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Abstract

We discuss some results on the triviality and finiteness for Ga-
lois cohomology of connected unipotent groups over local and global
function fields, and their relation with the closedness of orbits. As ap-
plication, we show that a separable additive polynomial over a global
field k of characteristic p > 0 in two variables is universal over k if
and only if it is so over all completions k, of k.
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1 Introduction

It is well-known by a result of Rosenlicht [Rol, 2] that if G is a smooth
connected unipotent algebraic group defined over a perfect field k£ then the
group structure of GG is very simple : there is a normal series of k-subgroups
of G, with each factor isomorphic over k to the additive group G, (cf. also
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[Bo]). In particular, its first Galois cohomology, which will be denoted by
HY(k,G) := H'(Gal(k,/k), G(ks)), where Gal(k,/k) denotes the absolute Ga-
lois group of k, is trivial (see. e. g. [Sel]). However this is no longer true
if k& is non-perfect. First Rosenlicht [Rol, 2] and then Tits [Ti] were able to
show certain unusual properties of unipotent groups over non-perfect fields.
In [Sel], Chap. III, Serre constructed certain function field k£ and unipotent
k-group G, such that the first Galois cohomology H'(k, G) of G is non-trivial
(cf. also Raynaud [SGA 3, Exp. 17]). Furthermore, Oesterlé developed
in [Oe|] a comprehensive arithmetic theory of unipotent groups over global
fields and, in particular, showed that the nature of unipotent groups over
non-perfect fields is quite non-trivial. One example given there showed that
this first cohomology group may be even infinite for some locally compact
field of characteristic p > 0 (a completion of a global function field). In gen-
eral, there are many open questions regarding the arithmetic and geometry
of unipotent algebraic groups over non-perfect fields. In particular it is in-
teresting to inquire about the Galois cohomology of unipotent groups in this
case. Here we are interested in the case where k is a global function field of
characteristic p > 0. We assume that, unless otherwise stated, all algebraic
groups considered here are linear, thus absolutely reduced (i.e., smooth) as
n [Bo], [Oe]. We proceed in this paper using some main results from the
theory of unipotent groups over non-perfect fields [Oe], [Ro1,2], [Ti] to inves-
tigate certain finiteness properties of Galois cohomology of unipotent groups
over non-perfect fields and also related local - global principles over global
function fields.

Theorem. (cf. Theorem 3.1) Let k be a global field and let G be a connected
smooth unipotent group defined over k. Then the first Galois cohomology
group H'(k, Q) is trivial if and only if it is finite and there is a k-embedding
of G into a semisimple (resp. unipotent) smooth simply connected k-group H
such that with natural action of H on H/G, the orbits of H(k) are closed in
(H/G)(k) in the A(S)-topology of (H/G)(k) for any finite set S of valuations
of k.

Theorem. (cf. Theorem 4.8) Let k be a non-perfect field of characteristic
p. Let G be a non-trivial (not necessarily smooth) commutative unipotent
k-group scheme of dimension < 1, the connected component G° of which is
not k-isomorphic to an extension of G, by an infinitesimal k-group scheme.
Assume in addition that if p = 2 then G° is neither k-isomorphic to an ex-
tension of G,, nor of the subgroup defined as in Proposition 4.2, b), by an

2



infinitesimal group scheme. Then the flat cohomology H}l(k‘, G) is infinite.
In particular, for any global field k of positive characteristic and for any non-
trivial commutative k-unipotent group scheme G of dimension < 1 with G°
not k-isomorphic to an extension of G, by an infinitesimal k-group scheme,
the cohomology set Hy,(k,G) is infinite.

Theorem. (cf. Theorem 5.1, Proposition 5.4) (Local - global principle)
Let k be a global function field and let G be a connected smooth unipotent
group defined over k of dimension n.

a) If n =1, then H'(k, G) is trivial if and only if for all valuations v of k and
the completion k, of k at v, H'(k,, G) is trivial.

b) If n > 1, then Then H(k,G) is trivial if and only if for all valuations
v of k and the completion k, of k at v, H'(k,, G) is trivial and there is an
embedding of G into a smooth k-split unipotent group H such that with nat-
ural action of H on H/G, the orbits of H(k) are closed in (H/G)(k) in the
A(S)-topology of (H/G)(k) for any finite set S of valuations of k.

2 Some definitions and notations

2.1. Recall that a unipotent group G defined over a filed k is called k-wound
if any k-morphism of varieties A! — G is constant. We refer to [Ti], [KMT],
[Oe] for detailed discussion of the theory of k-wound groups.

2.2. For a finite field extension K/k and V an affine K-variety, we denote
by Ry/k(V') the restriction of scalars from K to k. (In the case of separable
extension, it is just Weil’s restriction of scalars and in the general case, tak-
ing into account also the non-separable extension, the definition was given
e. g. in [Gr], [DG] or in [Oe¢|, Appendix 3.) For a field k£ we denote by k;
its separable closure in an algebraic closure k of k, I' = Gal(k,/k) denotes
the Galois group of kg over k, and for a (smooth) linear algebraic k-group G,
H'(k,G) := HY(T', G(k)) denotes the first Galois cohomology set of G.



3  Triviality of cohomology and closedness of
orbits

Let k£ be a global field. For a valuation v of k denote by O, the ring of
v-integers of k,, and by A the adele ring of k. Let S be a non-empty finite
set of valuations of k, A(S) be the ring of adeles of k with trivial components
belonging to S. Then we have for any affine k-variety V/,

V(A) = [ V(k,) x V(A(S)),
veS
and let pry : V(A) — V(A(S)) be the projection on the second factor. We
endow A(S) with the induced topology from the ring of adeles A of k. The
induced (from A and A(S)) topologies on V(A) and V(A(S)) are called adele
and A(S)-topology, respectively. Let G be an affine k-group scheme. We say
that G satisfies property (%) in dimension r if the following holds

(%) For any finite set S of non-equivalent valuations of k, the localization
map Hy(k, G) — l,es (Ko, G) is surjective

where H}; denotes the flat cohomology group in dimension r, whenever it
makes sense (see [Cal, [Mil,2], [SGA4], [Sh]).
We will see later on that many affine group schemes enjoy this property.

3.1. Theorem. Let k be a global field and let G be a connected smooth
affine group defined over k.

a) Assume that G satisfies property (x). Then the first Galois cohomology
group HY(k, G) is trivial if and only if it is finite and for some (thus any)
embedding of G into the k-group H = SL,,, such that with natural action of H
on H/G, the orbits of H(k) are closed in (H/G)(k) in the A(S)-topology of
(H/G)(k) for any finite set S containing some fixed finite set Sy of valuations
of k.

b) Assume that G is smooth and unipotent. Then the assertion a) holds
where H 1is either smooth semisimple simply connected k-group or smooth
unipotent k-split group.

c) Assume that G is semisimple and either k is a number field or k is a
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global function field and the fundamental group of G satisfies the condition
(x) in dimension 1. Then the assertion a) holds for semisimple groups G.

Proof. a) ("Only if” part.) We take a matrix k-linearization ¢ : G — GL,
such that G — H := SL,,, where GL,, (resp. SL,) denotes the general (resp.
special) linear group of n X n-matrices over k. Then we know that L = H/G
is smooth over k and we may consider the following exact sequence

l-G—H—L—1.
Since H has trivial 1-Galois cohomology (see e.g. [Sel]), so H'(k, H) = 0,
and H!(k,, H) = 0, and from [Oe], Chap. III, it follows that HY(T", H(A(S) ®
ks)) = 0. Since H, G are smooth algebraic groups over k, they are also smooth
as A-group schemes and as A(S)-group schemes. It follows from [SGA 4] (cf.

also [Mil], Chap. III) that we have canonical isomorphisms between étale
cohomology and Galois cohomology

H,(A(S),G) ~ H(T,G(A(S) ® ks)),

H, (A(S), H) ~ HY(T, H(A(S) ® k),
Hey(A,G) ~ H(L, G(A® ky)),
H! (A, H) ~HT,H(A®k,)),
(1 =0,1) and we have the following commutative diagrams with exact rows
Gkk) - HE > Lk 2 H!(k, G) — 0

! 7l Gl al

G(A) B HA) U L) B H(T,GA®E) — 0



Gk) S  HEK 5 Lk > H!(k,G) —~ 0

! vs | Bs | ag |

ds

G(A(S)) > H(A®S) 5 L(A(S) = H'(IGAS)©k) — 0

where the maps 0, d4,0s are surjective. By assumption the localization
maps are surjective, so from the triviality of H!(k, G) it follows the triviality
of H'(k,, G) for all v. Thus from [Oe, Ch. I] and from above it follows that
HY T, G(A(S)®ks)) and HY(T', G(A® k,)) are trivial, so r and rg are surjec-
tive. From this the assertion follows.

("If” part.) Assume that G — SL, for some n. We proceed to prove the
following lemmas.

3.2. Lemma. With the notation and assumption in the theorem, for some
finite set of valuations Sy and any finite set S containing So,the map g s
imnjective.

Proof. Since H is a semisimple simply connected k-group, it is well-known
that there exists a finite set Sy of valuations such that with respect to Sy,
H has the strong approximation in the global field k, i.e., for any finite
set S containing Sy, the image vg(H (k)) is dense in H(A(S)) in the adele
topology. We may endow H'(k,G) and HY(T, G(A(S) ® ks)) with weak-
est topology such that all maps in the above diagram be continuous. Here
the sets G(k), H(k) and L(k) are endowed with the topology induced from
G(A(S)), H(A(S)), L(A(S)), respectively.

Let 2 € Ker (ag) and let y € L(k) such that §(y) = x. Then 05(Bs(y)) =
0, i.e.,

Bs(y) € rs(H(A(S))) = Cl(Bs(r(H(k))).

Since the adele topology has a countable basis of topology, there is a se-
quence h,, € H(k) such that Gs(r(h,)) — Bs(y) in A(S)-topology. Since (s
is just the diagonal embedding L(k) — L(A(S)), it follows that r(h,) — y
in L(k) in the topology induced from A(S))-topology on L(A(S)). Hence
§(r(h,)) — 0(y) in H'(k, G). Since H(k)-orbits are closed in L(k) with re-
spect to the A(S)-topology induced on L(k), and they are finite in number,
it follows that all they are open. They are precisely the fibers over elements



of H'(k,G). Therefore for sufficiently large n we have 6(r(h,)) = d(y), so
x = 0, thus ag is injective. The lemma is proved.

Next we need the following lemma.

3.3. Lemma. a) Assume that in the following commutative diagram of
pointed topological spaces,

A 2, B 4, C — 1
o | LB e

A2 g Lo S
where A, A’ are topological groups and all maps are continuous and all rows
are exact. If Im (B') is dense in B’ then so is Im (') in C".
b) If A, A’, B, B’, C and C’ are commutative topological groups, Im (o) is
dense in A" and the closure of the image of 5" is open in B’, then we have
the following topological isomorphism

B'/Cl(Im (3)) ~ C"/Cl(Im (7).
Proof. a) Trivial.

b) We have an obvious surjective homomorphism ¢’ : B" — C'/Cl(Im (v')).
Next we show that ¢’ induces a surjective homomorphism

q: B'/Cl(Im (§')) ~ C"/Cl(Im (v")).
For this it suffices to show that

¢ (CU(F'(B))) C Cl(¢'(F'(B)))(C Cl(Im (v))).
Let 0 € CI('(B)), V an arbitrary open neighborhood of ¢/(b') in C'. We
need to show that V N¢'(3'(B))) # 0. Since ¢ is continuous, ¢'~*(V) is open
in B’, which contains /. Hence ¢~1(V)NF'(B) # 0. Let y € ¢~ Y (V)N B (B),
soq(y) eV Nnd(p(B)),soVNg(F(B))) # D as required.
Next we show that Ker (§) = 0. It is clear that this amounts to proving
that

¢~H(CUY(C)) = CUB'(B)).
Clearly the set on the left contains the one on the right, since ¢'~*(Cl(v'(C)))
is closed and containing Im (3’)). Notice that
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¢HCIY(C) = ¢~HCl(Y'(8'(B))))

= ¢~ (Cl(d'(F'(B)))),
hence it suffices to show that Cl(¢'(8'(B))) C ¢'(CI(F'(B))). Indeed, assum-

ing that this inclusion holds. Then one has
¢ (Cl(g (Im 3))) € ¢~ (¢/(Cl{Im 3)))
— p/(A)CI(Im 7).
Since Im o’ is dense in A’ so we have
P(A) = p(Cl(4)))
C Cl(p'(o'(A)))
— CU(B (p(A))

C Cl(F'(B)),
hence we have ¢'(Cl(8'(B))) C Cl(¢'(#'(B))) as claimed. Since CI(3'(B)) is

open in B’ and ¢ is an open map (as quotient homomorphism), it follows
that ¢'(CI(F'(B))) is an open subgroup of C’, hence also a closed subgroup.
It contains ¢'(5'(B)), hence also Cl(¢'(F'(B))) as required. The lemma is
proved.

Next we prove that the image of H'(k,G) in HY(T', G(A(S) ® k,)) is triv-
ial for S sufficiently large. First we introduce some notations. If char.k = 0,
let O be the ring of integers of k, C = SpecO, and if char.k > 0, let k = F(C),
which is the function field of a geometrically integral smooth curve C over a
finite field F. One may find an affine group scheme Ge/ of finite type over an
open affine subset C’ C C, such that G is k-isomorphic to the generic fiber of
Ger. The following argument is in fact a ”folklore”, which follows from results
of [EGA 1V] (cf [Oe]). It is well-known that the subset C' C C of all elements
¢ € C where the canonical morphism G — C is smooth, is open (in this
case we just need Zariski’s result [EGA 1V], 0.22.6.8 and 17.5.1). By passing
to an affine open subset C” C C" and use [EGA 1V], 17.8.2, we see that all
fibers over s € C"” are smooth. Now Ger — C” is smooth and of finite type
and also finite presentation. By [EGA IV], 9.7.8, over a suitable open and
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non-empty subset C”" C C”, all fibers will be also geometrically connected,
since by assumption G is connected. Thus over C"”, all fibers are smooth and
connected group schemes.

Thus, after shrinking C’ we may assume that all fibers of G¢/ are smooth,
connected affine groups. Every G-torsor P over k (i.e. principal homogeneous
space of G) comes from certain Ge-torsor FPer for suitable C' (depending on
P). Since H!(k, G) is finite by assumption, we may take C’ sufficiently small,
so that for such C’, every G-torsor P comes from a Ge/-torsor Fpr. For every
closed point s € C’ let v(s) be the corresponding valuation with the local
ring O,(s), the maximal ideal m, ), the completion k) (of k at v(s)) and
the finite residue field x(v(s)). We have the following commutative diagram

He(C', Ger) —  Hg(Speck,Ger xcr Spec k)

! !

H.,(Spec Ou(s), Gor X Spec Oy(s)) —  H.,(Spec sy, Ger Xcr Spec ky(s))
Lf

H.,(Spec k(v(s)), Ger X Spec k(v(s)))

and for a Ge-torsor P we have

Pc/ = P .= Pc/ Xer Spec k

! l

PC/ Xer Spec OU(S) = ka(s) =P XSpec k Spec k?v(s)

!

Per ¢ Spec k(v(s))



which shows that P;%(S) is isomorphic to the generic fiber of Fer x¢rSpec O, (s).
Now every closed fiber of G¢r is a smooth and connected algebraic group and
defined over a finite field, hence by Lang’s Theorem (see [La]), it has trivial
Galois cohomology. Therefore every closed fiber Per X Spec k(v(s)) of G-
torsor Pe is a trivial torsor. Since Ger is smooth, from ”Hensel Lemma” (see
Grothendieck [SGA 3, Exposé. XXIV, Prop. 8.1, (ii)]) it follows that f is an
isomorphism, so Fer X¢r Spec Oys) (hence also ka(5>) is trivial. From [Oe],
Chap. III, Sec. 2.4, it follows that

H(D, GUA(S) @ k) ~ [[ B (k. G)
vES
Therefore by taking C\C’ (hence also S = {v(s)|s € C\C'}) sufficiently large,
we see that the image of H'(k, @) in HY(T', G(A(S) ® k,)) is trivial and the
assertion a) of the theorem follows.

b) If char.k = 0, then the first Galois cohomology of unipotent groups is
trivial, and ”only if” part needs proving, but this follows from above. Now
we assume that char.k > 0. Smooth unipotent groups over any field satisfy
the property (x) by [TT], so the assertion related with semisimple simply
connected groups is coved in part a), and the rest follows from the fact that
k-split unipotent groups have strong approximation over k for any S.
(In the case H is a unipotent group, we have a shorter argument as follows.
Let H be a k-split unipotent group. The "only if” part is proved like above.
Conversely, we show that H!(k, G) is trivial. Since H is unipotent and k-
split, the quotient space L is k-isomorphic to the affine space A" for some
r (see [Rol],[Ro 2]). Hence L has strong approximation, thus the closure
Cl(Bs(L(k))) is equal to L(A(S)). Therefore ag is surjective by Lemma 3.3.
Since H!(k,G) is finite, it follows that HY(T',G(A(S) ® ks)) is finite, too.
From [Oe], Chap. III, Sec. 2.4, it follows that
HY(I, G(A(S) ® k) ~ [ H' (k. G),
vgS

hence for all v ¢ S, H(k,, G) is finite and for almost all v, H(k,, G) is trivial.
Let Sy := {v|H'(k,, G) # 0}. Then Sy is finite and for S = Sy, according to

Lemma 3.2, we have an injection

H'(k,G) — H' (T, G(A(S) ® ks)) ~ [[ H' (k.. G) = {0},
vegS
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thus H!(k, G) is trivial, too.

c) Now we assume that k is a number field. Then Borel and Harder have
proved ([BH], Theorem 1.7), that G satisfies the property (x). We give here
a modification of their proof. Consider the k-covering of GG, i.e., a semisimple
simply connected k-group H together with the following exact sequence

1-F—H—G—1,

where F' is a finite diagonalizable k-subgroup of H. We have the following
commutative diagram, where each row is an exact sequence of Galois coho-
mology

H'(k,F) —  H'(H) 5  H(4%G 5  H(EF)
! |« LB it

HveSHl(kvaF) - HveSHl(kvaH) = HveSHl(kva) - HveSHQ(kvaF)

We take any sufficiently large finite set S of (non-equivalent) valuations of k
such that S contains the set of all archimedean valuations oo of k. Then the
well-known Hasse principle for simply connected groups (see [PR], for the
case of number fields, and [Hal, for the case of function field) tells us that o
is bijective, and a result of [BH], Proposition 1.6, says that 7 is surjective.
Also, classical results due to Kneser [Kn] (for the case of number field), and
[T] (for the case of function field), say that A and Ag are surjective. Thus by
chasing on the above diagram we see that for any given gg € [[,cs H' (ky, G)
there is an element g € H'(k, G) such that

As(gs) = As(B(9)))-
By twisting the exact sequence
1 F—H—->G-—=1
with a cocycle (x;) representing the class g we get another exact sequence
1—-F— ,H— ,G—1.

By considering the commutative diagram with rows being exact sequences
of Galois cohomology deduced from this exact sequence as above, we are
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reduced to the case ¢ = 0 (the distinguished element in H'(k,G). Then
Ag(gs) =0, i.e., g5 = ms(hg) for some element hg € [],cg H (ky, H), hence,
by using the surjectivity of a;, we deduce that gs € Im (/3) as required.

In the case of global function fields, by using the fact that H! of simply
connected groups is trivial (Harder’ Theorem [Ha])

H}l(kv G) - H?”l(kv F)

is a bijection ([T]), the condition (x) in dimension 2 for F' then means that
the same holds for G in dimension 1. m

3.4. Corollary. Let G be a smooth unipotent group defined over a global
field k. Then for any non-empty finite set S of non-equivalent valuations of
k, the restriction map

H'(k, G) — [ H'(k,. G)
vgS

18 surjective.

Proof. We may embed G into a smooth k-split unipotent group H and
then consider the exact sequence

1-G—H—L—1,

and the related diagram as in Lemma 3.2. We now apply Lemma 3.3, noticing
that L has strong approximation over k with respect to any finite non-empty
S. m

4 Finiteness for Galois cohomology of unipo-
tent groups

In this section we prove some criteria for the finiteness of Galois cohomology
of unipotent groups over non-perfect fields. A special attention is devoted
to the case of local and global function fields. The following simple lemma
which is well-known [We| but we give here another short proof.

4.1. Lemma. Let k be a global (local) function field of characteristic p > 0.
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Then [k : k*] = p.

Proof. We claim that if k is a field of char p and [k : kP] = p then [k : k"] = p,

for all finite extensions k' over k. If {xy,...,z,} is a basis of £’ over k then
{ ... 2P} is a basis of k" over kP. Therefore, [k : k] = [K'* : kP], and we
have W K[k
rogary Y R R PR ¥
k' k"] = - = [k : kP].

We first prove the lemma for the case k = F,(t), ¢ is transcendental over F,.
Let P(T') be an arbitrary polynomial in F,[T]. Then we can write P(T") =
= P(t

Y T'PP(T). An element a € k is always of form a = QEt%’ P(T),Q(T) €
=0

F,[T]. We have

P PR fgti@xt))p
Q(t) Qr(t) = \ew )
So {1,t,...,tP7'} generates k over kP (as a vector over kP). Since t is tran-

scendental over F, {1,¢,...,t"1} is linearly independent over k*. Hence,
{1,t,...,tP"'} is a basis of k over kP, and [k : kP] = p.

So from above it follows that the lemma is true for global fields.

Now, consider the case of local fields of characteristic p > 0. We may as-
sume k = Fy((t)). Let a = ) _ ait’,a; € F, be an element of k. Since every

i>i
elements of F, is a p-power, we can write a; = b}, b; € F,,. Therefore, we get

a=)Y bt

1>140

p—1
:Z Z b§i+rtm+r

r=0i>(io—r)/p

p—1 ' P
S Iy
r=0

i>(io—7)/p
p—1
— TP
o Zt .,
r=0
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where a, € k. Hence, {1,t,...,t"P"1} generates k over kP. And 1,¢,...,tP7}
are linearly independent over k?, so {1,¢,...,t?~'} is a basis of k over k* and
k: kPl =p. =

Next we examine a class of unipotent groups of special type over non-
perfect fields of characteristic p > 0, namely the groups defined by the fol-
lowing equation

o+t 4+t b — g = 0.

This class of groups was first considered by Rosenlicht in [Rol,2|, and then
in [KMT], [Oe], [Ti], where they served as simple but important examples,
which will be needed in the sequel. First we consider the case of character-
istic 2.

4.2. Proposition. a) Let k, be F,((t)), ¢ = 2", G the F,(t)-subgroup
of G% defined by the equation y* = x + tx®. Then |H'(k,, G)| = 2.

b) Let k be a global function field of characteristic 2, t an element of k — k?.
Let G be the closed subgroup of G2 defined as above. Forv a nontrivial valua-
tion of k, let k, be the completion of k with respect tov. Then |H'(k,, G)| = 2,
and H'(k, G) is infinite.

Proof. Let P(z,y) = y? + x + tz?, and consider P as a homomorphism
from G2 to G,. We have an exact sequence of unipotent k-groups

1—>G—>G2£>Ga—>1.

From this we have H!(k,, G) ~ k,/P(k, x k,) since H*(k,, G,) = 0.
a) First, we show that
(1) ct "€ Pk, X ky), for allc € Fp,i > 2,

by induction on i. In fact, if ¢ = o?, where a € F,, then ¢t=% = P(0,at ™).
Since any element of F, is a square, it follows that the statement holds for
all even numbers i. Assume that (1) holds for all numbers j with 2 < j <.
If 7 is odd, then 7 + 1 is even and from above we know that (1) holds for
1+ 1, so we are done. If 7 is even > 2, ¢ = 25, then 2 < 57 < ¢ —1 and by
induction assumption, there are a,b € k, such that at=7=! = P(a,b) where
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c=a? with o € F, and a,b € k. Then we have ct=%~' = P(a + at 771, b).
Hence (1) also holds for ¢ +1 =25 + 1.
Next, we prove that

(2) F,l[t]] € Pky X ky),, ice. Y cit' € Pk, X ky),Ve; € Fy.

i>0
In fact, if we can find y € F[[t]] such that
(3) Y+ dy/dt = Z Coirit™,

>0
where (d/dt) denotes the differentiation with respect to t, then

s=t’+y+y ot =2
i>0

for some z € F,[[t]], since ds/dt = 0. Now, by writing y = »_y;t' and by

i>0
substituting it into the left hand side of the equation (3), we have

Y dy/dt = yitt 4+ yaiat™

>0 >0
= Z(y? + Yoi1 )12
>0

By comparing those coefficients with the same power of ¢ in (3) we derive
P+ Yis1 = Coip1, Vi > 0

and by setting yo; = 1, Y911 = C2i41 + y7, We get a solution for (3).
Finally, we claim that

(4)  for any a € Fy, then at™ € P(k, x k,) if and only if « = u® + u, for
some u € Fy.

In fact, if at™! = b? + a + ta?, for some a,b € k, then by differentiating
both sides with respect to ¢, we get at~2 = da/dt + a?. Tt suffices to consider
the case when a # 0. In this case, a # 0, and we can write a = t'u, where
l € Z,u € k,v(u) = 0, and v; denotes the valuation corresponding to ¢. Then
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(5) at™2 = [ty + tdu/dt + t2 .

We have
v (I + tdu/dt + t*'u?) > 0

if [ > 0, and
v (It + tdu/dt 4 t*u?) = 21 < —4

if | < —2. Therefore, by comparing both sides of (5), we see that | equals
—1, and by writing u = ug + tuy, ug € Fy,u; € F[[t]], we get o = u? + ug.
Evidently, if & = u? + u, for some u € F,, then at™! = P(ut™*,0).

From (1), (2), (4) and by observing that the map u +— u? + u is a
homomorphism from (F,,+) to (F,, +) with kernel Fy, we conclude that
|H(k,, G)| = 2 and the assertion is proved.

b) Let m be a prime (uniformizing element) for v. For simplicity, we identify
k, with the field k(v)((7)), where k(v) is the residue field of k respect to
v, so k(v) = F,, with ¢ = 2". By Lemma 4.1, we can write t = a? + 7b?
a,b € k,. It is easy to check that b # 0. By making the change of variables
y' = b(y + ax),z’ = bz, one checks that G is isomorphic to the subgroup

G ={y? =o' + 7}

Therefore from part a) it follows that |[H(k,, G)| = |H (k(v)((7)), G')| = 2.
We know that the localization map

H'(k, G) — [ B (ky, G)

veF

is surjective for any finite set F' of non-equivalent discrete valuations ([TT]).
Since there are infinitely many v, we conclude that H'(k, G) is infinite. m

For the case p > 2, we have the following result. The idea of the proof
is similar to the above one, but the computation is more complicated, so we
give a full proof.

4.3. Proposition. a) Let k = F,(t), v be the valuation corresponding
tot and k, = Fy((t)),q = p",p > 2. Let G be the F,(t)-subgroup of G de-
fined by the equation xf + taf + - - +t*"'ab | = x, 1. Then [H'(k,, G)| = p.
b) Let k be a global function field of characteristic p > 2, t an element in
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k — kP. Let G be the subgroup of GP defined as above. Then for infinitely
many non-equivalent valuations v of k, H'(k,,G) # {1} and H'(k, Q) is in-
finite.

c) Let k, = Fy((t)), g =p",p > 2. Let G be the F,(t)-subgroup of GE defined
by the equation xf + taf + -+ " 'ab | + 2,4 = 0. Then |H'(k,,G)| = 1
(resp. p) if n is odd (resp. even).

Proof. a) We first show that for
P(xo, ..., xp1) = xf + tal 4+ -+ 7 ab |~z

then
(1) "€ Plk,x-xk,), forallceFyi>2,

by induction on . Since any element of F, is a p-power, we may write
c=pF,5€F,. Wehave, for 0 <r<p-—1,1r#1,

et = p(o,..., Bt L 0),

where all coordinates are 0 except at x,_,. Assume that (1) holds for all
numbers j, with 2 < j <. If i 20 (mod p), theni+1# 1 (mod p), so
i+1=pl+r, where 0 <r <p-—1,r#1,so (1) holds for i + 1, and we
are done. If © = pj then 2 < 5 < ¢ and by induction assumption, there are
ag, . .., a, 1 € k, such that 3t=U+Y = P(ay,...,a, 1). By setting

To = Aoy ..., Tpg = Ap_2,Tp—1 = Ap_1 + ﬁt_(j+1),
we have
xh+tah + -+t —xp g = (ag+tal + -+ P ap ) —apq)
+tp—1(gt—(j+1))p _ ﬂt—(j+1)
= (P(ag, ..., ap_1) — Bt=UTD) 4 (gr¢=Pi+l))

— th(pj‘i’l) .

Next, we prove that
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(2) F,[t]] € P(F,[[t]] x --- x F[[t]]), i.e., for all ¢; € F, we have

= St € P(E,[[f] x - x Fy[1]).

i>0
In fact, by differentiating with respect to ¢t both sides of the following equa-
tion

Sett =ah+tal +- P2l

i>0
(p— 1) times, and by observing that (p — 1) = —1 (mod p) (Wilson’s the-
orem), we get

(3) P e(t) /dtr = epigpoit? = dP T,y dtP

1>0

First we find z,_; satisfying (3) as follows. Let x,_; = Zyiti then
i>0

ah g — A"y g JdPT = (Y = Ypip—1) T

>0

Using this and by comparing those coefficients with the same power of ¢ in
(3), we get
yf — Ypi+p—1 = Cpitp-1, Vi > 0.

By setting Ypitr = 0,0 <7 <p—2, Ypirp—1 = Y, — Cpitp—1, We get a solution
xp—1 for (3). From this it follows that

d
- (p— Ditab_| — dP 2, /dtP=* — dP2e(t) JdP 2] = 0,
so there exists x,_o € F[[t]] such that

d"2e(t)/dt"? = (p— 2)lab o+ (p— Dlab_y — dP 2wy JdtP 2

By repeating this argument p — 2 times, we can find o, ...,z,_1 € F/[[t]]
such that ¢(t) = P(zo,...,2p-1), and (2) is proved.

Finally, we claim that

(4) for an element c € F,, ct™' € P(k, x -+ x k) if and only if ¢ = uP —u,
for some u € F,.
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In fact, if ct=!' = P(ag,...,ap-1),a0,...,a,1 € k,, then again, by differ-
entiating with respect to ¢ this equality (p — 1) times , we get

(5) ct? =ab_+d"ay_y/dtr1

It suffices to consider the case ¢ # 0. In this case, a,—1 # 0, and we can
write a, ; = t'u, where | € Z,u € k,, v;(u) = 0, and v; denotes the valuation
corresponding to t. If [ > 0 then

vi(ah_y + dPtay_y /dt""Y) > 0.
We note that for any a € k, then v(da/dt) > vi(a) — 1, so
v(dP ta, 1 /dtP™) > 11— (p—1).
If | < —2 then
v(dP ap 1 fdtP ) > 1= (p— 1) > pl = vi(af_y),

hence
v(ab 4+ dP ap_y fdtPT) = pl < —p = vy(ct7P).

So, by comparing both sides of (5) we find that [ = —1. By using Leibnitz’s
Formula and Wilson’s Theorem again, we obtain

p—2
(6) P =tPuP —tPu+ Y CL(—1) il D@ iy g

=0
Let u = ugp + tuy, up € Fy,u; € Fy[[t]]. By comparing the coefficients of
t7P in both sides of (6), we get ¢ = uf) — ug. Conversely, if ¢ = u? — u, for
some u € Fy, then ct=! = P(0,...,0,ut™).

From (1), (2), (4) we have [H'(k,,G)| = |ker |, where ¢ is the homo-

morphism: (F,,+) — (Fy, +),u — v —u. It is clear that | ker ¢| = |F,| = p.
Hence [H!(k,,G)| = p.

b) By Lemma 4.1, we have [k'/? : k] = p. By [Oe], Ch. VI, Sec.5, G is

isomorphic to the quotient of the Weil restriction H G,, by G,,, and from
kP [k

[Oe, Chap. VI, Sec. 5.4, Proposition 2|, it follows that G has Tamagawa

number 7o = p. Then, by using the Hasse principle for the Brauer group of
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global fields (see, e. g. [We]) one checks that III(G) = 1.
Now, assume that H'(k, G) is finite. Then H'(k,, G) is trivial for almost all
v, since

H'(k,G) — [[ H'(kw, G)

veF

is surjective for any finite set F of discrete valuations ([TT]). Let

v Wk, G) = [[H (k, G))

be the localization map and let S be the finite set of v such that H'(k,, G) # 0.
The map H'(k,G) — HHl(kU,G)) is thus surjective, so by [Oe], Ch. IV,

Corollaire 3.4, we have 1‘Jche following formula for the Tamagawa number 7¢

of G :
@) 1

“ ™ |Coker 7] - |Coker v| =
This is contradicting to the fact that 7¢ = p. Therefore H'(k, G) is infinite.

c¢) Using the same argument as in part a), we get |H'(k,,G)| = |kery|,
where ¢ is the homomorphism: (F,,+) — (F,,+),u — u” + u. Note that
ker ¢ is a normal subgroup of F, and has at most p elements, then |ker ¢| = 1
or p. If |ker p| = p then the polynomial X?~! + 1 can be split into linear
factors over F,[X] and F, contains a (p — 1)"-root of —1. Conversely, if F,
contains a (p — 1)™-root a of —1 then «,2¢q,...,(p — 1)a are all roots of
XP~1+1 and |ker ¢| = p. It is clear that F, contains a (p — 1)"-root of —1 if
and only if F, contains a primitive 2(p — 1)-root of unity, (3(p—1) . Since Fp»
is the splitting field of X*" — X = 0 over F,,, F, contains (y(,—1) if and only
if (2(7;:11) =1, 1e., 2(p—1) divides p™ — 1, that is, if and only if n is even. m

Further, we give another example of a wound unipotent group defined
over F,(¢), which , when passing to F,((¢)), ¢ = p", has trivial Galois coho-
mology group, for any n (compare with Proposition 4.3, ¢)).

4.4. Proposition. Let k, = F,((t)), where ¢ = 3", and let G be the
F,(t)-subgroup of G defined as follows

G = {(x1, 29, x3)|23 + tod +t 123 + 25 = 0}.
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Then H'(k,,G) = 0.

Proof. Let P(xy,m9,23) = o3 + tod + t~txs + z3. By an analogous argu-
ment as in previous proposition, we have H'(k,,G) ~ k,/P(k, x k, X k,).
Hence, to prove the triviality of H'(k,, G), we need only prove the following:

(1) Fo[lt]] € P(F[[t]] x Fy[[t] x Fy[[e]]), i.e. ;}citi € P(F,[[t] x Fy[[t]

F,[[t]]), for all c; € F,
(2) ct™" € P(ky X ky X ky), for allc € Fy,i > 1.

Now, we prove (1). By differentiating both sides of the following equation
with respect to t twice

Zciti = :Eil)’ + tw%’ + t_lmg + x3,

>0
we get
(**) Z 263i+2t3i = 2t_3m§ + dQZL‘g/dtz.
120

By writing x5 = Z a;it’,a; € F, we have
i>0

207025 + Py /dt® = 245t + > (24}, + 2a3:42)t™.
>0

Comparing coefficients with the same power of ¢ in (%) we get
ap =0, 2a},, + 2az;12 = 2c342, Vi > 0.
By setting as; = agiy1 = 0,a3,400 = —afﬂ + 3442, Vi > 0, we get a solution

for (%x). Since

% Z(Cgi+1t3i + 2Cgi+2t3i+l) - (—t72$§ + dxg/dt) = O,
>0
there exists x5 € F[[t]] such that

Z(CSiJrltgi 4 2¢3 0t = a3 — 7223 + das/dt.
i>0
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Using this argument again, we have Z cit' = P(xq, 9, x3), for some x1, xe, 3 €

i>0
F, (1]

Finally, we prove (2) by induction on i. Namely, given any ¢ € F,,
then ¢ = 3,3 = o, a,8 € F,. We have ct™! = P(—,0,0), and ct™2 =
P(0,58t71,0). So (2) is true for 4 = 1,2. And it is easy to check that
ct=3 = P(Bt=,0,0), ct 3 = P(0, 5t7*,0), and ct 32 = P(a, b, c+3t~1),
where a,b,c € K, satisfy —3t~" = P(a,b,c) (the existence of a,b, ¢ are en-
sured by the induction hypothesis). m

4.5. Now we give a sufficient condition for the Galois cohomology groups
of unipotent commutative groups over non-perfect field to be infinite. Then,
using this, we prove that the only connected smooth unipotent group of di-
mension 1 with finite Galois cohomology group over global field is G,. Before
stating and proving this condition, we need the following lemma. Recall that
if P is a p-polynomial in r variables 17, ..., T}, with

P=> > cl-jTipj, where ¢, # 0, Vi,

1<i<r 0<j<m;

then the principal part By of P is defined by

Pprine =Y cim TV
princ — mm;+q .

1<i<r

Lemma. Let k be a non-perfect field of characteristic p, v a non-trivial dis-

crete valuation of k. Let P be a separable p-polynomial in r variables with

coefficients in k. Let Pyrine = Zcif[;-pmi be the principal part of P. Assume
i=1

that for all (ay,...,a,) € k", v(¢;) + p™v(a;) are all distinct whenever they

are finite. Then there exists a constant Cy depending only on P, such that if

a= Pl(ay,...,a.) and v(a) < Cy then v(a) = v(¢;) + p™v(a;), for some i.

Proof. We process by induction on r. By assumption, P is a non-zero p-
polynomial. First let r = 1, P(T) = ¢¢T + --- + cm1TP" "+ ¢, TP". We
set

Y2

A=inf {8 =) o om0
1,J

B =inf {Ap' +v(c;) | 0<i <m} —1,
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and pick any Cy with Cy < B. Now assume that a = P(a;) such that
v(a) =v(P(ay) < Cy (a; € k). Let iy be such that

v(eipaf”) = inf {v(ciaf ) | 0 < i < m}.
Then we have Cy > v(a) = v(P(ay)) > v(cioa’fio) = v(c;,) + p™v(ay). Hence
(Co —v(ei)) /P > v(ar).
By the choice of Cy, B, and A we have
v(a) < (B —w(cin))/p* < (A +v(ci,) —v(ein))/p* = A.
Hence by the definition of A

v(er) = v(em)

v(ay) < , Vi <m,

or, equivalently,
v(ciaﬁ’i) = 0(¢;) + p'o(ay) > v(en) + p"v(ay) = v(emd ), Vi <.

Therefore v(a) = v(¢y,) + p™v(ay) as required.

Now we assume r > 1 and that the assertion of the lemma holds true
for all integers less than r. By induction hypothesis, for any [ with 1 <
[ < r, there exist constants B; satisfying the lemma for the case r = I[.

Any monomial of P(Ty,...,T.) = Pyrine(Th, ..., T) is of the form AT,
A€ k*,1<j<rs>1,and for such a monomial, we set

(N —v(y)
A\s,j = s Ti—s
p J —p J
and set
Cy = | jnf {(0O) + ™ arg — vle))p ™} — 1.
Let

Cy = [ dnt_{(0(e) +5™Cy — v(e)p ™}

¢ = iz'ny-f{v(cz'j) + p™ Oy},

C() = inf{C’l,Bl, .. aBr—l}-

23



Assume that a = P(ay,...,a,),a; € k and v(a) < Cy. If there exists i such
that a; = 0 then [{i | a; # 0}| < r and instead of P we may consider the
polynomial P = P(Ty,...,Ti—1,0,Tiy1,...,T}) in r — 1 variables and use the
induction hypothesis. So, we assume that a; # 0 for all 7. Let

in = 1nf {i | v(a:) < vlay),for all j1<j<r}.

v(a) =v(Pl(ay,...,a,)) > inf{v(cijanij)} > inf{v(c;;) + p™v(ai,)}-

By assumptions v(a) < Cy < (4, so we have v(a;,) < Cy by definition of (.
Since v(¢;) + p™iwv(a;) are pairwise distinct, there exists unique i; such that

oea) + P 0(a) = int o(e;) + ™ u(ay)
Since
v(ci,) +p"(as,) < vle,) +p™Mov(a,) < vle,) +p™eCs,
we have v(a;,) < (3, since otherwise, we would have
v(cy,) +p"v(a,) > v(c,) +p"Cs > v(cy,) + p™ioCy,
which contradicts the above inequalities. Now, we show that
v(P(ay,...,a.)) =v(c,) +pmv(ay).

This follows from the following two facts:

(i) For any monomial )\Tfm] " of P(Ty,....,T,) = Pyinc(Th, ..., T,), appearing
in P(Th,...T,), A€ k,1 <j<rs>1 ifv(a;) < ay,s then by the definition
of ay,; and 7;, we have

mj—s

v(Aaj ") = v(A) + ™ u(a;) > () +po(e;) = v(en) +p"o(a).

Also, if v(a;) > a ;s then again by the definition of a) ,; and C5, we have

m.

v(Aa? 7

j > 0(A) +p"  fay s > v(e,) +p" 1 Cs > v(e,) + pMiv(ag, ),
3

)
since v(a;,) < Cs. Thus, we have for all j

m;—s

v(Adf ") > v(ei,) + pmv(ay).
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Hence
v(P(ay,...,ar) — Pprine(as, ..., a;)) > v(cy) + p"ro(a;,).

(ii) For j # i1, by the uniqueness of i;, we have
o(ega] ) > vle) + ™ ro(a),

SO
V(Pyrine(ay, ...;a,)) = v c“a]f1 + Z cjai ) > v(ci,ap, .
J#u
Now from above it follows that

v(a) = v(P(ay,...,a,))

= U(Pprinc(ar, ...,a,;) + (P(ay, ..., ar) — Pprine(as, ..., a,))

= czlaf’1 + Zc] ay (P(ay, ..., ar) — Pprinc(a1, ..., ar)))
J#u

= v(cilafl Zl) = U(Cil) —|—pmi11)(ai1>‘

The proof of the lemma is completed. m

4.6. Proposition. Let k be a non-perfect field of characteristic p, v a
non-trivial discrete valuation of k. Let G be a commutative unipotent group
T

defined by a separable p-polynomial P in v variables, with Pyin. = Z cl-Tipm ,

¢; € k*. Let m = min{my,...,m,} and assume that v(cy),...,v(c,) are all
distinct modulo p™ and r < p™. Then H(k,G) is infinite.

Proof. Since v(cy),...,v(¢,) are all distinct modulo p™, then for any tu-
ple (ai,...,a,) € k*", the values v(¢;) + p™v(a;), 1 < i < r, are always
pairwise distinct. Then all assumptions in the above lemma are satisfied,
so there exists Cy as in the lemma. Since r < p™ then there exists [ in
{0,...,p™ — 1} such that v(¢;) #Z I(mod p™), for all i € {1,..,r}. We
claim that for all a with v(a) < Cy, and v(a) = [ (mod p™), then a is
not in P(k"). For, assume the contrary that a = P(ay,...,a.),a; € k.
By the lemma above, there is i such that v(a) = v(¢;) + p™wv(a;). But
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this is contradicting to the fact that v(¢;) Z | (mod p), hence the claim
follows. We can choose a sequence {b,},, b, € k for all n > 1, such
that Cy > v(b1) > v(bs) > -+ > v(b,) =1 (mod p™), for all n. Then
V(b — bpim) = v(bpim) =1 (mod p™), for all m,n > 1. Therefore by the
claim above, for all m,n > 1 then b, — b4, € P(k"), so all b, are distinct
in k/P(k"). Therefore H!(k, G) is infinite as required. m

Obvious examples (cf. 4.2, 4.3) show that one cannot relax the condition
Tr < p™ to 7r < p™”, or relax the condition that the valuations v(c;) are
all distinct (mod. p™). As application of the above result, we show that the
flat cohomology in dimension 1 of one-dimensional non-split unipotent group
over non-perfect fields are infinite in general. First we consider the one-
dimensional flat cohomology of elementary finite unipotent group schemes.
In the simplest case of Z/pZ, the finiteness result dated back to Shatz [Sh].

4.7. Proposition. Let k be a non-perfect field of characteristic p > 0.

a) Denote by a,, the affine k-group scheme corresponding to k[T|/(T™). For
any r > 1, let G be a k-form of a,r or (F,)". Then H}l(k, G) is infinite.

b) Let G be a non-trivial unipotent k-group scheme of dimension 0. Then
H,(k, G) is infinite.

Proof. a) In our situation, there exists a descending central series for G
G=Gy>Gy>->G,1>G,={0}

with successive quotients G;/G,41 isomorphic to a k-form of (a,,)" or (F,)"
(see [DGJ, or Raynaud [SGA 3, Exposé XVII]). By making use of the fact
that all groups G; involved are commutative and H%(k,G;) = 0 (see e. g.
[DG], Chap. III, §5, Corol. 5.8 , and [Sel], Chap. II, §2), it is clear that
it suffices to prove the proposition in the case r = 1. We can find and fix
once for all a non-trivial discrete valuation v of k. It is well known (see e.g.
[DG], Chap. III, Raynaud [SGA 3], Exposé XVII), that «, has no non-trivial
k-forms and Hj,(k,ap) ~ k*/k*. For any element a in k* with v(a) # 0
(mod p), it is clear that a is not in k?. We may construct an infinite sequence
{ai}, a; € k, such that v(a;) < v(az) < --- <wv(a,) and v(a,) Z0 (mod p)
for all n. Then obviously a; (mod kP) are pairwise distinct, hence the abelian
group kT /E*P (i.e. Hy(k, ap)) is infinite.
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Now let G be a k-form of (F,)". Then we know that G' can be embedded
as a closed k-subgroup of exponent p into G,. The exact sequence

0—>G—>Gai>GaHO

allows us to consider G as the kernel (hence also as zero set) of a separable p-
polynomial f = f(T') € k[T]. Since G has p" elements, we have deg(f) > p".
Hence f(T) = bgT+---+b,T7" by # 0,5 > r. Up to a k-isomorphism, we may
scale off by, so we may assume that by = 1. Then H'(k, G) ~ k/ f(k), where
flz) =box + -+ bs_127" + 27" Now, consider the constant Cy depending
only on the p-polynomial f(7") (with the only leading coefficient ¢ = 1) as
in Lemma 4.5. For z in k such that v(z) < Cy and v(z) # 0 (mod p),
we see, according to this lemma, that z is not in f(7'). Again as above we
may choose an infinite sequence {a;} of elements from & such that a; & f(k),
Co > v(ay) > v(ag) > -+ > wv(a;) > --- for all ¢, and from this we conclude
that H'(k, G) is infinite.

b) The proof is again by ”"dévisage”. First we assume that G is commu-
tative. By Raynaud [SGA 3, Exposé XVII], there is a composition series for
G

G=Gy>G, > ->G, >G> >G, = {0},

where each factor G;/G;4; is a k-form of (F,)" (resp. of (a,)") for 0 < i <
r — 1 (resp. for r < m —1). The rest follows from the proof of part a).

Now assume that G is not necessarily commutative and let C(G) denote
the center of G. We use induction on the length s = s(G) of ascending central
series of (G, which is finite since G is nilpotent. If s = 1, then G is commu-
tative and we are back to the above case. Let s(G) = m > 1 and assume
that the assertion holds for all 1 < s < m. We have s(G/C(G)) < s(G).
Since G/C(G)) # {1} and has dimension 0, and since H},(k, C(G)) = 0, the
induction hypothesis implies that H},(k, G/C(G)) (and hence also H},(k, G))
is infinite. m

For unipotent groups of positive dimension we have the following result.
4.8. Theorem. Let k be a non-perfect field of characteristic p. Let G be a

non-trivial (not necessarily smooth) commutative unipotent k-group scheme
of dimension < 1, the connected component G° of which is not k-isomorphic
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to an extension of G, by an infinitesimal k-group scheme. Assume in addi-
tion that if p = 2 then G° is neither k-isomorphic to an extension of G,, nor
of the subgroup defined as in Proposition 4.2, b), by an infinitesimal group
scheme. Then the flat cohomology H}l(k;, G) is infinite. In particular, for any
global field k of positive characteristic and for any non-trivial commutative k-
unipotent group scheme G of dimension < 1 with G° not k-isomorphic to an
extension of Gy, by an infinitesimal k-group, the cohomology set H}l(k, G)
18 infinite.

Proof. 1) First, we assume that G is commutative, smooth (i.e. absolutely
reduced) and connected.
If G has dimension 0, the assertion follows from Proposition 4.7.
Assume that dim (G) =1. Then by [Ru], G is a k-form of G,, and G is
k-isomorphic to a k-subgroup of G, x G, given by

m

{(z,)|ly" =2+ ax” + -+ a2’ },

where ay,...,a, are elements of k£ not all in kP. It is well known (see e.
g. [Mil]) that if G is reduced then H} (k,G) ~ H'(k,G). Let Py(z,y) =
r+az? + -+ apa? —yP", a,, # 0, then by an analogous argument as in
Proposition 4.2 we have H'(k, G) ~ k/P,(k?).

a) We consider the case p > 2. Evidently, P,(k*) C P(k?), where P := P;.
Therefore, we need only consider the case n = 1. Let v be a non-trivial
discrete valuation with a prime element m, k, the completion of k£ respect to
v. Then we know (cf. [TT]) that the localization map H'(k, G) — H'(k,, G)
is surjective. Therefore, it suffices to consider the local case, i.e, to show that
H'(k,, G) is infinite. In the sequel we identify k, with the field k(v)[[x]]. If
am, € kP then by changing the variables

m—1
Y =y—a’ 2 =z,

where a,, = o?, a € k,, GG is isomorphic to the group given by

m—1

{(@ Y =2"+aa” +- + a2}

Hence, by repeating this argument (if necessary), we may assume that a,,
is not in kP, with m > 1, since by assumption, G % G,. Assume that
v(am) =0 (mod p). We recall the following result from [Ru], Proposition
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2.3. Denote by F' the Frobenius morphism, A = k[F] the (non-commutative)
ring of polynomials in F' subject to the relation Fa = aPF, for all a € k.
Then A ~ Endg(G,, G,), the ring of k-endomorphisms of G,. Every k-
form G of the k-group G, is then defined by the tuple (F" 1), where 7 =
ap + e F + -+ a, F™ € A ag # 0 (a separable endomorphism), and it is
k-isomorphic to the k-subgroup of G, x G, defined by the equation

'3 .
y* =ag+ a2’ + -+ a2t .

By [Ru, Prop. 2.3|, the two k-forms (F™, 1), (F™, 1), with n; < n, 1, =
cot+crF+---4cp ™, are k-isomorphic if and only if there exist a separable
endomorphism p =by+ b F +---+b.F" € A, 0 € A, and ¢ € k* such that
(> & Fhe= (00 FYr + Fro.
0<j<my i
Using this we may choose a k-form of G, defined by the equation y? =
ap + ayaP + - - + al,xP" | which is still k-isomorphic to G, such that v(a,) #
0 (mod p). Now, all conditions in Proposition 4.6 are satisfied. Namely,
we have Pouine = a2/’ —y?, r =2 < p=p™m and v(d),v(—1) are
distinct modulo p. Therefore, by Proposition 4.6, H!(k,, G) is infinite.

b) Now we consider the case when p = 2.
bl) Assume first that G is not isomorphic to the subgroup of G, x G, defined
by the equation

{(@y)ly” =2+ a2’}

where n > 2, a; € k*. By the same argument as in the case p > 2, it suffices
to consider the local case, i.e., over k,, n = 1, m > 2, and by applying [Ru,
Prop. 2.3] if necessary,, we may assume that v(a,,) =1 (mod 2). But then
v(w?) = 2v(w) and v(a,,)+2™v(u) are always distinct whenever (u, w) € k*2.
We choose an odd number | (mod 4) such that v(a,,) Z ! (mod 4). By
Lemma 4.5, there exists a constant Cy such that if a = P(u,w), v(a) < Cj
then v(a) = v(w?) or v(a) = v(ay,) + 2™v(u). We claim that if a € k, sat-
isfies the conditions v(a) =1 (mod 4) and v(a) < Cy then a € P(k?). In
fact, assume that a = P(u,w),u,w € k. Since v(a) < Cjy, v(a) = v(w?) or
v(am) + 2™v(u). But this contradicts to the fact that v(a) =1 (mod 4).
We conclude as in the proof of Proposition 4.6 that H!(k, G) is infinite.

b2) We now assume that p = 2 and G is isomorphic to a subgroup of the
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above Russel’s form. It is sufficient to treat the case n = 1, m = 2. By mak-
ing use of [Ru, Prop. 2.3], we may again assume that v(a;) =1 (mod 2).
Then v(a;) =1 or 3 (mod 4). So, v(w?) and v(a;) + 2v(u) are always
distinct whenever (u,w) € k**. We use an analogous argument as in previous
case and we see that H'(k, G) is infinite.

IT) We now assume that G is commutative, connected and non-smooth. Let
o, be the k-group scheme represented by Spec k[T]/(T?"). If dim G = 0,
then G is a k-form of o, for some r, thus isomorphic to the latter (here we
used the fact that r-multiple extension of o, by itself is isomorphic to a,r
(see Raynaud [SGA 3, Exp. XVII]), and by Proposition 4.7, it has infinite
flat cohomology.

Now we assume that dim G = 1. Denote by F' the Frobenius morphism
on G, G® the k-group scheme obtained from G via the base change k — kP.
For any natural number n, by considering ™ we obtain G*") and we denote
G = Ker (F") : G — G®"). Then it is well-known (see Gabriel [SGA 3,
Exp. VI4]) that there is a natural number ny such that G/p»G is smooth
for all n > ngy. Let r be the smallest such a number. Then r > 1 since G is
non-smooth, and we have the following composition series of characteristic
subgroups of GG

G>C > wG>- > xG = (0).

Here G° denotes the connected component of G, and each factor ps+1G/psG,
1 < s <r—1is a radicial (infinitesimal) k-subgroup scheme of height 1
(loc.cit). Therefore we have an exact sequence

(%) 0= ay — G — Greg — 0,

where (G4 is reduced. Then G,.q is a k-form of G,. From the exact se-
quence (x), we derive the exact sequence of flat cohomology
HY (k, G) 5 HY (K, Grea) — H (K, ).

By [DG], Chap. III, §5, Corol. 5.8, chl(k,apr) = 0, so f is surjective. By
assumption, G,.q % Gy, and if p = 2, G,¢q is not k-isomorphic to the group
defined in Proposition 4.2, b), also. So by previous part, H}l(k,Gred) ~
H'(k, G\eq) is infinite, and it follows that the same is true for Hy,(k, G).
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IIT) Next we assume that G is commutative, but not connected (and not
necessarily smooth) so G/G° # {1} and consider the following exact se-
quence

1-G"—G—G/G°—1,
where G° denotes the connected component of G. Then we have dim(G)

= dim(G°) = 1. Also, since G is commutative we have the following exact
sequence of flat cohomology

HY,(k, G°) — Hy(k, G) D Hyy(k, G/G°) — 1 (k,G°).

Since G° is a commutative unipotent group scheme, from the exact sequence
(like () above)

0—=ay =G =Gy —0,
and from the triviality of H7, for a,,r and Gy, it follows that H7,(k, G°) = 0,
so (3 is surjective. It then suffices to show that H},(k, G/G°) is infinite. Tt is

known that H := G/G" is a finite étale unipotent k-group scheme, hence it
has a composition series

H:H0>H1>"‘>Ht:{0}

with successive factors H;/H,; isomorphic to a k-form of (F,)" for some r.
By Proposition 4.7, Hy;(k, H) is infinite as well, hence so is Hy;(k, G).

IV) Now assume that k is a global function field of characteristic p. We
refer to Proposition 4.2, b), Proposition 4.7, and the previous parts for the
rest of the proof. m

(Notice that, by using [DG], III, Section 6, one can show that the con-
dition that G° not to be an extension of G, by an infinitesimal unipotent
k-group can be relaxed to the condition that G° % G,, which is not essen-
tial.)

4.9. Corollary. Let k be a non-perfect field of characteristic p > 0. Then,
for all r, there exists a k-form of G” such that H'(k, G) is infinite.
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Proof. 1t is well known that for any non-perfect field k, there are many
discrete valuations of k. For example, if p =char.k, t a transcendental ele-
ment of k over Fy, then one may associate a nontrivial discrete valuation v,
associated to ¢ (see e.g. [Bou], Chap. VI). Then by using Proposition 4.6,
we may choose a k-form G of G” with infinite H!(k, G). n

It is quite possible that for any k-split unipotent group G over non-perfect
field k, there is a k-form G’ of G which has infinite cohomology. In [Ro2],
Rosenlicht gave the following example of a wound noncommutative unipo-
tent group G over a non-perfect field of characteristic 3. We are interested in
computing its Galois cohomology in degree 1 and show that there are many
cases where the cohomology is infinite.

4.10. Example. Let k be a non-perfect field of characteristic p > 2. Let a
be an element of k such that 1, a,a® are linearly independent over kP. Let

I' = {(01,62) € Gg'(ﬁ +GC§ +acy = 0},
G1 ={(z,y) € GIly" —y = aa’},

G2 = {(1’1,1;2,1'3) € G2|x]1) —{—al‘g +a” 1 p+x3 _ O}

For v = (¢1,¢) € T, let

907(x7 y) = 90(01,02)(x7 y) = (61$ — 0y, C2T, _cly)-

This yields an homomorphism ¢ : I' — Hom(G1,Gs), v — ¢,. On G =
I' x G x G5, we define the multiplication as follow

(v, 91,92) (Y, 64, 95) = (Y + 7. 1 + 61, 92 + 95 + ©4(91)).

Then G is a wound noncommutative unipotent group. By a direct checking,
G is central in G and from the exact sequence 1 — Gy — G — G/Gy — 1,
we have the following exact sequence (of pointed sets)

H'(k,Gy) — HY(k,G) — H' (K, x G1) — 1

When k = Fy((t)

Then H'(k, G)

), ¢ = ", a = t, then by Proposition 4.5, H'(k,Gs) = 0.
H' (,

x (1), and H'(k, G) has a group structure via this
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bijection. In general, by Theorem 4.8, H!(k,G) is infinite (since p > 2),
hence so is H'(k, G).

4.11. Remark. If p = 2 (resp. p = 3) then Proposition 4.2 (resp. Proposi-
tion 4. 3) shows that there are examples of a global field £ and commutative
unipotent k-groups G of dimension 1 (resp. 2) where H!(k,, G) is finite , but
non-trivial.

Theorem. Let k be a non-perfect field of charateristic p > 0.

1) The one-dimensional Galois cohomology H'(k, G) of any connected smooth
unipotent non-k-split k-group G is non-trivial (resp. infinite) if and only the
same is true for connected smooth commutative unipotent k-wound groups
of exponent p. In particular, over global function fields k, one-dimensional
Galois cohomology of non-split smooth unipotent k-groups of dimension < 1
are always infinite.

2) The study of the triviality (resp. finiteness) of H}l(k,G) for unipotent
k-group schemes G can be reduced in a canonical way to that for connected
smooth commutative k-wound unipotent groups of exponent p.

Proof. 1) The ”Only if” part is trivial.

("If” part.) We assume that the assertion of the theorem holds for one-
dimensional smooth unipotent groups. Let GG be any smooth unipotent non-
split k-group of dimension n. We use induction on n. If n = 1, there is
nothing to prove, and we assume that n > 1 and the assertion holds for all
m < n. Denote by G, the k-split part of G. We consider two cases.

a) G5 # 1. Then G/G; is unipotent and k-wound as is well-known, and
it has dimension strictly less than n. We consider two subcases.

al) If G is commutative, we consider the exact sequence of k-groups
1—-Gs—G— GGy — 1,
and the cohomology sequence derived from this
0— H'(k,G) & H'(k,G/G,) — H*(k,G,) =0,
thus 7 is surjective. By inductive assumption, H!(k, G/G,) is non-trivial

(resp. infinite), so the same is true for H'(k, G).
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a2) Assume that G, is not commutative. Denote by
Gs=Go>G1 >G> >G ={1}

the derived series of Gy, i.e., Giy1 = [G;, Gy, for all 0 < ¢ <[ —1, and G;_;
is commutative and non-trivial, hence it has positive dimension. One checks
that G;_; is a normal subgroup of G' and the assertion of the theorem follows
from the exact sequence

1-G_1—-G—-G/G_1—1
by combining with the above arguments.

b) G5 =1, ie., G is k-wound. If G is commutative and of exponent p,
there is nothing to prove. Assume that G is not of this type. Then it is well-
known by Tits theory again ([Oe¢], [Ti]), that there exists a central connected
commutative k-subgroup K of G of exponent p with dimK > 0, such that
G/K is k-wound. The assertion now follows by using the exact sequence

l1-K—-G—-G/K—1

and the induction hypothesis.

2) We first use induction on the length of the ascending central series of G.
To reduce the length, we consider the center C'(G) of G, which is non-trivial,
since G is nilpotent. The exact sequence 1 — C(G) — G — G/C(G) — 1
will do the job. Therefore we are reduced to the case G is commutative.
The exact sequence 1 — G° — G — G/G° — 1, combined with Proposition
4.7 reduces the situation further to the case G is connected. Again by using
Proposition 4.7, we are reduced to the case G is smooth and connected. Now
the rests follows from the last part of the proof of 1). m

5 Some local - global principles and applica-
tions

We derive from Theorem 3.1 and its proof and from [Oe¢| the following
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5.1. Theorem. (Local - global principle). Let k be a global field and let G
be a smooth group defined over k with finite Shafarevich - Tate group.

a) If G satisfies the condition () of Section 3, then H'(k, G) is trivial if and
only if H(k,, G) is trivial for all valuations v of k and for some (hence any)
embedding of G into a k-group H = SL,, such that with natural action of H
on H/G, the orbits of H(k) are closed in (H/G)(k) in the A(S)-topology of
(H/G)(k) for any finite set S of valuations of k.

b) If G is unipotent, then the assertion a) also holds for a k-split unipotent
group H.

Proof. In fact we prove a slightly stronger assertion as follows.

(o) If HY(k,G) is trivial, then for any valuation v of k, H'(k,,G) is also
trivial. Conversely, if H'(k,,G) is finite for all v and it is trivial for almost
all v, and if the above embedding condition holds, then H*(k, G) is also trivial.

Proof of (e). The first part of the statement is trivial in the case a) and
follows from the proof given above in Section 3 for the case b). For the
second one, recall that for smooth k-group G, the Tate - Shafarevich group

III(G) := Ker (H'(k, G) — [[H' (k, G))

is finite according to [Oe], Chap. IV, Prop. 2.6. It follows easy from Corollary
3.4 that for any finite set S of valuations of k, the localization map

ps : H'(k,G) — [[ H' (kv G)

veES

is surjective (in fact a more general result holds true, see [TT]). We take
S :={ v | H(k,G) # 0} (which may be empty); then we have an exact
sequence of abelian groups

1 — 1II(G) — H'(k,G) — [[ H'(k,,G) — 1.

veS

From this and from the assumption it follows that H'(k, G) is finite as well,
and by our theorem, H!(k, G) is trivial as required. m

With above notation we have also the following
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5.2. Corollary. a) If T is a smooth k-torus, K a finite radicial (i.e. purely
inseparable) extension of k of degree p", and G = Rgx(Tk), then the k-group
U := G/T has trivial (resp. finite) 1-Galois cohomology if and only if both
groups H' (k, T)/p™ and ,nH?(k,T) are trivial (resp. finite).

b) For any smooth k-torus T and finite set S of non-equivalent valuations of
k, the localization map

(6, T) = [ B (ko, T)
vgS

18 surjective.

¢) If T, G and U are as in a), then for U the obstruction to weak: approrima-

tion in S is finite, i.e., the quotient A(S,U) = [[ U(k,)/CU(U(k)) is a finite
vES

abelian group.

Here for an abelian group A and a natural number n we denote by
A/n (resp. ,A) the cokernel (resp. kernel) of the natural endomorphism

Xn
A= A x+— nx.

Proof. a) According to [Oe], Appendix 3, U is a smooth unipotent group,
and by loc.cit, Chap. VI, Sec. 5.2, we have the following exact sequence

H'(k,7) 5 H! (k,T) — H'(k,U) — H2(k, T) & H2(k, T),
thus we have also an exact sequence
0— H'(k,T)/p" — H'(k,U) — ,~H*(k,T) — 0.

Hence H'(k, U) is trivial (resp. finite) if and only if both groups H!(k,T')/p"
and ,»H?(k,T) are trivial (resp. finite).

b) Follows from the exact sequence above and Corollary 3.4.
¢) We prove a more general assertion. Namely

(#) if U is a k-unipotent group for which there is a separable dominant
k-morphism f : V. — U, where V is an open set in some affine space A"
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then the assertion of the corollary holds.

Indeed, by Implicit Function theorem (see [Se2, Part 2]), being separable,
f defines open maps f, : V(k,) — U(k,) for all valuations v of k, according

to implicit function theorem. Since V'(k) is dense in [] V(k,), it follows
vES
that CI(f(V(k))) is open in [ U(k,) and so is CL(U(k)). Therefore A(S,U)
veES
is discrete in its natural quotient topology. If U is k-wound then U(k,)

is compact by [Oe|, Chap. VI, Prop. 2.1. Therefore A(S,U) is finite as
required. In general case, we have the following exact sequence

1-U;,—-U—Q — 1,

where Uy is the maximal k-split normal connected subgroup of U, @ = U/Uj
(see [Ti], [Oe]). We apply Lemma 3.3 above to the following commutative
diagram

Us(k) — Uk) — Qk) — 1

o 1B Ly

U(S) — US) — QS) — 1

where X(S) := [[ X(k,), with X stands for U, Uy, Q, and Uy(k) is dense
€s

in Us(S) due to weak approximation in the k-split group Us. We have a
homeomorphism

A(S,U) = U(S)/CLU(K))
~ Q(5)/CUQ(F))

= A(5,Q)

Since @ is k-wound ([Ti], [Oe]), then for any valuation v, Q(k,) is compact
([Oe], loc.cit.), thus A(S, Q) is also compact. Since A(S,U) is discrete (see
above), it follows that all they are finite as required.
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The group U = G /T satisfies our assumptions in (#) by [Oe], Chap. VI,
hence ¢) holds. m

5.3. We now consider some applications to local - global principles for
universality of polynomials over global fields. We say that a polynomial
F(T):= F(1y,....T,) € k[Ty,...,T,] is universal over k if it represents any
element from k, i.e., the equation F'(T') = a has solution in k™ for any a € k.
As an easy consequence of the Hasse - Minkowski theorem (local - global
principle) for quadratic forms we have the following (perhaps well-known)

Proposition. Let f = f(Xy,...,X,) be a quadratic form in n variables
over a global field of characteristic p # 2. Then f is universal over k if and
only if fis so over all completions k, of k.

Proof. Assume that f is universal over k. It is clear that k2 is open in k,. For
any b, € k) we pick b € k£* such that b is sufficiently close to b, in the v-adic
topology, and so that b, = bc?, where ¢, € k. Since f(k™) = k by assump-
tion, we see that there is a € k" such that f(a) = b, hence f(c,a) = bc? = b,,
i.e., f is also universal over k,.

Conversely, assume that f is universal over k, for all v. Take any b € k*
and consider the quadratic form f’ := f — bX?, where X is a new variable.
Since f is universal over k, for all v, one sees that f represents b over k, for
all v, i.e., the quadratic form f’ is isotropic over k,, for all v. Now Hasse
- Minkowski Theorem for quadratic forms over global fields (see e. g. [Sc])
tells us that f’ is also isotropic over k. Denote by (z1, ..., Z,, 1) € k"™ be a
non-trivial zero of f’. If x =0, then (24, ...,2,) is a non-trivial zero of f, so
f is isotropic over k. Hence f is universal over k and f represents b over k.
Otherwise, z # 0 and we may divide by 22 to see that again f represents b
over k. m

5.4. A polynomial F(T) in n variables T' = (11, ..., T,,) with coefficients in a
field k is called additive, if F(X +Y) = F(X)+ F(Y) for any X, Y € k"
Clearly, any algebraic group morphism from vector groups to the additive
group Gy, is an additive polynomial. It is well-known (see e. g. [Go], [W1,
W2]) that additive polynomials play important role in the study of arith-
metic of the global function fields. In particular, its universality plays also
some role in the model-theoretic approach to the arithmetic of function fields

(cf. e. g. [Ku]).
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Theorem. Let F be a separable additive polynomial in n wvariables with
coefficients in a global field k.

a) F is universal over k if and only if F is universal over k, for all valuations
v of k, and F (k™) is A(S)-closed in k for all finite set S of valuations of k .

b) Assume that n=2. Then F is universal over K if and only if it is so over

all k,.

Proof. a) By assumption, F' can be regarded as a separable morphism of
algebraic groups F' : GI! — G,. The kernel of F'is then a commutative
smooth unipotent k-subgroup Gr of GJ, and we have the following exact
sequence of k-groups

1-Gp—G'E5 G, — 1.

It is well-known that F' is a p-polynomial, where p is the characteristic of
the field k. Thus if p = 0, there is nothing to prove. Let p > 0. The exact
sequence of Galois cohomology related to the exact sequence above gives us
the first Galois cohomology of G as follows : For any extension field K/k
we have

HY(K,Gp) ~ K/F(K™).

Thus our additive polynomial F' is universal over a field K if and only if
HY(K,Gr) = 1. Therefore, from Theorem 5.1 it follows that over a global
field k, an additive separable polynomial is universal over k if and only if it
is so over all completions k, of k£ and the condition regarding the closedness
holds.
b) With notation as in the proof of a), G is a connected and smooth unipo-
tent k-group of dimension 1. If H'(k, Gr) = 1, then from the surjectivity of
the localization map we know that H'(k,, G) = 1 for all v.

Conversely, assume that H!(k,, Gr) = 1 for all v. Assume first that p # 2.
Then it follows from the exact sequence

1 — III(GF) — HY(k,Gr) — [[H' (kv, Gr) — 1

and the finiteness of III(G) ([Oe], Ch. 1IV) that H'(k, GF) is also finite. Now
from Proposition 4.6 it follows H'(k, GF) is either trivial or infinite, hence
H'(k,GFr) = 1 as required. Therefore F is universal over k if and only if it
is so over all k,.
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Let p = 2. If G were not isomorphic to G, then from Propositions 4.2 and
4.6 it would follow that H'(k, GF) is infinite, so Gr ~ G, and the proposi-
tion follows. m

5.5. Remarks. 1) The "only if” part of Theorem 5.1 in fact, holds true for
any field as it follows from a more general result in [TT].

2) Ome cannot replace the statement regarding the universality (i.e., the
representation of all elements of k by F') of the additive polynomial F' con-
sidered by the statement regarding the representation of an element of k£ by
F. Namely, using [Oe], Chap. V, one can construct a p-polynomial F' and
an element a € k such that the equation F(717,...,T,,) = a has solutions in £’
locally everywhere, but has no solutions in k", i.e., the local - global principle
fails in this case.

The structure of p-polynomials reflects deep arithmetic properties of the
base field. As an easy consequence of the above we have

5.6. Corollary. Let k be a non-perfect field of characteristic p > 0. Then,
for any n, k has cyclic extensions of degree p™.

Proof. By Proposition 4.7, for any k-form G of F,, the Galois cohomol-
ogy H'(k,@) is infinite. In particular, there exists o € k \ @(k), where
o(z) = 2P — x is the Artin - Schreier polynomial. By a well-known theorem
of Witt [Wi, Satz 13|, for any n there exist cyclic extensions of k of degree

7k |

5.7. Remark. P. Russell showed in [Ru], p. 538, that

(%) if a field k of characteristic p > 0 does not have normal extensions of
degree p, then for any p-polynomial f(T) = agT +a, TP+ - -+ a,, TP" € k[T,
with ag # 0, we have f(k) =k, and H' (k, G) = 0 for all G which are k-forms
of Gg.

In other words, for the following statements

a) k has no normal extensions of degree p;
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b) every separable p-polynomial f(T) = agT + a;T? + - -+ + a, T?" (ag #0)
is universal, i.e., f(k) =k;

¢) Every k-form G of G, has trivial 1-Galois cohomology,

we have the following implications
a) = b) = c¢).

Equivalently, if the field k is such that there is a k-form G of G, with non-
trivial 1-cohomology, then k has a normal extension of degree p. (This can
be derived immediately from Corollary 5.6, since such a field k& must be
non-perfect, according to Rosenlicht’ Theorem, hence by Corollary 5.6 it has
cyclic extensions of degree p" for any n.) There (in [Ru], p. 538) it was
also mentioned that “the author does not know whether the converse of this
statement is true if k is not perfect.”

In other words, one may wonder if the following implications are true if
k is not perfect :
c)=b)=a).

Our result (Proposition 4.6) gives a clarification to this question. Namely,
with the assumption on the non-perfectness of k, it is automatically true
that k£ has normal extensions of degree p, and that there are k-forms G of G,
with non-trivial one-dimensional Galois cohomology. Therefore the above
implications also hold true.
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