feynman rules in the zero slope limit or
from unitarity). This mearns that the leading power of 1/r2 in the integrand
for the meson loop [éxtracted by Jacobi transforming the ?’ functions in

Eq. (122] is exactly cancelled by that arising in the fermion loop.

We can rewrite the whole integral in terms of the "disc variables"

by making a Jacobi transform on the ¢’ functions a la Clavelli and Shapiro 7)

to obtain
e:.zo‘.c\l jlc\ . (c%¥™) A:,_:_;,
M egt U-H\'e)b’?- cF C.b+( 4" iz Z 2

1_‘?3 (r,e?.un>Lo TV )\2 (25)
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where V(W ,z) is the Neveu-Schwarz vertex defined in Ref. 9). We have

used the notation and normalization of Ref. 7). The integration range is :

O =% <ot & - - 4™

(the € 1limit takes care of the zero modes).

We can see that the integrand in Egq. (25) is identical to that

for the meson loop with the variable r replaced by rer“ (i.e., the radius
of the disc is negative). This clearly suggests a cancellation of the leading
divergence since all factors in the integrand have a power series expansion

about r = G. To be precise, since the integrals diverge we can first cut off
both the fermion and meson loop integrals at r::& y Subtract them, and then
let S-* 0. Note thet we actually have the freedom to choose the cut-offs in
the meson and fermion integrals to be different (& and é') in which case

we would be left with an extra term :
| \ F'
Lt T g) T
S5,8>0 -

o
where F(O) is the coefficient of 1/r" in the integrand of Eq. (25) eva-
luated at r = 0. But F(O) is precisely the Born term of the N point
functior as was shown in the conventional model by Neveu and Sckerk 5) and

can be absorbed in a coupling constant renormalization.

To summarize, we find a cancellation of the leading fermion and

meson loop divergences if :
1) we work in D = 10 space-time dimensions ;

2) the fermion intercept takes its critical value é;g = %’ and the meson

intercept CKO =1 3

3) tke coupling of two fermions to a meson is normalized as in Eq. (5)
relative to the three meson coupling which we nave assumed to be as
defined in Ref. 8) ; thie is the duality constraint for the tree
diagrams ;

4) the fermion physical state projection operator gives a factor of an
inverse partition function in a fermion loop as it does in a meson

loop-



~The following points are more speculative.

A) - The leading term that survives in the integrand of the meson loop minus
fermion loop also diverges (like 1/r). This divergence is responsible
for the breakdown of the usual renormalization procedure (in the critical
number of space-time dimensions). One may be tempted to find a consistent
counter term but this appears to be difficult. The natural choice is, by

corplete analogy with Neveu and Scherk 4) :

ECP"-W‘!'E‘? (E"“?‘X:o ' (26)

where F, ~ and F, denote the coefficients of 1/r2 in Eq. (25) in the
meson and. fermion cases respectively. The structure of Eq. (26) is exhibited

by expanding the integrand of Eq. (25) to first order in r using :

by - p i) = 2o+ O (27

and

'x_*" O%iq, ) -')L"(xej)r‘cz"“) z B e Siamlai-%Y ¥ OlY) (28)

The resulting integral does not look like a single Born term [@ecause of the
factors sin (\bi—\b,'j) in Eq. (28[[. It does not therefore have a simple

interpretation as a renormalization of the original Born coupling.

B) - An alternative interpretation 14) of the remaining divergence arises

from the observation that the breakdown of the usual renormalization
procedure is linked with the presence of a massless scalar daughter of the
Pomeron, in the critical space-time dimension, which can couple to the
vacuum. This may be symptomatic of perturbing about an incorrect vacuum
in which case no simple subtraction procedure could be expected to be

satisfactory.
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C) - Since there is, as yet, no unambiguous way of constructing twisted
fermion loops we have been unable to look at the Pomeron arising from
such diagrams. However, in the light of the cancellations that ere taking
place between fermions and mesons it seems very possible that the unwanted
negative G parity Pomeron that plagues the mescn model will also be can-
celled 15 . It is also natural to speculate that the divergence cancellations

will generalize to an arbitrary number of loops.

D) - Dual models are known to have profound connections with gauge theories
in the zero slope limit when isospin is added & la Chan and Paton 16)
(although this is not yet checked for the fermion model). Gauge invariance
then plays the rdle of duality in fixing the relative magnitudes of couplings
[éee point 4) abovél. It might, therefore, be instructive to look further to
gauge theories for guidance. It is known that gauge theories do exist in
which divergerce cancellations occur between fermion and meson loops 17).

In such theories there are very strong constraints on the spectrum of fermions
for any given gauge group. [ior example, a Su(2) gauge theory of massless
fermions requires either 11 isospin % fermions or one isospin & and one iso-
spin 2 fermion for such cancellations 18):1 In drawing conclusions about dual
models we should bear in mind crucial features that are lost in the zero slope
limit, namely : the only dimensional parameter in the theory (the Regge slope
o '), +the massless scalar Pomeror and the pion tachyon. However, the fermion¥
boson loop divergence cancellations do suggest a further analogy with gauge
theories which may provide strong restrictions on the particle spectrum when

gquantum numbers are added.
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