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ABSTRACT

We derive new improved constraints on the compactification scale of minimal 5-dimensional

(5D) extensions of the Standard Model (SM) from electroweak and LEP2 data and estimate

the reach of an e+e− linear collider such as TESLA. Our analysis is performed within the

framework of non-universal 5D models, where some of the gauge and Higgs fields propagate

in the extra dimension, while all fermions are localized on a S1/Z2 orbifold fixed point.

Carrying out simultaneous multi-parameter fits of the compactification scale and the SM

parameters to the data, we obtain lower bounds on this scale in the range between 4 and

6 TeV. These fits also yield the correlation of the compactification scale with the SM Higgs

mass. Investigating the prospects at TESLA, we show that the so-called GigaZ option

has the potential to improve these bounds by about a factor 2 in almost all 5D models.

Furthermore, at the center of mass energy of 800 GeV and with an integrated luminosity

of 103 fb−1, linear collider experiments can probe compactification scales up to 20–30 TeV,

depending on the control of systematic errors.
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1 Introduction

The Kaluza and Klein (KK) paradigm [1] that our world may realize more than four

dimensions has been a central theme of the last ten years [2–5]. The additional dimensions

have to be sufficiently compact to explain why they have escaped detection so far, their

allowed size is however highly model-dependent. For example, if gravity is the only force

that feels the existence of additional space dimensions, the size of the compactification

radius R could be as large as 10−3 mm [4], without being in conflict with phenomenological

limits from collider experiments [6] and cosmological constraints [7]. This bound gets much

stronger, if fields charged under the Standard Model (SM) gauge group propagate in the

extra dimensions as well. Again, the actual value of the lower bound on the compactification

scale M = R−1 crucially depends on the details of the model. If all SM fields experience the

existence of one extra compact dimension as in the so-called universal extra-dimensional

scenario [2, 5, 8–10], the lower limit on M is rather weak. Mainly from the KK loop

contributions to the ρ parameter [8] and the decay Z → bb̄ [10], one finds M >
∼ 300 GeV.

However, if some of the SM fields, in particular the fermions, are confined to the familiar

4-dimensional world, M is constrained much more strongly, namely M >
∼ 4 TeV [11]. This

order of magnitude increase of the bound in non-universal 5-dimensional (5D) settings of

the SM can be attributed to the fact that single KK excitations couple at tree-level to light

SM modes on the brane. In universal models these couplings are forbidden by selection

rules.

In this paper we improve the constraints on the compactification scale M derived

earlier [11] in a wide class of non-universal 5D models by taking the latest LEP2 data into

account. Furthermore, we carry out a multi-parameter global fit of M simultaneously with

the SM parameters. This allows us to properly include the correlations of the compacti-

fication scale with the SM parameters, in particular with the Higgs-boson mass mH and

the top-quark mass mt. In [12], it has been argued that the value of mH , bounded from

below by direct Higgs searches (mHSM

>
∼ 114 GeV) [13] and from above by perturbative

unitarity (mHSM

<
∼ 1 TeV) [14], may have significant effects on the limits on M derived by

a global analysis of electroweak precision data, and vice versa. Finally, we systematically

investigate the sensitivity of future experiments at a 500-800 GeV linear e+e− collider such

as TESLA. In this analysis, we also study the improvements which can be expected from

the so-called GigaZ option of TESLA, where the machine is operated at the Z pole with a

luminosity 100 times larger than that of LEP.

The general theoretical framework of our investigations is provided by 5D extensions
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of the SM (5DSM) compactified on an S1/Z2 orbifold, where all fermions are localized on

one of the two orbifold fixed points. As far as the gauge fields are concerned, we consider

three possible scenarios: (i) all gauge fields propagate in the extra dimension, i.e., the

bulk; (ii) only the SU(2)L gauge bosons are bulk fields, while the U(1)Y gauge field is

confined to the orbifold fixed point where the fermions live; (iii) only the U(1)Y boson

propagates in the bulk, while the SU(2)L bosons are restricted to the brane. As has been

shown in [11], the above 5D models can be consistently quantized using appropriate 5D

gauge-fixing conditions that lead, after the KK reduction, to the known class of Rξ gauges.

Although it is not our intention to put forward an explicit string-theoretic construc-

tion of these non-universal 5D models, we note that they may result from the intersection

of higher-dimensional p-branes [15, 16] within the context of type I and type II string the-

ories [17]. The SU(2)L and U(1)Y gauge groups of the SM may be associated with two

separate intersecting higher-dimensional spaces (Dp branes) that have different compacti-

fication radii. If the SU(2)L compactification radius is so small that the KK states become

heavy enough to decouple from the low-energy observables of interest, the low-energy sector

of such a model would effectively look like a scenario with SU(2)L gauge bosons confined

to a 3-dimensional brane. In this construction, all SM fermions are assumed to be local-

ized on the intersection of the SU(2)L and U(1)Y branes that constitutes our observable

3-dimensional world. Localized brane interactions may also be induced by radiative effects

from KK bosons in the bulk. They are omitted in our analysis. Detailed discussions on

this topic may be found in [18].

The article is organized as follows. In Section 2 we summarize the main features of the

minimal non-universal 5D extensions of the SM studied in detail in [11], and sketch the phe-

nomenological consequences. Section 3 describes our approach to probing 5D models and

presents the constraints on the compactification scale M obtained from multi-parameter

fits to electroweak precision data, including error correlations. In Section 4 we analyze the

5D effects on the total cross sections and asymmetries of fermion-pair and W -pair produc-

tion at LEP2 and evaluate the corresponding bounds on M . In addition, we give combined

electroweak and LEP2 bounds. The sensitivity to M at a future e+e− linear collider is

discussed in Section 5. Section 6 highlights the main conclusions. Finally, the novel cou-

plings of the KK bosons entering W -pair production and Higgsstrahlung are presented in

Appendices A and B.
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2 Theoretical Framework

In this section, we briefly review the minimal 5D extensions of the SM under study. Further

details may be found in [11]. We start by considering the so-called bulk-bulk model where

all gauge fields propagate in the extra dimension. The gauge and Higgs sector of this model

is described by the 5D Lagrangian

L(x, y) = − 1

4
BMN BMN − 1

4
F a

MNF aMN +
(

DM Φ1

)† (

DM Φ1

)

+ δ(y)
(

Dµ Φ2

)† (

Dµ Φ2

)

, (2.1)

where BMN denotes the U(1)Y field strength and F a
MN (a = 1, 2, 3) the SU(2)L field

strength. The covariant derivative DM is defined by

DM = ∂M − i
g5

2
Aa

M τa − i
g′
5

2
BM , (2.2)

where τa denote the Pauli matrices, and analogously for Dµ. In (2.1) the Higgs potential,

gauge-fixing and ghost terms are omitted for brevity. Throughout the paper, the 5D Lorentz

indices are denoted with capital Roman letters, in the above M, N = 0, 1, 2, 3, 5, while for

the respective 4D indices Greek letters are used, in the above µ = 0, 1, 2, 3. The Higgs

doublet Φ2 is restricted to a brane at the orbifold fixed-point y = 0, while the doublet

Φ1 propagates in the bulk. The zero-mode of Φ1 and Φ2 acquire the vacuum expectation

values (VEV) v1 and v2, respectively. As usual, we define tanβ = v2/v1 and v =
√

v2
1 + v2

2.

In the phenomenological analysis we will often focus on the cases sin β = 0 or sin β = 1.

Different minimal 5D extensions of the SM can be obtained by restricting either the

SU(2)L or the U(1)Y gauge boson to the brane at y = 0. In the first case, one has

L(x, y) = − 1

4
BMN BMN + δ(y)

[

− 1

4
F a

µνF
aµν + ( Dµ Φ )† ( Dµ Φ )

]

, (2.3)

while in the second model

L(x, y) = − 1

4
F a

MNF aMN + δ(y)

[

− 1

4
Bµν Bµν + ( Dµ Φ )† ( Dµ Φ )

]

. (2.4)

We will refer to (2.3) as the brane-bulk model and to (2.4) as the bulk-brane model. Here,

any Higgs doublet has to be confined to the brane because of gauge invariance. In all the

above models, the fermionic degrees of freedom are localized on the brane.

Compactification and integration over the extra dimension is performed most easily by

expanding the bulk fields in KK modes which respect the symmetries of the S1/Z2 orbifold.
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The Z2-parity of the bulk fields is chosen such that the theory is gauge invariant at the

classical level and the light degrees of freedom (the zero modes of a Fourier expansion)

coincide with those of the SM spectrum.

The resulting effective 4-dimensional theory contains heavy KK vector and scalar

particles with masses that are multiples of the compactification scale M , in addition to the

usual SM degrees of freedom. Electroweak symmetry breaking by a VEV of a brane Higgs

field leads to mixing between different KK-modes including the zero modes which shifts the

masses and the couplings to fermions. These shifts are especially important for observables

at the Z pole where effects from the exchange of heavier KK modes, dominating at high

energies, are negligible.

In our phenomenological analysis, we proceed as follows. The prediction of the 5DSM

for a given observable O5DSM is related to the SM prediction OSM by

O5DSM = OSM
(

1 + ∆5DSM
O

)

, (2.5)

where ∆5DSM
O is the tree-level effect due to the compactified extra dimension. The SM

radiative corrections are included in OSM. However, SM loop effects on ∆5DSM
O as well as

KK loop effects are neglected. For compactification scales in the TeV range this is well

justified. The tree-level calculation of ∆5DSM
O is performed in terms of the compactification

scale M and the usual SM input parameters, that is the electromagnetic fine structure

constant α, the Fermi constant GF , and the Z-boson mass mZ(0). The index (0) indicates

that the observed Z boson is to be identified with the lightest mode of the corresponding KK

tower. The remaining SM parameters mt, mH , and the strong coupling constant αs(mZ)

enter in OSM, but do not influence the calculation of ∆5DSM
O in this approximation.

Furthermore, one has to take into account that the tree relations between the SM

input parameters and other SM parameters like gauge couplings and VEVs are also affected

by the extra dimension. An exception is the fine structure constant

α = e2/4π . (2.6)

To order 1/M2, one finds

m2
Z(0) =

(g2 + g′2)v2

4
( 1 + ∆Z X ) (2.7)

and

GF =
πα√

2 sin2 θW cos2 θW m2
Z(0)

( 1 + ∆G X ) , (2.8)
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where

g = g5/
√

2πR = e/ sin θW , g′ = g′
5/
√

2πR = e/ cos θW (2.9)

are the usual 4D gauge couplings. Inverting (2.8), one obtains

sin2 θW = sin2 θ̂W

(

1 − cos2 θ̂W

sin2 θ̂W − cos2 θ̂W

∆G X

)

, (2.10)

where θ̂W denotes the SM value of the weak mixing angle following from

GF =
πα√

2 sin2 θ̂W cos2 θ̂W m2
Z(0)

. (2.11)

In the above, the shifts with respect to the SM relations are parameterized by the model-

dependent, but mass-independent coefficients ∆Z and ∆G and the dimensionless factor

X =
π2

3

m2
Z(0)

M2
≪ 1 . (2.12)

For the bulk-bulk, the brane-bulk, and the bulk-brane model one has, respectively,

∆Z =

{

− s4
β , − ŝ2

W , − ĉ2
W

}

, (2.13)

∆G =

{

ĉ2
W

(

1 − 2s2
β − ŝ2

W

ĉ2
W

s4
β

)

, − ŝ2
W , − ĉ2

W

}

, (2.14)

where the abbreviations of the trigonometric functions are obvious. It is the shift in sin2 θW

given in (2.10) which provides very sensitive tests of the above 5D models as will be seen in

Section 5.1. Similarly for other observables, we will also expand the shift ∆5DSM
O in X and

keep only the linear term. Exact analytic expressions for 5D shifts in masses and couplings

to all orders in X are presented in [11].

After compactification, the couplings of the KK modes of the gauge bosons to the

SM brane fermions are determined by their SM quantum numbers. In the interaction or

weak basis, these couplings are generically given by

Lint(x) = g Ψ γµ
(

gV − gAγ5
)

Ψ
(

A(0)µ +
√

2

∞
∑

n=1

A(n)µ

)

, (2.15)

where gV and gA are the usual vector and axial vector coupling constants, and A(n)µ denotes

the nth KK mode of a given gauge field. However, in the presence of a nonzero VEV of a

brane Higgs field, the KK Fourier-modes mix to form mass eigenstates Â(n)µ. The couplings

of these physical fields can then be parameterized as follows:

Lint(x) =
∞
∑

n=0

g(n) Ψ γµ
(

gV (n) − gA(n)γ
5
)

Ψ Â(n)µ . (2.16)
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For Â(n)µ = W(n)µ, one has gV (n) = gA(n) = 1 and g(n) = gW (n)/(2
√

2), where for the

observed W boson

gW (0) = g

{

1 − s2
β ĉ2

W X , 1 , 1 − ĉ2
W X

}

(2.17)

in the bulk-bulk, brane-bulk, and bulk-brane model, respectively. In the brane-bulk model,

there are of course no higher KK modes of the W . Similarly for the Z modes, one obtains

gV (n) = T3f(n) − 2Qf(n)s
2
W , gA(n) = T3f(n), and g(n) = gZ(n)/2cW , where, focusing on the

observed Z boson,

gZ(0) = g

{

1 − s2
β X , 1 , 1

}

,

T3f(0) = T3f

{

1 , 1 − ŝ2
W X , 1 − ĉ2

W X

}

,

Qf(0) = Qf

{

1 , 1 − X , 1

}

.

(2.18)

Here, Qf and T3f are the fermion charge (Qe = −1) and 3-component of the weak isospin

(T3e = −1/2). The photon is not affected by electroweak symmetry breaking and, hence,

gV (n) = 1, gA(n) = 0, and e(n) = e for n = 0 and
√

2e for n ≥ 1. In the brane-bulk and

the bulk-brane models, the higher photon KK modes are absent. The coupling parameters

gW (n), gZ(n), T3f(n), and Qf(n) for the higher KK modes (n ≥ 1) can also be obtained from

Appendix B of [11]. To first order in X, they are given by

gW (n) = g

{√
2

(

1 − 3

2π2n2
s2

β ĉ2
W X

)

, no KK modes ,
√

2

(

1 − 3

2π2n2
ĉ2
W X

)}

,

gZ(n) = g

{√
2

(

1 − 3

2π2n2
s2

β X

)

, 1 , 1

}

,

T3f(n) = T3f

{

1,
√

2 sW

(

1 + (ĉ2
W − 1

2
ŝ2

W )
3

π2n2
X

)

,
√

2 cW

(

1 + (ŝ2
W − 1

2
ĉ2
W )

3

π2n2
X

)}

,

Qf(n) = Qf

{

1,

√
2

sW

(

1 − ŝ2
W

3

2π2n2
X

)

,
√

2 ĉW
3

π2n2
X

}

.

(2.19)

3 Electroweak Constraints Revisited

In order to extract bounds on M from the available data, one can proceed in two ways.

For the set of precision observables specified in [11] (mostly from LEP), one may fix the
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SM parameters at their current best fit values and calculate the 5DSM predictions O5DSM

using (2.5) and taking the SM expectations OSM from [13]. Then, one can perform a one-

parameter χ2-analysis for M or equivalently X defined in (2.12). The χ2-function is given

by

χ2(X) =
∑

i,j

(

Oexp
i − O5DSM

i

)

V −1
ij

(

Oexp
j − O5DSM

j

)

(3.1)

with the covariance matrix Vij = ∆Oi ρij ∆Oj , ∆Oi being the measurement error of a given

observable Oexp
i and ρij being the matrix of correlation coefficients. This approach is widely

used in the literature. It has also been followed in our previous analysis [11]. However, in

this approach possible correlations between the SM parameters and the size of the extra

dimension are ignored, and hence the bounds on M may be overestimated. Therefore, it is

interesting to follow a more general approach in which X is fitted simultaneously with the

SM parameters αem(mZ), GF , mZ , αs(mZ), mt, mH to the data. The SM predictions OSM
i in

(2.5) are obtained from ZFITTER [19], while the 5D corrections ∆5DSM
O are taken from [11].

The multi-parameter minimization of χ2 is performed with the program MINUIT [20].

The bounds on X can be derived from (3.1) by either using Bayesian statistics∗ or by

simply requiring

∆χ2 = χ2(X) − χ2
min < n2 (3.2)

for X not to be excluded at the n σ confidence level. In the above, χ2(X) is the minimum

for a given X with respect to all other fit parameters requiring mH ≥ 114 GeV, while χ2
min

is the overall minimum in the physically allowed region X ≥ 0, mH ≥ 114 GeV. If the best

fit value of X is not too far in the unphysical region, both methods lead to similar results

and approximate well the results of the unified approach [21]. We will present the bounds

as obtained from (3.2).

Having described the methods, we will now discuss the resulting bounds on the com-

pactification scale M listed in Table 1. Superseding the one-parameter fit in [11], we use

the latest experimental data [13] and take into account the error correlations which had

previously been ignored. The error correlations have only a small effect, shifting the bounds

by no more than 0.2 TeV. However, the change in the data with respect to the data of the

year 2000 alters the bounds by as much as 1 TeV. This mainly is due to the large shift of

the experimental value for the forward-backward asymmetry A
(0,b)
FB which is now found to

be more than 3σ below the SM expectation. Only the bulk-bulk model with a bulk Higgs

∗For example, in Bayesian statistics with a flat prior in the physical region X ≥ 0 and a zero prior in

the unphysical region, the 95% (1.96 σ) c.l. bound X95 is given by 0.95 =
∫

X95

0
dX P (X)/

∫

∞

0
dX P (X) ,

where P (X) = exp[−(χ2(X) − χ2

min
)/2].
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SU(2)L-bulk, U(1)Y -brane SU(2)L-brane, U(1)Y -bulk

Figure 1: Contours of ∆χ2 = 1, 4, 9 (eq. 3.2) derived from multi-parameter fits to

electroweak precision data. The shaded regions of the parameter space correspond

to mH < 114 GeV and/or M2 < 0.

predicts a smaller value of A
(0,b)
FB than the SM. Correspondingly, the bound for this model

is lowered while the constraints on the other models become stronger.

In the multi-parameter fit, the correlations between M and the SM parameters reduce

the bounds as expected, the size of the effect varying from model to model. In the brane-

bulk model the effect is biggest lowering the bound by almost 40%. Here, the best fit

value is relatively far in the unphysical region. Thus, as a cross-check, we also performed

a Bayesian analysis leading to a bound which is 0.1 TeV below the bound from (3.2).

Most interesting is the correlation between the compactification scale and the mass
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brane-bulk bulk-brane
bulk-bulk

(brane Higgs)

bulk-bulk

(bulk Higgs)

one-parameter fit 4.9 3.2 5.5 4.2

multi-parameter fit 3.1 3.1 4.2 3.7

Table 1: 2σ bounds on M in TeV derived from electroweak precision measure-

ments [13].

of the Higgs boson. This correlation is illustrated in Fig. 1. The data set used for this

analysis differs from the one used for the familiar blue-band plot [22]. Within the SM

(X = 0 in Fig. 1) it leads to a best fit value mH = 100+70
−40 GeV and to the 2σ upper bound

mH < 280 GeV. As can be seen in Fig. 1, in all models with the Higgs field localized on the

brane, the existence of an extra dimension favors a heavier Higgs boson. This confirms the

observation for the bulk-bulk model in [12]. The effect is most pronounced in the bulk-bulk

model with a brane Higgs and in the brane-bulk model. Quantitatively, for M = 5 TeV,

the best fit values increase to mH = 170+105
−60 GeV and mH = 155+105

−60 GeV, respectively. If

the compactification scale is included in the multi-parameter fit, the 2σ upper bound on

mH is relaxed to 330 and 400 GeV, respectively.

4 LEP2 Constraints

At energies above the Z pole, the virtual exchange of KK excitations of the SM gauge bosons

becomes dominant. As long as s ≪ M2, the main effects come from the interference of zero

with higher KK modes. These effects scale like s/M2 in contrast to the energy-independent

modifications of masses and couplings, as is illustrated in Fig. 2 for muon-pair production.

The residual energy dependence of the impact of the latter on the cross section (dashed

curves in Fig. 2) is due to the transition from dominant Z exchange to dominant photon

exchange.

Focusing on LEP2, we have investigated the total cross sections for lepton-pair pro-

duction, hadron production, and Bhabha scattering. Forward-backward asymmetries for

muon and tau production as well as the heavy quark observables A
(0,b)
FB , A

(0,c)
FB , Rb =

σ(bb)/σ(had), and Rc = σ(cc)/σ(had) are included in the fits, although they do not con-
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Figure 2: The shift ∆5DSM
µ+µ−

of the total cross section for muon-pair production in

the bulk-bulk model with a brane Higgs for M = 5 (a), 10 (b), and 20 (c) TeV. The

dashed curves show the effects from the mixing of masses and couplings only.

tribute noticeably to the bounds. For completeness, we have also investigated W+W−

production.

4.1 Fermion-Pair Production

The differential cross section for fermion-pair production is given by

d σ(e+e− → f f)

d cos ϑ
=

Nfs

128 π

[

(1 + cosϑ)2 (|Mef
LL(s)|2 + |Mef

RR(s)|2) +

(1 − cos ϑ)2 (|Mef
LR(s)|2 + |Mef

RL(s)|2)
]

,

(4.1)

where ϑ is the scattering angle between the incoming electron and the negatively charged

outgoing fermion, and Nf = 1(3) for leptons (quarks) in the final state. For the matrix

elements entering (4.1) one finds

Mef
αβ(s) =

∞
∑

n=0

(

e2
(n)

QeQf

s − m2
γ(n)

+
ge

α(n)g
f
β(n)

cos2 θW

1

s − m2
Z(n)

)

(4.2)

with the couplings

gf
L,R(n) =

gZ(n)

2

(

gV (n) ± gA(n)

)

(4.3)
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brane-bulk bulk-brane
bulk-bulk

(brane Higgs)

bulk-bulk

(bulk Higgs)

µ+µ− 2.0 1.5 2.5 2.5

τ+τ− 2.0 1.5 2.5 2.5

hadrons 2.6 4.7 5.4 5.8

e+e− 3.0 2.0 3.6 3.5

W+W− 1.1 2.0 2.1 2.2

LEP2 combined 3.5 4.6 5.6 5.9

Electroweak

and LEP2 data

combined

5.4 4.8 6.9 6.0

Table 2: 2σ bounds on M in TeV from a one-parameter fit derived from LEP2

data alone and from LEP2 and electroweak precision data combined.

derived from (2.16), (2.18), and (2.19). The expression (4.1) has also been used in [23].

However, the mixing effects in the couplings and masses included in (4.2) and (4.3) have

been neglected there.

The data taken by the LEP experiments for muon, tau, and hadron production is

properly combined in [22] for energies between
√

s = 130 GeV and
√

s = 207 GeV. In the

hadronic channel it is very important to take into account the large correlations between

the data at different energies. If they are ignored, the bounds on the compactification scale

are overestimated by as much as 3 TeV. On the other hand, correlations in the muon and

tau channels are extremely small and have little effect.

The bounds from a simple one-parameter analysis are summarized in Table 2. In

the muon and tau channel, the bulk-brane model is least restricted because essentially

only left-handed fermions interact with the KK modes. The best fit values turn out to lie
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always in the physical region X ≥ 0. Hadron production puts more stringent bounds on

the 5D models because of the larger cross section. In this case, the brane-bulk model is

least restricted, since the hadronic cross section is dominated by left-handed quarks whose

small hypercharges suppress the interference effects with the U(1)Y KK modes. In this

case, the best fit values lie in the unphysical region X < 0.

The differential cross section for Bhabha scattering may conveniently be expressed as

d σ(e+e− → e+e−)

d cos ϑ
=

s

128 π

[

(1 + cosϑ)2 (|Mee
LL(s) + Mee

LL(t)|2 + |Mee
RR(s) + Mee

RR(t)|2) +

(1 − cos ϑ)2 (|Mee
LR(s)|2 + |Mee

RL(s)|2) + 4 (|Mee
LR(t)|2 + |Mee

RL(t)|2)
]

,

(4.4)

where t = −s(1−cos ϑ)/2 and Mee
αβ(s or t) can be read off from (4.2). The total cross section

is calculated by integrating (4.4) over ϑ in the experimental ranges. Since the Bhabha data

of the four LEP experiments [24] has not yet been combined, possible correlations of the

different experiments cannot be accounted for, at least for the time being.

As can be seen from Table 2, the bounds on M from Bhabha scattering are approx-

imately 1 TeV stronger than those from the other leptonic channels. This is due to the

large Bhabha cross section. On the other hand, the dominance of the t-channel photon ex-

change, which is not affected by the presence of an extra dimension, reduces the sensitivity

of Bhabha scattering with respect to hadron production in almost all 5D models.

4.2 W+W− Production

The differential cross section for W+W− production reads [25]

d σ(e+e− → W+ W−)

d cos ϑ
=

1

32πs
β

×
{

β2
[

M2
L(s) + M2

R(s)
]

s2

[

s

m2
W (0)

+ sin2 ϑ

(

3

4
− s

4m2
W (0)

+
s2

16m4
W (0)

)]

+ M2
L(t)t2

[

s

4m2
W (0)

+ β2 sin2 ϑ

(

s2

16t2
+

s2

64m4
W (0)

)]

+ML(t)ML(s) st

[

2 + 2
m2

W (0)

t
+ β2 s

m2
W (0)

− β2 sin2 ϑ

(

s

4t
+

s

8m2
W (0)

− s2

16m4
W (0)

)]}

,

(4.5)
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where β =
√

1 − 4m2
W (0)/s, t = m2

W (0) − s (1 −
√

1 − β cos ϑ)/2 and ϑ is the scattering

angle between the electron and the negatively charged W boson. Note, that mW (0) =

mSM
W ( 1 + ∆mW

X ) with

∆mW
=

{

1

2
s4

β ŝ
2
W − ŝ2

W ĉ2
W

2ĉ2W

(

1 − 2s2
β − ŝ2

W

ĉ2
W

s4
β

)

,
ŝ2

W ĉ2
W

2 ĉ2W

,
ŝ2

W ĉ2
W

2 ĉ2W

}

(4.6)

for the bulk-bulk, the brane-bulk, and the bulk-brane model, respectively [11]. Further-

more, ML,R(s) and ML(t) are given by

Mα(s) =

∞
∑

n=0

(

Qe e(n) gγ
3(n)

s − m2
γ(n)

+
ge

α(n)g
Z
3(n)

cos θW

1

s − m2
Z(n)

)

,

ML(t) =
g2

W (0)

t
,

(4.7)

while MR(t) = 0 as in the SM. A novel feature are the triple gauge-boson couplings gγ
3(n)

and gZ
3(n) of the photon, the Z boson, and their respective KK modes with the W zero

modes. They are given in Appendix A along with the corresponding Feynman rules.

As can be seen from Table 2, W -pair production at LEP2 provides relatively weak

bounds on M . This can be understood by realizing that the effects of KK exchange are

almost negligible due to the suppression of the interference of SM and KK exchange by an

additional factor X. This is a direct consequence of selection rules which forbid the triple

boson couplings of a single higher KK mode to zero modes for the gauge eigenstates such

that they can only be induced by mixing.

4.3 Combined Bounds on the compactification scale M

The 2σ bounds on M found from a one-parameter fit to the combined LEP2 data are listed

in Table 2. The bounds range from 3.5 TeV for the brane-bulk model to 5.9 TeV for the

bulk-bulk model with a bulk Higgs. Furthermore, including also the electroweak precision

measurements, the bounds range from 4.8 TeV for the bulk-brane model to 6.9 TeV for the

bulk-bulk model with a brane Higgs. For the bulk-bulk models our results agree with the

results of [23]. The best fit values always lie in the unphysical region X < 0.

For muon-pair, tau-pair and hadron production (including asymmetries and heavy-

quark data), where ZFITTER can be used to calculate the SM predictions, we have also

performed a multi-parameter fit. The resulting ∆χ2 contours are shown in Fig. 3. The

slight distortions from smooth contours are due to a discontinuity in hadronic cross sections
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Figure 3: Contours of ∆χ2 = 1, 4, 9 (eq. 3.2) derived from the combined analysis

of LEP2 data and electroweak precision measurements. The shaded regions of the

parameter space correspond to mH < 114 GeV and/or M2 < 0.

and asymmetries found in ZFITTER version 6.36 at
√

s = mt [26]. The corresponding 2σ

bounds on M are listed in Table 3 along with the bounds from the corresponding one-

parameter fit. The correlations between mH , mt, and M are similar to what has been

found from the precision observables alone in Section 3. They are weak in the bulk-brane

model and most sizable in the brane-bulk model.

A comparison of Table 2 and 3 shows that in the one-parameter fit Bhabha scattering

and W+W− production increase the combined bounds by about 0.5 TeV. Thus, the bounds

from a multi-parameter fit to all data, including Bhabha scattering and W+W− production
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brane-bulk bulk-brane
bulk-bulk

(brane Higgs)

bulk-bulk

(bulk Higgs)

one-parameter fit 5.0 4.5 6.4 5.5

multi-parameter fit 3.6 4.3 5.4 5.2

Table 3: 2σ bounds on M in TeV derived from the muon-, tau-, and hadron

production at LEP2 combined with electroweak precision measurements.

can be estimated to lie between 4 TeV for the brane-bulk model and 6 TeV for the bulk-bulk

model with a brane Higgs.

5 Sensitivity at a Linear Collider

Having extracted the bounds on the compactification scale M from available data, we will

now estimate the reach at a future linear collider such as TESLA [27]. For illustration, we

investigate both the potential of the GigaZ option as well as the sensitivity at high energy

and luminosity.

5.1 GigaZ option

At the Z pole, the luminosity goal at TESLA is L = 5 × 1033 cm−2 s−1 which is sufficient

to produce 109 Z bosons in only 50-100 days of running [27]. This will increase the LEP

statistics by more than an order of magnitude. The most relevant improvement in testing

the compactification scale will come from the precise measurement of the left-right (LR)

asymmetry ALR. Since photon exchange and the exchange of higher KK modes can be

neglected on the Z peak, the LR asymmetry at tree level can be approximated by

ALR =
2 gV (0) gA(0)

g2
V (0) + g2

A(0)

, (5.1)

where gV (0) and gA(0) are the vector and axial vector couplings of the electron to the Z

boson given in (2.16). This asymmetry is very sensitive to shifts of the weak mixing angle

with respect to the SM value because of the small ratio gV /gA = (1 − 4 sin2 θW ). Using

16



brane-bulk bulk-brane
bulk-bulk

(brane Higgs)

bulk-bulk

(bulk Higgs)

ALR 12.4 6.8 14.2 12.4

Table 4: 2σ bound on the compactification scale M in TeV which can be obtained

with the GigaZ option at TESLA if the measured value of ALR coincides with the

SM expectation.

(2.10) and (2.18) in order to express (5.1) in terms of the input parameters, one obtains

the 5DSM corrections ∆ALR
= ∆Ae

given in [11].

With the GigaZ option it will be possible to measure ALR with an absolute error of

about 10−4 [27]. However, the uncertainties in the fine structure constant and the Z mass

will each induce an additional error of about 10−4 which has to be added in quadrature.

Coincidence of the measured value of ALR with the SM expectation would then imply the

bounds on M shown in Table 4. As can be seen, except for the bulk-brane model, the

GigaZ option should allow to improve the existing bounds by at least a factor 2.

With excellent b-tagging, it will also be possible to considerably improve the mea-

surement of the final state coupling Ab and the cross-section ratio Rb. The experimental

error for the mass of the W boson can also be reduced significantly by a threshold scan.

However, the sensitivity of these observables to M is small and does not allow to explore

compactification scales beyond the bounds already known from available data.

5.2 Tests at
√

s = 800 GeV

At high energies, the interference effects from the exchange of SM and KK modes completely

dominate the mixing effects as illustrated in Fig. 2. We consider the same processes as in

Section 4, except for W -pair production which is not very sensitive to an extra dimension

since the couplings of the W bosons to higher KK modes in the s-channel are either

forbidden or suppressed. For Bhabha scattering, an acceptance cut, | cosϑ| < 0.9, is

included. Furthermore, we assume an integrated luminosity of 1000 fb−1.

In addition, we also study Higgsstrahlung, the differential cross section of which is
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Figure 4: Expected sensitivity to M as a function of relative systematic error at√
s = 800 GeV and for an integrated luminosity of 1000 fb−1: (a) bulk-bulk model

with brane Higgs, (b) bulk-bulk model with bulk Higgs, (c) brane-bulk model, and

(d) bulk-brane model.

given by

d σ(e+e− → Z H)

d cos ϑ
=

s

512π
λ1/2(s)

[

8
m2

Z(0)

s
+ λ(s)

(

1 − cos2 ϑ
)

]

[

M2
L(s) + M2

R(s)
]

.

(5.2)

Here, λ(s) =
(

1 −
(

mH + mZ(0)

)2
/s
)(

1 −
(

mH − mZ(0)

)2
/s
)

is the familiar two-particle

phase-space function, ϑ is the scattering angle between the electron and the outgoing Z,

and

Mα(s) =

∞
∑

n=0

(

ge
α(n) gZH

(n)

cos2 θW

1

s − m2
Z(n)

)

. (5.3)

The couplings ge
α(n) are defined in (4.3) and gZH

(n) is the effective coupling of the Z modes

to the Higgs boson given in Appendix B. The integrated cross section following from (5.2)

in the SM limit can be found, for example, in [28].
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Figure 5: Combined sensitivity to the compactification scale M as a function

of relative systematic error at
√

s = 800 GeV and for an integrated luminosity of

1000 fb−1 in the models bulk-bulk with brane Higgs (short dashed), bulk-bulk with

bulk Higgs (solid), brane-bulk (dashed), and bulk-brane (long dashed).

The Higgsstrahlung process is certainly not a primary search channel for an extra

dimension because of the limited experimental accuracy. For
∫

L dt = 103 fb−1 and at√
s = 800 GeV, the error on the total cross section for mH ≃ 115 GeV is expected to

be 5% [27]. Nevertheless, this channel is interesting for distinguishing between a brane and

a bulk Higgs in the bulk-bulk model. If the produced Higgs boson is the zero mode of a

bulk field, the KK selection rules forbid the coupling H(0)Z(0)Z(n) for n ≥ 1. Thus, the

absence of massive KK-modes in the s-channel is a clear signal for a bulk Higgs. In this

case, this process is rather SM-like in contrast to a Higgs boson localized on the brane.

The phenomenology of 2-Higgs-doublet models with a bulk and a brane Higgs has been

investigated in [29].

In the following, the sensitivity to the presence of an extra dimension is estimated by

requiring

χ2 =
∑

i

(

OSM
i − O5DSM

i

)2

(∆Oi)2
≤ 4 . (5.4)

The statistical errors will be so small that the systematic errors become decisive [30, 31].

Since the latter are not reliably known at the present time, we show, in Fig. 4, the sen-

sitivity to the compactification scale M as a function of the relative systematic error. At

∆Osys
<
∼ 0.001 the statistical uncertainty begins to dominate and the sensitivity to the
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Figure 6: Search limit as a function of the integrated luminosity at
√

s = 800 GeV

assuming a systematic error of 1.0% (left) and 0.1% (right). Combination of chan-

nels, and models as in Fig. 5.

compactification scale saturates.

The combined sensitivity of the search channels of Fig. 4 is presented in Fig. 5.

For bulk/brane (bulk/bulk) models, the sensitivity limit increases from 15 (20) TeV for

systematic errors at the 1% level to 35 (50) TeV for negligible systematic errors. The role

played by the statistics is illustrated in Fig. 6, where the combined sensitivity is plotted as

a function of integrated luminosity.

In addition to integrated cross sections, it is also interesting to study the effects of an

extra dimension on angular distributions. This may provide further handles to discriminate

between different models. For the muon and tau channel, the angular distribution in the

bulk-bulk model is almost completely SM-like. However, the brane-bulk and the bulk-brane

models lead to significant distortions of the angular distribution because of the almost pure

U(1)Y and SU(2)L nature of the heavy KK modes. In Bhabha scattering, the s- and the

t-channel are affected differently such that the angular distribution is also affected in the

bulk-bulk models.

For illustration, Fig. 7 shows the shift ∆5DSM
ϑ of (dσ/d cosϑ)/σtot from the SM predic-

tion as defined in (2.5). If the angular distributions in the muon channel can be measured

with a precision better than 1% per bin (using ten bins), one can probe the compactifi-

cation scale M beyond 10 TeV for the brane-bulk and the bulk-brane model. In Bhabha

scattering, one can reach a similar scale also for the bulk-bulk models, while the bulk-brane

model is difficult to probe in this channel.
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Figure 7: Deviation of the angular distribution (dσ/d cosϑ)/σtot in muon-

pair production (left) and Bhabha scattering (right) from the SM predictions for

M = 10 TeV in the bulk-bulk (solid), brane-bulk (dashed), and bulk-brane (long

dashed) models.

6 Conclusions

In this article, we have determined detailed and robust bounds on the compactification

scale M from electroweak precision data and LEP2 measurements of fermion and W pair

production. Our analysis includes correlations of experimental errors in the data. Moreover,

besides one-parameter fits, we have performed multi-parameter fits in order to include

correlations between the SM parameters and the compactification scale M . In addition,

we have estimated the sensitivity to M at a future e+e− collider such as TESLA. For this

estimate, we have considered fermion-pair production and Higgsstrahlung.

If both the SU(2)L and U(1)Y fields are bulk fields, the existing data imply M >

5.5 − 6 TeV where the range reflects the dependence on details of the Higgs sector. If

the SU(2)L or U(1)Y fields are confined to the brane where the fermions live the bounds

are M > 4 TeV and M > 5 TeV, respectively. Furthermore, we have shown that the

presence of an extra compact dimension relaxes the upper bound on the SM Higgs mass

from 280 GeV in the SM (for the data set used in Section 3) to 400 GeV and 330 GeV in

the brane-bulk and the bulk-bulk model with a brane Higgs, respectively.

At an e+e− linear collider, the GigaZ option should allow to increase the sensitivity

to M by a factor 2 in almost all 5D models. At
√

s = 800 GeV and for an integrated

luminosity of 1000 fb−1 the discovery potential will crucially depend on the control of

systematic errors. For a systematic uncertainty of 1% in each search channel, one will be

able to reach compactification scales in the range 15-20 TeV. For systematic uncertainties
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smaller than the statistical uncertainties, the sensitivity limit is estimated to be in the

range M = 35-50 TeV.

Finally, for a sufficiently low compactification scale, M <
∼ 10 TeV, Higgsstrahlung and

angular distributions of 2-fermion final states can be used to discriminate between different

5D models. In particular, Higgsstrahlung can be used to distinguish brane from bulk Higgs

bosons.
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Figure 8: Triple gauge boson couplings. The numbers in parenthesis denote the

KK mode numbers.

A Kaluza–Klein W(0)W(0)Z(n) and W(0)W(0)γ(n) couplings

Here, we present the Feynman rules for the triple gauge boson vertices shown in Fig. 8.

In the gauge basis, only the W+
(0)W

−
(0)Z(0) and W+

(0)W
−
(0)γ(0) vertices exist while the vertices

W+
(0)W

−
(0)Z(n) and W+

(0)W
−
(0)γ(n) with n ≥ 1 are forbidden by KK selection rules [11, 32].

However, in the mass eigenstate basis, couplings to heavy KK states are induced by the

diagonalization of the gauge-boson mass matrix. Below, we give these couplings to first

order in X. To this order the zero-mode couplings are unaffected, that is

gZ
3(0) = g cos θW , gγ

3(0) = e (A.1)

with g from (2.9). For the higher modes (n ≥ 1), one gets

gZ
3(n) =

√
2 e

ĉW

ŝW

(

ŝ2
W − ĉ2

W

)

s2
β

3

n2π2
X (A.2)

gγ
3(n) = −

√
2 e ĉ2

W s2
β

6

n2π2
X (A.3)

in the bulk-bulk model,

gZ
3(n) =

√
2 e ĉW

3

n2π2
X (A.4)

in the brane-bulk model, and

gZ
3(n) = −

√
2 e

ĉ2
W

ŝW

3

n2π2
X (A.5)

in the bulk-brane model. In the latter two models, the γ(n) modes for n ≥ 1 are absent.
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(n) Z�(0)Z� (0)H i gZH(n) mZ(0)W g��
Figure 9: The HZZ vertex. The numbers in parenthesis specify the KK modes.

B Kaluza–Klein H(0)Z(0)Z(n) couplings

In the bulk-bulk model with a brane Higgs only, the HZZ coupling can be derived in the

gauge basis from

LHZZ(x) =
1

4

g2v

c2
W

h

(

Zµ
(0) +

∞
∑

n=1

√
2 Zµ

(n)

)2

=
g

2

mZ(0)

cW

(

1 − ∆Z

2
X

)

h

(

Zµ
(0) +

∞
∑

n=1

√
2Zµ

(n)

)2

,

(B.1)

where h denotes the Higgs field on the brane and v its VEV. The second relation follows

from (2.7). In the bulk-bulk model with a bulk Higgs field, the KK selection rules forbid

the couplings of two zero modes to higher modes. Moreover, the gauge eigenstates coincide

with the mass eigenstates. Thus, for zero-mode final states, Higgsstrahlung is described by

the same H(0)Z(0)Z(0) vertex as in the SM. In the brane-bulk or bulk-brane model, the Zµ
(n)

tower coincides with the U(1)Y or SU(2)L KK modes for n ≥ 1, respectively. Because a

brane Higgs field breaks momentum conservation in the extra dimension, no selection rules

exist.

In the mass eigenstate basis, the Lagrangian (B.1) leads to the vertex shown in Fig. 9.

In summary, the effective couplings are given by

gZH
(0) = g and gZH

(n≥1) = 0 (B.2)

in the bulk-bulk model with a bulk Higgs,

gZH
(0) = g

[

1 −
(

2 +
∆Z

2

)

X

]

,

gZH
(n≥1) =

√
2 g

[

1 −
(

1 +
3

2 n2π2
+

∆Z

2

)

X

]

,

(B.3)

24



in the bulk-bulk model with a brane Higgs,

gZH
(0) = g

[

1 −
(

2 ŝ2
W +

∆Z

2

)

X

]

,

gZH
(n≥1) =

√
2 sW g

[

1 −
(

ŝ2
W +

(

3 ŝ2
W − 2

) 3

2 n2π2
+

∆Z

2

)

X

]

,

(B.4)

in the brane-bulk model, and

gZH
(0) = g

[

1 −
(

2 ĉ2
W +

∆Z

2

)

X

]

,

gZH
(n≥1) =

√
2 cW g

[

1 −
(

ĉ2
W +

(

3 ĉ2
W − 2

) 3

2 n2π2
+

∆Z

2

)

X

]

,

(B.5)

in bulk-brane model. The factor
√

2 in gZH
(n≥1) is the usual enhancement of couplings between

higher KK modes and brane fields. The factors sW and cW reflect the fact that for n ≥ 1

Zµ
(n) is mainly Bµ

(n) or A3µ
(n), respectively.
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