CERN LIBRARIES, GENEVA

R E

CM-P00061580

ON THE RELATION BETWEEN

INCLUSIVE AND EXCLUSIVE p, DISTRIBUTIONS

Ref.TH.2067-CERN
25 August 1975

. *)
F. Elvekjaer
CERN -- Geneva

ABSTRACT

Inclusive and exclusive scattering is
studied within an impact parameter frame-
work. It is shown that the inclusive  p,
distribution at a fixed value of centre-of-
mass longitudinal momentum, Py is go-
verned only by the impact parameter struc-
ture of the observed particle. Next we
introduce to each of the produced particles
a radius, which is assumed to be independ-
ent of all the other particles, including
those in the initial state. This enables
us at a fixed value of pj to relate the
elastic nN, KN and NN data, at labora-
tory momenta less than 20 GeV, to the pion,
kaon, proton and antiproton inclusive p,

distributions at ISR energies.
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1. - INTRODUCTION

The interest in large p, data, both for exclusive two-to-two
and for inclusive processes, has been very much motivated by the hope that
one would in this kinematic region be able to see the effect of point-like
structures within the hadrons. In the inclusive 900 spectra, especially
of m!'s and K's, at ISR energies one has indeed seen evidence 1) in favour
of the power behaviour at large p; of the form pIN which is character-
istically associated with point interactions 2 . For exclusive two-to-two
processes the situation is less clear. Although attempts in fitting fixed
angle data at large p, Wwith power laws have been partly successful it is
clear that the arbitrariness iavolved in the phenomenology has made firm
conclusions difficult 3). Furthermore it was argued in Ref. 4) that the
large angle pp elastic data is somehow controlled by a geometrical length
R~1 fm. In Ref. 5), the data were studied within an impact parameter frame-
work. Here the impact parameter b was defined as the variable conjugate
to transverse centre-of-mass momentum p,. As a result one is led to study
data as functions of p, at fixed values of longitudinal momentum, Py,
and not as is usually done at fixed energy or angle., The reason for this
is that the impact parameter as defined this way commutes with p) whereas
it does not commute with energy or angle. It is found that exponential

-2RPL  oives a very good description of (do/dt)(pp-—pp)

behaviour of the type e
for p, <3 GeV and also it gives a reasonable description of (do/at)(mp—mp)
for p, < 1.5-2.0 GeV at fixed values of pj in the range 0 < py < 1.4 GeV.
That behaviour can be nicely explained in this impact parameter formalism by

associating a radius R to the interaction or more precisely by a singularity

in the b plane at Z*iR.

It is the purpose of this paper to show that the p, distribu-
tions of both exclusive two-body processes and of inclusive processes can

be consistently described and related within the impact parameter formalism.

For each of the produced particles we define the (two-dimensional)
impact parameter b as the variable conjugate to the centre-of-mass trans-
verse momentum §¢' It is emphasized that the usual small angle approxima-
tions [%ee, for example, Ref. 6[] are avoided. As discussed in Ref. 5), it
is of fundamental importance to go to large p, in order to study the impact
parameter structure of the scattering. In Section 2 we show, under certain
smoothness assumptions on the impact parameter amplitude, that the inclusive

p, spectrum is governed only by the b structure of the observed particle.



Here it is important that there are many more particles produced than the
observed one, which, because of the averaging over all the other produced
particles, in the transverse plane scatters as if off a point-like scatter-
ing centre. Instead of a radius of the interaction we then introduce in
Section % a radius of each of the produced particles. This radius is
assumed to be independent of the particles in the initial state and of all
the other particles. Without any detailed model for the shape of the par-
ticles, i.e., about the sharpness of the edge of a particle, we are then,
at a given value of pj, able to relate the exclusive p, distributions

to the inclusive p, distributions.

The p, distribution for the process a+b—-c+d 1is governed
by the sum R::RC4-Rd of the radii of the produced particles and the p,
distribution for the inclusive process a+b—c+ X is governed by the
radius Rc' In Section 4, we study at py;=0 p; distributions of data
for mwN, KN and pp elastic cross-sections as compared with inclusive
m, K, p and p spectra also at pj=0. The comparison works quite well
for p; < 2.3 GeV in inclusive p and p production and for p; < 1.0 -
- 1.2 GeV in the pion and kaon cases. Beyond these p, values it seems
in all cases that the data show some excess relative to the exponential
fall-off in p, given by the radii. This excess 1is possibly due to point
interactions, which give rise to power behaviour in p,, and we argue
that the reason why this possible power behaviour sets in for smaller p,
in the pion than in the proton spectra might be due to the fact that

R >R_.
n Y

2, - INCLUSIVE p, DISTRIBUTIONS FROM IMPACT PARAMETER AMPLITUDES

Pirst we discuss the inclusive amplitude. Consider the process

a+ly —> € v 0,4+, (1)

where in the centre-of-mass system the particle c¢ has momentum E::(p”, p.)
and particle x, has momentum 6i::(ki,ai). pj and k, are the longitu-
dinal components and 5¢ and ai are the two-dimensional projections onto

the transverse plane.



The energy is given by (neglect masses)

s =V w*Z o
(2)

= [o e 7 L& |
F ?“*
since on the average, phenomenologically, ]Eil << ki [éee, €.8., Ref. 72].

In the following we want to consider the inclusive process
a+b-c+ X only in the transverse plane and it follows from Eq. (2) that
energy conservation can be disregarded during integration over the Ei's.
Then the inclusive cross-section is given by (suppressing longitudinal

variables)

(M/G'-*»c.*)() Z Q. ()

J.F (3)

where o~ in terms of the amplitude F ~ for the process (1) is given by

[ Fr 22 .2 2@ ~ “ =
= ve L
CAE A A AT ALIRYCAVT AR NG
The impact parameter gi is defined as the variable conjugate

to the transverse momentum a.. The amplitude F can then be written in

terms of its impact parameter transform A as 6
—,

I tl 2.y 7Y 2 A-L 7Y 4. Z/lr .’.
EGgoda=() (g TdE e s

2 ; - -» -»
by (,(Z+ZE-§) AM( c’,(,']....),(5") ()

QC is the impact parameter of the observed particie c¢. The & function
expresses the fact that the scattering is a function only of differences of

g‘s. Due to the translational invariance in the transverse plane B is

arbitrary and we choose B=0.
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Inserting Eq. (5) into Eq. (4) we arrive at (see Appendix)

(@ o, B —> (B 2R B B, K B K +mak)
ve get
¢ = \ Lk L& eé( k) . 4)
c m e e (7)
wheve

- 1 —
with Ab, = (gc-bc)/n. In Eq. (7) we have assumed n large enough to
—1 -

justify the approximation b, -bc==nA—‘51 ~ (n+1)A31.

Now we come to our smoothnesé assumption on the impact para-
meter amplitude. Since hadrons are assumed to be extended objects with
spatial extensioen of the order of 1 fm, we also assume that An is signi-
ficantly different from zero only in a limited region in b space with
extension ®1fm. We furthermore assume that n 1is big enough'so that An,

. -
as a function of bi’ is approximately constant over a range of the order
of (1 fm)/n. It then follows that we can put A€1=:8 in Eq. (8). Having

done that we write after a change in integration variables (Ei—*[gi-1/n gc])

£, (bg»

—!

bc) as



Under our smoothness assumption we neglect the terms 1/n gc and we get

by Eq. (7)

2. k B 4 ﬁ" i-‘:*j_ < > ¥ -y |L
(f'i- ~@x )" L "4\. < € Aﬂg‘-’-z‘h‘i:'"q‘n) < (10)

It is clear from Eq. (10) that A can depend only on the
modulus of gé and we finally get

1 2 -y ‘ g
G;!h_ z(lt)"m 4 2 K l‘: J(h )A k 24 k. %Y )l'o} (11)

where Jo is the Bessel function of order O.

This constitutes our general result for the inclusive p,
spectrum. We started off by Eq. (5) where it is explicit that the scatter-
ing is a function only of differences of b's. Equation (11) shows that
effectively, under our rather weak smoothness assumption, we can calculate
the p, behaviour of particle ¢ while keeping the impact parameters of
Xy X2"";Xn fixed if n is large. From the discussion in Ref. 5), we
know that the large p, Dbehaviour of the Fourier-Bessel transform appearing
in Eq. (11) is completely determined by the singularities in the complex
bC plane. It therefore follows that also the large p, Dbehaviour of
o (pL) is determined by the analytic structure of An as a function of
b . One may say that the many unobserved particles serve to produce a
scatterlng centre at the origin =0 against which the observed particle,

c, scatters.
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The region of large p, to which we have referred in the above
discussion is, in the following, taken to exclude only p; ® O, This is jus-
tified both by the actual behaviour of cross-sections and by mathematical

*

examples .

3, = ANALYTIC IMPACT PARAMETER STRUCTURE

For the purpose of unifying the description of exclusive and
inclusive p, distributions we first briefly recall the result of Ref. 5)

for the case with two particles in the final state.

For the process a+b—-c+d we write, by Eq. (5), the ampli-

tude as a function of the centre-of-mass transverse momentum El::pcl'-gdl

at a fixed value of longitudinal momentum pj :
> =
A4 2o “LC£;'V‘ ) _tg A

Clearly only the relative impact parameter 3::30-§d enters and

since A is a function only of the modulus of b we get by Eq. (12)

F’(ﬂ)=(21133 L durj; (r‘lr) A (4) (13)

The b, appearing in Eq. (11) is the distance in the b plane
from particle ¢ to the origin. Writing the b of Eq. (13) as composed
of such b's we find the b's pertaining to inclusive and exclusive scat-

tering given in the following way (see Fig. 1) :

a+h—> c+d &-alrc-/fr&

ath —> e+ X 'Ir=£‘c

*
) For example, a pole at b2= (1 fm)2 gives the asymptotic p, depend-

ence Jple—(1 fm)pl to within a few per cent already for p, > 0.2 GeV.



To understand what the impact parameter structure might be, we
summarize the phenomenological result of Ref. 5). Here it was found that
the dominant component in the p, distributions of do/dt for nN and

pp elastic scattering at fixed p) 1s of the form

-2R
%(mo{—* ced) ~ e 27 (15)

in the p, regions where experimental data are available, i.e., in the

range O < p; < 2.0 GeV for nN and in 0<p, 3.0 GeV for pp. Also
there is at most a slight dependence of Rcd upon pj for O < py < 1.4 GeV.
We neglect in this discussion factors of the form pIa with o small

([al < 1). Such factors are presently phenomenologically unobservable except

for p, ® 0.

In the b plane the behaviour (15) is associated with singular-

ities at b::ibo, where

/{’; = 4 Rcc'. (16)

The type of the interaction determines the exponent «o. TFor the behaviour
(15) only the position of the singularity is relevant. Physically this means
that the detailed shape of the interaction does not enter. RCd is interpre-
ted as a radius of the interaction and the displacement of the b singularity
onto the imaginary axis means that the b profile of the amplitude for real

b is a smooth function, not, for example, a step function.

Appealing now to Egs. (14), it seems plausible that Rcd should

be composed of two terms

Rca(, = Rc. + R& (17)

where R, and R, are some characteristic lengths (radii) associated with
particles ¢ and d. We have here already implicitly made the assumption
that Rc q Bare independent of the particles a and b in the initial state.
’
The result (17) is obtained if we associate singularities to the
impact parameter bj at iiRj. From Egqs. (14), we then get the singularity

b~ of Egs. (16), (17). We also get singularities at b=*b! with
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béz i(RC-Rd). If Rc ~ Rd this interaction will, however, be very central
(almost point-like) and we expect such terms to show up at much larger values

of p, than the contribution given by the singularity bo'

It is now clear how, within this scheme, one is able to relate
the p, distributions of inclusive and exclusive processes. From Egs. (14)
the impact parameter, b, for the process a+b—-c+X is given by the im-
pact parameter bC of the observed particle, c. bc has singularities at

iiRC and these produce a p,; spectrum of the form

da - -2R Y i
e + — +x ~ c 18
0!/"'1 (a A—c __.) e ' (18)

In the whole discussion we have considered only the transverse
variables. In addition to the impact parameter D (or the centre-of-mass
transverse momentum p,;) we choose the centre-of-mass longitudinal momentum,
py, and the missing mass, M, as the variables specifying the inclusive
amplitude. This we do because b commutes with p; and M and not, for
example, with the more conventional variables Js and x==2p"/Js or the

scattering angle. Rc is therefore in principle a function of pj; and M
Rc Rc (7"11 3M) : (19)

Since we have already assumed that Rc is independent of the
type of particles a and b in the initial state it seems natural also

to assume that Rc is independent of the total energy or M :

R = R ()

e — NPl - (20)
One could also turn the problem around and say that the M dependence
should be determined phenomenologically. As 1t turns out, Eq. (20) is,
however, consistent with data thus supporting the idea that the impact
parameter structure of particle c¢ 1is something characteristic to that
particle and independent of the initial state particles and of what else

is produced in the process.
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The preceding discussion has been concerned exclusively with
the singularities associated with the finite size of the interacting hadrons.
There is, however, nothing in the framework‘which forbids singularities near
or at the origin b=0. These singularities would correspond to point inter-
actions and they produce 5) the familiar power behaviour at very large bp,,

which has been studied in the quark parton models 2)’3).

4. - EXCLUSIVE AND INCLUSIVE p, DISTRIBUTIONS., COMPARISON WITH DATA

Equations (15), (17), (18), (20) allow us at a given value of
py to relate the inclusive to the exclusive p, distributions. In the
following we will study elastic data at pj= 0 (900) for mp, Kp and pp
scattering compared with the ISR data on inclusive T, K, p and p product-

ion at pj =0.

Prom the observed inclusive p, distributions at pj =0 (900)

at the ISR 1) it is clear that the form (18) works only up to a certain p,
value, which for the K and T spectra lies at p, =1.0-1.5 GeV and for
the p and p spectra at p; =2.0-2.5 GeV. We therefore calculate the
slopes from the data below this critical ©p; value. The results are given
in the Table. The precise choice of range of p, values used in the fits is
made in each case such that an extension of this range would increase the

2 considerably. On Fig. 2 we compare our best fit with the ISR data at
\75 =53 GeV.

Before we go to the comparison with the exclusive slopes we
notice from the Table that the data comply with the rule (20) and furthermore

we see that

R = R

c c (21)

From the study of elastic nN and pp cross-sections of Ref. 5),

we extract, by Eq. (17), the pion and proton radii

R = 3.25 £0.25 GeV R,=2050.05 Gev'’

(22)

for 0<py < 1.4 GeVo
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These radii are on Fig. 3 compared with those determined from

the ISR inclusive cross-sections.

The inclusive kaon slope RK is over the ISR energies consistent

with

-1
RK 2~ 2.5 Gev (23)

This taken together with the R, of (22) gives us a value for RszzRKq-Rp.
This is, on Fig. 4, confronted with 90o cross-section for the process
K+p-*K+p. The data for this process are not by themselves good enough for

a determination of a slope but the comparison is satisfactory.

In canclusion the comparison of slopes in inclusive and exclu-
sive p, distributions works well over the whole range of ISR energies
thus confirming the simple factorization property of the contributions from

the radius singularities expressed by Egs. (15), (17), (18), (20).

The comparison with data is in this paper done at pj=0. It
was found in Ref. 5) that RnN and Rpp are almost independent of p
in the range 0 < pj S 1.4 GeV. In the present scheme this of course imme-
diately carries over to the inclusive case. We should perhaps in this place
emphasize that the determination of RﬂN and Rpp phenomenologically is
strongly dependent on the fixed pj data for p, » 1.0 GeV and this is
the explanation for the somewhat unconventional result that Rn > Rp‘
Finally we make some remarks on the deviations from the predict-
ed p, spectra, Egs. (15), (18). It is clear from the discussion in Section 3
that one should expect contributions from other than the radius singularities.,
Also Fig. 2 shows clear phenomenological deviations at large p,;. One there-
fore avoids the contradiction caused by time-reversal invariance in a case
with only radius singularities. This pfoblem is most clearly illustrated by
the process mnn—NN and its time-reversed partner because of the relatively
big difference between Rn and Rp. In this case the radius singularity is
dominating in different kinematic regions in the two processes because of

the big mass difference between the pion and the nucleon.

Let us now discuss the deviation of the inclusive p, spectra
from the form (18). It is a possibility that the excess relative to (18) seen

on Fig. 2 is due to point-like interactions. These would in our framework,
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as earlier remarked, be described by a singularity in the b plane at b=20
and this in turn corresponds to power behaviour at large p; of the form
pIN 5). No matter how weak such a singularity is it will eventually domi-
nate for p, large enough. If now the relative strength of the singularity
at b=0 +to that at b=i1iR is the same in pion and in proton inclusive
production we get that power behaviour takes over at lower p, in the pion
case than in the proton case simply because Rn > Rp. We observe on Fig. 2
that the possible power behaviour takes over in both cases when the cross-
section has dropped by approximately three orders of magnitude., This is
obviously only a rough arﬁument also because the power, N, might be dif-

ferent in the two cases 2 .

5. - CONCLUSIONS

We have studied the relation between p, distributions of cross-
sections for inclusive processes with one observed particle in the final
state and for exclusive processes with two particles in the final state
within an impact parameter framework. The other problem of relating the
various inclusive p,; distributions has been treated, for example, in

Ref. 9) in a different framework.

The first ingredient in our analysis is a smoothness assumption
on the multiparticle impact parameter amplitude which states that the ampli-
tude as a function of the impact parameter gi of the ith particle is
approximately constant over a range of the order of 1 fm/n, where n 1is
the number of particles in the final state. This taken together with the
assumption that the hadrons are extended objects with spatial extension of
the order of 1 fm leads to the conclusion that the inclusive p, distribu-
tions at ISR energies are governed only by the b structure of the observed

particle.

Secondly we generalize the result of Ref. 5) by introducing a
radius of each particle. This radius is a characteristic of that particle
and it is therefore the same in inclusive and exclusive processes. In the
impact parameter language the radius R 1is related to the position of sin-
gularities in the impact parameter plane at b=1iR. The contributions from

these radius singularities to the p, distributions of elastic cross-sections
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and of inclusive cross-sections are then related in the range up to p;
values where the more central interactions (e.g., parton interactions)

become important.

In this paper we have studied data only at longitudinal centre-
of-mass momentum pj=0. Obviously data at p";éo should be explored.
This, however, is somewhat complicated by the fact that inclusive data
usually are presented at fixed values of Js and of x=2p;/Ns or scatter-
ing angle instead of, as we would need it, at fixed values of pj and
missing mass M. Another direction of further study is given by the inclu-
sive processes with more than one observed particle. An interesting question
to ask here is whether the correlation between large D, particles might

have a simple explanation in terms of impact parameter singularities.
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APPENDIX

In this Appendix we indicate how to reduce Egs. (4), (5) to
Eq. (6).

From Eq. (5) we write the amplitude F_ as

29 -i ‘e ‘Z" ;
E(i:vin*ﬂm (1“) h.[ 6.'. 4" ;A( )n )h) (A.1)

m
g

-~Zx,

=1 .. (A.2)

where

By Eq. (4) the cross-section o = then is

r~ 2p o 2 i(z‘_l')d 42(2,1:;-’.
crchvgw, MMy, e < T egd t? ‘b
LS DR B
A - A«l( lzl Z, 8(3) > 5 (A.3)
4\( <) 1y ,""A\) o e971) ) A\-) ("L+}Z 1’:) .
’ adiR” g
B=24
© j" ¢ (A.4)

Perform now the 31 integration :

~ . -b--.' - ..--w -
oo (1 147 Tig, ST GHIE
S



Integration of the ak's (k=2,3,000yn) give 6 functions

with

1 (4.6)
and Eq. (A.5) is reduced to
[N -ad 17
L9 A A )=
o'(m-—(zn) Ju M;.Ad, e A
> A L m e o >
Ah( <>"n ”‘;) Au("'c; fA'Li"iM‘b )""M‘l) (4.7)
where, by Egs. (4.2), (A.4)
- ey n oo -
K-k == (h-£)-2 (4-t,)
- =2 (4.8)
= -m AL,

Equation (A.8) inserted into Eq. (A.7) gives the desired Eq. (6).
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FIG CAPTIONS

Figure 1 Impact parameter for inclusive and exclusive processes.

Figure 2 : The m, K, p and p spectra at \s=53 GeV and Ocm=900
compared with the contribution from the radius singularity,
Eq. (18)°

Fi e : The m, K and N radii. The bands give Rn and Rp as
calculated by Eq. (17) from nN and pp elastic scattering.
The points are the radii as estimated from the ISR 900 spectra
for ﬁ+(o), m (e), kt(@), x(w), p(a) anda P(A) (Table).

Figure 4 : K+p elastic cross-sections at 90o compared with the contribution

from the radius singularity as predicted by inclusive spectra.
Data from Ref. 8).
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