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- INTRODUCTION

In Bjorken's terminology this paper is a kindergarten exercise on the parton

model for deep inelastic electroproduction on a polarized target.

The analysis is made to lowest order in the electromagnetic interaction
assuming the one-photon exchange approximation to be valid. The cross-section is then
a linear combination of structure functions which are scalar under Lorentz transforma-
tions. Two of these functions describe unpolarized scattering and three are needed for

the polarization effects.

In Section 2, we introduce the spin dependent part of the hadronic tensor
to fix the notations and we recall what type of scaling is expected for the five structure
functions. The inequalities due to the Hermitian and semi-definite character of the

hadronic tensor are written in the scaling limit.

The various asymmetries one can experimentally measure are defined in

Section 3 with their limits at high energy in the scaling region.

The quark parton model is used in Section 4 to compute the non-trivial
function for polarization in the scaling limit. This formalism gives naturally a sum
rule already derived by Bjorken from current algebra and we discuss numerical estimates
for this sum rule. The three-quark model of the nucleon is also considered as an illus-

tration.

A generalization of the Bjorken sum rule is given in the Appendix.

STRUCTURE FUNCTIONS

1) - The hadronic tensor is the Fourier transform of the average value between

one-nucleon states of the product of two components of the electromagnetic current
Q=

— M _ _
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where M is the nucleon mass, p the nucleon energy momentum and q the virtual photon

energy momentum.

The spin independent part, T o was already studied in inelastic lepton

scattering on an unpolarized target. The spin dependent part Sk") is linear in the

target polarization N where N 1is a unit space-like pseudovector orthogonal to p.



From Lorentz covariance, space reflection invariance and the conservation of the electro-

magnetic current we define three covariants for S Hl) and therefore three structure

functions depending on two scalar variables q2 and W2 where W 1is the effective

mass of the unobserved hadronic system W2 = -(p-a-q)2 1)-6)
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where the two vectors n and P, orthogonal to p are given by
<
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From the Hermitians of the electromagnetic current, the three-structure

functions X1, X and Y are real. If, moreover, time reversal invariance holds,

2

X1 and X2 are real but Y must be purely imaginary so that it vanishes. The struc-

ture function Y measures a violation of the time reversal invariance in electromagne-

tic interactions 2)

Inequalities between structure functions can be derived from the positivity

2),5),6)

of the hadronic tensor They will be written later in the specific form needed

in this paper.

2) - The two structure functions for unpolarized inelastic lepton scattering are

associated to the total photoabsorption cross-section with polarized space-like photons

ES By and E;L where T means transverse and L longitudinal 7).

It has been proposed by Bjorken 8) that these structure functions for large

q2 and W2 scale in the sense
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where the photon laboratory energy JJ is defined in an invariant way by ) M = -p.q

or W2 =M% - g% + oM.

Experiments performed at SLAC and DESY strongly support this conjecture 9).
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3) - If a scaling a la Bjorken holds for the polarization structure functions

X,, X and Y, it is expected to be of the form 5)510)

1 72
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where LIM is the Bjorken limit defined in Eg. (1).

The positivity constraints take particularly simple forms in the scaling

region

M6 < TG .
e < TOR6 o
\ i
By + ™ (E) < %lﬁ_(ﬁ)fﬁ(?)}ﬁ&) "

It is obvious on these expressions that if the longitudinal scaling function

4 . 9)
FL( §) is zero as suggested by the experiments “’/, so are both FJ.( §) and FN(g ).

4) - In what follows we shall study the high-energy limit in the scaling region
and we introduce a second scaling variable f = E/E' where E(E') 1is the ingoing
(outgoing) lepton energy in the laboratory frame. The relation between E, ® > §

and the laboratory scattering angle © 1is simply

2 9
g?—' < 4+ 2 A 2
Mt

3..= ASYMMETRIES

1) - ) For a nucleon at rest the four-vector N has only space components and we
introduce a three-dimensional frame of reference where the lepton momenta E and E'

have the following components

S

h 1:}*‘ (: Cos %% > - :3"‘§% > © )
- .
RD=R<CO§§,S|1\?)Q>
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The polarized differential cross-section is related to the unpolarized one by
2
d%.eds, (4 +48)

where & = 1 1if the initial lepton is polarized and & = %’ when the final lepton
polarization is measured. The general asymmetry £\ is linear in the nucleon spin
orientation §¥ (N° = 1)

—

A = 5>‘N

and we have to study the three independent asymmetries Z§1, élz and l:&B.

2) - When the nucleon has a polarization orthogonal to the scattering plane
(v, =¥,

The asymmetry AN 3 measures a violation of time reversal invariance.

= O) there is no correlation between the lepton and nucleon spin orientations.

In the high energy limit, [S scales

3
. ,
8,02, =50 _/ls(saqag)= AN.CQ,E)
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with
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From the positivity condition (%), we deduce an upper limit for the modulus of this

5)

asymmetry

16 (6,5)] ¢ 203+ 8)ISRE
" A+9?+2oR(E)

where, as usual, R 1is the ratio of the two scaling functions

R (8)= Lin 2u(@WY)
(E;T'(Q3>vvf)

3) - We now study the case where the nucleon polarization lies in the scattering

plane (N, = 0). The asymmetries measure a correlation between the longitudinal polar-

3

ization of the incoming or the outgoing lepton and the polarization of the nucleon tar-

get. Again in the high energy limit A " and £\ ° scale
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From the positivity conditions (2) and (4) we deduce upper limits for the modulae of

"

these asymmetries
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4. - QUARK PARTON MODEL

1) - In the parton model, the electromagnetic current scatters incoherently on
the point-like partons so that the structure functions have the scaling properties

already given. When the partons are quarks and non-interacting gluons 11)-13)

, only
the transverse scaling function FT(E ) for unpolarized scattering is non-trivial.

We introduce the standard notations :

PN probability for a configuration with N partons in the hadron ;

Nj number of quarks of type j 1in this configuration ;

f§<§ ) density of probability of the parton j longitudinal momentum

viewed in the P - ®» frame of the hadron ;

Qj electric charge of the quark of type J,

with the normalization constraints

2P, =4 f{’;(bdfzé (5)



- 6 -
In the quark parton model FT(g) has the nice representation

2T, (5)- 2 G D,G)

(6)

where the quark j distribution in the hadron is given by

Dy« F RN, £,05)

The ratio R = (G q2,W2))/(€ (q2,W2)) scales trivially and is simply given b
L T y

b4

Ra X

»l

Therefore from the positivity constraints (3) and (4) the polarization structure functions

X2 and Y have a gzero scaling limit in the sense previously defined

T (8)=0 ¥.G@)=0 (7)

and the asymmetries A.L ( 9 £) and AN(,P, §) vanish in this limit. The only mea-
surable quantity is then PAY ” (g ’ g ) and we now study the scaling function F” (S).

2) - In the N parton configuration the partons are labelled by an index & .
We are interested by the value of the spin third component measured along the momentum
direction. We call it Sq for the parton & and sO for the composite hadron and

we introduce the reduced variable Get = Sy /so.

Let us define the N dimensional correlation function SN(G1, GQ""’GN)

with the normalization condition

N
D I r26-41=1
é“. §; %ﬁ "S(Gt xGa) ’G“)SL ol -] (8)

where % E :[ is a Kronecker symbol.

The probability for the parton 0( to have the polarization g so in the

N parton configuration is simply obtained summing SN over all variables but Go!

N Y , o - -
5,612 ---gws G5 SR 1351 S &€ o)



and from (8) we deduce the obvious condition :
N
2 S (e 4 (10)
[ o

Another interesting property concerns the mean value of G; given by

- N
Goe' % G'Sd (€ (11)

Using the definition (9) of qﬁ (&) and the normalization condition (8), it is straight-
forward to deduce the equality

of

.:E. E; = 4 (12)
u .

3) - The structure functions X1, X2 and Y are easily computed for elastic

scattering on a polarized spin %‘particle and the result is expressed in terms of the

*
familiar Dirac form factors

4 - —_
X @w) o QW SOWEM)|E (93 T (g1

d - —
Xy @) o5 209 (W-MO TE (a)+F, (01 G ()
Y& (qziwt) N o

Therefore in the quark parton model we immediately recover the relations (7) and only

the scaling function F“ (g) can be non-trivial.

Its computation is straightforward using the standard technics and the

result is

- 2
2t (8. azg QD (8 -

where the distributions ch,(§ ) are now defined by

N N
D, 613N £ 65, 6)

(14)

*)

The vanishing of Y for elastic scattering is equivalent to the well-known fact
that time reversal violation cannot be measured in lepton hadron elastic scattering,

when the hadron has spin O or %.
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Comparing now the expressions (6) and (13) we can check the positivity constraint

\Tu (0| < T (8

taking into account the normalization relation (10) S§(1) + 5?(—1) = 1.

4) - We integrate the scaling function F” (§) over g

d-—---
Z = Jzt*“(hﬁ

Using the Egs. (13), (14) and the normalization integral (5) we can write Z in the

convenient form

_> D 816, Q%146
Z_Q%.; AG <y6 | 3Q 196> (15)

where the ng 's can be interpreted as the mean values, in the hadron, of the number
of quarks of type j having a spin parallel (© = +1) or antiparallel (© = -1) to
the hadron spin. It is clear now, on Eq. (15), that 2 is the average value of the

operator E;3Q2.

By definition of the symmetric coefficients of the Gell-Mann algebra 72

can be decomposed into

where gi, given by

%: = %é' Dac <a.GIGsF'cla.G>

is the average value of the U(6) algebra operator E;BFV. It follows (see the Appendix)
that gi is the coupling constant of the hadronic axial vector current of U(3) index C.

3),14)

This result is identical to the Bjorken sum rule derived from the

algebra of space components of the electromagnetic current
Q Q QQ c
= d
[’\J:a (q‘) > ;S R <o.i](; Cu;~)‘ ;C éi)ke’ Ci c .!a\‘z (°) <;;_<Et )

where AZ(O) is an axial vector current by parity conservation.
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5) - For a given hadronic multiplet the integrals Z are linear combination of

three reduced constants

(8s)
] (16)

Zoig i[9

where S:)‘SBS) is the symmetric isometry of weight Q.

The singlet coupling constant f1 is related to the axial vector baryonic
current and it cannot be directly measured. The octuplet coupling constants fa and
:t‘s are obtained, in the Cabibbo theory, from the leptonic decay of hadrons.

Let us now restrict ourselves to the baryon octuplet JP = %+ to which

the nucleon belongs. The vector part for neutron @ decay being normalized to unity,

i‘a + fS is the axial vector part for the same transition and as an example 3 fs is
the axial vecto:s' part for 2 - —>/\ +e + N e From an over-all fit of hyperon (5
15

decay we get

"QS e) C *%)

With Clebsch-Gordan coefficients, formula (16) gives

Zhtheip14
JZén:= %;é; "i%'{g

A prediction independent of f already obtained by Bjorken is

1
P _n
- -"l—g.“ ai

The constant f1 being associated to the axial vector baryonic current has a simple

representation in the quark parton model

fi- 25D

*) The third term is obviously absent for SU(S) multiplet D( 31, 22) with
)1 )2 = 0.

*%
) This value of the D/F ratio is associated to a Cabibbo angle 6‘ with

C
sin 9‘0 ~ 0.25. Experiment can accommodate small changes of both parameters but

this is of minor importance for the estimates of Zp and Zn.
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We assume the spin of the gluons to be uncorraleted with the nucleon spin so that in

*
the first moment relation (12) the sum over gluons vanishes and we obtain f1 = % ).
We are now in position to make numerical predictions on 7®  ana Zn

b n
Z'20.47 Z 40,06
(17)
so that Zp and z% differ essentially by one order of magnitude.
6) - It can be interesting to look at the simplest model of a nucleon consisting
of three quarks : p = q1q1q2, n = q2q2q1. The proton and neutron wave functions
have been computed from U(6) symmetry by Itzykson and Jacob 16) and we easily obtain

the probabilities sj(G)
S, (1)-
S, (-

The first momentum relation (10) is trivially satisfied and the scaling functions

8, (-1)- %
S, (- %

W~ ovoy

Fg, Fﬂ y F?, Fﬂ are given in terms of two longitudinal momentum distributions f1(§ )

and fz(é )

3 Ff (§)=§ L&)+ % £6) .z’tﬂfcg)= g.g R ()- ‘?-*i £ )
A O L6346 2F G286 286

From these expressions we obtain upper and lower bounds for the asymmetries ZS ﬁ and
n
Al .
17« C‘) < EE
* T3
LACP

—n

v, ) ¢ 4
—_—n

\‘1-(5) S

<

(6] o4

N

Win

If the momentum distribution is symmetrical, we have only one independent function

£(% ). The scaling function Fﬂ (&) vanishes and we have predictions for the

asymmetries
+ ~ 2 n
4~
Aﬁ&n.g _S 1-¥ Z:}“ =0
3 /_l_-l-g"

N .
) Let us remark that this value of f1 is independent of the SU(B) multiplet con-

sidered and is only due to the quark baryonic number.
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In this model one can exactly compute the integrals Zp and Zn

2" 2% o

Lol

(18)

and we recall the theoretical prediction

T SR

Gv 3

Let us remark that these values (18) are qualitatively the same as the phenomenological

one (17).

CONCLUSION

We have studied the inelastic scattering of longitudinally polarized charged
leptons from a polarized nucleon with a particular attention to the deep inelastic region.
In a model with spin zero and spin %‘partons the structure functions describing a nucleon
polarization orthogonal to the incident lepton momentum scale in a trivial way and it
will not be possible to observe any asymmetry at high energy. The situation is more fa-
vourable when the proton polarization is parallel or antiparallel to the lepton ones.

The associated structure function scales in the ordinary way and it has been computed
assuming the spin % partons to be gquarks. The Bjorken sum rule for polarization has

been derived as a consequence of this quark parton model.

Numerical estimates based on experimental data for hyperon 63 decay suggest
that the asymmetry on a neutron target is, in average, smaller by one order of magnitude
than the asymmetry on a proton target. This qualitative feature is confirmed by the naive
three-quark model of the nucleon which can be considered as a crude but realistic appro-
ximation of the true nucleon. A more detailed information on the nucleon structure is
needed to obtain quantitative predictions for the asymmetry Afkl as a function of § .

It is precisely the aim of these experiments to bring such an information.
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APPENDIX

We consider a forward scattering amplitude
o ZS b

with different U(3) indices for the currents and the hadrons (5 means the Hermitian
conjugate of b). We can define an integral associated to polarization and which gene-

ralizes the equation (15)
o;ba . Gl —bra
Z° ‘..%‘:Dm..<""(gaPF >

where m, n are quark and antiquark indices including the polarization (m = j6& ). Using

the quark model algebra to reduce the product of two infinitesimal generators we obtain

N

: Pt
where d and f are the symmetric and skxew symmetric couplings. The gquantity c;f

€y
is given by

%2 O <mG T

A

Now it is well known that in the quark model a Lie algebra of the U(6) type can be

generated by the space integrals
Ve [q%@) Fia(@)dte
AS . [aaS Fa@de

where q(z) is the Dirac quark field. As usual, V means vector and A axial vector.

It follows immediately a generalized Bjorken sum rule

4T <p AT e

Prom SU(3) covariance we can introduce three reduced matrix elements

%i;(w= gcog ‘(91 + Ci"gco)[-ca -F.F“ "'(?s QQ&:@«]

where S)EBS) is the symmetric isometry associated to the weight C.
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