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Abstract

Quadrupoldringe fieldscanlimit thedynamicapertureof muonstorageings. Using
the computercodeCOSY INFINITY for particletrackingandnormal-formanalysiswe
evaluatetheimportanceof fringe fieldsin the FNAL muonstoragering, andidentify the
regionsof the machinewherethey aremostcritical. Dynamicapertureandlinear tune
shifts with amplitudeare calculatedconsideringan ideal machinewithout any errorsor
misalignments We alsoexplore the efficiengy of variousnonlinearcorrectionschemes,
studythe momentumacceptanceandevaluatethe spin decoherencever the trans\erse
phasespace.

Genea, Switzerland
May 4, 2000

*FNAL, Batavia, Illinois, USA.
Michigan StateUniversity, EastLansing,Michigan, USA.



1 Introduction

In this note,we investigatethe effect of fringe fieldsin the muonstoragering of the FNAL neutrino
factory continuingearlierstudiesby M. Berz,K. Makino andB. Erdelyi[1]. The muonsonly have
to be storedfor a few hundredturns. Neverthelessfringe fields areimportantbecausehe beamfills
almostthe entire magnetaperture. The trans\ersenormalizedbeamemittancein the FNAL muon
storagering is 3.2 mm mrad. At 50 GeV, this correspondgo a geometricemittanceof about7
pm, or to beamsizesof a few centimeters.The rms enegy spreadof 1% rmsis also significant.
An acceptancef +30 for a few hundredturnsis requiredboth in trans\ersephasespaceandin
momentum.

The FNAL ring optics consistsof two arcsseparatedy two straightsections[2]. One of the
straightsectiongs usedfor neutrinoproduction.In this straight,themagnetareweaklyfocusingand
thebetafunctionsarelargein orderto confinethebeamdivergence.Thereturnstraightontheopposite
side of the ring exhibits strongerfocusingand much smallerbetafunctions. The magnetapertures
vary roughly with the beamsize. Quadrupoleboreradii are17 cmin the productionstraight,9 cm
in thereturnstraightand7 cmin the arcs. Poletip fieldsare0.05T, 0.84T, and3.6 T, respectiely,
andquadrupoldengths3 m in the productionsraightand1 m elsevhere.The arcsareequippedvith
sextupolesfor chromaticcorrection.Tablel summarisetherelevantparametersTheparameter),,.q
in thetablerefersto thefractionof muonsdecayingn the productionstraight. Theexponentialdecay
time of themuonscorresponds$o about180turns.

Tablel: Someparametersf themuonstorageing. ' r, = 17 cmin our trackingstudy

beamenegy E 50GeV
normalizedemittance Vezy 3.2mmrad
rmsenegy spread (Ap/p)rms 1%
circumference C 1752m
neutrinodecayfraction Nprod 39.2%
betatrortunes Vi 13.63,13.31
arcquadradius Ty 7cm
arcquadpoletip Br, 3.6T
arcquadlength la 1m
arcdipolefield B 6T
arcdipolelength [ 2.4m
productionquadradius T 16.5cmf
productionquadpoletip Br, 0.05T
productionquadlength L, 1m
returnquadradius T, 9cm
returnquadpoletip Br, 0.84T
returnquadlength [, 1m
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Figurel: Opticsof the FNAL muonstorageing [2].

Figure 2 illustratesthe field fall-off neara magnetedge,asassumedn the default fringe-field
calculationof COSY INFINITY [3, 4]: The variationwith longitudinal position z of the dipole or
guadrupoldield nearthe edgeof a magnets representetdy an Engefunctionof theform

1
F(z) = 1
(2) 1+ exp(a; +ax(z/D) + ...+ ag(z/D)%) @)
where D denotegshe magneffull apertureandthea; (i = 1,...,6) arecalledEngecoeficients. The

standardengecoeficientsrepresenmeasurement®r afamily of PEPmagnetg5].

2 Reaults

A COSY inputfile of the muonstoragering wascreatedrom the MAD lattice [6] usingthe MAD-
to-COSYcorverter[7]. Thefractionalbetatrontunescomputedoy COSY arev,, = 0.6229, andy,, =
0.3158, andagreewith theMAD [8] values.In thetracking,threedifferenttypesof nonlinearitiesare
consideredfringe fields, sextupolesandkinematiccorrections.

Figure3 shavsthehorizontalandverticalphasespaceobtainedoy trackingfor 1000turns(trajec-
toriesareplottedon every 5thturn) througha 9th orderTaylor maprepresentinghe barering without
fringesandwithout sextupoles.Theverticalaxisis thetrans\erseslopeof theparticletrajectory 2’ or
v/, in units of radian,andthe horizontalaxisis thetrans\erseposition,z or y, in unitsof meter The
obsenationpointis atthe centerof a defocusingquadrupoléan thereturnstraight.in Fig. 3, theonly
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Figure2: Thefall-off of dipole andquadrupoldields assumedn the COSY fringe calulations,asa
function of the longitudinaldistancefrom the magnetedgein units of the full magnetaperture.The
fall-off is describedoy an Engefunction F'(z), asin Eq. (1), with coeficientsinferred from PEP
magnetg5].

nonlinearityare kinematicterms[9], andthe dynamicapertureis far outsidethe rangeof the plot,
which extendsover +4¢. Figure4 depictssimilar trackingresultsincludingthe chromatic-correction
sextupoles but still withoutary fringe fields. Thisis the situationnormally consideredn mosttrack-
ing codes.Thedynamicapertures 3¢ or larger. For comparisonFig. 5 shavs theresultof a MAD
calculationfor the sameconditions(but trajectoriesare plottedon every turn). Small differencesat
large amplitudescanbeattributedto thetruncationof the Taylor maprepresentatiom by COSY.
The dramaticeffect of the fringe fieldsis illustratedin Fig. 6. In this example,the trackingwas
performedusinganoptionof COSY which automaticallycorrectshelineareffect of thefringe fields
(suchastuneshift), sothatwe only obsere the influenceof the nonlinearterms,anddo not needto
rematchthe linear optics. The plot rangein Fig. 6 againcovers+4o. Now the dynamicapertures
only about2.5, in thehorizontalplane,and1.5-2, vertically. Thisfalls shortof therequirements.
An analyticalestimateof the fringe field effect indicatesthat the linear tune shift inducedby
guadrupolefringes scalesas %m,nglQ' where K, is the quadrupolegradientin units of inverse
squaremeters/, the quadrupoldengthand 3, the betafunctionatthe quadrupolg10]. In view of
this dependenceye suspectedhat the aperturereductionis causedy the fringe fields of threeor
four strongmatchingquadrupolegQFF2,QDD2, QMF1, QMD1), locatedin the matchingsections
on either side of the productionstraight. The field gradientin thesemagnetsis up to 500 times
higherthanthe quadrupolegradientin the productionstraightproper while the betafunctionsareof
comparablesize. Sincethe magnetsare short, we expectthattheir length could be increasedwith
appropriateopticsrematching.In orderto estimatethe benefitfrom sucha modification,in COSY
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Figure3: Horizontal(left) andverticalphasespacgright), obtainedoy 9th ordertrackingthroughthe
full muonstorageing, withoutquadrupoldringe fieldsandwithout chromatic-correctiosextupoles.
Betafunctionsatthe obsenationpointare3, = 15 m, 8, = 87 m. Particlesarelaunchedn stepsof
about0.50, andthe plot rangeextendsover about+4c. Theenepy offsetis zero.

Figure 4: Horizontal (left) and vertical phasespace(right), obtainedby 9th order tracking with
chromatic-correctiorsextupoles,but without quadrupoldringe fields. Betafunctionsat the obser
vationpointare 3, = 15 m, 3, = 87 m. Particlesarelaunchedn stepsof about0.5, andthe plot

rangeextendsover about+4c. Theenegy offsetis zero.
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Figure 5: Horizontal (left) and vertical phasespace(right), obtainedby MAD tracking with
chromatic-correctiorsextupoles,but without quadrupoldringe fields. Betafunctionsat the obser
vationpointare3, = 15 m, 3, = 87 m. Particlesarelaunchedn stepsof about0.5, andthe plot
rangeextendsover about+4o. Theenegy offsetis zero.

Figure6: Horizontal(left) andverticalphasespacgright), obtainedby 9th ordertrackingthroughthe
full muonstorageing, includingchromatic-correctiosextupoles,andquadrupoldringe fields. Beta
functionsattheobsenationpointare3, = 15 m, 8, = 87 m. Particlesarelaunchedn stepsof about
0.50, andthe plot rangeextendsover about+40. Theenegy offsetis zero.



we cansimply switch off the fringe fields for thesefour magnetsandrepeatthe previous tracking
calculations.

Figure7 shaws the phasespaceobtainedwhenwe ignorethe fringe field effectsin the matching
guadrupoleshut still take fringe fields into accountfor all the other quadrupoles. The dynamic
aperturds aboutthe sameasthatinducedby sextupolesalone,in Fig. 4. Thus,it seem<ertainthat
usingwealer quadrupolesn thematchingsectionwill eliminatethefringe-fieldproblem.

Figure7: Horizontal(left) andverticalphasespacgright), obtainedoy 9th ordertrackingthroughthe
full muonstoragering with chromatic-correctiorsextupoles,andwith all quadrupoléfringe fields,
exceptthosein the matchingsection.Betafunctionsatthe obserationpointare3, = 15 m, 3, = 87
m. Particlesarelaunchedn stepsof about0.50, andthe plot rangeextendsover about+4c. The
eneqgy offsetis zero.

Thetrackingaccurag increasesvith the orderof the Taylor map. To examinethis dependence,
we have tracked throughmapsof variousorder representinghe most nonlinearcasewhere both
sextupolesandall fringe fields areincluded. Figures8 and9 shav the phasespaceobtainedwith
mapsof 11thand7th order respectrely. The dynamicaperturefor the 11thordermapis similar the
9th orderplot in Fig. 6, althoughthereare still somesmall differences.For the 7th ordermap, on
the otherhand,the dynamicaperturess significantlysmaller in both planes. This suggestshatthe
7th ordercalculationis not sufficient for the amplitudeandturn rangeof interest.Accordingly, most
phasespaceplotsin this reportwerecalculatedusingmapsof order9 or higher

Thetuneshiftswith amplitudecanbe obtainedfrom a COSY normalform analysis.Specifically
thelineartuneshift dv,./dI, is givenby the(2 0 0 0) componenbf theDA vectory (1) multipliedby a
factorof two, whichis dueto the choiceof normal-formbasisvectorsin COSY with magnitudey/21.
Similarly, thequadratiduneshift with amplitudecanbe obtainedfrom the next-ordercomponent®f
the normal-formtunevectorby multiplicationwith afactor4.

Linear tune shifts with amplitude(or ratheraction)for variousconditionsare listed in Table 2.
The table confirmsthat the fringe fields of the matchingquadrupolesare the dominantnonlinear
effect. Without thesefringesthe linear tune shifts are muchreducedandthe contritution from the
sextupolesbecomeglominant. This is alsoreflectedby the tunefootprintsshown in Fig. 10, which
werecomputedby a COSY normal-formanalysisandnot by tracking. The so-calledbarelattice in
the last column of Table 2 includesthe kinematiccorrection. Evidently, the kinematiceffects are
negligible comparedvith sextupolesandfringe fields.

In anattemptto furtheroptimisethedynamicapertureywe scannedhetunesby +0.1 unitsaround
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Figure8: Horizontal(left) andvertical phasespace(right), obtainedby 11thordertrackingthrough
the full muonstoragering, including chromatic-correctiosextupoles,andquadrupoldringe fields.
Betafunctionsatthe obsenationpointare3, = 15 m, 8, = 87 m. Particlesarelaunchedn stepsof
about0.50, andthe plot rangeextendsover about+4c. Theenepy offsetis zero.
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Figure9: Horizontal(left) andverticalphasespacgright), obtainedoy 7th ordertrackingthroughthe
full muonstorageing, includingchromatic-correctiosextupoles andquadrupoldringe fields. Beta
functionsattheobsenationpointare3, = 15 m, 8, = 87 m. Particlesarelaunchedn stepsof about
0.50, andtheplot rangeextendsover about+4c. Theenegy offsetis zero.

Table2: Lineartuneshift in variousconfigurationsThe barelattice containskinematictermsonly.

tuneshift dv,/dl, dv,/dl, dv,/dl,
sexts. & all fringes 1376 2098 1570
sexts. & fringesw/o matchingsection 106 —436 82
all fringes,no sexts. 1440 2674 1652
fringesw/o matchingsection,no sexts. 168 180 146
sexts.only -4 —558 0.6
barelattice 60 32 40
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Figurel0: Tunefootprintsfor horizontalandverticalstartingamplitudesbetweerd and3c, calculated
from 5th ordernormalform. In eachpicturethe vertical fractionaltuneis plottedalongthe vertical
axis, and the horizontaltune along the horizontal. Top left: full lattice including sextupolesand
fringes;topright: only fringes;centereft: full latticeincludingsextupolesandall fringesexceptthose
in the matchingguadrupolesgenterright: fringeswithout matchingquadrupolesndno sextupoles;
bottomleft: only sextupoles;bottomright: barelattice.



the original working pointsof 0.623and0.316. Figures11 and 12 shov resultsof 9th ordermap
tracking with sextupolesand fringe fields in straightsand arcs,i.e., but not including ary fringes
in the matchingquadrupoles.We obsere a ratherstrongdependencen the tunes,in particulara
reductionof thedynamicaperturenearthe 3rd integerresonancef-or the nominaltunes(thefarright
picturein the secondow) thedynamicaperturds aboutmaximum.

Figurell: Horizontalphasespacewith 9th ordermapincluding sextupolesandfringe fields (except
thosein matchingquadrupoleshor severalvaluesof thehorizontaltune,varyingfrom 0.523(top left)
to 0.723(bottomright) in stepsof 0.02. Eachplot extendsover +5 o.

Octupolecorrectorscanreducethe detuningwith amplitudeand, thereby possiblyincreasethe
dynamicaperture.An octupoleof strengthk, in units of m=*, asdefinedby MAD, correspondso a
pole-tipfield of By = (Bp) k,a3/6, where(Bp) denotegshe magneticrigidity, anda, the octupole
boreradius. In first orderperturbatiortheory an octupoleof strengthk, andlengthl, is represented
by the nonlinearHamiltonian .

H=
24

[az4 — 6x2y2 + yﬂ , (2)
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Figure 12: Vertical phasespacewith 9th order mapincluding sextupolesandfringe fields (except
thosein matchingquadrupolesjor severalvaluesof theverticaltune,varyingfrom 0.216(top left) to
0.416(bottomright) in stepsof 0.02. Eachplot extendsover +5 o.
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andit introduceghe amplitude-dependemaneshifts

1 kolo

Av, = =2 02— 26.6,1,] (3)
1 k.l

Ay, = =2 (821, — 28.3,1, ] . (4)

We verified for a single octupolethatthe DA vectorcomponent®f the amplitude-dependerttines
obtainedfrom the normal-formanalysisin COSY areconsistentith the coeficientsin Egs.(3) and
(4).

Threeoctupolesare sufficient to cancelthe threelinear tune shifts with amplitude. Hence,we
positionedthree octupolesin the dispersion-thregeturn straight, at a defocusingquadrupole the
adjacentfocusingquadrupole and at the centerof the intermediatedrift space respectiely. This
arrangemendoesnotgenerateny higherorderdispersve componentsand,by placingtheoctupoles
at locationswith differentratios 3, /3, we avoid degenerag. Using COSY, we chosethe octupole
strengthsuchthatthelineartuneshift with amplitudewasexactly canceledThecorrespondinghase
spaces shavn in Fig. 13. The horizontaldynamicapertures slightly improved, but the performance
in the verticalplanedeteriorates.

The nonlinearitiesmay also be correctedby sextupoles,insteadof octupoles. Using threesex-
tupoleswe tried to minimiseeitherthelineartuneshifts, or, alternatvely, the normof thethird order
map. Thesecorrectionattemptsavereunsuccessfulasthe dynamicapertureshrankto almostzeroin
bothtrans\erseplanes.

Figure 13: Horizontal(left) andvertical phasespacg(right), obtainedby 9th ordertrackingthrough
thefull muonstoragering, including a setof threeoctupolecorrectorswhich exactly zerothelinear
tune shift with amplitude,aswell asthe chromatic-correctiorsextupoles,andall quadrupoldringe
fields, exceptthosein the matchingsection. Betafunctionsat the obseration pointare 3, = 15 m,
B, = 87 m. Particlesarelaunchedn stepsof about0.5, andthe plot rangeextendsover about+4o.
Theenepy offsetis zero.

Anotherimportantissueis thedynamicaperturegor off-enegy particles.Werecallthattheenegy
acceptancef the ring shouldbe £3%. Figures14 and 15 depictthe horizontalandvertical phase
spacecalculatedby MAD, for four differentenepgy offsetsvarying from —3 to +3%. Especially
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for large enepy offsets,the dynamicaperturedecreasestrongly It is essentiallyzero at an offset
of —3%. The blurry characteiof mosttrajectoriesindicateschaotic(potentially unstable)behaior.

Figures16 and 17 depictthe equivalentphasespaceimages,obtainedfrom trackingthrougha 7th
ordermapin threedegreesof freedom,usingCOSY. The additionalphasespacedistortionsinduced
by fringe fieldsin arcsandstraightsectionsjf any, canbe seenin Figs.18 and19. Finally, Fig. 20
shavsthehorizontalphasespacdor theextrememomentunerrorof —3% anddifferentvaluesof the
horizontaltune,whichis variedbetweer0.6229and0.7429.Thedynamicaperturas smallerthanlo

for all tunevalues.

Finally we look at the preseration of polarisation. The spin decoherenceausedby different
enegiescanbe controlledvia momentumcompactionfactor, rf frequeng andrf voltage[11]. The
spinscanalsodecoheredueto differencesn the particle orbits. This secondquestionis addressed
in Fig. 21, which displaysthe variation of the n-axis andthe variationin spintunefor trajectories
extendingup to +30 in trans\ersephasespace FromFig. 21 we estimatethatthe netdepolarisation
dueto thedependencef the spinmotionon trans\ersecoordinatess considerablyessthan1%.
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Figurel4: Horizontalphasespacedor differentenegy offsets,rangingfrom —3%to +3% in stepsof
1%, ascalculatedoy MAD. Fringefieldsarenotincluded. Eachplot extendsover +4 ¢. Everyturn

is displayed.
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Figure15: Vertical phasespacefor differentenegy offsets,rangingfrom —3% to +3% in stepsof
1%, ascalculatedoy MAD. Fringefieldsarenotincluded. Eachplot extendsover +4 ¢. Everyturn
is displayed.
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Figure 16: Horizontalphasespacefor differentenegy offsets,rangingfrom —3% to +3% in steps
of 2%, ascalculatedby 7th order3-dimensionatrackingwith COSY. Fringefieldsarenotincluded.
Eachplot extendsover +4 ¢. Everyturnis displayed.
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Figure 17: Vertical phasespacefor differentenegy offsets,rangingfrom —3% to +3% in stepsof
2%, ascalculatedby 7th order 3-dimensionatrackingwith COSY. Fringe fields are not included.
Eachplot extendsover +4 ¢. Everyturnis displayed.
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Figure18: Horizontalphasespacéor differentenegy offsets,rangingfrom —3%to +3%in stepsof
2%, ascalculatedoy 7th order3-dimensionatrackingwith COSY. Fringefields areincludedexcept
for thosein the matchingsection.Eachplot extendsover +4 ¢. Everyturnis displayed.
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Figure 19: Vertical phasespacefor differentenengy offsets,rangingfrom —3% to +3% in stepsof
2%, ascalculatedoy 7th order3-dimensionatrackingwith COSY. Fringefields areincludedexcept
for thosein the matchingsection.Eachplot extendsover +4 ¢. Everyturnis displayed.
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Figure 20: Horizontalphasespacefor an enepgy offsetof —3% for severalvaluesof the horizontal

tune, which variesbetween0.6229(top left) ani§.7229(bottomright) in stepsof 0.02. The plots
wereobtainedby 7th order3-dimensionatrackingwith COSY. Fringefieldsarenotincluded. Each

pictureextendsover +4 ¢, andeveryturnis displayed.
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Figure21: Spinfootprintsfor the FNAL storagering. Plottedis the longitudinalcomponenbf the
n-axisversusthe horizontalcomponentor trans\ersecoordinategxtendingup to +3c¢ (top) andthe
spintune[the rotationfrequeng aroundthen axis,in unitsof therevolution frequeng] asafunction
of startingcoordinatesn units of ¢ (bottom). The spin calculationswere performedto 4th orderin
thetrans\ersecoordinates.
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3 Conclusions

Quadrupolefringe fields in the matchingsectionsbetweenarcsand productionstraightreducethe
dynamicapertureto aboutl.50. We expectthe problemwill be solved by usingwealer andlonger
guadrupolesn theseregions. Thatlongerquadrupolesnay help was verified for the opticsof the
CERNmuonstorageing, wherea similar, but morebenignfringe effect wasobsened[13]. If fringe
fields aretaken into accountonly in the restof the ring, the minimum dynamicapertureexceeds
3o. It is now dominatedby the chromatic-correctiosextupoles. Tune scansshowv thatthe nominal
working pointis closeto optimum. Still the momentumacceptancappearsnaginal. Attemptswere
unsuccessfub improvethe performancédy addingsextupoleor octupolecorrectorsywhosestrengths
wereadjustedso thatthey eithercancelledthe tuneshift with amplitudeor reducedthe norm of the
Taylor map. Finally, we shaved that spin decoherencéueto the variationof n axis andspintune
with trans\ersecoordinatesvill depolarisehe muonbeamby lessthan1%. Most resultspresented
in this reportwereobtainedusingthe codeCOSY INFINITY [3, 4].
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