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Abstract

We construct the higher twist structure functions that describe inclusive b

hadron decays in regions of phase space where the hadronic decay products
carry high energy but have low invariant mass. We show that, for B meson
decays, there are four new non-vanishing matrix elements of non-local oper-
ators. We show that to subleading twist these decays are parametrized in
terms of four functions. We compute the tree-level matching for a general
heavy-to-light current and apply it to B̄ → Xsγ. Using a simple model for
these functions we estimate the subleading twist contributions to this decay.
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I. INTRODUCTION

Inclusive decays of B mesons can be analyzed via an operator product expansion (OPE)
[1] as a power series in ΛQCD/mb. At leading order the OPE reproduces the parton model
results, while non-perturbative physics is parametrized by matrix elements of higher dimen-
sional operators and suppressed by powers of the heavy quark mass.

In practice, higher dimensional operators in the OPE are only suppressed for sufficiently
inclusive observables. In the resonance regime, where the invariant mass of the final hadronic
state is restricted to be <∼Λ2

QCD, the decay is no longer inclusive and it is not surprising
that the OPE completely breaks down. However, the OPE includes terms suppressed by
EXΛQCD/m

2
X (where EX and mX are the energy and invariant mass of the final hadronic

state) which are suppressed over most of phase space, but are O(1) in the region of high
energy, low invariant mass hadronic states,

EX ∼ mb, m
2
X ∼ ΛQCDmb � Λ2

QCD . (1.1)

In this “shape function region” the OPE breaks down, even though it is far from the reso-
nance regime. Thus an inclusive description is still appropriate, but the expansion parameter
in the OPE has to be modified. It has been shown that the most singular terms in the OPE
may be resummed into a non-local operator [2]

O0(ω) = h̄vδ(ω + in · D̂)hv , (1.2)

where nµ is a light-like vector in the direction of the final hadrons, hv is a HQET heavy
quark field and we denote variables normalized to mb by a hat: D̂µ ≡ Dµ/mb. The matrix
element of this operator in a B meson is the light-cone structure function of the meson,

f(ω) =
1

2mB
〈B|O0(ω)|B〉 . (1.3)

The rate in the shape function region is determined by f(ω). However, since it is a non-
perturbative function, f(ω) cannot be calculated analytically, and the rate in the shape
function region is model-dependent even at leading order in ΛQCD/mb.

Unfortunately, for B̄ → Xu`ν̄ decay (and to a lesser extent B̄ → Xsγ), the experimental
cuts which must be imposed on the phase space to eliminate large backgrounds from b →
c decay typically put the decay into the shape function region, introducing large model-
dependence in the predicted rate. For semileptonic b → u decay, this is the case for cuts
on either the charged lepton energy or the hadronic invariant mass [3], and this model
dependence is the major theoretical stumbling block to a precise determination of the CKM
matrix element |Vub| from inclusive decays.

However, since the distribution function (1.3) determines the shape of the photon spec-
trum in B̄ → Xsγ as well as the charged lepton or hadronic invariant mass spectrum in
B̄ → Xu`ν̄, it was suggested a number of years ago [4] that f(y) could be measured in
B̄ → Xsγ, and then used to extract |Vub| from semileptonic decay.∗ The perturbative cor-

∗Another solution is to consider a kinematic cut which does not put the final state into the shape
function region, such as a cut on the lepton invariant mass [5].
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rections to the relation between these processes have been intensely studied in recent years
[6].

In addition to the radiative corrections, however, there are non-perturbative corrections
to the relation between the photon spectrum in B̄ → Xsγ and the lepton or hadronic
invariant mass spectra in B̄ → Xu`ν̄. The light-cone distribution function (1.3) only resums
the most singular terms of the OPE in the shape function region. There are corrections to
this from less singular terms suppressed by ΛQCD/mb, analogous to higher-twist corrections
to deep inelastic scattering [7]. These corrections are important for a precision measurement
of |Vub| via this method, but have not yet been studied.

In this paper we discuss the subleading corrections to heavy-light B decay in the shape
function region by performing a twist expansion rather than the usual OPE in terms of local
operators†. At leading order in the twist expansion we reproduce the known results, while
at subleading order we find four new non-local operators relevant for B decays. We compute
the tree-level matching for a general heavy-light current and apply it to B̄ → Xsγ, reserving
a discussion of B̄ → Xu`ν̄ decay for a future work [9]. We use a simple model for these
functions to estimate the subleading twist contribution to B → Xsγ.

II. KINEMATICS

We consider a general heavy to light transition (radiative or semileptonic), proceeding
via the current

j(x) = q̄(x)Γb(x), (2.1)

where q(x) is a massless quark field and Γ is an arbitrary Dirac matrix. The decay rate is
related to the imaginary part of the T -product of two heavy-light currents:

dΓ ∼ −2 Im 〈B|T |B〉 , (2.2)

where

T (q) =
∫
d4xT

[
j(0)j†(x)

]
eiqx , (2.3)

and q is the momentum transfer.
The kinematics for this process are shown in Fig. 1. As usual, the heavy quark momentum

is split into a large and a residual piece, pµ
b = mbv

µ + kµ. In the shape function region the
final hadronic state has large energy but small invariant mass, and so its momentum lies
close to the light-cone. We introduce a light-like vector nµ to define the expansion of the

†As discussed in [8], there are actually two stages of matching: at µ = mb QCD is matched onto an
intermediate theory with collinear and soft degrees of freedom, while at a lower scale the non-local
OPE is performed. Since we are not concerned with summing Sudakov logarithms in this paper,
we may neglect the intermediate theory.

3



FIG. 1. Kinematics for a general heavy to light transition.

jet about the light-cone, and the velocity of the heavy quark then defines a second light-like
vector n̄ = 2v − n. These vectors satisfy

n2 = 0 = n̄2, v · n = v · n̄ = 1, n · n̄ = 2. (2.4)

In the frame in which the b quark is at rest and the emitted hadrons move in the +z direction,
these vectors are given by nµ = (1, 0, 0, 1), n̄µ = (1, 0, 0,−1) and vµ = (1, 0, 0, 0). We can
decompose the metric according to

gµν =
1

2
(nµn̄ν + nνn̄µ) + gµν

⊥ , (2.5)

which defines gµν
⊥ .

In the shape function region, the momenta scale as

(mbv − q) · n̄ = mb − q · n̄ ∼ O(mb),

(mbv − q) · n = mb − q · n ∼ O(ΛQCD), (2.6)

kµ ∼ O(ΛQCD).

It is therefore convenient to split the momentum qµ into large and small components,

qµ ≡ Qµ + `µ , (2.7)

where

Qµ = 1
2
(mbn̄

µ + q · n̄nµ), `µ = −1
2
(mb − q · n)n̄µ (2.8)

are O(mb) and O(ΛQCD), respectively. The momentum of the light hadronic decay products
is

pµ
q = mbv

µ −Qµ − `µ + kµ = 1
2
(mb − q · n̄)nµ + 1

2
(mb − q · n)n̄µ + kµ , (2.9)

and so in the shape function region (2.6) we have p2
q = O(ΛQCDmb)� m2

b .

III. MATCHING

A. Leading Order

The expansion in the shape function region differs from the usual 1/mb expansion because
of the additional small parameter mb − q · n; in the usual OPE terms of order

kµ

mb − q · n
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are treated as subleading, whereas they are O(1) in the shape function region. Thus, instead
of resumming terms of this form to all orders, we perform an OPE in powers of ΛQCD/mb,
but using the scaling (2.6). This is analogous to the twist expansion in DIS.

Expanding the light-quark propagator shown in Fig. 1 in powers of ΛQCD/mb gives

mb/v + /k − /Q− /l
(mbv + k −Q− l + iε)2 =

1

2

/n

mb − q · n+ k · n + iε
+O

(
ΛQCD

mb

)
. (3.1)

Since k · n and mb − q · n are of the same order, this term cannot be expanded in powers of
k · n, and so cannot be matched onto a finite set of local operators.

Instead, consider the set of operators

Õ0(t) = h̄v(0)E(0, t)hv(t) , (3.2)

where we use the shorthand notation

ψ(t) ≡ ψ
(
nt

mb

)
, (3.3)

where t is dimensionless, to denote fields on the light-cone defined by nµ. The path-ordered
exponential

E(t1, t2) = P exp
(
−i
∫ t2

t1
n · Â(t′) dt′

)
(3.4)

is required to make the operator Õ0(t) gauge invariant. The operators O0(ω) are defined in
terms of Õ0(t) by the linear combination

O0(ω) =
1

2π

∫ ∞

−∞
dt e−iωtO0(t) = h̄vδ(ω + in · D̂)hv , (3.5)

and have the required form for the imaginary part of the leading term in the heavy quark
expansion (3.1). The matrix elements of O0(ω) define the light-cone distribution function
of the b quark in a B meson

f(ω) ≡ 1

2mB

〈B|h̄vδ(ω + in · D̂)hv|B〉 . (3.6)

Expanding f(ω) in powers of in · D̂ gives the series of increasingly singular terms

f(ω) = δ(ω)− λ1

6m2
b

δ′′(ω)− ρ1

18m3
b

δ′′′(ω) + · · · (3.7)

where

1

2mB

〈B|h̄v(iDα)(iDβ)hv|B〉 ≡
1

3
(gαβ − vαvβ)λ1 (3.8)

1

2mB

〈B|(iDα)(iDµ)(iDβ)|B〉 ≡ 1

3
(gαβ − vαvβ)vµρ1. (3.9)

5



For a general b hadron decay there is an additional parity-odd operator at leading twist

P̃ α
0 (t) = h̄v(0)γαγ5E(0, t)hv(t) , (3.10)

whith P α
0 (ω) defined analogously to (3.5). This operator is not relevant for B meson decays

since its matrix element vanishes, but it gives a spin dependent contribution to Λb decay. A
general Dirac structure between heavy quark fields may be expressed in terms of these four
independent matrices via the projection formula

P+ΓP+ =
1

2
P+Tr(P+Γ)− 1

2
sµTr(sµΓ) , (3.11)

where

sµ ≡ P+γµγ5P+ , (3.12)

and P+ ≡ 1
2
(1 + /v).

Since the OPE is performed over a a continuously infinite set of operators labeled by ω,
the heavy quark expansion in the shape function region is, like in DIS, a convolution over
a single parameter which may be interpreted as the light-cone momentum fraction of the
heavy quark:

Im T (q) = − 1

2mb

∫ ∞

−∞
dω

[
C0(ω)O0(ω) + Cα

5,0(ω)P0,α(ω) +O
(

ΛQCD

mb

)]
, (3.13)

where the Ci’s are perturbatively calculable short distance coefficients. The tree level match-
ing conditions are easily obtained from (3.1) and (3.11):

C0(v, q, ω) =
π

2
Tr
(
P+Γn/Γ

)
δ(1− n · q̂ − ω) (3.14)

Cα
5,0(v, q, ω) = −π

2
Tr
(
sαΓn/Γ

)
δ(1− n · q̂ − ω) . (3.15)

B. Subleading Order

Expanding (3.1) to subleading order in 1/mb, we will in general match onto non-local
objects of the form [7]

Õ
µ1...µn−1

Γ (t1, . . . , tn) = h̄v(0)Γ[iDµ1(t1) . . . iD
µn−1(tn−1)]hv(tn) , (3.16)

where Γ = 1 or γαγ5 and

Dµ(t) ≡ ∂µ − igAa
µ(t)T a (3.17)

is the usual covariant derivative, acting at a light-cone coordinate.
The most general case involves operators in which every field and derivative is evaluated

at a different light-cone coordinate. However for heavy quark decays to subleading order, we
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find that at maximum only two light-cone coordinates enter. The complete set of operators
required is:

Õµ
1 (t) = h̄v(0)

(
−i←Dµ(0)E(0, t) + E(0, t)iDµ(t)

)
hv(t)

P̃ µ
1,α(t) = h̄v(0)

(
−i←Dµ(0)E(0, t) + E(0, t)iDµ(t)

)
γαγ5hv(t)

Õµ
2 (t) = ih̄v(0)

(
−i←Dµ(0)E(0, t)− E(0, t)iDµ(t)

)
hv(t)

P̃ µ
2,α(t) = ih̄v(0)

(
−i←Dµ(0)E(0, t)− E(0, t)iDµ(t)

)
γαγ5hv(t) (3.18)

Õµν
3 (t1, t2) = h̄v(0)E(0, t1) {iDµ

⊥(t1), iD
ν
⊥(t1)}E(t1, t2)hv(t2)

P̃ µν
3,α(t1, t2) = h̄v(0)E(0, t1) {iDµ

⊥(t1), iD
ν
⊥(t1)}E(t1, t2)γαγ5hv(t2)

Õµν
4 (t1, t2) = gh̄v(0)E(0, t1)G

µν
⊥ (t1)E(t1, t2)hv(t2)

P̃ µν
4,α(t1, t2) = gh̄v(0)E(0, t1)G

µν
⊥ (t1)E(t1, t2)γαγ5hv(t2) ,

where Dµ
⊥ = gµν

⊥ Dν and g Gµν
⊥ = i[(iDµ

⊥), (iDν
⊥)] is the gluon field strength.

The Fourier transformed operators Oi are defined as

Oµ
1 (ω) =

1

2π

∫ ∞

−∞
dt e−iωtÕµ

1 (t) = h̄v

{
iDµ, δ(in · D̂ + ω)

}
hv

Oµ
2 (ω) =

1

2π

∫ ∞

−∞
dt e−iωtÕµ

2 (t) = ih̄v

[
iDµ, δ(in · D̂ + ω)

]
hv

Oµν
3 (ω1, ω2) =

(
1

2π

)2 ∫ ∞

−∞
dt1 dt2 e

−iω1t1e−i(ω1−ω2)t2Õµν
3 (t1, t2) (3.19)

= h̄vδ(in · D̂ + ω2) {iDµ
⊥, iD

ν
⊥} δ(in · D̂ + ω1)hv

Oµν
4 (ω1, ω2) =

(
1

2π

) ∫ ∞

−∞
dt1 dt2 e

−iω1t1e−i(ω1−ω2)t2Õµν
4 (t1, t2)

= gh̄vδ(in · D̂ + ω2)G
µν
⊥ δ(in · D̂ + ω1)hv .

Similarly the Fourier transforms of the P̃i’s are

P µ
1,α(ω) = h̄v

{
iDµ, δ(in · D̂ + ω)

}
γαγ5hv

P µ
2,α(ω) = ih̄v

[
iDµ, δ(in · D̂ + ω)

]
γαγ5hv (3.20)

P µν
3,α(ω1, ω2) = h̄vδ(in · D̂ + ω2) {iDµ

⊥, iD
ν
⊥} δ(in · D̂ + ω1)γαγ5hv

P µν
4,α(ω1, ω2) = gh̄vδ(in · D̂ + ω2)G

µν
⊥ δ(in · D̂ + ω1)γαγ5hv.

The Feynman rules for the operators O0 − O4 in n · A = 0 gauge are shown in Fig. 2.
Finally, at subleading order there are also contributions from the time-ordered products

of O0(ω) with the subleading terms in the HQET Lagrangian,

O1/m(y) = h̄v(y)(iD)2hv(y) +
g

2
h̄v(y)σµνG

µνhv(y) . (3.21)

This yields another two operators
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FIG. 2. Feynman rules for non-local operators O0−O4 in n ·A = 0 gauge. The Feynman rules
for P0 − P4 are identical except for the Dirac structure.

OT (ω) = i
∫
d4y

1

2π

∫
dt e−iωtT

(
h̄v(0)hv(t)O1/m(y)

)
(3.22)

PT,α(ω) = i
∫
d4y

1

2π

∫
dt e−iωtT

(
h̄v(0)γαγ5hv(t)O1/m(y)

)
.

At subleading order the nonlocal OPE in (3.13) is

−2mb Im T (q) =
∫
dω

(
C0(v, q, ω)O0(ω) + Cα

5,0(v, q, ω)P0,α(ω)
)

+
1

2mb

∑
i=1,2

∫
dω

(
Cµ

i (v, q, ω)Oi,µ(ω) + Cα,µ
5,i (v, q, ω)Pi,α,µ(ω)

)

+
1

2mb

∑
i=3,4

∫
dω1dω2 (Cµν

i (v, q, ω1, ω2)Oi,µν(ω1, ω2) (3.23)

+Cα,µν
5,i (v, q, ω1, ω2)Pi,α,µν(ω1, ω2)

)
+

1

2mb

∫
dω

(
CT (v, q, ω)OT(ω) + Cα

5,T (v, q, ω)PT,α(ω)
)

+O

(
Λ2

QCD

m2
b

)
.

The matching at subleading order onto the operators (3.18) is performed by computing
the zero, one and two gluon matrix elements of (2.3) in full QCD and comparing this to the
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operators in (3.19) and (3.20). Note that this includes terms from the expansion of the b
quark field,

b =

(
1 +

i /D

2mb
+ . . .

)
hv. (3.24)

At tree level, we find

Cµ
1 (v, q, ω) =

π

4
Tr
(
{P+, γ

µ}Γn/Γ
)
δ(1− n · q̂ − ω)

Cµ
2 (v, q, ω) = (−i)π

4
Tr
(
[P+, γ

µ]Γn/Γ
)
δ(1− n · q̂ − ω)

Cµν
3 (v, q, ω1, ω2) = −π

2
gµν
⊥

1

mb − n̄ · q
Tr
(
P+Γn/Γ

)
(3.25)

×
(
δ(1− n · q̂ − ω1)− δ(1− n · q̂ − ω2)

ω1 − ω2

)

Cµν
4 (v, q, ω1, ω2) = i

π

2

1

mb − n̄ · q
Tr
(
P+Γn/(−iσµν

⊥ )Γ
)

×
(
δ(1− n · q̂ − ω1)− δ(1− n · q̂ − ω2)

ω1 − ω2

)

CT (n · q, ω) = C0(n · q, ω) ,

and for the corresponding spin dependent operators

Cα,µ
5,1 (v, q, ω) = −π

4
Tr
(
{sα, γµ}Γn/Γ

)
δ(1− n · q̂ − ω)

Cα,µ
5,2 (v, q, ω) = i

π

4
Tr
(
[sα, γµ]Γn/Γ

)
δ(1− n · q̂ − ω)

Cα,µν
5,3 (v, q, ω1, ω2) =

π

2
gµν
⊥

1

mb − n̄ · q
Tr
(
sαΓn/Γ

)
(3.26)

×
(
δ(1− n · q̂ − ω1)− δ(1− n · q̂ − ω2)

ω1 − ω2

)

Cα,µν
5,4 (n · q, ω1, ω2) = (−i)π

2

1

mb − n̄ · q
Tr
(
sαΓn/(−iσµν

⊥ )Γ
)

×
(
δ(1− n · q̂ − ω1)− δ(1− n · q̂ − ω2)

ω1 − ω2

)

Cα
5,T (n · q, ω) = Cα

5,0(n · q, ω) .

IV. MATRIX ELEMENTS

Matrix elements of the subleading operators (3.19), (3.20) and (3.22) give rise to new,
subleading structure functions. Writing the most general Ansatz consistent with the sym-
metries and the equation of motion (iv · D) h = 0, we find that only the following matrix
elements are non-vanishing
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〈B(v)|Oµ
1 (ω)|B(v)〉 = 2mB g1(ω)(vµ − nµ)

〈B(v)|Oµν
3 (ω1, ω2)|B(v)〉 = 2mB g2(ω1, ω2)g

µν
⊥

〈B(v)|P µ
2,α(ω)|B(v)〉 = 2mB h1(ω)εµ

⊥,α (4.1)

〈B(v)|P µν
4,α(ω1, ω2)|B(v)〉 = 2mB h2(ω1, ω2)ερσαβ g

µρ
⊥ g

νσ
⊥ v

β

〈B(v)|OT (ω)|B(v)〉 = 2mB t(ω) ,

where we define

εµν
⊥ = εµναβvαnβ , (4.2)

and ε0123 = 1.
The matrix element of Oµν

4 (ω1, ω2) between B mesons vanishes since no antisymmetric,
parity even object can be constructed which is perpendicular to both v and n. Similarly,
the matrix element of P µν

3,α(ω1, ω2) vanishes, since there is no parity odd, symmetric object
perpendicular to v and n. Due to the equations of motion, the matrix element of Oµ

2 (ω)
must be proportional to (vµ − nµ):

〈B(v)|Oµ
2 (ω)B(v)〉 = a(vµ − nµ) . (4.3)

Contracting with nµ we find

a = 〈B(v)|n ·O2(ω)|B(v)〉 = 〈B(v)|ih̄v[in ·D, δ(in · D̂ + ω)]hv|B(v)〉 = 0 , (4.4)

(where the last equality is due to the delta function) and so the matrix element vanishes.
The matrix element of P µ

1,α(ω) vanishes since all of its moments with respect to ω vanish.
Finally, the matrix element of PT,α(ω) vanishes due to parity.

There is additional information on the remaining new functions. Starting with g1(ω), we
find

2mBg1(ω) = nµ〈B(v)|Oµ
1 (ω)|B(v)〉 = 〈B(v)|h̄v

{
in ·D, δ(in · D̂ + ω)

}
hv|B(v)〉

= −2(mb ω)〈B(v)|h̄vδ(iD̂ · n+ ω)hv|B(v)〉 = −4mB(mb ω) f(ω) . (4.5)

Thus, g1(ω) is determined by the leading order structure function, g1(ω) = −2(mb ω) f(ω).
Some information can also be obtained on moments of the function g2(ω1, ω2):

g
(m,n)
2 = (−1)m+n

∫
dω1dω2ω

n
1ω

m
2 g2(ω1, ω2) (4.6)

=
1

2mB

〈B(v)|h̄v(in ·D)m(iD⊥)2(in ·D)nhv|B(v)〉 ,

leading to

g
(0,0)
2 =

2λ1

3
,

g
(m,0)
2 = g

(0,n)
2 = 0 , m, n 6= 0 , (4.7)

where the last equality arises because of the constraints from the equations of motion [10]
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〈B|h̄v(iDα)(iDν1) . . . (iDνn)(iDβ)hv|B〉 = (gαβ − vαvβ)Aν1...νn. (4.8)

We can also obtain information on the parity odd operators. The function h1(ω) is a genuine
new non-perturbative function which introduces spin dependent effects. The first three
moments of this function are given by∫

dω h1(ω) = 0 ;
∫
dω ω h1(ω) = − λ2

mb
;

∫
dω ω2h1(ω) =

ρ2

m2
b

(4.9)

where

1

2mB

〈B|h̄v(iDα)(iDβ)sλhv|B〉 ≡
1

2
iεναβλv

νλ2 (4.10)

1

2mB

〈B|h̄v(iDα)(iDµ)(iDβ)sλhv|B〉 ≡
1

2
iεναβλv

νvµρ2. (4.11)

The function h2(ω1, ω2) also introduces spin dependent effects with the first few moments
of the function given by

h
(0,0)
2 = λ2 ; h

(1,0)
2 = 0 = h

(0,1)
2 . (4.12)

Finally we have to consider the function t(ω). Since 1/mb terms are absent in the total rate,
we have ∫

dω t(ω) = 0 . (4.13)

Furthermore, the first moment of t(ω) is related to λ1 and λ2

2mB

∫
dω ω t(ω) = −i

∫
d4x 〈B|T

{
[h̄v(in · D̂)hv](0) O1/m(x)

}
|B〉 (4.14)

= 2mB
λ1 + 3λ2

mb
,

while the second moment introduces one new parameter∫
dω ω2 t(ω) =

τ

m2
b

, (4.15)

where 3τ = −2(T1 + 3T2) and Ti are the parameters used in [11,12].
Combining these results with the known leading twist contribution (3.7) leads to

f(ω) = δ(ω)− λ1

6m2
b

δ′′(ω)− ρ1

18m3
b

δ′′′(ω) + · · ·

ωf(ω) =
λ1

3m2
b

δ′(ω) +
ρ1

6m3
b

δ′′(ω) + · · ·

h1(ω) =
λ2

mb

δ′(ω) +
ρ2

2m2
b

δ′′(ω) + · · · (4.16)

g2(ω1, ω2) =
2λ1

3
δ(ω1)δ(ω2) + · · ·

h2(ω1, ω2) = λ2δ(ω1)δ(ω2) + · · ·

t(ω) = −λ1 + 3λ2

mb
δ′(ω) +

τ

2m2
b

δ′′(ω) + · · · ,
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where we have used the relations

ξδ′′(ξ) = −2δ′(ξ); ξδ′′′(ξ) = −3δ′′(ξ) ,

which are true when integrated against a function which is non-singular as ξ → 0.

V. APPLICATION TO B̄ → XSγ

The decay B̄ → Xsγ is described by the effective Hamiltonian

Heff = −G
2
F√
2
VtbV

∗
tsC7(µ)O7 + . . . , (5.1)

where

O7 =
e

32π2
mbs̄σµν(1 + γ5)b F

µν , (5.2)

and the dots denote additional operators which we shall neglect for the purposes of this
discussion. This effective Hamiltonian leads to the Dirac structure

Γ = −iA σµνεµqν(1 + γ5) with A =
G2

F√
2
VtbV

∗
tsC7(µ)

e

16π2
mb . (5.3)

The kinematics of this decay are particularly simple since q2 = 0,

qµ = Eγn̄
µ ≡ x

mb

2
n̄µ (5.4)

and so the large and small kinematical factors defined in section II are

mb − n̄ · q = mb , mb − n · q = mb(1− x) . (5.5)

Computing the matching coefficients, we find for the rate

dΓ

dx
= Γ0

{
f(1− x)− 2(1− x)f(1− x) +

1

2mb
t(1− x) +

1

mb
h1(1− x)

− 1

m2
b

[
G2(1− x)−H2(1− x)

]}
, (5.6)

where

Γ0 =
G2

Fα|VtsV
∗
tb|2|C7(mb)|2

32π4
m5

b , (5.7)

and

G2(1− x) =
∫
dω1 dω2 g2(ω1, ω2)

[
δ(1− x− ω1)− δ(1− x− ω2)

ω1 − ω2

]
(5.8)

H2(1− x) =
∫
dω1 dω2 h2(ω1, ω2)

[
δ(1− x− ω1)− δ(1− x− ω2)

ω1 − ω2

]
. (5.9)
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This result can be compared with previous work [12], where the 1/mb expansion has been
discussed. This expansion is recovered by performing a moment expansion of (5.6). Using
(4.16) we find

G2(1− x) = −2λ1

3
δ′(1− x) + · · ·

H2(1− x) = −λ2δ
′(1− x) + · · · , (5.10)

leading to

dΓ

dx
= Γ0

[
δ(1− x)− λ1 + 3λ2

2m2
b

δ′(1− x) (5.11)

−
(
λ1

6m2
b

+
2ρ1 − 3ρ2 + T1 + 3T2

6m3
b

)
δ′′(1− x)− ρ1

18m3
b

δ′′′(1− x)
]
,

in agreement with [12]. From the matching coefficients (3.25) we see that the Wilson co-
efficients CT is identical to the leading order coefficient. This implies that for any current
mediating a heavy-to-light decay the subleading structure functions t(ω) always arises in
the same linear combination with the leading order function f(ω). Thus, we can always
combine the functions f(ω) and t(ω) into a new universal function which is defined by

F (ω) = f(ω) +
1

2mb
t(ω) . (5.12)

This new structure function has the moments∫
dωF (ω) = 1 ;

∫
dω ω F (ω) =

λ1 + 3λ2

2m2
b

;
∫
dω ω2F (ω) = − λ1

3m2
b

+
τ

2m3
b

. (5.13)

There are three new subleading twist structure functions; the spin independent function
G2(ω), as well as h1(ω) and H2(ω), which are sensitive to the heavy quark spin. Thus there
are in total four functions parametrizing the heavy-to-light decays to subleading twist, since
we may replace

ωf(ω) = ω F (ω) + . . . , (5.14)

where the dots denote higher twist terms.

A. A Simple Model

To get some insight into the size of the effect of these new functions we will use a simple
model for these functions which incorporates the information we have on their moments.
The following model has been proposed [4] for the leading twist distribution function

fmod(ω) =
32mb

π2Λ̄
(1− y)2 exp

[
−4

π
(1− y)2

]
Θ(1− y) ; y = −mb ω

Λ̄
, (5.15)

where Λ̄ is the only free parameter. This model therefore assumes a simple correlation
between all higher moments of f(ω).
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All of the new subleading twist functions have vanishing zeroth moments. In order to
construct a model for these subleading functions we use the derivative of the leading twist
function. Normalizing this derivative to match the known first moments of the subleading
functions, we obtain

Fmod(ω) = fmod(ω)− λ1 + 3λ2

2m2
b

f ′mod(ω)

G2mod(ω) = −2λ1

3
f ′mod(ω) . (5.16)

For the decay B̄ → Xsγ the two functions h1(ω) and H2(ω) enter in the combination

∆h(ω) = h1(ω) +H2(ω)/mb . (5.17)

The zeroth and first moments vanish, while it has a non-vanishing second moment∫
dω ω2∆h(ω) =

ρ2

m2
b

. (5.18)

In our simple approach to modeling the subleading functions, we would obtain ∆h,mod(ω) ≡
0, since the first moments of mbh1(ω) and H2(ω) coincide. To use the information on the
second moment (5.18), we instead model ∆h(ω) by the second derivative of fmod:

∆h,mod(ω) =
ρ2

2m2
b

f ′′mod(ω) . (5.19)

This leads finally to our model for the differential decay spectrum of the decay B̄ → Xsγ:

dΓmod

dx
= Γ0

[
(2x− 1)Fmod(1− x) +

2λ1

3m2
b

f ′mod(1− x) +
ρ2

2m3
b

f ′′mod(1− x)
]

(5.20)

= Γ0

{
(2x− 1)

[
fmod(1− x)−

λ1 + 3λ2

2m2
b

f ′mod(1− x)
]

+
2λ1

3m2
b

f ′mod(1− x)

+
ρ2

2m3
b

f ′′mod(1− x)
}
.

We can now use this spectrum to analyze the effect of the subleading twist contributions
to the partially integrated decay rate

Γ̂(E0
γ) =

1

Γ0

∫ xmax

x0

dΓ

dx
dx , xmax =

mB

mb
and x0 =

2E0
γ

mb
, (5.21)

with E0
γ being a lower cut on the photon energy. The effects of the subleading shape

functions are shown in Fig. 3, in which we plot the ratio of the partially integrated rate
with and without the subleading twist contributions as a function of the photon energy cut
for various values of the parameters Λ̄ and ρ2. With this simple model, the curves on this
plot should only be taken as an estimate of the size of the corrections in different kinematic
regions. Recall that we expect that for a photon cut E0

γ
<∼mB/2−ΛQCD ∼ 2.1 GeV the usual

OPE should hold, while for mB/2− ΛQCD ∼ 2.1 GeV <∼E
0
γ

<∼mB/2− Λ2
QCD/mB ∼ 2.5 GeV
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FIG. 3. Partially integrated Rate (5.21), normalized to the leading twist result, using the
simple model given in (5.20). The solid, short-dashed and long-dashed lines correspond to Λ̄ = 570
MeV, 470 MeV and 370 MeV, respectively. The lines which rise at the endpoint correspond to
ρ2 = (500 MeV)3, while those that go down correspond to ρ2 = −(500 MeV)3. The values
of λ1 has been chosen to reproduce the second moment of the leading order structure function,
λ1 = −0.53 Λ̄2.

the twist expansion presented in this paper is appropriate, with subleading twist corrections
naively of order ΛQCD/mb ∼ 10%. For E0

γ
>∼mB/2 − Λ2

QCD/mB ∼ 2.5 GeV we are in the
resonance region, and the twist expansion is expected to break down. From the figure we see
that these expectations are borne out in our simple model: below ∼ 2.1 GeV the corrections
to the leading twist are small, since they are only corrections of order Λ2

QCD/m
2
b to the

leading rate. Below E0
γ ∼ 2.4 GeV, the corrections are less than or of order ±20%, while

the twist expansion starts to break down above this cutoff.

VI. CONCLUSIONS

It has been known for some time that in inclusive heavy hadron decays the naive short
distance expansion must be replaced by a twist expansion if the phase space is restricted
to a region of large energy, low invariant mass final hadronic states. The leading term,
parametrized by the the light-cone distribution function of the heavy quark in the hadron,
is well investigated by now, but subleading terms of this expansion have not been previous
studied. In the present paper we have identified the non-local operators appearing at sub-
leading order in the twist expansion. The tree level matching to these operators has been
computed for a general bottom hadron decay and the matrix elements of the subleading
operators have been parametrized for B meson decay.

We found that for any inclusive B meson decay four independent subleading distribution
functions are needed. We worked out the case for B̄ → Xsγ in detail. Using a simple
model for the leading and the subleading distribution functions we studied the effects of the
subleading terms on the photon energy spectrum. We found that they had the expected
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behavior: in the region where the local OPE is appropriate, these corrections were negligible,
whereas in the region where the twist expansion was appropriate, they were of order 10-20%,
depending on the parameters of the model.

Since the leading distribution function is not known, much less to 10-20% accuracy, these
results are of limited utility for B̄ → Xsγ decays (although they do indicate the region where
the twist expansion breaks down). However, there are certain relations between the charged
lepton energy spectrum in B̄ → Xu`ν̄ and the photon spectrum in B̄ → Xsγ for which the
leading distribution function drops out [4,6]. In this case, even a model of the subleading
distribution functions will provide a useful estimate of the theoretical uncertainty in these
relations, and the resulting extraction of |Vub|. This investigation is in progress [9].
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