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Abstract
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1 Introduction

In this note,we investigatetheeffect of fringe fields in themuonstoragering of theFNAL neutrino
factory, continuingearlierstudiesby M. Berz,K. Makino andB. Erdelyi [1]. Themuonsonly have
to bestoredfor a few hundredturns.Nevertheless,fringe fieldsareimportantbecausethebeamfills
almostthe entiremagnetaperture.The transversenormalizedbeamemittancein the FNAL muon
storagering is 3.2 mm mrad. At 50 GeV, this correspondsto a geometricemittanceof about7� m, or to beamsizesof a few centimeters.The rms energy spreadof 1% rms is alsosignificant.
An acceptanceof � 3� for a few hundredturns is requiredboth in transversephasespaceand in
momentum.

The FNAL ring opticsconsistsof two arcsseparatedby two straightsections[2]. Oneof the
straightsectionsis usedfor neutrinoproduction.In thisstraight,themagnetsareweaklyfocusingand
thebetafunctionsarelargein orderto confinethebeamdivergence.Thereturnstraightontheopposite
sideof the ring exhibits strongerfocusingandmuchsmallerbetafunctions. The magnetapertures
vary roughlywith thebeamsize. Quadrupoleboreradii are17 cm in the productionstraight,9 cm
in thereturnstraightand7 cm in thearcs.Poletip fieldsare0.05T, 0.84T, and3.6 T, respectively,
andquadrupolelengths3 m in theproductionsraightand1 m elsewhere.Thearcsareequippedwith
sextupolesfor chromaticcorrection.Table1 summarisestherelevantparameters.Theparameter�	��

���
in thetablerefersto thefractionof muonsdecayingin theproductionstraight.Theexponentialdecay
timeof themuonscorrespondsto about180turns.

Table1: Someparametersof themuonstoragering. ����������� cm in our trackingstudy

beamenergy � 50GeV
normalizedemittance ��� �"! # 3.2mm rad
rmsenergy spread $&%('*)�',+-
/.10 1%
circumference 2 1752m
neutrinodecayfraction �	��

��� 39.2%
betatrontunes 34�"! # 13.63,13.31
arcquadradius ��5 7 cm
arcquadpoletip 6879! 5 3.6T
arcquadlength :;5 1 m
arcdipolefield 6 6 T
arcdipolelength : 2.4m
productionquadradius ��� 16.5cm�
productionquadpoletip 6<7=! � 0.05T
productionquadlength :;� 1 m
returnquadradius �?> 9 cm
returnquadpoletip 6<7=! > 0.84T
returnquadlength :;> 1 m
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Figure1: Opticsof theFNAL muonstoragering [2].

Figure2 illustratesthe field fall-off neara magnetedge,asassumedin the default fringe-field
calculationof COSY INFINITY [3, 4]: The variationwith longitudinalposition @ of the dipole or
quadrupolefield neartheedgeof amagnetis representedby anEngefunctionof theform

A $-@B+C� ��EDGFIHKJL$-MONPDQM?RO$-@	)BST+PDQUVU4UBDQM?WX$Y@	)	ST+ W + (1)

where S denotesthemagnetfull aperture,andthe M�Z ([\�]�4^VU4UVU�^�_ ) arecalledEngecoefficients.The
standardEngecoefficientsrepresentmeasurementsfor a family of PEPmagnets[5].

2 Results

A COSYinput file of themuonstoragering wascreatedfrom theMAD lattice [6] usingtheMAD-
to-COSYconverter[7]. Thefractionalbetatrontunescomputedby COSYare 3��`�bacUd_Be	e	f , and 3�#g�acUdh,��i	j , andagreewith theMAD [8] values.In thetracking,threedifferenttypesof nonlinearitiesare
considered:fringefields,sextupolesandkinematiccorrections.

Figure3 showsthehorizontalandverticalphasespaceobtainedby trackingfor 1000turns(trajec-
toriesareplottedonevery5th turn) througha9thorderTaylormaprepresentingthebarering without
fringesandwithoutsextupoles.Theverticalaxisis thetransverseslopeof theparticletrajectory, k*l orm l , in unitsof radian,andthehorizontalaxis is thetransverseposition,k or m , in unitsof meter. The
observationpoint is at thecenterof adefocusingquadrupolein thereturnstraight.In Fig. 3, theonly
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Figure2: Thefall-off of dipoleandquadrupolefieldsassumedin theCOSYfringe calulations,asa
functionof the longitudinaldistancefrom themagnetedgein unitsof thefull magnetaperture.The
fall-off is describedby an Engefunction

A $-@B+ , as in Eq. (1), with coefficients inferred from PEP
magnets[5].

nonlinearityarekinematicterms[9], andthe dynamicapertureis far outsidethe rangeof the plot,
whichextendsover �onc� . Figure4 depictssimilar trackingresultsincludingthechromatic-correction
sextupoles,but still withoutany fringefields.This is thesituationnormallyconsideredin mosttrack-
ing codes.Thedynamicapertureis 3� or larger. For comparison,Fig. 5 shows theresultof a MAD
calculationfor thesameconditions(but trajectoriesareplottedon every turn). Small differencesat
largeamplitudescanbeattributedto thetruncationof theTaylormaprepresentationin by COSY.

Thedramaticeffect of the fringe fields is illustratedin Fig. 6. In this example,the trackingwas
performedusinganoptionof COSYwhichautomaticallycorrectsthelineareffectof thefringefields
(suchastuneshift), sothatwe only observe theinfluenceof thenonlinearterms,anddo not needto
rematchthe linearoptics. Theplot rangein Fig. 6 againcovers �onc� . Now thedynamicapertureis
only about2.5�c� in thehorizontalplane,and1.5–2�c# vertically. This falls shortof therequirements.

An analyticalestimateof the fringe field effect indicatesthat the linear tune shift inducedby
quadrupolefringes scalesas p RqLr �"! #?s Rt : q , where s q is the quadrupolegradientin units of inverse
squaremeters,: q thequadrupolelengthand p q thebetafunctionat thequadrupole[10]. In view of
this dependence,we suspectedthat the aperturereductionis causedby the fringe fields of threeor
four strongmatchingquadrupoles(QFF2,QDD2, QMF1, QMD1), locatedin thematchingsections
on either side of the productionstraight. The field gradientin thesemagnetsis up to 500 times
higherthanthequadrupolegradientin theproductionstraightproper, while thebetafunctionsareof
comparablesize. Sincethe magnetsareshort,we expect that their lengthcould be increasedwith
appropriateopticsrematching.In orderto estimatethe benefitfrom sucha modification,in COSY
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Figure3: Horizontal(left) andverticalphasespace(right), obtainedby 9thordertrackingthroughthe
full muonstoragering, withoutquadrupolefringefieldsandwithoutchromatic-correctionsextupoles.
Betafunctionsat theobservationpoint are pu�v�w��i m, pu#(�xj	� m. Particlesarelaunchedin stepsof
about0.5� , andtheplot rangeextendsoverabout�`n	� . Theenergy offsetis zero.
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Figure 4: Horizontal (left) and vertical phasespace(right), obtainedby 9th order tracking with
chromatic-correctionsextupoles,but without quadrupolefringe fields. Betafunctionsat the obser-
vationpoint are pu�y�z��i m, pu#{�]j	� m. Particlesarelaunchedin stepsof about0.5� , andtheplot
rangeextendsoverabout�`n	� . Theenergy offsetis zero.
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Figure 5: Horizontal (left) and vertical phasespace(right), obtainedby MAD tracking with
chromatic-correctionsextupoles,but without quadrupolefringe fields. Betafunctionsat the obser-
vationpoint are pu�y�z��i m, pu#{�]j	� m. Particlesarelaunchedin stepsof about0.5� , andtheplot
rangeextendsoverabout�`n	� . Theenergy offsetis zero.
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Figure6: Horizontal(left) andverticalphasespace(right), obtainedby 9thordertrackingthroughthe
full muonstoragering, includingchromatic-correctionsextupoles,andquadrupolefringefields.Beta
functionsat theobservationpoint arepu�o�|�}i m, pu#~�bj	� m. Particlesarelaunchedin stepsof about
0.5� , andtheplot rangeextendsoverabout �onc� . Theenergy offsetis zero.
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we cansimply switch off the fringe fields for thesefour magnets,andrepeatthe previous tracking
calculations.

Figure7 shows thephasespaceobtainedwhenwe ignorethefringe field effectsin thematching
quadrupoles,but still take fringe fields into accountfor all the other quadrupoles.The dynamic
apertureis aboutthesameasthat inducedby sextupolesalone,in Fig. 4. Thus,it seemscertainthat
usingweakerquadrupolesin thematchingsectionwill eliminatethefringe-fieldproblem.
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Figure7: Horizontal(left) andverticalphasespace(right), obtainedby 9thordertrackingthroughthe
full muonstoragering with chromatic-correctionsextupoles,andwith all quadrupolefringe fields,
exceptthosein thematchingsection.Betafunctionsat theobservationpoint are pu�(���}i m, pu#g�bj	�
m. Particlesarelaunchedin stepsof about0.5� , andthe plot rangeextendsover about �onc� . The
energy offsetis zero.

The trackingaccuracy increaseswith theorderof theTaylor map. To examinethis dependence,
we have tracked throughmapsof variousorder representingthe most nonlinearcasewhereboth
sextupolesandall fringe fields are included. Figures8 and9 show the phasespaceobtainedwith
mapsof 11thand7th order, respectively. Thedynamicaperturefor the11thordermapis similar the
9th orderplot in Fig. 6, althoughtherearestill somesmall differences.For the 7th ordermap,on
the otherhand,the dynamicapertureis significantlysmaller, in both planes.This suggeststhat the
7th ordercalculationis not sufficient for theamplitudeandturn rangeof interest.Accordingly, most
phasespaceplotsin this reportwerecalculatedusingmapsof order9 or higher.

Thetuneshiftswith amplitudecanbeobtainedfrom a COSYnormalform analysis.Specifically,
thelineartuneshift �X34�B)	�X��� is givenby the(2 0 0 0) componentof theDA vector� $���+ multipliedby a
factorof two, which is dueto thechoiceof normal-formbasisvectorsin COSYwith magnitude� e	� .
Similarly, thequadratictuneshift with amplitudecanbeobtainedfrom thenext-ordercomponentsof
thenormal-formtunevectorby multiplicationwith a factor4.

Linear tuneshifts with amplitude(or ratheraction)for variousconditionsare listed in Table2.
The table confirmsthat the fringe fields of the matchingquadrupolesare the dominantnonlinear
effect. Without thesefringesthe linear tuneshifts aremuchreducedandthe contribution from the
sextupolesbecomesdominant.This is alsoreflectedby the tunefootprintsshown in Fig. 10, which
werecomputedby a COSYnormal-formanalysisandnot by tracking. Theso-calledbarelattice in
the last columnof Table2 includesthe kinematiccorrection. Evidently, the kinematiceffectsare
negligible comparedwith sextupolesandfringefields.

In anattemptto furtheroptimisethedynamicaperture,wescannedthetunesby �`acU-� unitsaround
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Figure8: Horizontal(left) andverticalphasespace(right), obtainedby 11thordertrackingthrough
the full muonstoragering, includingchromatic-correctionsextupoles,andquadrupolefringe fields.
Betafunctionsat theobservationpoint are pu�v�w��i m, pu#(�xj	� m. Particlesarelaunchedin stepsof
about0.5� , andtheplot rangeextendsoverabout�`n	� . Theenergy offsetis zero.
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Figure9: Horizontal(left) andverticalphasespace(right), obtainedby 7thordertrackingthroughthe
full muonstoragering, includingchromatic-correctionsextupoles,andquadrupolefringefields.Beta
functionsat theobservationpoint arepu�o�|�}i m, pu#~�bj	� m. Particlesarelaunchedin stepsof about
0.5� , andtheplot rangeextendsoverabout �onc� . Theenergy offsetis zero.

Table2: Lineartuneshift in variousconfigurations.Thebarelatticecontainskinematictermsonly.

tuneshift �X34�	)B�O��� �X34�B)	�X��# �X34#")	�X��#
sexts.& all fringes 1376 2098 1570
sexts.& fringesw/o matchingsection 106 � 436 82
all fringes,nosexts. 1440 2674 1652
fringesw/o matchingsection,nosexts. 168 180 146
sexts.only � 4 � 558 0.6
barelattice 60 32 40
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Figure10: Tunefootprintsfor horizontalandverticalstartingamplitudesbetween0and3� , calculated
from 5th ordernormalform. In eachpicturethevertical fractionaltuneis plottedalongthevertical
axis, and the horizontal tune along the horizontal. Top left: full lattice including sextupolesand
fringes;topright: only fringes;centerleft: full latticeincludingsextupolesandall fringesexceptthose
in thematchingquadrupoles;centerright: fringeswithout matchingquadrupolesandno sextupoles;
bottomleft: only sextupoles;bottomright: barelattice.
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the original working pointsof 0.623and0.316. Figures11 and12 show resultsof 9th ordermap
tracking with sextupolesand fringe fields in straightsandarcs, i.e., but not including any fringes
in the matchingquadrupoles.We observe a ratherstrongdependenceon the tunes,in particulara
reductionof thedynamicaperturenearthe3rd integerresonance.For thenominaltunes(thefar-right
picturein thesecondrow) thedynamicapertureis aboutmaximum.
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Figure11: Horizontalphasespacewith 9th ordermapincludingsextupolesandfringe fields(except
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Figure12: Vertical phasespacewith 9th ordermap including sextupolesandfringe fields (except
thosein matchingquadrupoles)for severalvaluesof theverticaltune,varyingfrom 0.216(top left) to
0.416(bottomright) in stepsof 0.02.Eachplot extendsover �oi(� .
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andit introducestheamplitude-dependenttuneshifts

%�3�� � �e4� ���4:;�j p R� �����Qe4pu��pu#���# (3)

%�34# � �e4� ���4:;�j p R# ��#<�Qe4pu��pu#���# U (4)

We verified for a singleoctupolethat the DA vectorcomponentsof the amplitude-dependenttunes
obtainedfrom thenormal-formanalysisin COSYareconsistentwith thecoefficientsin Eqs.(3) and
(4).

Threeoctupolesaresufficient to cancelthe threelinear tuneshifts with amplitude. Hence,we
positionedthreeoctupolesin the dispersion-threereturn straight,at a defocusingquadrupole,the
adjacentfocusingquadrupole,andat the centerof the intermediatedrift space,respectively. This
arrangementdoesnotgenerateany higherorderdispersivecomponents,and,by placingtheoctupoles
at locationswith differentratios pu�	)�pu# we avoid degeneracy. Using COSY, we chosethe octupole
strengthssuchthatthelineartuneshift with amplitudewasexactlycanceled.Thecorrespondingphase
spaceis shown in Fig. 13. Thehorizontaldynamicapertureis slightly improved,but theperformance
in theverticalplanedeteriorates.

The nonlinearitiesmay alsobe correctedby sextupoles,insteadof octupoles.Using threesex-
tupoles,we tried to minimiseeitherthelineartuneshifts,or, alternatively, thenormof thethird order
map.Thesecorrectionattemptswereunsuccessful,asthedynamicapertureshrankto almostzeroin
bothtransverseplanes.
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Figure13: Horizontal(left) andverticalphasespace(right), obtainedby 9th ordertrackingthrough
thefull muonstoragering, includinga setof threeoctupolecorrectorswhich exactly zerothe linear
tuneshift with amplitude,aswell asthechromatic-correctionsextupoles,andall quadrupolefringe
fields,exceptthosein thematchingsection.Betafunctionsat theobservationpoint are pu�T����i m,pu#���j	� m. Particlesarelaunchedin stepsof about0.5� , andtheplot rangeextendsoverabout�`nc� .
Theenergy offsetis zero.

Anotherimportantissueis thedynamicaperturefor off-energy particles.Werecallthattheenergy
acceptanceof the ring shouldbe � 3%. Figures14 and15 depict the horizontalandvertical phase
space,calculatedby MAD, for four differentenergy offsetsvarying from �oh to Doh %. Especially
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for large energy offsets,the dynamicaperturedecreasesstrongly. It is essentiallyzeroat an offset
of �`hB� . The blurry characterof mosttrajectoriesindicateschaotic(potentiallyunstable)behavior.
Figures16 and17 depict the equivalentphasespaceimages,obtainedfrom trackingthrougha 7th
ordermapin threedegreesof freedom,usingCOSY. Theadditionalphasespacedistortionsinduced
by fringe fields in arcsandstraightsections,if any, canbeseenin Figs.18 and19. Finally, Fig. 20
showsthehorizontalphasespacefor theextrememomentumerrorof �`h	� anddifferentvaluesof the
horizontaltune,which is variedbetween0.6229and0.7429.Thedynamicapertureis smallerthan �4�
for all tunevalues.

Finally we look at the preservation of polarisation. The spin decoherencecausedby different
energiescanbe controlledvia momentumcompactionfactor, rf frequency andrf voltage[11]. The
spinscanalsodecoheredueto differencesin the particleorbits. This secondquestionis addressed
in Fig. 21, which displaysthe variationof the � -axis andthe variationin spin tunefor trajectories
extendingup to �ohc� in transversephasespace.FromFig. 21 we estimatethatthenetdepolarisation
dueto thedependenceof thespinmotionon transversecoordinatesis considerablylessthan1%.

Figure14: Horizontalphasespacefor differentenergy offsets,rangingfrom � 3%to D 3%in stepsof
1%,ascalculatedby MAD. Fringefieldsarenot included.Eachplot extendsover �on`� . Every turn
is displayed.
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Figure15: Vertical phasespacefor differentenergy offsets,rangingfrom � 3% to D 3% in stepsof
1%,ascalculatedby MAD. Fringefieldsarenot included.Eachplot extendsover �on`� . Every turn
is displayed.
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0.400E-01

0.260E-02

Figure16: Horizontalphasespacefor differentenergy offsets,rangingfrom � 3% to D 3% in steps
of 2%,ascalculatedby 7th order3-dimensionaltrackingwith COSY. Fringefieldsarenot included.
Eachplot extendsover �on(� . Every turn is displayed.
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0.960E-01

0.110E-02

Figure17: Vertical phasespacefor differentenergy offsets,rangingfrom � 3% to D 3% in stepsof
2%, ascalculatedby 7th order3-dimensionaltrackingwith COSY. Fringefields arenot included.
Eachplot extendsover �on(� . Every turn is displayed.
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0.400E-01

0.260E-02

Figure18: Horizontalphasespacefor differentenergy offsets,rangingfrom � 3%to D 3%in stepsof
2%, ascalculatedby 7th order3-dimensionaltrackingwith COSY. Fringefieldsareincludedexcept
for thosein thematchingsection.Eachplot extendsover �`n(� . Every turn is displayed.
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0.960E-01

0.110E-02

Figure19: Vertical phasespacefor differentenergy offsets,rangingfrom � 3% to D 3% in stepsof
2%, ascalculatedby 7th order3-dimensionaltrackingwith COSY. Fringefieldsareincludedexcept
for thosein thematchingsection.Eachplot extendsover �`n(� . Every turn is displayed.
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0.400E-01

0.260E-02

Figure20: Horizontalphasespacefor an energy offsetof �oh	� for severalvaluesof the horizontal
tune,which variesbetween0.6229(top left) and0.7229(bottomright) in stepsof 0.02. The plots
wereobtainedby 7th order3-dimensionaltrackingwith COSY. Fringefieldsarenot included.Each
pictureextendsover �on(� , andevery turn is displayed.
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Figure21: Spin footprintsfor the FNAL storagering. Plottedis the longitudinalcomponentof the� -axisversusthehorizontalcomponentfor transversecoordinatesextendingup to �ohc� (top) andthe
spintune[the rotationfrequency aroundthe � axis,in unitsof therevolution frequency] asa function
of startingcoordinatesin unitsof � (bottom). Thespincalculationswereperformedto 4th orderin
thetransversecoordinates.
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3 Conclusions

Quadrupolefringe fields in the matchingsectionsbetweenarcsandproductionstraightreducethe
dynamicapertureto about1.5� . We expecttheproblemwill besolvedby usingweaker andlonger
quadrupolesin theseregions. That longerquadrupolesmay help wasverified for the opticsof the
CERNmuonstoragering, whereasimilar, but morebenignfringeeffectwasobserved[13]. If fringe
fields are taken into accountonly in the rest of the ring, the minimum dynamicapertureexceedshc� . It is now dominatedby thechromatic-correctionsextupoles.Tunescansshow that thenominal
workingpoint is closeto optimum.Still themomentumacceptanceappearsmarginal. Attemptswere
unsuccessfulto improvetheperformanceby addingsextupoleor octupolecorrectors,whosestrengths
wereadjustedso that they eithercancelledthe tuneshift with amplitudeor reducedthenormof the
Taylor map. Finally, we showed that spin decoherencedueto the variationof � axis andspin tune
with transversecoordinateswill depolarisethemuonbeamby lessthan1%. Most resultspresented
in this reportwereobtainedusingthecodeCOSYINFINITY [3, 4].
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