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1. Introduction

In ref. [2] twisted mass lattice QCD (tmQCD) has been introduced as a solution to
the problem of unphysical fermion zero modes which plague standard lattice QCD

with quarks of the Wilson type. We will assume that the reader is familiar with the
motivation of this approach, and refer to [il] for an introduction. The main topic



of the present paper is the application of Symanizik’s improvement programme to
tmQCD. We introduce the set-up in the simplest case of two mass-degenerate quarks,
and study the improved action and the improved composite fields which appear in
the PCAC and PCVC relations.

Our strategy follows closely refs. [3, 4, &]: in section 2 we go through the struc-
ture of the O(a) improved theory. We then define the Schrédinger functional for
tmQCD, and use it to derive suitable on-shell correlation functions (section 3). The
perturbation expansion is then carried out along the lines of ref. [B], and the new O(a)
improvement coefficients are obtained at the tree-level in section 4 and to one-loop
order in section §. A few details have been delegated to appendices. Appendix A
describes how the twisted mass term can be incorporated in Liischer’s construction
of the transfer matrix [@], and appendix B contains the analytic expressions for the
coefficients used in the analysis of the one-loop calculation.

2. Renormalized and O(a) improved tmQCD

The renormalization procedure for twisted mass lattice QCD with Wilson quarks has
already been discussed in ref. [2]. Here we apply Symanzik’s improvement programme
to first order in the lattice spacing a. The procedure is standard and the details of
its application to lattice QCD with N; mass degenerate Wilson quarks can be found
in ref. [B].

Our starting point is the unimproved tmQCD lattice action for a doublet of mass
degenerate quarks,

with the standard Wilson gauge action and the fermionic part
SelU, ¢, ¢] = a* Z b(x) (D +mo + Wq’VsT?’) P(z). (2.2)
The massless Wilson-Dirac operator is given by

1
D= > AV + Vi) v —aViV,}, (2.3)
W

where the forward and backward covariant lattice derivatives in direction p are de-
noted by V, and V7, respectively. As tmQCD with vanishing twisted mass param-
eter p, reduces to standard lattice QCD we expect that improvement is achieved by
using the standard O(a) improved theory and adding the appropriate O(a) counter-
terms which are proportional to (powers of) p,, and which are allowed by the lattice
symmetries. The procedure hence consists in a straightforward extension of ref. [3],
and we take over notation and conventions from this reference without further notice.



2.1 Renormalized O(a) improved parameters

Following ref. [B] we assume that a mass-independent renormalization scheme has
been chosen, and we take the same steps as done there for standard lattice QCD. At
pq = 0 the Sheikholeslami-Wohlert term [7j] suffices to improve the action, up to a
rescaling of the bare parameters by terms proportional to the subtracted bare mass
mq = mo — me [3]. At non-vanishing i, we find that improved bare parameters are
of the form

§(2) = 9(2)(1 + bgamQ) )
Mg = Mq(1 + bmamg) + bmaui )

fiq = pq(1 + buamg) (2.4)

i.e. there exist two new counterterms with coefficients b, and l;m. The renormalized
O(a) improved mass and coupling constant are then proportional to these parame-
ters, viz.

9121 = Q(Z)Zg@g’ aﬂ) ) Mg = mqu@g’ aﬂ) ) Hr = /quu@g, au) . (2-5)

The ratio of the appropriately renormalized mass parameters determines the angle
a which is involved in the physical interpretation of the theory [2]. We will discuss
below the general O(a) improved definition of a. Here we note that the case of
particular interest, a = /2, corresponds to my = 0, which implies mq = O(a) [2]. In
this case all the usual b-coefficients multiply terms of O(a?) and are thus negligible in
the spirit of O(a) improvement. One then remains with a single coefficient bu, which
compares favorably to the situation in standard lattice QCD where two coefficients,
by and b, are required.

2.2 Renormalized O(a) improved composite fields

We assume that composite fields are renormalized in a mass-independent scheme,
and such that the tmQCD Ward identities are respected [2]. Attention will be
restricted to the quark bilinear operators which appear in the PCAC and PCVC
relations. Moreover, we only consider the first two flavour components, and thus
avoid the renormalization of power divergent operators such as the iso-singlet scalar
density [2]. As explained in ref. [2], the third flavour component of the PCAC and
PCVC relations can be inferred in the continuum limit, by assuming the restoration
of the physical isospin symmetry. The O(a) improved currents and pseudo-scalar
density with indices a,b € {1,2} are then parameterised as follows,

(Ar), = Za(1 + baamy) [AZ + cAad, P* + ajig b 53“1’\/;] : (2.6)
(VR)Z = Zy(1+ byamy) [V/f + cvac';,,T/fV + apq by 53abAﬂ 7 (2.7)
(PR)a = Zp(l + bpamq) pP*. (28)



Here we have chosen the bare operators which are local on the lattice, with the
conventions of ref. [3]. While this is the simplest choice, we also recall the definition
of the point-split vector current,

Tee) = 5 {000~ DG Uit + o) +
o+ a) o+ 1) Ul 000} (29)

which is obtained through a vector variation of the action. This current is protected
against renormalization, and the PCVC relation

8:‘7;(33) = —2u,e3 P (x), (2.10)

is an ezact lattice identity, with the local pseudo-scalar density and the backward
derivative 0}, in p-direction [2]. This implies the identity Z,Zp = 1 in any renormal-
ization scheme which respects the PCVC relation.

2.3 An alternative definition of the improved vector current

An alternative renormalized improved current can be obtained from the point-split
current (2.9). For this it is convenient to start from the symmetrized version

Vi(z) = % (‘7;(30) + ‘7;(30 — a/l)) : (2.11)

m

which behaves under space-time reflections in the same way as the local vector cur-
rent. The counterterm structure then is the same as in eq. (2.7), i.e. one finds

(Vr)5, = Zy(1 + byamy) [Vj + cvaé,,T;jy + Evauqei”ab/lﬂ : (2.12)

where we have again restricted the indices a, b to the first two components. One may
now easily show that

Zy =1, by =0. (2.13)
To see this we first note that at p, = 0 the vector charge of this current is given by
1
Qv (t) = 5Zv(1 +byamy) [Qv () + Qv (t — a)], (2.14)
with
Q% (o) = a® > Vi(x). (2.15)

At pq = 0, correlation functions of the charge are zo-independent,! and the O(a)
improved charge algebra for QF, and the exact charge algebra for Q5 together imply
that the whole renormalization factor in eq. (2:I4) must be unity. As this holds

independently of m,, one arrives at the conclusion (2:13).
1

i.e. as long as the time ordering of the space-time arguments in the given correlation function
remains unchanged.



A further relation is obtained by noting that the PCVC relation between the
renormalized O(a) improved fields,

OV = ~ 2™ (Pr)" (2.16)

with the symmetric derivative 8, = 5(0, + 97) must hold up to O(a?) corrections.
Then, using the identity

3 1/ x [ 17a 1 0 17a
9.V, (z) = 0;, (VM () + ZOLQ@uﬁuVu (x)) , (2.17)
one obtains the relation
ZpZmZ 3 by = —(b, + bp) . (2.18)

The scale-independent combination of renormalization constants multiplying 13\7 is
determined by axial Ward identities [§], so that eq. (2.18) can be considered a relation
between improvement coefficients.

2.4 O(a) improved definition of the angle «

The physical interpretation of the correlation functions in tmQCD depends on the
angle a, which is defined through

Hr
My

tana = (2.19)

In this equation py and my are the O(a) improved renormalized mass parameters
which appear in the PCAC and PCVC relations [2]. Up to terms of O(a?) we then find
Hr _ fa[l + (by — bm)amg] — pg[l + (by + bp — ba)amy]

! _ _ M (2.20)
mg VAN [mq + meL,LL(Zl] Za [m + bACLILL(%ZV ]

Here, m denotes a bare mass which is obtained from some matrix element of the
PCAC relation involving the unrenormalized axial current A}, 4 cAd,P"' and the
local density P'. Given m, the critical mass m., and the finite renormalization
constants Z, Zy and ZpZy,, the determination of the O(a) improved angle requires
the knowledge of two (combinations of) improvement coefficients, which may be
chosen to be b, — by, and l~)m, or b, +bp —ba and l;A. A special case is again o = /2,
which is obtained for vanishing denominators in eq. (2:20). For this it is sufficient to
know either BA or l;m, and the finite renormalization constants Z, or ZpZ,, are then
not needed.

2.5 Redundancy of improvement coefficients

Having introduced all O(a) counterterms allowed by the lattice symmetries, it is
guaranteed that there exists a choice for the improvement coefficients such that O(a)
lattice artefacts in on-shell correlation functions are completely eliminated. We now



want to show that there is in fact a redundancy in the set of the new counterterms
introduced so far, i.e. the counterterms are not unambiguously determined by the
requirement of on-shell improvement alone. To see this we consider the renormalized
2-point functions

—y) = ((Ar)o(z)(Pr)'(v)) ,
—y) = ((Vr)3(2)(Pr)' (%)) , (2.21)

of the renormalized O(a) improved fields defined in subsection 2.3. We assume that
a quark mass independent renormalization scheme has been chosen, and with the
proper choice for the improvement coefficients one finds,

Gx(x) = lir% Gx(z) + 0(a?), X=AV, (2.22)
a—

provided that x is kept non zero in physical units. If the new improvement coefficients
bon, by, ba and by were all necessary any change of O(1) in these coefficients would
introduce uncancelled O(a) artefacts in eq. (2:23). Varying the coefficients by, —
b + Aby, b, — b, + Ab, and ba — ba + Aba in the correlation function Ga(z), we
find that the correlation function itself changes according to

- o 0
AGA(7) = —appZp | Aby Zp Zoy pin=——Ga(z) + Ab,(Zp Z)  'my——Ga(z)—
8mR 8/’LR
— AbyZaZy Gy (z) ], (2.23)

where terms of O(a?) have been neglected. In the derivation of this equation one
has to be careful to correctly take into account the counterterms proportional to b,
and by,. First of all we notice that changing an O(a) counterterm can only induce
changes of O(a) in the correlation function. For instance, the equation

0

"3, Ga(z) +0O(a?), (2.24)

Ga(®@)ly, p,+ap, = Galz) + Ab
holds even for finite changes Ab,. Second, when taking the continuum limit the
bare mass parameters become functions of the improvement coefficients such that
the renormalized O(a) improved masses are fixed. For instance one has

ptq = Zppr(1 — b, Z tamy) + O(a?), (2.25)

and a straightforward application of the chain rule leads to

iGA( ) = <6,uq> iG (x) = —apgmpZpZ_, iGA( ), (2.26)

ob,, ob,, ) Ouq op
where we have used eq. (2:25) and neglected terms of O(a?). Proceeding in the same
way for the variation with respect to by, and changing to renormalized parameters
pq = Zppn + O(a), mq = Z,.'my + O(a) eventually leads to eq. (2:23).



At this point we recall ref. [2, eq. (3.13)], which expresses the reparameterization
invariance with respect to changes of the angle a. In terms of the above correlation
functions one finds, up to cutoff effects,

%GA(Z‘) = <mRaiR - MR@?rm) Ga(z) = —Gv(z). (2.27)

As a consequence not all the terms in eq. (2.23) are independent, and the requirement
that AG(z) be of order a? entails only two conditions,

Aby, + Ab,(ZpZy) 2 = 0,
Aby, — Abp(ZpZinZv) 2 Zs = 0. (2.28)

This makes precise the redundancy or over-completeness of the counterterms alluded
to above. The same procedure applies to Gy (z), and we conclude that the require-
ment of on-shell O(a) improvement only determines the combinations of improvement
coefficients by, + by (Zp Zm) 2, bm — by (Zp ZnZa) " Zy, and by — ba(Zp ZnZv) " Za.
We emphasize that this redundancy is a generic feature of tmQCD, and not linked
to special choices for the fields or correlation functions. In particular we note that
the third component of the axial variation of any composite field ¢ has the correct
quantum numbers to appear as an O(af,) counterterm to ¢ itself.

In conclusion, O(a) improved tmQCD as defined here constitutes a one-parame-
ter family of improved theories. In view of practical applications it is most convenient
to choose by, as the free parameter and set it to some numerical value. For reasons
to become clear in section & our preferred choice is by, = —1/2. However, in the
following we will keep all coefficients as unknowns and only make a choice at the very
end. In order to define on-shell correlation functions which are readily accessible to
perturbation theory we will first define the Schrodinger functional for tmQCD. It is
then straightforward to extend the techniques of refs. [4, &] to tmQCD and study the
continuum approach of correlation functions derived from the Schrédinger functional.

3. The Schrodinger functional for tmQCD

This section follows closely ref. [3, section 5] and ref. [#]. The reader will be assumed
familiar with these references, and we will refer to equations there by using the prefix
I and II, respectively.

3.1 Definition of the Schrodinger functional

To define the Schrodinger functional for twisted mass lattice QCD, it is convenient
to follow refs. [, 10]. The Schrédinger functional is thus obtained as the integral
kernel of some integer power 7'/a of the transfer matrix. Its euclidean representation



is given by
20,5, C'ip,5,C] = / D[U|D[ID] e SV (3.1)

and is thus considered as a functional of the fields at euclidean times 0 and 7.
From the structure of the transfer matrix it follows that the boundary conditions
for all fields are the same as in the standard framework. In particular, the quark
fields satisty,

P+¢|330:0 =P, P—¢|x0:T = pl7
wpf‘x():o = 15’ wp+‘1‘0=T = Ial? (32)

with the usual projectors Py = %(1 + 7). The gauge field boundary conditions are
as in eqs. (I.4.1) and (I.4.2) and will not be repeated here.
The action in eq. (3.1),

S[Ua 775? iﬂ = SG[U] + SF[U? d_Ja w] ) (33)

splits into the gauge part (I.4.5) and the quark action, which assumes the same
form as on the infinite lattice (2.2). Note that we adopt the same conventions as
in [B, subsection 4.2], in particular the quark and antiquark fields are extended to all
times by “padding” with zeros, and the covariant derivatives in the finite space-time
volume now contain the additional phase factors related to 6, (k = 1,2, 3).

3.2 Renormalization and O(a) improvement

Renormalizability of the tmQCD Schrodinger functional could be verified along the
lines of ref. [11]. However, this is not necessary as any new counterterm is expected
to be proportional to the twisted mass parameter and is therefore at least of mass
dimension 4. One therefore expects the Schrodinger functional to be finite after
renormalization of the mass parameters and the gauge coupling as in infinite vol-
ume [2], and by scaling the quark and anti-quark boundary fields with a common
renormalization constant [11]. This expectation will be confirmed in the course of
the perturbative calculation.

The structure of the new counterterms at O(a) is again determined by the sym-
metries. These are the same as in infinite space-time volume, except for those which
exchange spatial and temporal directions. The improved action,

Simpr[U7 1127 ¢] = S[U7 1;’ ¢] + 5SV[U7 1;7 ¢] + 5SG,b[U] + 5SF,b[U7 1;’ ¢] 9 (34)

has the same structure as in the standard framework, in particular, 65, and dSq
are as given in eqs. (1.5.3) and (I.5.6). The symmetries allow for two new fermionic
boundary counterterms,

01 = i/‘q@fyﬁjpidj- (3'5)



The equations of motion do not lead to a further reduction and the action with the
fermionic boundary counterterms at O(a) is then given by

~ ~

6SenlU, 0, v] = a* Y- { (@ = 1) [0u(x) + OLx)| + (&~ 1) [Outx) — Ot(x)] +

+ (b= 1) [ Qi) + Q10| +

(b= 1) | Qa0 + Qo) } (3.6)
Here, we have chosen lattice operators as follows,
Qi(x) = ingh(z)mY(z)|, .,
Q1(x) = ingB @)y (@)], .
Qa(x) = ip1ap(x)357°p(x)
Q5(x) = iugp' (x)757°p" (%) (3.7)

and the expressions for the lattice operators (55713 and (55’713 are given in egs. (1.5.21)—
(I.5.24). Note that the improvement coefficients are the same for both boundaries, as
the counterterms are related by a time reflection combined with a flavour exchange.

3.3 Dirac equation and classical solutions

For euclidean times 0 < xy < T the lattice Dirac operator and its adjoint are formally
defined through

5Simpr . 3
_ = (D D
50(2) (D + 0D + mg + ipg 57 )0 (),
5Simpr A FT FT . 3
S0(n) Y(z) (D" 4+ 6D + mo + ipgysT) (3.8)

where 0D = 0D, + 0Dy, is the sum of the volume and the boundary O(a) counter-
terms. Equation (I1.2.3) for the volume counterterms remains valid, whereas for the
boundary counterterms one obtains

S Dyib(x) = (& 1)2 {800 [0(2) — Ul — ab,0)" Pytb(z — ad)] +

+5107T7a W(x) - U(‘CE? O)P,¢($ + CLO)}} +
+ (lN)l — 1) [029,a + 029, 7—a] iuq7573¢(x) ) (3.9)

We observe that the net effect of the additional counterterm consists in the replace-
ment f1q — by [ close to the boundaries. Although a boundary O(a) effect is unlikely
to have a major impact, we note that the presence of this counterterm with a gen-
eral coefficient b; invalidates the argument by which zero modes of the Wilson-Dirac
operator are absent in twisted mass lattice QCD. To circumvent this problem we



remark that the counterterm may also be implemented by explicit insertions into
the correlation functions. As every insertion comes with a power of a, a single inser-

tion will be sufficient in most cases, yielding a result that is equivalent up to terms
of O(a?).

Given the Dirac operator, the propagator is now defined through
(D + 6D + mg + ipgys7°)S(2,y) = a8,y 0<zo<T, (3.10)
and the boundary conditions
P S(z,9)|ze=0 = P-S(x,y)|zo=r = 0. (3.11)
Boundary conditions in the second argument follow from the conjugation property,

S(z,y)" = %7 S(y, z)3s7" (3.12)

which is the usual one up to an exchange of the flavour components.
As in the standard framework [4,11], it is useful to consider the classical solutions
of the Dirac equation,

(D +0D +mgy + i,uq%T?’) Ya(xz) =0,
=0.

Ya(z) (DT + D1+ mo + ipgysm) (3.13)

Here, the time argument is restricted to 0 < xg < 7', while at the boundaries the clas-
sical solutions are required to satisfy the inhomogeneous boundary conditions (8.2).
It is not difficult to obtain the explicit expressions,

Ya(z) = &a® {S(w,y)U (y —a0,0) " Pip(y)| _, +

Yo=a
y

+ Sy, 0P (91— |

ba(a) = éa* Y- {p¥)P- Uly — ad, 0)S(y.2)|,_, +

Yy

+ﬁ/(Y)P+ U(y70)_15(y7x)‘y0:T—a} ’ (314)

which are again valid for 0 < zy < 7. Note that these expressions are exactly the
same as in ref. [4], except that the quark propagator here is the solution of eq. (8-10).
3.4 Quark functional integral and basic 2-point functions

We shall use the same formalism for the quark functional integral as described in
subsection I1.2.3. Most of the equations can be taken over literally, in particular,
eq. (I1.2.21) holds again. The presence of the twisted mass term merely leads to a

10



modification of the improved action of the classical fields, [eq. (I1.2.22)], which is
now given by

Stama Uy ] = 0* 3 { B [p0)i757%(00) + /()7 ()] +
+ G | x5 (s + VE)o()+

(g (T + T (0| -
— G [IB(X)U(x - aﬁ, O)@bcl(w){woza
P OOU(,0) M (2) Lo } . (3.15)

The quark action is a quadratic form in the Grassmann fields, and the functional
integral can be solved explicitly. Therefore, in a fixed gauge field background any
fermionic correlation function can be expressed in terms of the basic two-point func-
tions. Besides the propagator already introduced above,

[$(2)d(y)] = S(z,9), (3.16)

we note that the boundary-to-volume correlators can be written in a convenient way
using the classical solutions,

0B = 52 (] - S
] = Ta . B = Fee . @)

The explicit expressions in terms of the quark propagator can be easily obtained
from egs. (8.14), and coincide with those given in ref. [4]. The boundary-to-boundary
correlators can be written as follows,

(€)' (¥)]p = &P-Ulz —a0,0) [¥(x)C"(y)]pl, _, -
[CI(X)E()’)}F = 5tP+U($>O)_1 [w(x)f(y }F’

The correlators of two boundary quark fields at the same boundary receive additional

(3.18)

zo=T—a "

contributions due to the new boundary counterterms, viz.

[Cx)C(y)]p = & P-U(z —a0,0)S(z,y)U(y — a0,0) " Py[ _ ~ —

.1 ~ _
- P csfyki(V’}Z + Vi) + baipig s | a *0xy

C'C (Y] = & PU,0) (e, ) Uy, 0P|, .~

o1 = _
- P, csvki(vﬂﬁ + Vi) + baipig s | a 20xy - (3.19)

11



57 [C(Y)C(x)] 57" (3.20)
and analogous equations for the remaining 2-point functions.

3.5 SF Correlation functions

With this set-up of the SF' we now define a few on-shell correlation functions involving
the composite fields of section 2. With the boundary source

0" = a° Z C(y)vs=7(z), (3.21)

v (w0) = —(V5'(2)0"). (3.22)

In the following we restrict the isospin indices to a,b € {1,2}. It is convenient to
define the matrix [12, i3],

Z M’d . (3.23)

y

Its hermitean conjugate matrix is given by

= a ny M’d T, (3.24)

and the correlation functions can be expressed in terms of H(x), viz.
ab 1 1_a
(o) = 1 tr { H(z)!ysTx7'7*H(z } (3.25)

As in ref. [4] the bracket (---)g means an average over the gauge fields with the
effective gauge action,

Se[U] = S[U] + 6Sap[U] — Indet (D + 6D + mg + ipgys7) | (3.26)

and the trace is over flavour, Dirac and colour indices. The gamma structures are
I's = Y075, 75, Y0, where X stands for A, P and V, respectively.

12



3.6 Reducing the flavour structure

In order to carry out the flavour traces we introduce the flavour projectors
1

Qs = §(1 + 79). (3.27)
Inserting the flavour decomposition,
H(z) = Ho()Q, + H_(1)Q_, (3.28)
into the expression eq. (8.25) leads to
1
b (1) = Z tr{Q, 7' T Q,; T’} <i tr {Hi(x)T75FXHj(m)}> . (3.29)
G

Gj=%
Since we restrict the indices a and b to values in {1,2} this expression further sim-
plifies leading to

b (1) = Z tr{Q;m°7%} <% tr {Hi(m)T75FXH¢(m)}> . (3.30)
i=+ a

In order to simplify the expressions further, we now study the behaviour under a
parity transformation combined with the exchange pq — —pg. Notice that the
parity transformation also transforms the background fields, in particular it implies
O — —0r (k= 1,2,3). On the matrices Hy(z) this transformation acts according to

Hy(z) — vH+(2), (3.31)

where = (xo, —x) is the parity transformed space-time argument, and we recall
that Hy(z) depend implicitly on the background gauge field. After averaging over
the gauge fields and due to parity invariance of the effective gauge action (3.26) one

then finds

(tr {Hi(x)T%FXHi(x)DG = n(X) (tr {H¥(x)T'y5FXH¥(x)}>G : (3.32)
where the sign factor depends on whether I'x commutes (n(X) = —1) or anti-
commutes (n(X) = 1) with 7y. Using this result in eq. (3:30) it follows that

A (o) = fp*(z0) = fv' (z0) = 0. (3.33)
Furthermore, the exact U(1) flavour symmetry implies that
(wo) = fx' (w0) % (o) = = fx(w0) (3.34)

so that we may restrict attention to the following non-vanishing correlation functions:
1
A (o) = 3 (tr {H+(-T)T’YOH+($)}>G :
1
b (o) = 3 (tr {H(2) Hy(2)}),, ,

(z0) = % <tr {H+(x)T7075H+($)}>G ) (3.35)

13



Note that eq. (B.32) has allowed to eliminate the dependence upon the second flavour
component H_(z). This is convenient both for perturbative calculations and in the
framework of numerical simulations.

4. O(a) improvement of the free theory

We determine the improvement coefficients in the free theory, which is obtained
by setting all gauge links to unity. In this context correlation functions of quark
and antiquark fields are suitable on-shell quantities which ought to be improved.
We may therefore consider the improvement of the one-particle energies, the quark
propagator and basic 2-point functions in the Schrédinger functional, in addition to
the SF correlation functions introduced in section 8.

4.1 The free quark propagator

All correlation functions in the SF are obtainable from the quark propagator, which
can be computed using standard methods [4]. We set the standard improvement
coefficients to their known values [4],

Gh=0C=1, (4.1)
and compute the propagator assuming by = 1. As discussed in section 3, any other

value can be obtained by insertion of the corresponding boundary counterterm. The
propagator can be written in the form

S(z,y) = (D' +mo —ipgys7’) Gl,y) (4.2)
where G(z,y) is given by
G(l’, y) = L_3 Z eip(x—y) [G+(p7 Zo, yO)P+ + G- (p7 Zo, CUO)P—] ) (43)
P

with the functions

G+ (p; w0, o) = N(p*) {M— (p?) [ef“’(l’ﬂ(\xofyolfT) _ ew(p+)(xo+yofT)] i
+ M, (p") [e“’(Pﬂ(lzofyo\fT) _ e*w(p+)(zo+yofT)] }

Y

G_(p; 2o, o) = G+(P; T — 0, T — o) - (4.4)
Here, M. (p*) = M(p") £ ip§ (I1.3.17), with M(p) as defined in eq. (I.3.6) and
p: = p, +0,/L. Furthermore, we recall that in the above formulae it is understood
that pp = p; = iw(p*), where for given spatial momentum q the energy w(q) is
obtained as the solution of the equation

o N 1/2
a [ &+ pd+ (mo + 308°)°
2 14 a(mg + 3aG?) ‘

sinh [g w(q)] = (4.5)

Finally, using again the notation of ref. [4], the normalization factor is given by

N(p*) = {~2ips A(p*) R(p*)e*®IT} (4.6)
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4.2 Improvement conditions and results

In the free quark theory, the quark energy w is a suitable on-shell quantity. At
zero spatial momentum it coincides with the pole mass, which is related to the bare
masses through

b (m + )

(4.7)

cosham, =1+

(1+ amy)
Up to terms of O(a?) one then finds (m, = 0 at tree level)
m2 = (m? + p2) (1 — amg) + O(a®). (4.8)

Replacing the bare masses by the renormalized O(a) improved mass parameters and
requiring the absence of O(a) artifacts one obtains

1 -
b= —=, by tbyt==0, 4,
5 pt bt 5 =0 (4.9)

and the same condition is obtained from the O(a) improved energy at finite spatial

1

momentum. One may wonder whether it is possible to get an additional condition
by considering the improvement of the quark propagator itself. This is not so, for
the reasons given in subsection 2.5. As an illustration we consider the quark propa-
gator (4.2) in the limit of infinite time extent T with the limit taken at fixed zo—T'/2
and yo—71'/2. This eliminates the boundaries both at zo = 0 and zy = 7', so that one
is left with the improvement of the mass parameters, and of the quark and antiquark

fields, viz.
Yr = (1 + byamg + B¢iaﬂq’y57'3) P,
Yp =9 (1 + bgamg + IN)d-,ia,uq%T?’) ) (4.10)

Requiring the quark propagator to be O(a) improved we find the usual result of the
untwisted theory, by = b; = 1/2, and

N - N N 1 -
bj=bs,  2Wy—bu—5=0, 2y +b=0, (4.11)

i.e. 3 equations for 4 coefficients. Similarly, by studying the SF correlation functions
of the improved quark bilinear fields we find the standard results of the untwisted
theory, cx = cy = 0 and 2b; = by = by = bp = 1, and the following conditions

~ 1 /- 1
b —=|({bm+=) =1,
1 2< +2)

involving the new coeflicients,

—0. (4.12)
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Furthermore, from the O(a) improvement of the basic 2-point functions we also obtain
by=1. (4.13)

The fact that l~)¢ and b; are not determined independently is again due to the invari-
ance of the continuum theory under axial rotations of the fields and a compensating
change in the mass parameters. Hence our findings in the free theory are completely
in line with the general expectation expressed in subsection 25. Choosing by, as the
free parameter and setting it to —1/2 leads to b, = ba = by =0 and by = 1, while
e.g. for I;m = 0 the tree level value l~)1 = 5/4 is somewhat inconvenient.

5. The one-loop computation

We now want to expand the correlation functions to one-loop order. We work with
vanishing boundary values C, and C}. The gauge fixing procedure then is the same
as in ref. [4] and will not be described here. In the following we only describe those
aspects that are new and otherwise assume the reader to be familiar with refs. [4, 8].

5.1 Renormalized amplitudes

Once the flavour traces have been taken, the one-loop calculation at fixed lattice size
is almost identical to the standard case [4, 6]. In order to take the continuum limit
at fixed physical space-time volume, we then keep my, ug, o and T fixed in units
of L. Here the renormalized mass parameters are defined in a mass-independent
renormalization scheme which may remain unspecified for the moment.

To first order of perturbation theory the substitutions for the coupling constant
and the quark mass then amount to

9 = g5 +0(gs)
mo = my” + g2mf? + 0(gl)
e = p¥ + g2p) + O(gs), (5.1)

where the precise form of the coefficients

1
m(OO) = [1 — \/1 — 2amg —a%a%] ,

O _ @ )z (1) ) 2 |0 M 1 pD gm©
- R
my me {Zm m —I—bma(mo ) +apy, [bm + 2,7 + b, amg }} X

-1
X [1 — améo)} ;

pl = pi

0
'uél) = _Méo) {Z/(}) + bf})amé )} : (5.2)
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is a direct consequence of the definitions made in subsection 2.1, and already includes

the tree-level results obtained in the preceding section with the particular choice
By = —1/2.

The renormalized correlation functions,
R @o)ls = Zv(1 + byamg) Z2(1 + beamq)? { fi2(xo) + bapa f(z0) }
[fp' (z0)]x = Zp(1 + bPamq)ZZ( +beamg)® fp' (o)
[fi (z0)]e = Za(1+ bAamq)ZC(l + bgamq) X
x {fA (o) + caado fp' (w0) — bAanfy(fo)} , (5.3)
have a well-defined perturbation expansion in the renormalized coupling gg, with

coefficients that are computable functions of a/L. For instance the expansion of
[f#?]x reads

0
A2l = £ + 62 { 1P 4 ) 50 ) +
mo
+ (20 + 228 + amy [0 + 2] ) fi2(20)@ +
0
) G )+ ) )} (5)

where terms of order a? and ¢! have been neglected and it is understood that the
correlation functions are evaluated at my = ) and g = ,u((l ).

Following ref. [4] we now set xy = T'/2 and scale all dimensionful quantities in
units of L. With the parameters z,, = myL, 2, = pp L and 7 = T/ L we then consider

the dimensionless functions,

ha (02207 7 ) = X @o)laly gy

by (8, 2m 207, 7 ) = R0y

he (02207, 7 ) = U @0y

han (0, 2ms 707, 7 ) = LA0LfX (@0 N

hav (0,207, ) = LOIRP G| (55)

One then infers,

. ~ a
ha = vy + g2 {vl + cgl)vg + amgl)vg + cg)m + a,u((ll)v5 + zﬁb(l)v(j — zzﬂbg)qo—k

1 1 a 1 1
+ (20 + 228 + o o) + 2| ) w0 } (5.6)

~ ~ a -~
hy = qo+ g2 {Q1 + &g+ am gz + apVgs + 2,0 g6 + zzﬁbﬁ,l)voJr
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1 1 a 1 1
+ (zy +220 + Zom [b(v) + 28 )D qo} , (5.7)

fe = uo gﬁ{ul . EEI)W + amél)uza + auéﬁ)% + zul;gl)uﬁ +

1 1 a 1 1
+ (2 + 228 + Zam o) + 267 ) o} (5.8)
~ a ~
haa = wo + gi{wl + Eﬁl)wg + amél)wg + cg)w4 + a,uél)w5 + zﬁbgl)wG — zzubg)ro +
a
+ (20 +228 + Zom B0+ 2] ) wo (5.9)
~ a ~
hav = 1o + gﬁ{rl + Eﬁl)rg + amgl)rg + au((ll)ﬁ + zﬁbgl)m + zszi,l)wo +
1 1 a 1 1
+ (20 +220 + Zom B+ 2] ) o} (5.10)
Since we are neglecting terms of order a2, the expansions,
2 2
W _ . a HAm %y 0 1 az e
) _ A 1 1) @Zm
p) = =2 [Z£)+bL)T} , (5.11)

may be inserted in eqs. (5.6)—(5.10). All the coefficients v;, . . ., r; are still functions of
7, 0, 2, and z,. Analytic expressions can be derived for those coefficients involving
the tree level correlation functions or the O(a) counterterms. Their asymptotic
expansions for a/L — 0 are collected in appendix B. The coefficients vy, ..., 7 are
only obtained numerically and definite choices for the parameters had to be made.
We generated numerical data for § = 0 and 8 = 0.5 for both T"= L and T' = 2L and
various combinations of the mass parameters z,, and z, # 0 with values between 0
and 1.5. With these parameter choices the Feynman diagrams were then evaluated

numerically in 64 bit precision arithmetic for a sequence of lattice sizes ranging from
L/a=4to L/a =32 (and in some cases to L/a = 36).

5.2 Analysis and results

The renormalization constants are determined by requiring the renormalized ampli-
tudes to be finite in the continuum limit, and by the requirement that the tmQCD
Ward identities be satisfied [2]. A linear divergence is cancelled in all amplitudes by
inserting the usual one-loop coefficient am((;l), or equivalently a series which converges
to this coefficient in the limit a/L — 0 [4]. We choose the lattice minimal-subtraction
scheme to renormalize the pseudo-scalar density and the quark boundary fields, and
the one-loop coefficients are then given by [with Cr = (N? — 1)/2N],

6C L
Z0 = " In <—> : zzg(}) =7\ (5.12)

1672 a

The current renormalization constants, and the renormalization of the standard and
twisted mass parameters are determined by the Ward identities. For the one-loop
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7 = —0.087344(2) Cy,
Z3) = —0.097072(2) C
ZW = — 7D —0.019458(1) Cp ,

z0 =z, (5.13)

With our data we were able to compute the one-loop coefficients of the combinations
ZwmZp|Zy and Z,Zp | Zy, as well as the logarithmically divergent parts of all one-loop
coefficients. Complete consistency with the above expectations was found, and we
shall adopt these results in the following.

The corresponding coefficients in other schemes differ from those above by a-
independent terms. With the renormalization constants chosen in this way we find
e.g. for the combination of separately diverging terms appearing in the curly bracket

of (5.8)
(51 + amgl)U3 + (Zl(Dl) + 2zé1)> Uy — Zr(nl)zmu(fl) - Zﬁl)zuu(,l) _
a a2
STty O <ﬁ> (5.14)

. ~1
where U; are functions of 7,0, 2, and z,, and ug )

are coefficients of L/a in the ex-
pansion of u; for L/a — oco. Evidently similar equations hold for the other functions
v1, q1, w1, 1. It is important to note that we expect no terms involving (a/L) In(L/a)
on the right-hand side of (5.14) because we have imposed tree level improvement, and
this was indeed seen in our data analysis. Moreover there are no terms ~ ZWa /L or
~ ZMa /L on the left hand side above because of eq. (B.7); thus the coefficient U is
(contrary to Up) independent of the renormalization scheme. Estimates for the co-
efficients U, Vi, ... were obtained for the various data sequences using the methods
described in [1].

Now the improvement coefficients are determined by demanding that the renor-
malized amplitudes approach the continuum limit with corrections of O(a?/L?). For
the cancellation of the O(a) terms the following equations should be satisfied (for
undefined notation see appendix B):

[ 2B 4 b0 B B = V4
0 [0 2D BP0~ 800] - @i+ 1,
e [ B0 2 b0 B0 = 24

2y [zugg)wgfl) + zmbf})wéfl) + l;g)'r(()o) - Egl)wél) =W + Wy,

2y [zugg)ré_l) + zmbs)ré_l) - I;g,l)w(()o) - B(ll)rél) =Ri+Ri. (5.15)
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In these equations all terms involving improvement coefficients which are necessary
also in the untwisted theory, have been collected in the terms U, ... on the right-
hand sides and they are specified in egs. (B.13). The numerical values of these
improvement coefficients, obtained in previous analyses [4, ], are:

) = —0.01346(1) Cr,

Y = —0.005680(2) C

b = —0.06738(4) Cr,

b = —0.07217(2) Cf,

i) = 0.11414(4) Cp,

b\Y = 0.11492(4) Cp,

b = 0.11484(4) Cp . (5.16)

Before we proceed with the numerical analysis of egs. (5.I5), it is essential to
note that using the identities (B.11) they can be rewritten as

2 [zmbﬁl)véfl) + Bj§ ) (() — b1 )_ =V +V, (5.17)
[ ] - ar,

2y [zmb’(l)ué_l) - l;ll(l)uél)_ =U + U, (5.19)
f [zmbgl) D bl(l) 0 _ l;;(l)wél)_ =W, + W, (5.20)
2y [zmbgl)'réfl) b'(l) — b1 | = Ri+ R, (5.21)

where the primed coefficients appearing here are defined through

b = b 4 D
e 71 1+
B0 = 50— 1.
I
b/§ )= bsx - bl(’l'll) )
b = b)) — b (5.22)

In other words, from our equations we can only obtain information on four lin-
early independent combinations of the new improvement coefficients appearing in
the twisted theory. This was in fact to be anticipated from our general discussion in
subsection 2.5, where we argued that we are free to chose for example the coefficient
bV as we please.

Since our equations are over-determined and also having generated such a large
selection of data sets, we had many ways to proceed to determine the coefficients

b;fl ,5’ b'(1 and ZX(,I), and a multitude of consistency checks on the results. We
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first note that if we consider the linear combination of amplitudes hqa — 2z,,hp and
hav + 2z,hp associated with the PCAC and PCVC relations, respectively we obtain

22200 = Wi+ Wi — 22, (U + 1Y)
—22,Zmul) (b’<1> + b’“>) = Ry + Ry + 22, (Uy +Uy) . (5.23)

With knowledge of the right-hand sides, each equation determines a particular linear
combination of improvement coefficients. In these equations the boundary coefficient
5&1) does not appear as expected. On the other hand the coefficient l~)'1(1) is all that
appears on the left hand sides of egs. (5.19) and (5.21) for the data sets with z,, = 0.

By solving simultaneously the three equations (5.17), (5:19) and (5.20) for one
data set with z,, # 0, we could obtain the three coefficients? b, i bl(l) nd bl(l) (and of
course analogously for the equations involving the vector current). We also extracted
the two coefficients ", 5\") by solving just eq. (5.19) for two different data sets (of
which at least one has z,, # 0).

Unfortunately due to rounding errors, the one-loop cutoff effects like U; were
rarely determined better than to within a few percent. The consequence of this was
that many routes of analyses described above and when applied to various (combi-
nations of) data sets, led to results for the improvement coefficients with very large
errors. Nevertheless there remained sufficiently many analyses which delivered useful
results with relatively small errors, and in these cases all results were consistent with
each other and with our following “best estimates”:

Cr. (5.24)

As one practical choice for applications in numerical simulations we advocate
b = —1/2 to all orders of perturbation theory, which would result in setting b =0
in the above equations.

6. Conclusions

In this paper we have introduced the set-up of O(a) improved twisted mass lattice
QCD in its simplest form with two mass-degenerate quarks. In perturbation theory
to one-loop order we have verified that O(a) improvement works out as expected.
We have identified the new counterterms and computed their coefficients at the tree-
level and to one-loop order. In practice perturbative estimates may be satisfactory,
as tmQCD has been primarily designed to explore the chiral region of QCD, where

2Particularly good results were obtained e.g. with the data set z,, = 0, zu = 0.5,0 = 0, where
we in fact had data up to L/a = 36.
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the contribution of the new counterterms should be small anyway. This expecta-
tion is confirmed by a non-perturbative scaling test in a physically small volume,
which employs the perturbative values of the new improvement coefficients reported
here [19]. However, a non-perturbative determination of some of the new coefficients
is certainly desirable and may be possible along the lines of ref. [§].

An interesting aspect of O(a) improved tmQCD is the absence of any new coun-
terterm corresponding to a rescaling of the bare coupling go. This singles out the
choice for the angle o = /2 for which the physical quark mass is entirely defined in
terms of the twisted mass parameter. A quark mass dependent rescaling of ¢y is hence
completely avoided, and one may hope that this eases the chiral extrapolation or in-
terpolation of numerical simulation data. Furthermore, using the over-completeness
of the counterterms (cf. subsection 2.5) to fix Em exactly, no tuning is necessary to
obtain a = /2 up to O(a?) effects, provided the standard critical mass m, and the
standard improvement coefficients of the massless theory cg, and ca are known. We
also note that, at & = 7/2, both sides of the exact PCVC relation are automatically
renormalized and O(a) improved. This can be exploited for an O(a) improved de-
termination of F, [20], as the vector current at o = 7/2 is physically interpreted as
the axial current [2].

In the future one may wish to extend the framework of O(a) improved tmQCD
to include the heavier quarks in the way suggested in ref. [2]. The analysis of O(a)
counterterms still remains to be done, but we do not expect any new conceptual
problems here.

Finally, we have defined the Schrodinger functional for tmQCD, based on the
appropriate generalisation of Liischer’s transfer matrix construction for tmQCD. We
expect that the Schrodinger functional will be useful in the determination of hadronic
matrix elements along the lines of refs. [17, 18], and work in this direction is currently
in progress [20, 21].
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A. The transfer matrix for twisted mass lattice QCD

In this appendix we briefly indicate the generalization of the transfer matrix con-
struction for twisted mass lattice QCD with ¢y, = 0. We use the original notation of
ref. [6] with the conventions of ref. [10]. The transfer matrix as an operator in Fock
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space and as an integral kernel with respect to the gauge fields has the structure
To[U, U'] = THU) Ko[U, U Te(U"), (A1)
with pure gauge kernel K and the fermionic part
Tw(U) = det(26B)Y* exp(RTP_CR) exp(— X MX) . (A.2)

Here, the operators x;(x) are canonical (i is a shorthand for colour, spin and flavour
indices) viz.

{X:(x), ()} = diya 0y , (A.3)

and B and C' are matrix representations of the difference operators

3
B = 1—6&—@2/§ZVZV;€,
k=1

3
1 .
C=a Z Y= (Vi + VE) +iapgysm . (A.4)
i
As in the standard case the positivity of the transfer matrix hinges on the positivity
of the matrix B, which is guaranteed for ||k|| < 1/6. This is the standard bound
which also ensures that the matrix M,

1 1
M= -In(-Bx™! A5
jin (555)), (A5)
is well-defined. No restriction applies to the twisted mass parameter, except that

fq must be real for the transfer matrix (A.1) to reproduce the twisted mass lattice
QCD action.

B. Analytic expressions for expansion coefficients

In this appendix we provide explicit analytic expressions for the tree-level amplitudes
and the counterterms appearing in eqgs. (5.6)—(5.10) which are needed to compute
the one-loop amplitudes up to terms of O(a?). We have checked that the analytic ex-
pressions correctly reproduce the numerical values obtained by directly programming
the correlation functions and counterterm insertions.

w = 4/22 + 307 + 22,

co = cosh(wT),

First we define

si = sinh(wT),
p = WCO + Zpysl,

v = wsi+ z,co, (B.1)
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where 7 = T'/L. Then we have uy = ul) + O(a2/L?) etc. with

= e,
g 2
o0 — VB + z; + 2pml) |
p
q(()O) _ Nzu(_pim +v) ’
w(()o) = 22mu§)0) )
r((,o) = —2zuu60) .

For the boundary terms we define
2(30% + z3)si

P = oy
p

and then uy = au(zl)/L + O(a?/L?) etc. with

ugl) = qugo) ,
) 0 4Nw(30° + 22)(—2m + V)

Vs = 27V ,
2 0 p3
(1) _ 52, 4Nwz, (30 + 2, + zmv)
4" = dp 3 )
p
wél) = 27%060) ,
rél) = 2f‘r(()0) .
Similarly, ug = aul’ /L + O(a?/L?) etc. with
9,
Uél) _ Z;Slu(()o),
9z, si INwz, (-2,
vél) _ 22810(()0) N wzﬁ(pgz +v) 7
© 2z g N 2Nw (wp + 22(1 — co))
s~ = 0 4o pg )
9y g
él) _ 2281“}(()0)’
9y o
rél) — s Slr(()o).

For the derivatives with respect to the mass parameters we have,

i — _ 1 i O (_) ) = 9,
u ( > u; L +u; + (i =13,5)
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with

uéo) = —zmu(fl) , uf.f’) = —zuu(fl) , (B.7)
and analogous equations hold in all other cases. Defining
¥ — v(1+ z,7) |
w
v — p(1+ z,,7) |
w
F 2,(vT + co)
w )
= zulpr 451 (B.8)
w
one has
_ Xul” Nz,
Ug Y = - § + ;
P wp
(1) 2X'U(()O) N+ z,Y)
v = — — )
’ p P’
Cy  2Xg))  Nz,(1-Y)
QB - - 2 9
P P
Wl = 2y + ),
réfl) = —2zuu(71), (B.9)
and
. Xul N
ug 1) _ Al 4 Zu’
P wp
(1) 2)2@(()0) N(22, + 2,Y)
v = — — ,
° p p?
(-1) 2Xq(()0) N(Z“Y — Zm + V)
q5 = - _'_ 9 )
P p
wé_l) = 2zmu(_1) ,
Té_l) = —2z“u(_1) — 2ugo) . (B.10)
Note the identities
0= QZMug_l) — 2zul™ — uél) :
0= 22;/0(71) — 2208 — vél) + 2q(()0)
0= 2zﬁq§71) — 2zmqé71) — qél) — 21)80) ,
0= 2zﬁw(_1) — 2zwb Y — wél) + 27“(()0) :
0= 22#"’(71) — 2zm7’(71) — rél) — 2w((,0) ) (B.11)

25



The remaining coefficients to be specified are vy = av{" /L + O(a?/L?) and w, =
aw(? /L + O(a?/L?) with

1) 2Nw2y
v, :_T’
AN w3
wiV) = 22 (B.12)
p

Finally we specify the terms I, ... appearing on the right-hand side of egs.

(5.15):

= A0~ 20N 2 B+ 20 4 e,

0y = e94f) — 2D+ o)+ 20N

U, = Eﬁl)u(;) - zfnbfrll)ug_l) + zm[bg) + 2bél)]uéo) ,

W = ) — 20l ¢ b0+ 2?4 Y,

= ~(1) (1 ~1 1 1)7..(0

Ry = &) — 26078 4 2,00 + 260 (B.13)
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