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Introduction

As a test case for the method of shell parameter extrapolations
employed in the superheavy region we have used the same prescrip-
tions to treat the regions below the rare earth region,

These calculations have also great interest in themselves al=-
though other systematic calculations, e.g. the ones by Arseniev,
Sobiscevski and Solovievl), have been performed in the fission de-
cay product regions, previously. The calculations described in the

present paper are analogous to those

2)

of Nilsson, Tsang et al as of ref. in the rare-earth and actinide

regions, They differ from those of ref.1) only in three respects

a) we have included the P4 degree of freedom while neglecting the gamma
degree of freedom (the calculations seem to bear out that neither P4
nor the rotationally asymmetric degree of freedom is a very important

degree of freedom in this particular region).

b) the Strutinsky nonnalisationa) is employed throughout our calculations

(although for comparison some cases have been studied based on the Bés-

Szymanski method) .

clin these calculations we have as a first attempt assumed x and .u to be
linear functions in A and the extrapolations have been made from the
values of « and u that have been fitted to data in the rare-earth and

actinide regions. In addition different alternative recipes have been
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1)

attempted in ref. ’ and in the present calculations.

Potential employed

To calculate the single-particle energies and total energies as a

function of nuclear distortion we have employed the potential of ref.Z)

\Vi =

1 2 .2(_2 >
osC 5 Mmo (e,eu) o 1 3 eP2 (coset) + 2ehPu (coset)

e

- - o 7 .2 2 22 '
Vo = - 2608, L Tt S+ (Tt ‘1t>N>]

For 80 we have assumed
o (N[ _ . a-1/3 1 N-Z
8 (z) 42- A (1 + 3 T) MeV

where the last condition assumes that the average nuclear wvolume is pro-
portional to A and that the r.m.s. neutron and proton radii are
roughly equal along the nuclear stability line.

These parameters have in the publication cited 2)

been determined
from a fit of single-particle levels in the deformed rare-earth and acti-

nide regions to the empirical level order.

The single-particle calculations

In the whole region (40<Z<62) calculations have been done with x and
u obtained by linear extrapolation in A from the rare-earth and actinide

vregions. For 40<Z<48 also modified values of k and u have been used. As
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seems apparent from fig. 1 where "semiempirical” « and u values in
the regions A :25, 150<A<180, A>220 are given as circles, the
linear A-dependence is hardly credible far below the rare earth region.
We have therefore alternatively interpolated from the rare earth to the
Al-region ("modified parameters”) as indicated in fig. 1. Values of

k and y are given in table 1 and single particle level diagrams for

extrapolated as well as modified parameters are shown in figs. 2 and 3.

The Bés-Szymanski and Strutinsky shell corection methods

Presently we have in these equilibrium calculations applied the

3)

shell correction method due to Strutinsky™ . Essentially it uses the
liquid-drop model for normalisation purposes. In the altemative Bés-
Szymanski4) method, on the other hand, the single-particle energies are
simply addedeith pairing and Coulomb effects included. The physical
finding of constant nuclear density inside of the nuclear surface

region is expressed by the condition of the conservation of the volume
enclosed by equipotential surfaces. For the VOSC part of the potential

this condition can be enforced for all equipotential surfaces simultaneous-
ly. As presently the other terms of the potential Sre not included in

this condition, it is not surprising that for large%/diétortionsa'4) and
for moderate distortions of other multipolesS) than P2 (as e.g. P4) the
Bés-Szymanski method has been found insufficient unless the number of
shells included are limited to a small number of shells. For nuclei heavier
than A =170 a calculation by the Bés-Szymanski method gives actually
oblate minima deeper than the prolaté ones contrary to experimental
findings in the heavy rare earth and actinide regions as noticed by

2
C.J. Laﬂﬂs). It is easy to see that the peculiarity of the Tt tem is

instrumental in bringing about the undue favouring of the oblate shape.
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As in the regions here under investigation the competition between oblate
and prolate shapes is very keen, we considered it important to fall back
on the Strutinsky method, although in the investigation by Arseniev

et a1l

it was reported that the difference between the results obtained
altematively with the Strutinsky and the B&s-Szymanski methods, as far
as equilibrium energies were concerned, were usually below 0,5 MeV in
the mass regions Z > 50, N > 82, The difference between the region under
study and the rare-earth and actinide regions probably lies in the fact
that in this light region the importance of the Ii term is relatively
small as very modest Ti values are involved.

The application of the Strutinsky normalisation is described in
detail elsewherea) so we shall only outline its main features., By a
smearing function the single-particle level density G(e), as obtained
fromthe potential described above, is averaged with the help of essen-
tially a Gaussian function with a range parameter that is of the order
of the shell spacing. In this way a new smeared level density function

g(e) is obtained. We then form the difference between just filling the

lowest possible energy levels or E = Zev and
v

T

<€> = [ gle) e de

which latter is obtained from the smeared level density function g(e).
The difference is a measure of the shell structure involved and is denoted

3)

the shell correction function by Strutinsky

SE <E>

shell = E

Following the Strutinsky recipes, in place of the subtracted averaged
energy <E> the liquid-drop model energy, EL 0. is substituted.

Finally a fluctuating pairing energy term
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S air = EpalR ~ <Epar’
is added giving
Etot = Eshe1l * EL.p. * Fpair

Minimum of Etot is then determined with respect to the distortion para-

meters € and € .
Y

The term E is evaluated by the straightforward BCS method. The pairing

pair
matrix elements Gn and Gp are assumed proportional tec surface area, ps for
<EPAIR> we assume this term to be given by its value at equilibrium

distortion. Contrary to other authors we do not assume this term de-

formation dependent.

Pairing calculation. Comparisons of A and total mass with data

In the treatment of the pairing energy we have followed the recipes

2)

developed in ref.””, We have used a number of neutron and proton levels

above and below the Fermi surface (for no pairing) of {10 N and\/10 Z;
because of the smaller number of particles we are forced to make this

2)

change from ref.””, Subsequently we must also redetermine the pairing

strength parameter, for which we have assumed an isospin dependence

1 N-Z
G+ A =¢2 4 i
p &p 8 A
_ 1 ! . 1)
Note that we have relaxed the conditions g, = gp assumed in ref,

expected to hold for N=x Z and the limit that the Coulomb energy being

negligible, For lighter nuclei we should expect this relation to be approached.
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The G values are determined by fitting the theoretical A to
the experimental odd-even mass difference. This comparison is exhibited
in figs. 7a and b, The values of g0 and g1 which we have used are also
given there. It must be pointed out that when the distances between the
energy levels near the Fermi surface is not small compared to A, the
comparison above is somewhat incorrect. Therefore the fit of A~ must
be made essentially when Z is not too near to 50 and the fit of L when
N is not too near to 50 and 82. We then find that for the G-values
corresponding to the linearly extrapolated « and u the isospin depen-
dence is too great but that the fit on the average is rather good.
However, just a small change of G will change A considerably and in the

1)

investigations by Arseniev et al it is reported that such a great
change of G as 10% will, as a rule, change the e-values of the minima
by less than 0,01, Therefore, if G is modified to better fit A to the
even-odd mass differences, the equilibrium distortions will be negligibly
affected. For the modified « and u values the G values have been re-
determined. We also find that the fit is better, expecially for the
protons.

In fig. 8 the difference between the experimental and theoretical
nuclear masses are plotted., The differences are of the same order as for
the heavier nuclei, in fact they are better for the modified « and u
values than for the linearly extrapolated ones. It can be noticed that
for the magic neutron number 82, the theoretical mass is too small,

For greater N values this discrepancy between theoretical and experimental
masses disappears. This appears to make it probable that the theoretical N=82

gap in the energy levels is too great.
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Results of calculations

In figs. 4a, b and c some typical total energy surfaces are shown
in the (e,eh)-plane. In figs. 5a and b the e- and e“-coordinates of the
minima are given. These values as well as the deptts of the minima are
tabulated in table 2, One may notice that for the linearly extrapolated
parameters the prolate minimumis nearly always the deepest one while
the modified x and u-values give rise to a dominance of oblate distor-
tions, at least for the nuclei which can be expected to be permanently
deformed. We estimate roughly that the deformation is permanent when
the energy of the deepest minimum is at least about 0.5 MeV smaller
than the energy at spherical shape. The depths of the minima can be

studied in figs. 6a, b, c and d.

Comparison with data

A large number of new data in the deformed region have recently
become available for neutron rich even-even isotopes of 4UZP, 42Mo,
44RY and agPd- Usually only the 2 + 0 and 4 -+ 2 rotational transitional
energies are determined empirically. The E4+/E2+ ratio is in excess of
3 only in two of the nuclei studied. Some of these spectra still indi-
cate stable distortions. From the gamma half-life one can also deduce
the B(E2) value or QO. We list in table 2 the experimental E2+ ,
E4*/E2+ , and [QOI values as given by Cheifetz, Jared, Thompson,

and Wilhelmy7)

. Corresponding values of deformation energies and OO for
the theoretical prolate and oblate cases are given in the same table for
the two alternative sets of « and u.

First it is found that the correlation between empirically low

excitation energies of the 2" states and large theoretical deformation
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energies (deep minima) is rather good. The transition point between
spherical and deformed equilibfium distortions can be decided first

when the vibrational energies are édded. As a semiempirical rule it appears
that we must require for stable distortions that the energy of the deepest
minimum be at least 1 - 1.5 MeV smaller than the energy of spherical shape.
(Note that in drawing figs 5a and b we used 0.5 MeV as the threshold.)

With this rule we conclude for the modified x and u values that the iso-

1002r, 104MO (102 108 106

topes from Mo), and Ru ( """Ru) and on are permanently
deformed. If any Pd-isotopes are permanently deformed is unclear by this
requirement. For the linearly extrapolated x and u parameters the deforma-
tions ~ are greater than for the modified parameters. This is the
case especially for the Zr-isotopes where the theoretical results for the
extrapolated parameters appear to be clearly incorrect. This is, however,
reasonable as we are there farthest away from the rare-earth region and
it ismore probable that the linear extrapolation is no longer satisfactory.
When it comes to a detailed comparison of the magnitudes of the
theoretical and experimental QO values, one notices that the former are
usually only of the order of 60 - 80 % of the latter for the well deformed
nuclei for both sets of « and u. This discrepancy between theory and experi-
ment for nuclei exhibiting rotational spectra is much in excess of the
discrepancy encountered in the rare-earth and actinide regions of nuclei.
Conceivably this can be remedied by a modification of the unknown single-
particle scheme (although this hardly seems probable)., As the distor-
tion estimates obtained by the B.-S. and the Strutinsky methods of
calculation give results that here are in rather poor agreement with
each other, the B,-S. method giving the better results, one might be
tempted to question the local applicability of the parameters of the
liquid-drop model entering through the Strutinsky emthod. Particularly

sensitive is the surface energy term, Here the sharing of strength between



- 855 -

the isospin independent surface energy and surface symmetry energy terms
is fixed in advance for the Mayer—SwiateckiB) liquid-drop parameter set
here employed. In the M,S. parameter choice the total strength is deter-
mined by a fit to the masses along the stability line of the mass
valley. The heavy region is in this fit given particular weight.
The fission decay products are far off the stability line and a
deficiency in the surface symmetry term might then exhibit itself
and conceivably explain some of the discrepancy in the Qo-values.
Therefore we have increased this term by a factor 3 and calcu-
lated the new (e,ek)-values of the minima, We find (see fig. 9) that
in most cases the e-values of the minima are changed not more than
0.01 - 0.03, which is not enough to get the theoretical QO as large
as the experimental ones.
As indicated above we have also performed a calculation without
the use of the Strutinsky normalisation. Also for this case we have
calculated the (e,e“)—values of the minima. On the prolate side the change
is not significant while on the oblate side the e-values of the minima
might be changed as much as 0.10 (see fig. 9 and 10). If we do not use
the Strutinsky method the  tendency for oblate distortions is increased
and we find for both of the regions, Z < 50 and Z > 50, that the oblate
minima in most cases are the deepest ones. We also find that in some
cases the eu-distortions are very much affected by the Strutinsky nor-
malisation. (This parallells the results of P, Mﬁllers) in the rare-earth

region.)
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Conclusions

It appears that a new deformed region is well established ex-
perimentally with the study of the neutron rich light fission products.,
Thismregion of distortion is well brought out by the theoretical calcu-
lations. The magnitude of the distortions are less well reproduced and
it is speculated that some of the discrepancy may be due to the Strutinsky
method of calculation or rather the liquid drop parameters entering
into the theoretical calculations through the employment of the

Strutinsky shell correction method.
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Table captions

Values of « and p employed in the single-particle calcula-

tion corresponding to different regions of mass.

The coordinates and corresponding intrinsic quadrupole
moments of the oblate (60-, (e )0- , QO- ) and prolate
minimm (e *, (eulo*, 0" ) for z=54, 56, 58, 60 and 62.

E' is the depth of the prolate minimum and AE is the difference
in depth between the oblate and prolate minimum, If AE > O
the prolate minimum is the deepest one. Linearly extrapolated

k and p values have been used.

Same as table 2a for Z=40, 42, 44, 46 and 48. The results
are given for linearly extrapolated as well as modified «
and u values.

Experimental results taken from ref7]

compared to theory.
EWEx is the deepest minimum, The quadrupole moments
corresponding to both minima are given, for the deepest

minimum no parenthesis is used.
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Table 1
Protons Neutrons
A K u K u
25 0.08 0 0.08 0
Fitted to the experi-
165 0.0637 0.600 0.0637 0.420
mental energy levels
242 0.0577 0.650 0.0635 0.325
140 0.0657 0.584 0.0637 0.451 Extrapolated from A =
122 0.0671 0.572 0.0638 0.493 165 and A = 242
103 0.0686 0.560 0.0638 0.497
Interpolated from A =
110 0.070 0.40 0.066 0.35 .

165 to A = 25
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Table 23
- + +
Qo I 00 E AE
- - 2 + + 2

£ (E;,)o (fm#) l € (eq]o (fm?) (MeV) (MeV)
"6y | -0.16 -0.01 -224 , 0,20 -0.01 332 0.8 0.4
18xe -0.18  -0.01 -246 | 0.21 0,00 349 0.8 0.3
12044 -0.19  0.00  -260 0.21 0.01 358 1.1 0.2
122y, -0.18  0.00 -260 l 0.20  0.01 335 1.0 0.0
128y ¢ -0.18  0.01  -253 0.7  0.01 293 0.8 0.1
126y, -0.15  0.01  -218 0.14  0.01 234 0.7 0.1
144y q -0.14  -0.03 226 | 0.16  -0.08 322 2.0 1.0
1205, -0.20 -0.01  -293 0.25  0.00 450 2.1 0.7
122, -0.20 -0.01  -298 0.25  0.01 456 2.2 0.6
1245, -0.20 0.00 -294 0.24  0.02 431 2.1 0.3
1265, -0.20  0.01  -295 0.20  0.01 360 0.1
1285, -0.19 0.01 -284 0.19  0.02 337 1.3 0.0
1305, -0.45  0.02  -226 0.24  0.01 253 0.6 0.0
144 T — . - |

Ba -0.13  -0.03  -217 0.11  -0.04 220 0.8 0.3
124

Ce -0.23  0.00 -346 0.28  0.01 537 3.2 1.4
1260, -0.22 0.00  -340 0.27  0.02 520 3.0 0.8
128¢g -0.22 0.01  -331 0.24  0.02 466 2.5 0.4
130¢ -0.20  0.01  -310 0.20 0.02 378 2.0 0.2
132; -0.18  0.02  -279 0.18  0.02 339 1.2 0.1
134cq -0.12  0.02  -185 0.10  0.01 188 0.5 0.0
146

Ce -0.14  -0.03  -256 0.14  -0.04 303 1.0 0.4
148¢q -0.19  -0.04 -330 0.20 -0.06 456 3.3 1.5
13204 -0.22  0.02 -346 0.23  0.02 454 2.5 0.5
1344 -0.20  0.02  -323 0.20 D0.02 397 1.7 0.3
136y -0.14  0.02  -244 0.14  0.02 276 0.7 0.0
148 ‘

Nd -0.15  -0.03  -276 0.17 -0.04 382 1.2 0.5
150ng -0.19  -0.03  -357 0.20 -0.05 475 3.6 1.8
138

5m -0.16  0.02  -285 0.18  0.02 365 0.9 0.1
1405, -0.10 0.02  -181 0.08  0.01 162 0.1 -0.1
150

Sm -0.15  -0.03  -281 0.18  -0.04 425 1.3 0.6
1525, -0.20 -0.03  -378 0.21  -0.04 515 3.6 1.8
15%gm -0.20  -0.03  -385 0.23 -0.04 566 6.0 3.2
156¢, -0.21  -0.02  -408 0.24 -0.04 611 7.9 4.4
158g, -0.22 -0.02  -424 0.26 -0.02 646 8.6 5.4
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The variation of ¢ and p with the mass value A. For A = 165
and 242 the values have been chosen to fit the experimental
energy levels as well as possible. For A = 25 the parameters
are also considered to be known. To find the x and u values
for A =090-150 we have used two recipes, first a linear extra-
polation from the heavier regions and secondly an interpolation
between the rare-earth and Al regions ("modified parameters”)

as shown in the figure.
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Single-proton levels for A ~140 and linearly extrapolated x
and y values. The levels are assigned asymptotic quantum numbers.
Solid lines mark even parity while dashed lines represent odd

parity. (el’ = 0 is assumed in this figure,)
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TOT. ENERGY, SCALE 1.0 MeV, Z=44 A=108 Lin. extr. param.
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Fig. 4a The total energy surface in the (e,e“)-plane for 122R

The x and u values are linearly extrapolated from rare-earth
and actinide regions., The lines represent steps of 1 MeV. The

prolate minimum is 0.4 MeV deeper thah the oblate ons.
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Fig. 5a

The minima of the total energy plotted in the (e,e“)-pla\e

for Z=52,54,56,58,60, and 62, For sach nucleus the lowest mini-
mum is marked by a circle. In the case that the energy of a mini-
mum differs from the spherical-shape energy by less than 0.5 MeV
it is marked by a cross, if it differs by more than 0.5 MeV it

is marked by a point. The x and u values used are linearly extra-

polated ones.
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Fig. 5b Same as fig. 5a for 7=40,42,44,46, and 48. In the upper part of

the figure the linearly extrapolated x and u values are used,

in the lower the modified values,
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Fig. 7a Experimental odd-even mass differences and calculated A values.,

The G values as shown in the figure are those used together with

the linearly extrapolated x and u in the calculations.
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Fig. 7b Same as fig. 7a. The crosses represent the A values obtained

for the G values used together with the linearly extrapolated

x and yu, the points correspond to the G values used togsther with

the modified x and u.
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The crosses is the fit achieved when x and u are linearly extra-
polated while modified « and u parameters are associated with the

points.
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Fig. 9 The minima of the total energy plotted in the (e,e“)-plane.
Linearly extrapolated x and u values have been used, The points
indicate the same minima as fig. 5b, the crosses are obtained
when the Bés-Szymanski method is used and the circles when the
Myers-Swiatecki isospin dependent surface energya)tem is increased

by a factor 3 and the Strutinsky method is used.
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Fig. 10 The experimental intrinsic quadrupole moment, indicated by pointsn,

compared to theoretical results. In the upper part of the figure
the linearly extrapolated x and u values are used, in the lower
the modified values. The squares are the quadrupole rnomenté
corresponding to the prolate minima, the triangles are associated
with the oblate minima. If a square of triangle is open, the
Strutinsky method has been used,if it is filled,the Bés-Szymansk‘i

method has been used.



