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ABSTRACT

The mm phase shifts from 1 to 1.8 GeV are presented. The method
used was an essentially energy-independent parametrization of the ampli-
tudes fitted simultaneously to the M,”Tr and t-dependence of the moments

of the dipion angular distribution from the reaction T7p » m"ntn at
17.2 Gev.

The various ambiguous solutions are discussed.
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" INTRODUCTION

During the last years considerable effort has been invested in the study of

T phase shifts.,

After the determination of the dominating resonances p, f, g, the interest
shifted to the study of the lower-lying partial waves. One remaining question is
the existence of daughter trajectories. This problem still remains unsolved.

While it is established that the S-wave goes through 90° under the p and f mesonsl),
the change of phase is so slow that one is reluctant to descriBe this behaviour by

poles in the T-matrix.

The determination of the P-wave at high T mass is problematic owing to the

occurrence of ambiguities.
We study these problems with over 300,000 events from the reaction

Tp > T mn at 17.2 GeV (1)

2
obtained by our group .

Previous papers (see Ref. 2) have dealt with the phase shifts below 1 GeV.
3
In our first study above this energy ) we started from an energy-dependent ampli-

tude analysis in the momentum transfer interval ]tm. I < [tl < 0.15 Gev?, If in

in
addition to the leading resonances we included an S-wave resonance in the f-meson
region and a P-wave resonance (p’) in the g-meson region, reasonable agreement with
the data was obtained. The parameters found in this fit were then used as starting
values for a subsequent energy-independent fit. A classification of this solution
was given in terms of the amplitude zeros, but no attempt had yet been made to fully
explore the range of all possible solutions. In the present paper we discuss all
occurring ambiguities. A different fitting procedure was applied which combines

energy-dependent and energy-independent methods. We parametrize the leading re-

. sonances with a Breit-Wigner shape in order to determiné the over-all phase. The

lower-lying waves are described in an energy-independent way. We fit the mass—- and
t-dependence at the same time, using the complete error correlation matrix obtaining
in that way more stringent constraints than those of Ref. 3. A first account of the
present work has been presented previouslyu). Some results of a similar analysis

by Estabrooks and Martins) became available recently. Instead of the partial wave
amplitudes, these authors parametrize the amplitude zeros, as a consequence losing

the constraints provided by unitarity and analyticity.

METHOD OF ANALYSIS

Since 7T scattering cannot be measured directly, it is important to discuss

the methods employed.

The possibility to determine 77 scattering from existing experiments is given

6)

by the Chew-Low equation ’:
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where

Mp’ M., and My are the masses of the proton, pion, and outgoing dipion

system, respectively;
Piab is the beam momentum in the lab system;
g?/4m = 2 X 14.6 is the nucleon-pion-nucleon coupling constant;

q = v1/4 Mﬁﬂ - M; is the momentum of the pions in the dipion centre of

mass;
t is the momentum transfer to the nucleon; and

O is the desired 7T cross-section.

In principle, this formula gives a model-independent way of determining W
scattering., In practice, however, one relies on the fact that pion exchange is

7)
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dominating in the physical region ’

In order to extract as much information as possible from the experiment, we
perform an amplitude analysis which relies on further assumptionms.

i) Factorization

All amplitudes factorize into a part given by 77 scattering, not depending
on t, but varying rapidly with MTrTT as determined by the 7T phase shifts, and a
factor describing the production process which depends strongly on t, but whose

MTTTr dependence is given by phase space only (Miﬁ/q).

2 3
In agreement with the data ) this assumption is also applied to the m = 1

t-channel amplitudes, which should. vanish for pure one-pion exchange.

1i) s-channel nucleon spin-flip dominance

In the absence of polarization measurements we cannot measure all amplitudes.
8
As suggested by the authors of the "Poor Man's Absorption Model" ), all analyses

make the above assumption.

Experimental tests.of this assumption can be made by studying the t-dependence

at very low t = tmin' One can also evaluate the rank of the density matrix

Rank 2 requires all unnatural exchange amplitudes to be parallel in the flip-non-
flip plane. So far these tests have been performed only in the p-meson region
where we know that possible non-flip terms are small at low |t|, but the errors

2)

are large
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In the region t = Cin® small non-flip terms are added according to the ab-
sorption model in order to obtain the t-dependence at threshold demanded by angular
momentum conservation. With these assumptions, the phase angle between the m = 0
amplitude and the helicity-one unnatural exchange contribution can be determined
from the data. This angle was found to be consistent with zero (phase coherence)

)

10
at It{ < 0.15 GeV? by Estabrooks et al. ) for the p-meson region and by Ochs’
for T masses 600 < Mﬂﬂ < 1900 Mev.

With these two assumptions we parametrize in the t-channel the m = 0 ampli-

tudes as in Ref. 3):

% _ v/t bl
8y = 5 —— e " A (M),
0 M2 - ¢t Q,MTFTT
T
and the unnatural |m| = 1 amplitudes:
1 [} ) [} _Cg(Mﬂﬁ) bt /P°;—-——
3 (g1 TE) t s M VZ e =AM+ 1)'A2(Mﬂn) ’
T

where gi, bﬁ, Ci, are the amplitudes, slopes, and absorption parameters -for a parti-
cular spin & and magnetic quantum number m. For the natural [m| = 1 amplitudes we
assume ]g%] = Ig&] *). Al describes the part of the amplitudes which depends only

on TT scattering and is expressed in terms of the T-matrix TQ:

Moy
A,Q(M’rm) = —/;_- V20 + 1-T2_

which, decomposed into isospin

2 .0, 1.2 <
T’Q + 3 Tl % even

3
T, =
L
Té . % odd ,
can be expressed in phase shifts 6% and elasticities n%:
I_ 1 .1 2i6}
T%=.2.{(n2,e —1).

%) Small (s-channel) non-flip terms can be introduced in order to obtain the t-
dependence demanded by angular momentum conservation by writing (in the t-channel)

t

NF 2 FL NF t! [ FL mi

8, =8 i 8 =0; g = = " 80 g_=\/tn'g’f
NF _ o ., FL _ : L

g, g_s g, =0. (" =t tnin

Only |g+| enters in the calculation; its phase and flip-non-flip partition are
set arbitrarily.
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) . 2,7,11 ) )
It is known experimentally ° ’ ) that Ci decreases with M_ . We introduce the

ansatz

2 PRI e -
C, ) =CcAl -t - M},

where we fit the same o for all spins R, but independent values of Eﬁ for dif-

ferent spins; M is the mean value of the 7T mass in the fitted mass region.

The phase shifts and elasticities were fitted in each M bin for the lower
spins, while the higher waves (D-, F-waves for MTTTT < 1.6 GeV, F-wave for M1TTT >
> 1.6 GeV) were parametrized as Breit-Wigner functions. Partial waves with £ > 3
)

. . 2
were neglected, as suggested by the absence of higher moments in the data For

spin 3 we write

7l oo xgMpT
3 2 2 . ’

MZ - My - iMST

7D R
r =rg [_CI_) D3((‘1gRg)) ,

dg 3 4Ry

using the function
D,(E) = 225 + 4582 + 6E* + £° |

Mg’ Fg; xg are the mass, width, and elasticity of the g meson. The subscript g

refers to values at the g-meson mass..

For the f meson, background terms had to be introduced in the Breit-Wigner
formula so as to be able to join smoothly to the value ng =~ 0.8 at 1.6 GeV, which
was found from fitting the higher mass region 1.6-1.8 GeV using binned values for
83, ng. )
‘Identically to Ref. 3 we add constant background terms Yij with a K-matrix

formalism, writing for wm - 7m,KK

Kypa® = (k) (RppKgg = Kig)
b
L~ (ak)° (RypRgy = Kp) = 1(a%Kpy + kKg)

_ 1.2 2
k —\/ZMTT'”_MK’

where My is the mass of the K meson. As pointed out in Ref. 3 the "KK channel"

0 _
I, =

parametrizes in fact all inelastic channels:

N




'Y-'Y-
Kij ) : Jz +y
Mf Mﬂn

ij

Mele D, (qgRg)

Y o= X
T ¢ T Dy(qRf)
, Mgl D, (keRg)
YK = ks (1 - xf) A
f Dz(k'Rf)

The f- and g-meson effective radii are set to

R; = R; = 25.3 GeV™? , corresponding to an
effective range of
1 fermi

D,(E) =9 + 382 + &%,

£ Ff, x¢ are the mass, width, and elasticity of the f-meson. For I = 2 §-
. 12
and D-waves, we fit scattering length formulae to our experimental values ):

where M

[o7]
[N
]

-q/(1.1 + 0.88407q2)

je]
N
1]

-qi/t(0.03351 +_0.236q2)-(1 +1% rzqz . % r“q“)]

- again with r? = 25.3 GeV™2, 65, 6; in radian, all masses and momenta in GeV. The

resulting curves are shown in Fig. 1, together with the results of some recent ex-
) 13
periments ).
Finally, using the above parametrizations, we can express the moments of the

.angular distribution (YE) as funétions'of M; and t.

These calculated moments were fitted to the 13 measured moments N(YE)(Q < 6,

m £ 1) determined in 40 MeV mass bins and 19 t-bins (|t]| < 0.16 Gev?).

For S- and P-waves (and D-waves with My > 1.6 GeV) we fit independent 61, n2
2 v
in each mass bin. TFor all other parameters one value was fitted over each of four
mass regions (1 < M_< 1.165 1.16 < My, < 1.4 1.4 <M < 1.65 1.6 < My, <
< 1.8 GeV).

Therefore we have three different types of parameters:

L =L

a) by, bY, T (2 =0,3),a

describing the t-dependence of the process and allowing for a small change of

the strength of absorption with M_.;

b) Mg’ Fg, Xgs
and for M . < 1.6 GeV: Mf, Tf, Xes Yoms Yore Yre
which fix the over-all phase by describing the leading resonances by Breit-

Wigner formulae; and finally
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c) 6 2 =0,1 M _< 1.6 GeV
' m

0,1,2 Mﬂﬂ > 1.6 Gev ,

22 Ny

giving an energy independent description of the lower-lying partial waves.

No attempt was made to impose smooth transitions between different mass regions.

DISCUSSION OF THE AMBIGUITIES

In the absence of total TT cross-section measurements the over—all phase of
the amplitudes cannot be determined. The only simple possibility is to assume a
Breit-Wigner behaviour of the leading resonances (f,g) in the mass regions where

they dominate, and interpolate smoothly in between.

We want to stress that our solutions for the phase shifts depend strongly on
this assumption; deviations from the Breit-Wigner shape, in particular an over-all
phase depending on the 7T scattering angle 0, might lead to quite different re-

)

1
sults

If we then limit the discussion to a finite number of waves (we assume spin
2 £ 3 for Mpr < 1.8 GeV) we encounter only a finite number of discrete ambiguities
. . 15 . .
which can be formulated with the help of Barrelet zeros ). For maximal spin

Lmax = 3 we can write the 7T cross-section (8 is the scattering angle):

Oﬂﬂ x (cos 6 - z,){cos B - z,)(cos 6 - z3) X

X (cos 8 - zf)(cos 6 - zg)(cos 6 - z?) .

The experiment measures the cross-section, and if we want to determine the ampli-

tudes, we can take zp or zz L =1, Zmax); therefore we have ZQmaX = 8 ambiguities

for % = 3.
, max

One half of these amBiguities can be eliminated, if the higher phase shift
(GD or SF) is small and assumed to be positive (as expected for a Breit-Wigner be-
. . . . b,186
haviour) in a region where some of the lower phase shifts are large ’ ).
We expect therefore two solutions in the mass region of the f meson and four

solutions in the g-meson region.

In principle, the m 2 1 moments do not have these ambiguities; in practice,

however, they change zy slightly, but do not help to resolve the ambiguities.

RESULTS OF THE FIT

From the phase shifts obtained in the fit, one can calculate the zeros z -
The imaginary parts Im z, are shown in Fig. 2. The error bars give the range
of values found for different fits. Once we have found one solution, we can cal-
culate the zero positions, take the other signs of the imaginary parts, and cal-

culate §, n of the other solutiomns.




”solution found by Protopopescu et al.

These values have to be used as starting points of new fits, since the m = 0O
moments break the symmetry. This fact explains why the different solutions do not

give exact mirror images of the imaginary parts.

We classify the different solutions according to the sign of Im zy in the
region Mo 1.5 GeV, assuming that Im z, changes sign around Moo= 1.22 Gev.
Solutions where Im z, does not change sign at this mass cannot be ruled out, and
can be obtained by connecting solutions with different Im z, and equal Im z,,

Im z, at M = 1.22 GeV.

Below MTHT = 1.4 GeV two solutions are possible; at 1.4 GeV, Im z, goes close
to zero, stays negative, or crosses over introducing a further ambiguity which
then leads to four solutioms. At M_F 1.78 GeV new ambiguities arise which can-

1

not be studied with our data.

We show the various solutions in the following figures. The solution (--=)
[i.e. all Im zy (1.5) negative] (Fig. 3) shows apart from the f and g mesons, a
slowly rising S-wave going through 90° under the f meson, and a rapid drop of the
elasticity under the g meson which could not be described with a simple resonance

form. The P-wave looks like the tail of the p meson.

The next solution (-+-) (Fig. 4) corresponds to Im z, starting negative and

crossing zero at Moo= 1.4 GeV. This solution shows an inelastic S-wave resonance

under the g meson and a rise of the D-wave in the same region.

Solution (+--) (Fig. 5) has an Im z, starting negative at Mﬂn = ] GeV and

crossing zero at 1.22 GeV. In the region Mo 1.1 GeV it is identical to the
17) :

Around 1.4 GeV the S-wave becomes unphysical; therefore we think we can rule
out this solution, which shows an inelastic P-wave resonance. We want to point
out that if we introduce inelgstic isospin-2 waves, the I = 0 S-wave will become
even more unphysical. However, it is probably possible to deform the Breit-Wigner
shape of the f meson far enough to make this solution physical. We can, of course,
take this solution below 1.22 GeV and connect it with solution (--~) above this

™ mass*) .

At 1.4 GeV, Im z, can also cross zero, which leads to solution ++- (Fig. 6).
The S-wave elasticity is still larger than one at three points below 1.4 GeV;
however, in the fit it was possible to constrain the elasticity to values smaller
than one, leading to worse but not unacceptable values of XZ. We therefore feel
that this solution is somewhat less probable than the two other possibilities,
but it cannot be ruled out at present. This solution has a very rapidly rising

S-wave going through 90° and an inelastic, broad P~wave resonance under the g meson.

%) We have seen preliminary data of the reaction m p + 7'%’n from the Karlsruhe-

Pisa groupla) which probably will be able to resolve the ambiguity around 1.1 GeV.
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Values of the resonance parameters and the absorption constants c

in Tables 1 and 2.

are given
A g

Since the S-wave is different for these ambiguous solutions, they can, in
principle, be resolved by studying the reaction m p -+ m°7%n. Unfortunately the

available data are not sufficient.

If we compare our present solutions with the phase shifts published one year
3
ago ', we see that these correspond almost exactly to our new solution (---) below
1.4 GeV, but switch to our new solution (+--) at ~ 1.5 GeV, which then leads to

P-wave structure.

In Figs. 7, 8, and 9 we show projections of the fit of solutions (---) with
the measured moments in the interval 0.0l < |t| < 0.16 GeV’. We note the consider-
able improvement of the new fits compared to the old energy-dependent fits shown in

Fig. 10, particularly for N(Yg).

We attempted to get a measure for the probability that Im z, crosses zero at
1.5 GeV by fixing the S- and P-wave phase shifts and elasticity at the two lower
points at 1.42 and 1.46 GeV to our solution (---), and at the two highest points
at 1.54 and 1.58 to our (+--).

The S—- and P-waves at 1.5 GeV were varied together with the f- and g-meson

Breit-Wigner parameters, constraining the solution to a fixed value of Im z,.

In Fig. 11 we show the x2 profile as a function of Im z; (1.5 GeV). We see
two distinct minima at *0.12, but no intermediate minimum around zero. We there-
fore conclude from our new fits that Im z; does not cross zero at 1.5 GeV, and
thus the solution of Ref. 3 is ruled out in this mass region. This improved dis-

_crimination was achieved by using both more stringent constraints on fits in larger

mass bins and the complete error matrix.

Looking at all solutiéns, we see that Im z, (1.5) < 0 has no S-wave resonance
under the g meson, Im z, (1.5) > O has one. Similarly Im z; (1.5) < 0 has no
P-wave resonancé under the g meson, whereas Im z; (1.5) > 0 has ome (but with bad
x*).

Estabrooks and Martinu) have so far published two solutions found in their
analysis of the same data. There is qualitative agreement of their solution A
with our (---) and, above 1.22 GeV, of their solution B with our (+--). They ex-
clude our (+--) below 1.22 GeV using data from T p - K'K™n. We believe that so
far no unambiguous decision can be taken, but we expect that already existing won?

data will be able to distinguish between these ambiguities.

An interesting method for resolving the ambiguities has been presented by
16 .
Shimada ). He shows that only solution (---) does not induce anomalous behaviour

of the amplitude zeros in other charge configurations.
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CONCLUSION

With our present data we were able to limit 7T scattering below 1.8 GeV to
four more or less favourable solutions. Nevertheless the question of the exist-
ence of daughter trajectories can only be settled after an unambiguous set of
phase shifts is found. This determination will have to wait for further experi-

mental data, particularly in the reactions

T p > mnn

+ 7 nlp .
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Figure captions

Fig.

Fig.

Fig.
Fig.
Fig.
Fig.

Fig.

Fig.

Fig.

Fig.

Fig.

1

10

11

.

I = 2 $S- and D-wave phase shifts from Ref. 13. The curves are ob-

tained with the parametrization used in our fits.

Imaginary parts of Barrelet zeros as obtained from the fits. Error

bars indicate the range of values for different solutions.
Solution (—--).
Solution (—+-).
Solution (+--).
Solution (++-).

Mass spectrum and unnormalized moments N(Yg), N(Y;% N(Yg), N(Y;) in
0.01 < |t| < 0.16 GeV® for solution (-—-). The hand-drawn curves

connect the results of the different mass bins summed over t.

Unnormalized moments N(Yg), N(Y;), N(Yﬂ), N(Y.) in 0.01 < |t| < 0.16

with projection of fit for solution (---).

Unnormalized moments N(YZ), N(Y}), N(Yg), N(Yé) Gev? in 0.01 < |t] <

< 0.16 with projection of fit for solution (-—-).
Unnormalized moments with fitted éurve from Ref. 3.

¥x? profile for 1198 degrees of freedom as a function of Im z, (1.5 GeV)

for a solution changing from ——— to +—— at 1.5 GeV.
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