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Electromagnetic suppression of the decayµ\eg
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Because of large QED anomalous dimensions of the electric and magnetic dipole operators, the rate of the
rare muon decaym→eg is suppressed by the factor@12(8a/p)ln(L/mm)#, independent of the physics re-
sponsible for the lepton-flavor violation, except for the scaleL at which it occurs. ForL5100– 1000 GeV, the
resulting decrease of the rate amounts to about 12– 17 %.
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I. INTRODUCTION

The only observed decay channel of the muon ism2

→e2n̄enm ~with a possible photon or electron-positron pa
emission!. However, since the discovery of the muon mo
than half a century ago, searches have been undertake
the decaym→eg. Initially, when the muon was thought t
be an excited state of the electron, this was expected to b
dominant decay channel. It was soon realized that it is v
strongly suppressed~the early experiments are summariz
in @1#!. When an intermediate boson was proposed to exp
the mechanism of weak interactions@2#, the absence ofm
→eg led to the hypothesis that the two neutrinos in t
muon decay@Fig. 1~a!# have different flavors so that th
interaction shown in Fig. 1~b! cannot occur@3,4#.

The existence of the muon neutrino, distinct from t
electron one, was demonstrated in the classic 1962 exp
ment in Brookhaven@5#. In this way, the limits placed on th
branching ratio form→eg helped establish the concept
families or generations of fermions, which became one of
cornerstones of the standard model.

In fact, the standard model with massless neutrin
strictly forbids the lepton-flavor nonconserving transitio
such asm→eg. Even if the neutrinos have a small mass, t
rate is still very small,O„(mn /mW)4

… @6–9#. However, most
extensions of the standard model, containing some n
physics at the hitherto unexplored mass scales, predi
higher rate of m→eg. For example, in supersymmetr
~SUSY! neutrinos have heavy ‘‘partners,’’ scalar sneutrin
whose mixing could generatem→eg transitions through the
interaction with charginosx̃6, as shown in Fig. 2~a!. Scalar
partners of the charged leptons, interacting with neutrali
x̃0, could also contribute to this decay@Fig. 2~b!#.

Explicit supersymmetric grand unified models@10–14#
predict am→eg rate just below the present 90% C.L. bou
from the MEGA experiment@15#,

G~m→eg!

G~m→en̄enm!
,1.2310211. ~1!

In the near future, a new search form→eg will be under-
taken at the Paul Scherrer Institute~PSI! @16#, with a single
0556-2821/2002/65~11!/113004~4!/$20.00 65 1130
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event sensitivity corresponding to the branching ratio
2310214. In view of the supersymmetric~SUSY! grand uni-
fied theory ~GUT! predictions, it is not inconceivable tha
this experiment will findO(100) ofm→eg decay events. At
such a rate, precision studies of lepton-number-violating
teractions will become possible. It is therefore interesting
theoretically evaluate model-independent electromagnetic
fects which turn out to decrease the rate ofm→eg by several
percent.

II. QED SUPPRESSION OF THE DIPOLE OPERATORS

The effective interaction which gives rise tom→eg has
the form

~2!

where f i ( i 5M ,E) are form factors, calculable in explici
models of physics beyond the standard model. In terms
f i , the rate ofm→eg is

G (0)~m→eg!5
mm

3

8p
~ u f Mu21u f Eu2!. ~3!

It is well known that the chirality-flipping electric and mag
netic dipole operators in Eq.~2! have~the same! large QED

FIG. 1. ~a! Ordinary muon decay;~b! the puzzle of them
→eg absence in the early models with an intermediate vector
son.
©2002 The American Physical Society04-1
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anomalous dimension. It was first computed in the contex
hadron decays in QCD@17–20#, and plays an important role
in various electromagnetic processes like the radiative de
b→sg @21# or the muon anomalous magnetic mome
@22–24# ~see also@25#!.

We denote the coefficient of the dipole-transition ope
tors in Eq. ~2!, computed in a full theory violating lepton
flavor, by f i(L), whereL is a characteristic mass scale
the relevant new physics. For example, in SUSY,f i(L)
would result from the one-loop diagrams in Fig. 2, andL
would be the characteristic mass of the superpartners. If
now consider an effective theory at an energy of the orde
the muon mass, the heavy exotic fields are not dynam
degrees of freedom and we can consider the effects of F
as point-like interactions given by the Lagrangian~2!.

However, when we consider higher-order electromagn
corrections to this interaction, such as the one shown in
3, we find that they are logarithmically divergent in the u
traviolet ~UV!. This is not surprising, since the dimension
the operators in Eq.~2! is 5, which signals non-
renormalizability. An explicit calculation shows that the e
fect of those corrections amounts to

f i~L!→ f i~L!S 12
4a

p
ln

L

mm
1O~a! D , ~4!

where we have taken the UV cutoff to be equalL, since
around that magnitude of the loop momentum it is no lon
justified to treat the flavor-changing vertex as point-like. T
interaction is weakened; we can denote its effective stren
at the muon mass scale byf i(mm), which includes the lead
ing logarithmic effect,

FIG. 2. Supersymmetric amplitudes which might give rise to
decaym→eg.

FIG. 3. An example of an electromagnetic correction wh
contributes to the suppression of them→eg decay rate.
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f i~mm!5 f i~L!S 12
4a

p
ln

L

mm
D . ~5!

This effect can be quite large, since the rate~3! of the decay
is proportional to the sum of squares off i ,

G~m→eg!.S 12
8a

p
ln

L

mm
DG (0)~m→eg!. ~6!

If L is of order 250 GeV, which is a typical SUSY mas
scale in the models considered in@10#, this corresponds to
about 14% decrease of the rate.

It is possible to sum up the leading logarithmic effects
all orders inanlnnL/mm ~see, e.g.@26,27#!. In the absence of
mixing with other lepton-flavor non-conserving operato
the scale dependence of the coefficientsf i can be expressed
in an iterative form,

f i~m,!5 f i~m.!•S a~m,!

a~m.! D
g/b

, ~7!

where in our case the anomalous dimension isg528 andb
is determined using the chargesQj of all particles contribut-
ing to the running of the fine structure constant between
scalesm, andm. :

b52
4

3 (
j

Qj
2 . ~8!

The explicit result forf i(mm) depends on the mass spectru
of a concrete new physics scenario. However, higher or
leading-logarithmic effects are not expected to significan
change the magnitude of them→eg rate decrease given in
Eq. ~6!, because of cancellation between the running of
fine structure constant and the effects of higher orders in
anomalous dimension. Similar cancellation was observe
the muong22 @24#.

Typical lepton-flavor-violating amplitudes, such as t
ones in Fig. 2, contain two new physics masses, which
general may be quite different. One can ask the quest
‘‘What should be taken as the argumentL of the logarithm
in ~6!?’’ As long as the ratio of the two large scales is sm
compared to their size relative to the muon mass, this is
issue of non-leading corrections, which we have been
glecting. In the case ofm→eg induced by the small neutrino
masses~where the rate is extremely small, as discuss
above!, the scaleL5mW in Eq. ~6! is the larger of the two
masses in the loop. The inverse ofmW determines the size o
the effective interaction range.

III. FOUR-FERMION OPERATORS

New physics effects can also induce lepton-flav
violating four-fermion operators such as (ēGm)( f̄ G f ) @Fig.
4~a!#. They contribute tom→eg through loop effects@Figs.
4~b,c!# in the same order in (a/p)ln(L/mm) as the suppres
sion effect in Eq.~6!. In theories such asR-parity-conserving
SUSY, four-fermion contributions are suppressed relative
the dipole operators~Fig. 2! by two powers of a coupling

e
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constant and are not expected to contribute significantly
m→eg. It is, however, interesting to see to what extent
can estimate such contributions in a model-independent w

Virtual fermionsf other than muon or electron contribu
only through ‘‘closed’’ loops, as shown in Fig. 4~c!. Large
logarithms arising from such diagrams cancel at least p
tially in anomaly-free theories, and we will neglect the
effects.

Here we will consider a specific example of the opera

Ox5Gx~ ēgnLm!~ ēgnLe!, L[
12g5

2
, ~9!

whose anomalous dimension and mixings with other flav
violating operators can be found using well-known resu
found in studies of the radiative quark decayb→sg. We will
demonstrate that the bound on Gx , obtained from searche
for m→eee, renders the contribution of this operator tom
→eg negligible. We may expect that contributions of oth
Dirac structures and of operators (ēGm)(m̄Gm) have similar
magnitudes.

OperatorOx induces the decaym→eeewith a rate

G~m→eee!5
Gx

2mm
5

768p3
, ~10!

and we can use the bound on the branching ratio@28#,

G~m→eee!

G~m→enn!
,10212, ~11!

to constrain Gx . We find

Gx,231026GF ~12!

(GF is the Fermi constant@28#!.
In order to find the contribution ofOx to the amplitude

m→eg we consider its mixing with the dipole operators
Eq. ~2!. We write the result as

gxēsmn~11g5!m•qmAn , ~13!

with

gx5
emmGx

16p2

29

18

a

p
ln

L

mm
, ~14!

FIG. 4. ~a! Lepton-flavor-violating four-fermion operator;~b!
example of a contribution tom→eg for f 5e or m; ~c! example of
other fermions’ contribution.
11300
to

y.

r-

r

r-
s

r

wheree5A4pa.0.3. Finally, we would like to compare th
effect of this four-fermion operator on the form factorsf i
( i 5E,M ) with the effect of the QED correction in Eq.~4!.
For this purpose we assumef E5 f M and consider the quan
tity

R5
gx

f i

4a

p
ln

L

mm

,e
29A3

8p318
31026

•

1

ABR~m→eg!
,

~15!

where we have takenf i5(GFmm /4A3p)ABR(m→eg) and
used the bound~12!. If m→eg is discovered with a branch
ing ratio between 10211 and 10214, the upper bound on the
ratio R of the four-fermion and dipole radiative effects wi
be between about 1022 and 0.3.

The QED corrections we considered in this paper will
relevant for the upcoming PSI experiment if it observes a
number~of the order of a hundred or more! of decay events
m→eg. This corresponds to the branching ratio of at le
10212, for which the ratioR is about 0.03. We conclude tha
the effects of the four-fermion operators are likely to be ne
ligible for the next generation of them→eg searches.

IV. CONCLUSIONS

The logarithmic suppression which we have discussed
Sec. II affects not onlym→eg but also other lepton-flavor
violating processes occurring via the dipole transition of
type ~2!. For example, the rates of thet-lepton decayst
→mg andt→eg are decreased by

12
8a

p
ln

L

mt
, ~16!

which is about 7.5– 12% forL5100– 1000 GeV. On the
other hand, the decays of the typem1→e1e1e2 and muon-
electron conversion in the nuclear field,m2N→e2N, can
occur via a more general interaction, including monop
form factors, which do not receive such logarithmic corre
tions.

To summarize, we have pointed out an electromagn
short-distance effect which decreases the predicted rat
the lepton-flavor-violating decaym→eg by a factor @1
2(8a/p)ln(L/mm)#, or 12– 17 % for the new physics sca
L5100–1000 GeV. If the lepton-flavor non-conservation
observed by the next generation of experiments, them
→eg search at the PSI and the conversionm2N→e2N
search MECO in Brookhaven, this correction will help di
entangle the underlying new physics structure.
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