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Abstract
We discussissuesof QCD at the LHC including partondistributions,Monte
Carlo event generators,the available next-to-leadingorder calculations,re-
summation,photonproduction,small � physics,doublepartonscattering,and
backgroundsto Higgsproduction.

1. INTR ODUCTION

It is well known that precisionQCD calculationsandtheir experimentaltestsat a proton–protoncol-
lider areinherentlydifficult. “Unfortunately”, essentiallyall physicsaspectsof theLHC, from particle
searchesbeyondtheStandardModel (SM) to electroweakprecisionmeasurementsandstudiesof heavy
quarksareconnectedto theinteractionsof quarksandgluonsat largetransferredmomentum.An optimal
exploitationof theLHC is thusunimaginablewithout thesolid understandingof many aspectsof QCD
andtheir implementationin accurateMonteCarloprograms.

This review on QCD aspectsrelevant for the LHC givesan overview of today’s knowledge,of
ongoingtheoreticaleffortsandof someexperimentalfeasibilitystudiesfor theLHC. Moreaspectsrelated
to theexperimentalfeasibility andan overview of possiblemeasurements,classifiedaccordingto final
stateproperties,canbe found in Chapter15 of Ref. [1]. It was impossible,within the time-scaleof
this Workshop,to provide accurateandquantitative answersto all the needsfor LHC measurements.
Moreover, owing to the foreseentheoreticalandexperimentalprogress,detailedquantitative studiesof
QCDwill havenecessarilyto beupdatedjustbeforethestartof theLHC experimentalprogram.Theaim
of thisreview is to updateRef.[2] andto providereferencework for theactivities requiredin preparation
of theLHC programin thecomingyears.

Especiallyrelevant for essentiallyall possiblemeasurementsat theLHC andtheir theoreticalin-
terpretationis theknowledgeof theparton(quark,anti-quarkandgluon)distribution functions(pdf’s),
discussedin Sect.2. Today’s knowledgeaboutquarkandanti-quarkdistribution functionscomesfrom
lepton-hadrondeep-inelasticscattering(DIS) experimentsand from Drell-Yan (DY) lepton-pairpro-
ductionin hadroncollisions. Most informationaboutthe gluondistribution function is extractedfrom
hadron–hadroninteractionswith photonsin thefinal state.Thetheoreticalinterpretationof a largenum-
berof experimentshasresultedin varioussetsof pdf’s which arethebasisfor crosssectionpredictions
at theLHC. Althoughthesepdf’s arewidely usedfor LHC simulations,their uncertaintiesaredifficult
to estimateandvariousquantitative methodsarebeingdevelopednow (seeSects.

����������� 	
).

Theaccuracy of this traditionalapproachto describeproton–protoninteractionsis limited by the
possibleknowledgeof theproton–protonluminosity at the LHC. Alternatively, muchmoreprecisein-
formationmighteventuallybeobtainedfrom anapproachwhichconsiderstheLHC directlyasaparton–
partoncollider at large transferredmomentum. Following this approach,the experimentallycleanest
andtheoreticallybestunderstoodreactionswould beusedto normalizedirectly theLHC parton–parton



luminositiesto estimatevariousotherreactions.Today’s feasibility studiesindicatethat this approach
might eventually lead to crosssectionaccuracies,due to experimentaluncertainties,of about 
 1%.
Suchaccuraciesrequirethatin orderto profit, thecorrespondingtheoreticaluncertaintieshave to becon-
trolledat a similar level usingperturbative calculationsandthecorrespondingMonteCarlosimulations.
As examples,the one-jetinclusive crosssectionandthe rapidity dependenceof � and � production
areknown at next-to-leadingorder, implying a theoreticalaccuracy of about10 %. To improve further,
higherordercorrectionshave to becalculated.

Section3 addressestheimplementationof QCDcalculationsin MonteCarloprograms,whichare
an essentialtool in the preparationof physicsdataanalyses.Monte Carlo programsarecomposedof
several building blocks,relatedto variousstagesin the interaction:the hardscattering,the production
of additionalpartonradiationandthe hadronization.Progressis beingmadein the improvementand
extensionof matrixelementgeneratorsandin thepredictionfor thetransversemomentumdistribution in
bosonproduction.Besidestheissuesof partondistributionsandhadronization,anothernon-perturbative
piecein a MonteCarlo generatoris the treatmentof theminimum biasandunderlyingevents. Oneof
theimportantissuediscussedin thesectionon MonteCarlogeneratorsis theconsistentmatchingof the
variousbuilding blocks.MoredetailedstudiesonMonteCarlogeneratorsfor theLHC will beperformed
in a foreseentopicalworkshop.

The statusof higherordercalculationsandprospectsfor further improvementsarepresentedin
Sect.4. As mentionedearlier, oneof theessentialingredientsfor improving theaccuracy of theoretical
predictionsis theavailability of higherordercorrections.For almostall processesof interest,containing
a (partially) hadronicfinal state,thenext-to-leadingorder(NLO) correctionshave beencomputedand
allow to make reliableestimatesof productioncrosssections.However, to obtainanaccurateestimate
of the uncertainty, the calculationof the next-to-next-to-leading order (NNLO) correctionsis needed.
Thesecalculationsareextremelychallengingandonceperformed,they will have to bematchedwith a
correspondingincreasein accuracy in theevolution of thepdf’s.

Section5 discussesthesummationsof logarithmicallyenhancedcontributionsin perturbationthe-
ory. Examplesof suchcontributions occur in the inclusive productionof a final-statesystemwhich
carriesa large fraction of the availablecenter-of-massenergy (“thresholdresummation”)or in caseof
theproductionof asystemwith highmassatsmalltransversemomentum(“ 
�� resummation”).In caseof
thresholdresummations,thetheoreticalcalculationsfor mostprocessesof interesthave beenperformed
at next-to-leadinglogarithmicaccuracy. Their importanceis two-fold: firstly, thecrosssectionsat LHC
mightbedirectlyaffected;secondly, theextractionof pdf’s from otherreactionsmightbeinfluencedand
thusthe crosssectionsat LHC aremodifiedindirectly. For transversemomentumresummations,two
analyticalmethodsarediscussed.

Theproductionof promptphotons(asdiscussedin Sect.6) canbeusedto put constraintson the
gluondensityin theprotonandpossiblyto obtainmeasurementsof thestrongcouplingconstantatLHC.
The definition of a photonusually involvessomeisolationcriteria (againsthadronsproducedclosein
phasespace).This requirementis theoreticallydesirable,asit reducesthedependenceof observableson
thefragmentationcontribution to photonproduction.At thesametime,it is usefulfrom theexperimental
point of view asthe backgrounddueto jets faking a photonsignaturecanbe further reduced.A new
schemefor isolationis ableto eliminatethefragmentationcontribution.

In Sect.7 theissueof QCD dynamicsin theregion of small � is discussed.For semi-hardstrong
interactions,whicharecharacterizedby two large,differentscales,thecrosssectionscontainlargeloga-
rithms. Theresummationof theseat leadinglogarithmic(LL) accuracy canbeperformedby theBFKL
equation.Availableexperimentaldataarehowevernotdescribedby theLL BFKL, indicatingthepresent
of largesub-leadingcontributionsandtheneedto includenext-to-leadingcorrections.Studiesof QCD
dynamicsin this regimecanbemadenotonly by usinginclusive observables,but alsothroughthestudy
of final stateproperties.Theseincludetheproductionof di-jetsat largerapidityseparation(studyingthe
azimuthaldecorrelationbetweenthetwo jets)or theproductionof mini-jets(studyingtheirmultiplicity).



An important topic at the LHC is multiple (especiallydouble)partonscattering(describedin
Sect.8), i.e. the simultaneousoccurrenceof two independenthardscatteringin the sameinteraction.
Extrapolationsto LHC energies,basedon measurementsat theTevatronshow theimportanceof taking
this processinto accountwhensmalltransversemomentaareinvolved. Manifestationsof doubleparton
scatteringare expectedin the productionof four jet final statesand in the productionof a lepton in
associationwith two � -quarks(wherethelatteris usedasafinal statefor Higgssearches).

The last section(Sect.9) addressesthe issueof thepresentknowledgeof backgroundfor Higgs
searches,for final statescontainingtwo photonsor multi-leptons.For thecaseof di-photonfinal states
(usedfor Higgs searcheswith ����������� ��	 � GeV), studiesof the irreduciblebackgroundareper-
formed by calculatingthe (single and double) fragmentationcontributions to NLO accuracy and by
studyingtheeffectsof soft gluonemission.Theproductionof rarefive leptonfinal statescouldprovide
valuableinformationon theHiggscouplingsfor ����� � ��� GeV, awaiting furtherstudieson improving
theunderstandingof thebackgrounds.

During theworkshop,no studiesof diffractive scatteringat theLHC have beenperformed.This
topic is challengingbothfrom thetheoreticalandtheexperimentalpointof view. Thestudyof diffractive
processes(with a typical signatureof a leadingprotonand/ora largerapidity gap)shouldleadto anim-
provedunderstandingof thetransitionbetweensoftandhardprocessandof thenon-perturbative aspects
of QCD.Fromtheexperimentalpoint of view, thedetectionof leadingprotonsin theLHC environment
is challengingandrequiresaddingadditionaldetectorsto ATLAS andCMS.If harddiffractivescattering
(leadingproton(s)togetherwith e.g. jetsassignaturefor a hardscattering)is to bestudiedwith decent
statisticalaccuracy at large 
 � , mostof the luminosity deliveredundernormalrunningconditionshas
to be utilized. A few moredetailscanbe found in Chapter15 of Ref. [1], someideasfor detectorsin
Ref. [3]. Much morework remainsto bedone,includinga detailedassessmentof thecapabilitiesof the
additionaldetectors.

1.1 Overview of QCD tools

All of theprocessesto beinvestigatedat theLHC involve QCD to someextent. It cannotbeotherwise,
sincethecolliding quarksandgluonscarry theQCD color charge. Onecanuseperturbationtheoryto
describethecrosssectionfor aninclusive hard-scatteringprocess,
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Here the colliding hadrons
� �

and
� '

have momenta
 � and 
 ' , + denotesthe triggeredhard probe
(vector bosons,jets, heavy quarks,Higgs bosons,SUSY particlesand so on) and

7
standsfor any

unobserved particlesproducedby the collision. The typical scale
.

of the scatteringprocessis setby
the invariantmassor thetransversemomentumof thehardprobeandthenotation

2 �3�3�84
standsfor any

othermeasuredkinematicvariableof theprocess.For example,thehardprocessmaybetheproduction
of a � boson.Then

.:9<;-=
andwe cantake

2 �3�3�>4 9@?
, where

?
is therapidity of the � boson.One

canalsomeasurethetransversemomentum
. � of thethe � boson.Thenthesimpleanalysisdescribed

below appliesif
. ��A ;B=

. In thecases
. �DC ;-=

and
;-= C . � , therearetwo hardscalesin the

processandamorecomplicatedanalysisis needed.Thecase
. �EC ;B=

is of particularimportanceand
is discussedin Sects.3.3,3.4and5.3.

Thecrosssectionfor theprocess(1) is computedby usingthefactorizationformula[4,5]
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Here the indices j 0 � denotepartonflavors,
2�kl0nm\0TomO03MW0 oMT0 �3�3�54

. The factorizationformula (2) involves
the convolution of the partoniccrosssection

XF IQL andthe partondistribution functions
N I#P/R  � 03. ' " of



thecolliding hadrons.The term
]_ p a`qb6dfehg�.Y" i "

on theright-handsideof Eq. (2) genericallydenotes
non-perturbative contributions(hadronizationeffects,multipartoninteractions,contributionsof thesoft
underlyingeventandsoon).

Evidently, thepdf’s areof greatimportanceto makingpredictionsfor theLHC. Thesefunctions
aredeterminedfrom experiments. Someof the issuesrelating to this determinationarediscussedin
Sect.2. In particular, therearediscussionsof thequestionof erroranalysisin thedeterminationof the
pdf’s andthereis adiscussionof theprospectsfor determiningthepdf’s from LHC experiments.

The partoniccrosssection
XF IQL is computableasa power seriesexpansionin the QCD couplingZr[  /.1"

:
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(3)

The lowest(or leading)order(LO) term
XF t{uTwyx givesonly a roughestimateof the crosssection. Thus

oneneedsthenext-to-leadingorder(NLO) term,which is availablefor mostcasesof interest.A list of
theavailablecalculationsis givenin Sect.4.1. Crosssectionsat NNLO arenot availableat present,but
theprospectsarediscussedin Sect.4.2.

The simple formula (2) applieswhenthe crosssectionbeingmeasuredis “infrared safe.” This
meansthat the crosssectiondoesnot changeif onehigh energy strongly interactinglight particle in
the final statedivides into two particlesmoving in the samedirectionor if onesuchparticle emitsa
light particlecarryingvery small momentum.Thusin order to have a simpletheoreticalformula one
doesnot typically measurethecrosssectionto find a singlehigh-
T� pion, say, but ratheronemeasures
the crosssectionto have a collimatedjet of particleswith a given total transversemomentum
 � . If,
instead,a singlehigh-
 � pion (or, moregenerally, a high-
 � hadron

+
) is measured,the factorization

formulahasto includeanadditionalconvolution with thecorrespondingpartonfragmentationfunctionM I#P �  /�W03.
' "

. An exampleof a casewhereoneneedsa morecomplicatedtreatmentis theproductionof
high-
 � photons.This caseis discussedin Sect.6.

As anexampleof aNLO calculation,wedisplayin Fig.1 thepredictedcrosssection
M F g�MW� � M�? at

theLHC for theinclusive productionof a jet with transverseenergy
� � andrapidity

?
averagedover the

rapidity interval
��� � ? � � . Thecalculationusestheprogramin Ref.[6] andthepdf setCTEQ5M[7].

As mentionedabove, the “jets” mustbe definedwith an infraredsafealgorithm. Herewe usethe � �
algorithm[8,9] with a joining parameter� 9 � . The � � algorithmhasbettertheoreticalpropertiesthan
theconealgorithmthathasoftenbeenusedin hadroncollider experiments.

In Eq. (2) thereareintegrationsover the partonmomentumfractions � � and � ' . The valuesof� � and � ' thatdominatethe integral arecontrolledby thekinematicsof thehard-scatteringprocess.In
the caseof the productionof a heavy particleof mass

;
and rapidity

?
, the dominantvaluesof the

momentumfractionsare� � J ' A  /;��K���W"/g�� � , where
�h9� 
 � $ 
 ' "

'
is thesquareof thecentre-of-mass

energy of thecollision. Thus,varying
;

and
?

at fixed
� �

, we aresensitive to partonswith different
momentumfractions.Increasing

� �
thepdf’sareprobedin akinematicrangethatextendstowardslarger

valuesof
.

andsmallervaluesof � � J ' . This is illustratedin Fig. 2. At theLHC, � � J ' canbequitesmall.
Thussmall � effectsthatgo beyondthesimpleformula(2) couldbe important.Thesearediscussedin
Sect.7.

In Fig. 3 we plot NLO crosssectionsfor a selectionof hardprocessesversus
� �

. Thecurvesfor
the lower valuesof

� �
arefor 
 o
 collisions,asat theTevatron,while thecurvesfor thehighervalues

of
� �

arefor 
(
 collisions,asat theLHC. An approximation(basedon anextrapolationof a standard
Reggeparametrization)to the total crosssectionis alsodisplayed. We seethat the crosssectionsfor
productionof objectswith a fixedmassor jetswith a fixedtransverseenergy

� � risewith
� �

. This is



Fig. 1: Jetcrosssectionat theLHC, averagedover therapidity interval �r�c���1��� . Thecrosssectionis calculatedat NLO

usingCTEQ5Mpartonswith therenormalizationandfactorizationscalessetto �������l�����y���Q� . Representative valuesat

� � � 0.5,1, 2, 3 and4 TeV are �U�!���O���¡ �¢p£¥¤���¦O�§�¨  S £>©(�  §�§�¡ Wª S £n«��{�O�§�¡ Wª(¢p£n«��{¬O�§�¡ Wª(­/® fb/GeVwith about3%statistical

errors.

becausetheimportant� � J ' valuesdecrease,asdiscussedabove,andtherearemorepartonsatsmaller� .
On theotherhand,crosssectionsfor jetswith transversemomentumthat is a fixed fraction of

� �
fall

with
� �

. This is (mostly)becausethepartoniccrosssections
XF fall with

� � like
�H¯ '� .

Theperturbative evaluationof the factorizationformula (2) is basedon performingpower series
expansionsin theQCD coupling

Z\[  /.Y"
. Thedependenceof

Zr[
on thescale

.
is logarithmicandit is

givenby therenormalizationgroupequation[4]
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wherethefirst two perturbative coefficientsare
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(5)

and
¶»·

is thenumberof flavoursof light quarks(quarkswhosemassis muchsmallerthanthescale
.

).
Thethird andfourth coefficients � ' and � ² of the

°
-functionarealsoknown [11,12]. If we includeonly

theLO term,Eq.(4) hastheexactanalyticalsolution

Z [K /.Y"*9 �
�n±O¼ ½  /. ' g�`

' b6dfe " 0 (6)

wheretheintegrationconstant̀
cb6dfe

fixestheabsolutesizeof theQCD coupling.FromEq.(6) we can
seethatachangeof thescale

.
by anarbitraryfactorof orderunity (say,

.�)¾.1g �
) inducesavariation

in
Z [

that is of the orderof
Z ' [ . This variation in uncontrollablebecauseit is beyond the accuracy at

which Eq. (6) is valid. Therefore,in LO of perturbationtheory the sizeof
Z\[

is not unambiguously
defined.

The QCD coupling
Zr[  /.Y"

canbe preciselydefinedonly startingfrom the NLO in perturbation
theory. To this order, therenormalizationgroupequation(4) hasno exactanalyticalsolution. Different
approximatesolutionscandiffer by higher-ordercorrectionsandsome(arbitrary)choicehasto bemade.
Differentchoicescaneventuallybe relatedto thedefinition of differentrenormalizationschemes.The
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mostpopularchoice[13] is to usetheMS-schemeto definerenormalizationandthento usethefollowing
approximatesolutionof thetwo loop evolution equationto definè

cb%dfe
:
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Herethedefinitionof
`cb%dfeÈ a`qb6dfe�9�`

MS
"

is containedin thefact that thereis no termproportional

to
� g ¼ ½

'  /. ' g�` ' b6dfe "
. In this expressionthereare

¶¸·
light quarks.Dependingon thevalueof

.
, one

maywantto usedifferentvaluesfor thenumberof quarksthatareconsideredlight. Thenonemustmatch
betweendifferentrenormalizationschemes,andcorrespondinglychangethevalueof

`
MS asdiscussed

in Ref. [13]. Theconstant̀ MS is theonefundamentalconstantof QCD thatmustbedeterminedfrom
experiments.Equivalently, experimentscanbe usedto determinethe valueof

Z\[
at a fixed reference

scale
.É9ËÊ ± . It hasbecomestandardto choose

Ê ± 9Ì;B=
. The most recentdeterminationsof

Z\[
lead[13] to theworld average

Z\[  /;-=|"§9 � ����� �Í
@� � ��� � . In presentapplicationsto hadroncollisions,
thevalueof

Z\[
is oftenvariedin thewider range

Zr[  /;-=|"q9 � ����� ´ � � ����� ´ to conservatively estimate
theoreticaluncertainties.

Thepartondistribution functions
N IQP/R  � 03. ' " at any fixedscale

.
arenot computablein pertur-

bation theory. However, their scaledependenceis perturbatively controlledby the DGLAP evolution
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thesearecalculatedusingthelatestMRSTpdf’s [10].

equation[14–17]
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Having determined
N I#P/R  � 03. '± " at a given input scale

.^9Ë. ± , the evolution equationcanbe usedto
computethepdf’s at differentperturbative scales

.
andlargervaluesof � .

The kernels è IQL  Zr[ 03�(" in Eq. (8) arethe Altarelli–Parisi (AP) splitting functions. They depend
on the partonflavours j 0 � but do not dependon the colliding hadron

�
and thus they are process-

independent.TheAP splitting functionscanbecomputedasapower seriesexpansionin
Zr[

:
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(9)

TheLO andNLO terms è t{uTwyxI#L  /�("
and è t{z|u�wyxIQL  /�("

in theexpansionareknown [18–24]. Thesefirst two
terms(their explicit expressionsarecollectedin Ref. [4]) areusedin mostof theQCD studies.Partial
calculations[25,26] of thenext-to-next-to-leading order(NNLO) term è t{z|z}uTwyxIQL  /�W"

arealsoavailable
(seeSects.2.5,2.6and4.2).



As in the caseof
Z\[

, the definition andthe evolution of the pdf’s dependson how many of the
quarkflavors areconsideredto be light in the calculationin which the partondistributions areused.
Again, therearematchingconditionsthat apply. In the currentlypopularsetsof partondistributions
thereis achangeof definitionat

.�9ë;
, where

;
is themassof aheavy quark.

The factorizationon the right-handsideof Eq. (2) in termsof (perturbative) process-dependent
partoniccrosssectionsand(non-perturbative) process-independent pdf’s involvessomedegreeof arbi-
trariness,which is known asfactorization-schemedependence.We canalways‘re-define’ thepdf’s by
multiplying (convoluting) themby someprocess-independent perturbative function. Thus,we should
alwaysspecifythe factorization-scheme usedto definethepdf’s. Themostcommonschemeis theMS
factorization-scheme[4]. An alternative scheme,known asDIS factorization-scheme[27], is sometimes
used.Of course,physicalquantitiescannotdependon thefactorizationscheme.Perturbative corrections
beyond the LO to partoniccrosssectionsandAP splitting functionsarethusfactorization-schemede-
pendentto compensatethecorrespondingdependenceof thepdf’s. In theevaluationof hadroniccross
sectionsat a given perturbative order, the compensationmay not be exact becauseof the presenceof
yetuncalculatedhigher-orderterms.Quantitative studiesof thefactorization-schemedependencecanbe
usedto seta lower limit on thesizeof missinghigher-ordercorrections.

Thefactorization-scheme dependenceis not theonly signalof theuncertaintyrelatedto thecom-
putationof thefactorizationformula(2) by truncatingits perturbative expansionat a givenorder. Trun-
cation leadsto additionaluncertaintiesand, in particular, to a dependenceon the renormalizationand
factorizationscales.Therenormalizationscale

Ê%ì
is thescaleat which theQCD coupling

Z\[
is evalu-

ated. The factorizationscale
Ê%í

is introducedto separatethebound-stateeffects(which areembodied
in thepdf’s) from theperturbative interactions(which areembodiedin thepartoniccrosssection)of the
partons.In Eqs.(2) and(3) we took

Ê%ì&9�Ê%í&9î.
. On physicalgroundsthesescaleshave to beof the

sameorderas
.

, but their valuecannotbeunambiguouslyfixed. In thegeneralcase,theright-handside
of Eq. (2) is modifiedby introducingexplicit dependenceon

Ê%ì}0nÊ%í
accordingto thereplacement

N IQP/RTS  � �#03. ' " N IQP/R�V  � '(03. ' "�XF I#L  � � 
 �!0 � ' 
 ' G .Y032 �3�3�54 G3Z [K /.Y"/"ï
N IQP/R S  � � 0nÊ ' í " N I#P/R V  � ' 0nÊ ' í "ðXF I#L  � � 
 � 0 � ' 
 '(G .Y032 �3�3�54 G Ê%ì|0nÊ%í G3Z\[  aÊ%ì|"/" � (10)

ThephysicalcrosssectionF  
 � 0 
 '(G .Y032 �3�3�54 " doesnotdependonthearbitraryscales
Ê%ì}0nÊ%í

, but parton
densitiesandpartoniccrosssectionsseparatelydependon thesescales.The

Ê ì 0nÊ í
-dependenceof the

partoniccrosssectionsappearsin their perturbative expansionandcompensatesthe
Ê%ì

dependenceofZr[  aÊ%ì}"
and the

Ê%í
-dependenceof the pdf’s. The compensationwould be exact if everything could

be computedto all ordersin perturbationtheory. However, whenthe quantitiesenteringEq. (10) are
evaluatedat,say, the ñ -th perturbative order, theresultexhibits a residual

Ê%ì|0nÊ%í
-dependence,which is

formally of the
 ñ $ � " -th order. That is, theexplicit

Ê ì 0nÊ í
-dependencethatstill remainsreflectsthe

absenceof yet uncalculatedhigher-order terms. For this reason,the sizeof the
Ê%ì|0nÊ%í

dependenceis
oftenusedasameasureof thesizeof at leastsomeof theuncalculatedhigher-ordertermsandthusasan
estimatorof thetheoreticalerrorcausedby truncatingtheperturbative expansion.

As anexample,we estimatethe theoreticalerroron thepredictedjet crosssectionin Fig. 1. We
vary therenormalizationscale

Ê%ì
andthefactorizationscale

Ê%í
. In Fig. 4, weplot

ò  aÊ%ì}g�� � 0nÊ%í}g�� � "O9ôó M F  aÊ%ì|g�� � 0nÊ%ícg�� � "�g�M�� � M�?öõ
ó M F  � ��º 0 � ��º "/g�MW� � M3?fõ (11)

versus
� � for four valuesof thepair

2�Ê%ì}g�� � 0nÊ%ícg�� � 4 , namely
2 � ����º 0 � ����º�4 , 2 ��� � 0 � ����º�4 2 � ����º 0 ��� � 4 ,

and
2 ��� � 0 ��� � 4 . We seeabouta 10% variation in the crosssection. This suggeststhat the theoretical

uncertaintyis at least10%.

Theissueof thescaledependenceof theperturbative QCD calculationshasreceivedattentionin
theliteratureandvariousrecipeshave beenproposedto choose‘optimal’ valuesof

Ê
(seethereferences



Fig. 4: Variationof the jet crosssectionwith renormalizationandfactorizationscale.We show ÷ definedin Eq. (11) versus

�y� for four choicesof ø¡���Õ�¡�y�Õ£>���Õ�¡�y�Õù .

in [13]). Thereis no compellingargumentthat shows that these‘optimal’ valuesreducethe size of
the yet unknown higher-ordercorrections.Theserecipesmay thusbe usedto get moreconfidenceon
the centralvalueof the theoreticalcalculation,but they cannotbe usedto reduceits theoreticaluncer-
tainty asestimated,for instance,by scalevariationsaround

Ê A .
. Thetheoreticaluncertaintyensuing

from thetruncationof theperturbative seriescanonly bereducedby actuallycomputingmoretermsin
perturbationtheory.

Wehave sofar discussedthefactorizationformula(2). Weshouldemphasizethatthereis another
modeof analysisof the theoryavailable, that embodiedin Monte Carlo event generatorprograms.In
this typeof analysis,oneis limited (at present)to leadingorderpartonichardscatteringcrosssections.
However, onesimulatesthecompletephysicalprocess,beginningwith thehardscatteringandproceeding
throughpartonshoweringvia repeatedonepartonto two partonsplittingsandfinally endingwith amodel
for how partonsturn into hadrons.Thisclassof programs,whichsimulatecompleteeventsaccordingto
anapproximationto QCD,arevery importantto thedesignandanalysisof experiments.Currentissues
in MonteCarloeventgeneratorandotherrelatedcomputerprogramsarediscussedin Sect.3.

2. PARTON DISTRIB UTION FUNCTIONS1

Partondistributions (pdf’s) play a centralrole in hardscatteringcrosssectionsat the LHC. A precise
knowledgeof thepdf’s is absolutelyvital for reliablepredictionsfor signalandbackgroundcrosssec-
tions. In many cases,it is theuncertaintyin the input pdf’s thatdominatesthe theoreticalerror on the
prediction. Suchuncertaintiescanariseboth from thestartingdistributions,obtainedfrom a global fit
to DIS, DY andotherdata,andfrom DGLAP evolution to the higher

. '
scalestypical of LHC hard

scatteringprocesses.

To predictLHC crosssectionswe will needaccuratepdf’s over a wide rangeof � and
. '

(see
Fig. 2). Several groupshave madesignificantcontributions to the determinationof pdf’s both during
and after the workshop. The MRST and CTEQ global analyseshave beenupdatedand refined,and
small numericalproblemshave beencorrected.The ‘central’ pdf setsobtainedfrom theseglobal fits
are,not surprisingly, very similar, and remainthe bestway to estimatecentralvaluesfor LHC cross
sections.Speciallyconstructedvariantsof thecentralfits (exploring, for example,differentvaluesof

Zlú
or differenttheoreticaltreatmentsof heavy quarkdistributions)allow thesensitivity of thecrosssections
to someof theinput assumptions.

A rigorousandglobaltreatmentof pdf uncertaintiesremainselusive,but therehasbeensignificant
progressin thelastfew years,with severalgroupsintroducingsophisticatedstatisticalanalysesintoquasi-
globalfits. While someof themorenovel methodsarestill at a ratherpreliminarystage,it is hopedthat
over thenext few yearsthey maybedevelopedinto usefultools.

Onecanreasonablyexpectthatby LHC start-uptime, theprecisionpdf determinationswill have
improved from NLO to NNLO. Although the completeNNLO splitting functionshave not yet been

1Sectioncoordinators:R. Ball, M. DittmarandW.J.Stirling.
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calculated,severalstudieshave madeuseof partialinformation(moments,� ) � 0 � limiting behaviour)
to assesstheimpactof theNNLO corrections.

At thesametime,accuratemeasurementsof StandardModel (SM) crosssectionsat theLHC will
further constrainthe pdf’s. The kinematicacceptanceof the LHC detectorsallows a large rangeof �
and

. '
to beprobed.Furthermore,thewide varietyof final statesandhigh parton-partonluminosities

availablewill allow anaccuratedeterminationof thegluondensityandflavour decompositionof quark
densities.

All of the above issuesarediscussedin the individual contributions that follow. Lack of space
hasnecessarilyrestrictedtheamountof informationthatcanbeincluded,but moredetailscanalwaysbe
foundin theliterature.

2.1 MRS: pdf uncertaintiesand � and � production at the LHC 2

Thereareseveral reasonswhy it is very difficult to derive overall ‘one sigma’ errorson partondistri-
butionsof the form

N3û 
�ü N3û . In the global fit therearecomplicatedcorrelationsbetweena particular
pdf at different � values,andbetweenthedifferentpdf flavours. For example,thecharmdistribution is
correlatedwith thegluondistribution, thegluondistribution at low � is correlatedwith thegluonathigh� via themomentumsumrule,andsoon. Secondly, many of theuncertaintiesin theinputdataor fitting
procedurearenot ‘true’ errorsin the probabilisticsense.For example,the uncertaintyin the high–�
gluon in theMRST fits [28] derivesfrom a subjective assessmentof the impactof ‘intrinsic � � ’ on the
promptphotoncrosssectionsincludedin theglobal fit. Despitethesedifficulties, several groupshave
attemptedto extractmeaningful
�ü N3û pdf errors(see[29,30] andSects.2.3,2.4).Typically, theseanal-
ysesfocuson subsetsof theavailableDIS andotherdata,which arestatistically‘clean’, i.e. free from
undeterminedsystematicerrors. As a result,variousaspectsof the pdf’s that arephenomenologically
important,theflavour structureof theseaandtheseaandgluondistributionsat large � for example,are
eitheronly weaklyconstrainedor notdeterminedat all.

Facedwith thedifficultiesin trying to formulateglobalpdf errors,onecanadoptamorepragmatic
approachto theproblemby makinga detailedassessmentof thepdf uncertaintyfor a particular cross
sectionof interest.This involvesdeterminingwhich partonscontribute andat which � and

. '
values,

andthensystematicallytracingbackto thedatasetsthat constrainedthedistributions in the global fit.
Individual pdf setscanthenbeconstructedto reflecttheuncertaintyin theparticularpartonsdetermined
by aparticulardataset.

2Contributing authors:A.D. Martin, R.G.Roberts,W.J.Stirling andR.S.Thorne.
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We have recentlyperformedsuchan analysisfor � and � total crosssectionsat the Tevatron
andLHC [10]. Thetheoreticaltechnologyfor calculatingtheseis very robust. The total crosssections
areknown to NNLO in QCDperturbationtheory[31–33], andtheinputelectroweakparameters(

;�� J = ,
weakcouplings,etc.) areknown to high accuracy. The main theoreticaluncertaintythereforederives
from theinput pdf’s and,to a lesserextent,from

Zlú
.3

For thehadro-productionof aheavy objectlike a � boson,with mass
;

andrapidity
?

, leading-
orderkinematicsgive � 9^;��
	��% 
 ?f"/g � � and

. 9^;
. For example,a � boson(

; 9�
 � GeV)
producedat rapidity

?B9 ´ at theLHC correspondsto theannihilationof quarkswith � 9 � � ����� � 
 and
� ����� , probedat

. ' 9�� 	 ��� GeV
'
. Noticethat

mr03M
quarkswith these� valuesarealreadymoreor less

directly ‘measured’in deepinelasticscattering(at HERA andin fixed–targetexperimentsrespectively),
but at muchlower

. '
, seeFig. 2. Thereforethefirst two importantsourcesof uncertaintyin thepdf’s

relevantto � productionare

(i) theuncertaintyin theDGLAP evolution,whichexceptathigh � comesmainly from thegluonandZlú
;

(ii) theuncertaintyin thequarkdistributionsfrom measurementerrorson thestructurefunctiondata
usedin thefit.

This is illustratedin Fig. 5.4 Only � º�� of thetotal � crosssectionat theLHC arisesfrom thescattering
of
m

and
M

(anti)quarks.Thereforealsopotentiallyimportantis

(iii) the uncertaintyin the input strange(
�
) and charm( � ) quark distributions, which are relatively

poorlydeterminedat low
. '

scales.
3Thetwo areof coursecorrelated,seefor example[28].
4The‘feed-down’ errorrepresentsa possibleanomalouslylargecontribution at ¿��Ä� affectingtheevolution at lower ¿ . It

is not relevant,however, for ý productionat theTevatronor LHC.
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In order to investigatethesevarious effects we have constructedten variantsof the standard
MRST99distributions[10] that probeapproximate
 � F variationsin the gluon,

Z�ú
, theoverall quark

normalisation,andthe
�

and � pdf’s. Thecorrespondingpredictionsfor the � total crosssectionat the
LHC areshown in Fig. 6. Evidently the largestvariationcomesfrom the effect of varying

Zlú  /; '= " ,
in this caseby 
�� � ��� º aboutthe centralvalueof � ����� � º . The higher the valueof

Zlú
, the fasterthe

(upwards)evolution, andthe larger the predicted� crosssection. The effect of a 
 ����º�� normalisa-
tion error, asparameterisedby the ��� pdf’s, is alsosignificant. The uncertaintiesin the input

�
and �

distributionsgetwashedoutby evolution to high
. '

, andturnout to benumericallyunimportant.

In conclusion,we seefrom Fig. 6 that 
 º�� representsa conservative erroron thepredictionofF  � "
at LHC. We arrive at this resultwithout recourseto complicatedstatisticalanalysesin theglobal

fit. It is also reassuringthat the latest(corrected)CTEQ5 prediction[7] is very closeto the central
MRST99prediction,seeFig. 8 below. Finally, it is importantto stressthat the resultsof our analysis
representa‘snap-shot’of thecurrentsituation.As furtherdataareaddedto theglobalfit in comingyears,
thesituationmaychange.However it is alreadyclearthatLHC � and � crosssectionscanalreadybe
predictedwith high precision,andtheir measurementwill thereforeprovide a fundamentaltestof the
SM.

2.2 CTEQ: studiesof pdf uncertainties5

Statusof StandardPartonDistribution Functions

Thewidelyusedpdf setsall havebeenupdatedrecently, drivenmainlybynew experimentalinputs.
Largely due to differencesin the choicesof theseinputs(direct photonvs. jets) and their theoretical
treatment,the latestMRST [10] andCTEQ [7] distributions have noticeabledifferencesin the gluon
distribution for � �ë� ��� . Detailsaredescribedin theoriginal papers.

The accuracy of modernDIS measurementsandthe expanding
 � 03.1" rangein which pdf’s are

appliedrequireaccurateQCDevolutioncalculations.Previouslyknown differencesin theQCDevolution
codeshave now beencorrected;all groupsnow agreewith establishedresults[34] with goodprecision.
Thedifferencesbetweenupdatedpdf’s obtainedwith theimprovedevolution codeandtheoriginal ones
aregenerallysmall; andthedifferencesbetweenthephysicalcrosssectionsbasedon the two versions
of pdf’s areinsignificant, by definition,sincebothhave beenfitted to thesameexperimentaldatasets.
However, accuratepredictionsfor physicalprocessesnot includedin the global analysis,especiallyat
valuesof

 � 03.1" beyondthecurrentrange,candiffer andrequiretheimprovedpdf’s. Figs.7a,bcompare
thepdf setsCTEQ5M(original) andCTEQ5M1(updated)at scales

.�9 º
and


 � GeV respectively.

A comparisonof thepredicted� productioncrosssectionsat theTevatronandat LHC, usingthehis-
toricalCTEQpartondistribution sets,aswell asthemostrecentMRSTsetsaregivenin Figs.8. Wesee

5Contributing authors:R. Brock,D. Casey, J.Huston,J.Kalk, J.Pumplin,D. StumpandW.K. Tung.



0

0.5

1

1.5

2

2.5

3

3.5

σ Wto
t  *

 B
R

 to
 le

pt
on

-p
ai

r

D0 and CDF W total cross-sections
compared to 

NLO QCD calculations using CTEQ PDFs

3M 4M 5M0 5M1 5HQ15HQ0

D0 CDF

MRS98 MRS99

based on MRS98 and MRS99
Comparison to NLO calculation

Cteq5M1 and MRS99 -- the two latest PDF sets
Solid line to guide the eye: σ*BR = 2.38 which passes through 

0

5

10

15

20

X
-s

ec
tio

n 
* 

B
R

 to
 le

pt
on

s

using recent CTEQ and MRS distributions
NLO QCD calculations of W total X-sec. at LHC

5M1 MRS98 MRS995M0 5HQ1

Line: σw * BR = 16.3 -- to guide the eyes only.

Fig. 8: PredictedW productioncrosssection,usingvarioushistoricalandrecentpartondistributionsets.

thatthepredictedvaluesof F � agreeverywell. However, thespreadof F � from different“bestfit” pdf
setsdoesnotgive aquantitative measureof theuncertaintyof F � !

Studiesof pdf Uncertainties

It is importantto quantify theuncertaintiesof physicspredictionsdueto impreciseknowledgeof
thepdf’sat futurecolliders(suchastheLHC): theseuncertaintiesmaystronglyaffect theerrorestimates
in precisionSM measurementsaswell asthesignalandbackgroundsfor new physicssearches.

Uncertaintiesof thepdf’s themselvesarestrictly speakingunphysical,sincepdf’s arenot directly
measurables.They arerenormalizationandfactorizationschemedependent;andtherearestrongcorre-
lationsbetweendifferentflavoursanddifferentvaluesof � which cancompensateeachotherin physics
predictions.On theotherhand,sincepdf’s areuniversal,if onecanobtainmeaningfulestimatesof their
uncertaintiesbasedon globalanalysisof existing data,they canthenbeappliedto all processesthatare
of interestfor thefuture.

An alternative approachis to assesstheuncertaintieson specificphysicalpredictionsfor the full
range(i.e. theensemble)of pdf’sallowedby availableexperimentalconstraintswhichareusedin current
global analyses,without explicit referenceto the uncertaintiesof the partondistributions themselves.
This clearlygivesmorereliableestimatesof the rangeof possiblepredictionson thephysicalvariable
understudy. Thedisadvantageis thattheresultsareprocess-specific;hencetheanalysishasto becarried
out for eachprocessof interest.

In this short report,we presentfirst resultsfrom a systematicstudyof both approaches.In the
next sectionwe focuson the � �

productioncrosssection,asa proto-typicalcaseof currentinterest.
A techniqueof Lagrangemultiplier is incorporatedin the CTEQ global analysisto probeits rangeof
uncertaintyat the Tevatronandthe LHC. This methodis directly applicableto othercrosssectionsof
interest,e.g. Higgs production. We also plan to extend it for studyingthe uncertaintiesof � -mass
measurementsin thefuture. In thefollowing sectionwe describea Hessianstudyof theuncertaintiesof
thenon-perturbative pdf parametersin general,followed by applicationof theseto the � �

production
crosssectionstudyandacomparisonof this resultwith thatof theLagrange-multiplierapproach.

First, it is importantto notethevarioussourcesof uncertainty in pdf analysis.
� Statistical errors of experimentaldata.Thesevary overawide range,but arestraightforwardto treat.
� Systematicexperimentalerrors within eachdatasettypically arisefrom many sources,someof which

arehighlycorrelated.Theseerrorscanbetreatedbystandardmethodsprovidedthey arepreciselyknown,
which unfortunatelyis often not the case– eitherbecausethey arenot randomlydistributed or their
estimationmay involve subjective judgements.Sincestrict quantitative statisticalmethodsare based
on idealizedassumptions,suchas randomerrors,one facesan importanttrade-off in pdf uncertainty
analysis. If emphasisis put on the “rigor” of the statisticalmethod,thenmostexperimentaldatasets
cannot beincludedtheanalysis(seeSect.2.3). If priority is placedon usingthemaximalexperimental
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constraintsfrom availabledata,thenstandardstatisticalmethodsneedto be supplementedby physical
considerations,taking into accountexisting experimentalandtheoreticallimitations. We take the latter
tack.� Theoretical uncertaintiesarisefrom higher-orderPQCDcorrections,resummationcorrectionsnearthe
boundariesof phasespace,power-law (highertwist) andnucleartargetcorrections,etc.� Uncertaintiesof pdf’s dueto theparametrization of the non-perturbati ve pdf ’s,

N I  � 03. '± "/0 at some
low energy scale

. ± � The specificfunctional form usedintroducesimplicit correlationsbetweenthe
various� -ranges,which couldbeasimportant,if not moreso,thantheexperimentalcorrelationsin the
determinationof

N I  � 03. ' " for all
. �

In view of theseconsiderations,the preliminary resultsreportedherecan only be regardedas
the beginning of a continuingeffort which will be complex, but certainlyvery importantfor the next
generationof colliderprograms.

TheLagrange multiplier method

Our work usesthestandardCTEQ5analysistoolsandresults[7] asthestartingpoint. The“best
fit” is theCTEQ5M1set. Thereare15 experimentaldatasets,with a total of A 1300datapoints;and
18 parametersj û 0�� 9 � 0 �3�3� 0 � 


for the non-perturbative initial partondistributions. A naturalway to
find thelimits of a physicalquantity

7
, suchas F � at

� �19 ��� 

TeV, is to take

7
asoneof thesearch

parametersin theglobalfit andstudythedependenceof � ' for the15baseexperimentaldatasetson
7

.

Conceptually, we canthink of the function � ' that is minimizedin the fit asa function of
2 j � -

j � � 0n7 4 insteadof
2 j � - j �"! 4 . This idea could be implementeddirectly in principle, but Lagrange’s

methodof undeterminedmultipliersdoesthesamething in amoreefficientway. Oneminimizes
#   $l"O9 �

' $%$W7Î j �30 �3�3� 0 j �"!(" (12)

for fixed
$
. By minimizing

#   $�"
for many valuesof

$
, we mapout � ' asa functionof

7
.

Figs. 9a,bshow the � ' for the 15 baseexperimentaldatasetsasa function of F � at the Teva-
tron andtheLHC energiesrespectively. Two curveswith pointscorrespondingto specificglobalfits are
includedin eachplot6: oneobtainedwith all experimentalnormalizationsfixed; the otherwith these
includedasfitting parameters(with the appropriateexperimentalerrors). We seethat the � ' ’s for the
bestfits correspondingto variousvaluesof the � crosssectionarecloseto beingparabolic,asexpected.
Indicatedon the plots are3% and5% rangesfor F � . The two curves for the Tevatroncaseare far-
therapartthanfor LHC, reflectingthefact that the � -productioncrosssectionis moresensitive to the
quark/anti-quarkdistributionsandthesearetightly constrainedby existingDIS data.

Theimportantquestionis: how largeanincreasein � ' shouldbetakento definethelikely rangeof
uncertaintyin

7
. Theelementarystatisticaltheoremthat

ò � ' 9 �
correspondsto 1 standarddeviation

6Thethird line in Figs.9arefersto resultsof thenext section.



of the measuredquantity
7

relies on assumingthat the errorsare Gaussian,uncorrelated,and with
their magnitudescorrectly estimated. Becausetheseconditionsdo not hold for the full dataset (of
1300pointsfrom 15 differentexperiments),this theoremcannotbenaively appliedquantitatively.7 We
plan to examinein somedetail how well the fits alongthe parabolasshown in Fig.9a,bcomparewith
the individual precisionexperimentsincludedin the global analysis,in order to arrive at reasonable
quantitative estimateson theuncertaintyrangefor the � crosssection.In themeantime,basedon past
(admittedlysubjective) experiencewith global fits, we believe a �

'
differenceof 40-50 representsa

reasonableestimateof currentuncertaintyof partondistributions. This implies that the uncertaintyofF � is about3%at theTevatron,and5%at theLHC. Theseestimatescertainlyneedto beputonafirmer
basisby theon-goingdetailedinvestigationmentionedabove.

TheHessianmatrixmethod

The Hessianmatrix is a standardprocedurefor error analysis.At the minimum of �
'
, the first

derivativeswith respectto theparametersj û arezero,soneartheminimum � ' canbeapproximatedby

�
' 9 �

'
± $

�
� û J &

#�û & ? û ? & (13)

where
? û 9 j û � j ± û is the displacementfrom the minimum, and

#�û & is the Hessian, the matrix of
secondderivatives. It is naturalto definea new setof coordinatesusingthe completeorthonormalset
of eigenvectorsof the symmetricmatrix

#�û & . Thesevectorscan be orderedby their eigenvalues
� û

.
The eigenvaluesindicatethe uncertaintiesfor displacementsalongthe eigenvectors. For uncorrelated
Gaussianstatistics,thequantity ' û 9 � g � � û

is thedistancein the18 dimensionalparameterspacethat
givesaunit increasein � ' in thedirectionof eigenvector

�
.

Fromcalculationsof theHessianwefind theeigenvaluesvaryoverawiderange.Thereare“steep”
directionsof � ' – combinationsof parametersthat arewell determined– e.g.parametersfor

m
and

M
,

which arewell-constrainedby DIS data. Therearealso“flat” directionswhere � ' changeslittle over
large distancein j û space,someof themassociatedwith the gluon distribution. Theseflat directions
areinevitablein globalfitting, becauseasthedataimprove it makessenseto maintainenoughflexibility
for

N I  � 03. '± " to bedeterminedby theavailableexperimentalconstraints.TheHessianmethodgivesan
analyticpictureof the region in parameterspacearoundtheminimum,henceallows us to identify the
particulardegreesof freedomwhichneedfurtherexperimentalinput in futureglobalanalyses.

We have calculatedhow the � crosssection F � variesalongthe eigenvectorsof the Hessian.
Detailswill be describedelsewhere. This provides anotherway to calculatethe relationbetweenthe
minimum � ' for the baseexperimentaldatasetsand the valueof F � . The resultsareshown as the
third line in Fig. 9a. Weseethatthereis approximateagreementbetweenthis methodandtheLagrange
multiplier method. Armed with the Hessian,onecan in principle make similar calculationson other
physicalcrosssectionswithout having to do repeatedglobal fits asin theLagrangemultiplier method.
Thelatter, however, givesmorereliableboundsfor eachindividual process.

Conclusion

We have just begun the taskof determiningquantitative uncertaintiesfor the partondistribution
functionsandtheir physicspredictions.The methodsdevelopedso far look promising. Relatedwork
reportedin this Workshop(see[10,35–37] andSects.2.1,2.3,2.4)sharethe sameobjectives,but have
ratherdifferentemphases,someof which arebriefly mentionedin the text. Thesecomplementaryap-
proachesshouldleadto eventualprogresswhich is critical for thehigh-energy physicsprogramatLHC,
aswell asat othercolliders.

7As shown by Gieleet.al.[35], takenliterally, only oneor two selectedexperimentssatisfythestandardstatisticaltests.



2.3 Pdf uncertainties8

Introduction

The goal of our work is to extract pdf’s from datawith a quantitative estimationof the uncer-
tainties. Therearesomequalitative tools that exist to estimatethe uncertainties,seee.g. [28]. These
tools areclearlynot adequatewhenthepdf uncertaintiesbecomeimportant. Onecrucial exampleof a
measurementthatwill needaquantitative assessmentof thepdf uncertaintyis theplannedhighprecision
measurementof themassof the � -vectorbosonat theTevatron.

Themethodwe have developedin [35] is flexible andcanaccommodatenon-Gaussiandistribu-
tions for theuncertaintiesassociatedwith thedataandthefitted parametersaswell asall their correla-
tions.New datacanbeaddedin thefit withouthaving to redothewholefit. Experimenterscantherefore
includetheirown datainto thefit duringtheanalysisphase,aslongascorrelationwith olderdatacanbe
neglected.Within this methodit is trivial to propagatethepdf uncertaintiesto new observables,thereis
for examplenoneedto calculatethederivative of theobservablewith respectto thedifferentpdf param-
eters.Themethodalsoprovidestoolsto assessthegoodnessof thefit andthecompatibilityof new data
with currentfit. Thecomputercodehasto befastasthereis a largenumberof choicesin theinputsthat
needto betested.

It is clearthat someof the uncertaintiesaredifficult to quantify andit might not be possibleto
quantifyall of them. All theplotspresentedherearefor illustrationof themethodonly, our resultsare
preliminary. At themomentwe arenot includingall thesourcesof uncertaintiesandour resultsshould
thereforebeconsideredaslower limits on thepdf uncertainties.Notethatall thetechniqueswe useare
standard,in thesensethatthey canbefoundin booksandpapersonstatistics[38,39] and/orin Numerical
Recipes.

Outlineof theMethod

We only give a brief overview of the methodin this section. More detailsareavailablein [35].
Oncea setof coreexperimentsis selected,a large numberof uniformly distributedsetsof parameters$)(*$ � 0
$ ' 0 �3�3� 0
$ z,+.-0/ (eachsetcorrespondsto onepdf) canbegenerated.Theprobabilityof eachset,
è   $l" , canbecalculatedfrom thelikelihood(theprobability)thatthepredictionsbasedon

$
describethe

data,assumingthattheinitial probabilitydistribution of theparametersis uniform,see[38,39].

Knowing è   $�" , the probability of the possiblevaluesof any observable (quantity that depends
on

$
) canbe calculatedusinga Monte Carlo integration. For example,the averagevalueandthe pdf

uncertaintyof anobservable � aregivenby:

Ê ç 9 z +.-0/
û21f� M�$�û �   $l" è   $l"/0 F 'ç 9

z +.-0/
û21f� M�$�û  �   $l" � Ê ç " ' è   $l"

Note that theaveragevalueandthestandarddeviation representsthedistribution only if the latter is a
Gaussian.Theabove is correctbut computationallyinefficient, insteadweuseaMetropolisalgorithmto
generate

¶ i.3 · unweightedpdf’s distributedaccordingto è   $�" . Then:

Ê ç�4 �
¶ i53 ·

z + 687
& 1f�

�   $ & "�0 F 'ç 4 �
¶ i.3 ·

z +.687
& 1f�

 �  5$ & " � Ê ç " ' �

This is equivalent to importancesamplingin Monte Carlo integrationtechniquesandis very efficient.
Giventheunweightedsetof pdf’s,anew experimentcanbeaddedto thefit by assigningaweight(anew
probability)to eachof thepdf’s,usingBayes’theorem.Theabovesummationsbecomeweighted.There
is no needto redothewholefit if thereis no correlationbetweentheold andnew data.If we know how
to calculateè   $l" properly, theonly uncertaintyin themethodcomesfrom theMonte-Carlointegrations.

8Contributing authors:W.T. Giele,S.Keller andD.A. Kosower.



Fig. 10: Plot of thedistribution (histogram)of four of theparameters.Thefirst oneis 9;: , thestrongcouplingconstantat the

massof the þ -boson.Theline is a Gaussiandistributionwith sameaverageandstandarddeviation asthehistogram.

Calculationof è   $l"
Given a set of experimentalpoints

2 �=< 4 9 �=< � 0 �=<' 0 �3�3� 0 �=<z?>A@CB the probability of a set of pdf is
proportionalto the likelihood,theprobability of the datagiven that the theoryis derived from that set
of pdf: è   $l" 4 è  /2 �D< 4FE $l" . If all theuncertaintiesareGaussiandistributed,thenit is well known that:

è  �D< E $l" 4 � ¯HG VV , where� ' is theusualchi-square.It is only in this casethat it is sufficient to report
thesizeof theuncertaintiesandtheir correlation.Whentheuncertaintiesarenot Gaussiandistributed,
it is necessaryfor experimentsto reportthedistribution of their uncertaintiesandthe relationbetween
theseuncertaintiesthe theoryandthe valueof the measurements.Unfortunatelymostof the time that
informationis not reported,or difficult to extract from papers.This is a very importantissuethat has
beenoneof the focusof the pdf working groupat a Fermilabworkshopin preparationfor run II [40].
In otherwords,experimentsshouldalwaysprovide a way to calculatethe likelihoodof their datagiven
a theorypredictionfor eachof their measureddatapoint ( è  /2 � < 4FE $�" ). This wasalso the unanimous
conclusionof a recentworkshopon confidencelimits held at CERN [41]. This is particularlycrucial
whencombiningdifferentexperimentstogether:thepull of eachexperimentwill dependon it and,asa
result,sowill thecentralvaluesof thededucedpdf’s. Anotherproblemthatis sometimesunderestimated
is thefactthatsomeif notall systematicuncertaintiesarein factproportionalto thetheory. Ignoringthis
factwhile fitting for theparameterscanleadto seriousbias.

Sourcesof uncertainties

Therearemany sourcesof uncertaintiesbesidetheexperimentaluncertainties.They eitherhave
to beshown to besmallenoughto beneglectedor they needto beincludedin thepdf uncertainties.For
examples:variationof therenormalizationandfactorizationscales;non-perturbative andnuclearbinding
effects; the choiceof functional form of the input pdf at the initial scale;accuracy of the evolution;
Monte-Carlouncertainties;andthetheorycut-off dependences.

Currentfit

Draconianmeasureswereneededto restartfrom scratchandre-evaluateeachissue.We fixedthe
renormalizationandfactorisationscales,avoideddataaffectedby nuclearbindingandnon-perturbative
effects,andusea MRS-styleparametrizationfor the input pdf’s. The evolution of the pdf is doneby
Mellin transformmethod,see[42,43]. All thequarksareconsideredmassless.We imposeda positivity
constrainton

#�'
. A positivity constrainton other“observables”couldalsobeimposed.

At themomentweareusingH1 andBCDMS(proton)measurementof
# i'

for ourcoreset.Thefull
correlationmatrix is taken into account.Assumingthat all theuncertaintiesare Gaussiandistributed9

we calculatethe � '   $l" and è   $�" 4 � � 
  � � ' g � " . We generated50000unweightedpdf’s accordingto
the probability function. For 532 datapoints,we obtaineda minimum � ' 9 º ´�� for 24 parameters.
We have plotted in Fig. 10, the probability distribution of someof the parameters.Note that the first

9No informationbeinggivenaboutthedistributionof theuncertainties.



Fig. 11: The relative uncertaintiesfor selectedsetof partonluminosities(full lines: experimentalerrors(stat+syst);short-

dashedlines:RS;dotted-dashedlines:TS;sparse-dottedlines:DC; dense-dottedlines:MC; long-dashedlines:SS).HereI,J�J
is gluon-gluonluminosity; ILK0KNMOILPQPDRSILTQT;RSIUT P ; IUK.VKNMOI P VT RWIUT VP ; I?X KZY[VKQ\]J MOI,PQJ^RSI?VP J_RWIUT J RWI VT J .

parameteris `Na . The value is smallerthan the currentworld average. However, it is known that the
experimentswe areusingprefera lower valueof this parameter, see[44], andasalreadypointedout,
our currentuncertaintiesarelower limits. Note that the distribution of the parameteris not Gaussian,
indicatingthat the asymptoticregion is not reachedyet. In this case,the blind useof a so-calledchi-
squaredfitting techniqueis not appropriate.From this large setof pdf’s, it is straightforward to plot,
for example,the correlationbetweendifferentparametersand to propagatethe uncertaintiesto other
observables.

2.4 Uncertaintieson pdf ’sand parton-parton luminosities10

An importantquantityfor LHC physicsis theuncertaintyof pdf’susedfor thecrosssectioncalculations.
Themodernwidely usedpdf’s parametrizationsdo not containcompleteestimateof their uncertainties.
Thisestimateis difficult partially dueto thelackof experimentalinformationon thedatapointscorrela-
tions,partially dueto thefactthat thetheoreticaluncertaintiesareconventional,andpartially dueto the
fundamentalproblemof restoringthedistribution from thefinite numberof measurements.Theseprob-
lemsarenot completelysolved at themomentanda comprehensive estimateof thepdf’s uncertainties
is not availablesofar. Thestudygivenbelow is basedon theNLO QCD analysisof theworld charged
leptonsDIS dataof Refs.[45–51] for protonanddeuteriumtargets11. Theanalyseddataspantheregionb�ced�fhgjilkmf�npo�q , rts cvu�npqwkmq�f�f�f GeVs , x yz u GeVandallows for precisedeterminationof pdf’s at
low b , whichis importantfor LHC sincethemostof accessibleprocessesarerelatedto small b . Thedata
areaccompaniedby theinformationon point-to-pointcorrelationsdueto systematicerrors.This allows
thecompleteinferenceof systematicerrors,thatwasperformedusingthecovariancematrixapproach,as
in Ref. [36]. Thepdf’s uncertaintiesdueto thevariationof thestrongcouplingconstant̀Na andthehigh
twists (HT) contribution areautomaticallyaccountedfor in the total experimentaluncertaintiessince
`Na andHT arefitted12. Othertheoreticalerrorson pdf’s wereestimatedasthepdf’s variationafter the
changeof differentfit ansatzes:

RS – thechangeof renormalizationscalein theevolutionequationsfrom r s to {Fr s . Thisuncertainty
is evidentlyconnectedwith theinfluenceof NNLO corrections.

10Contributing author:S.Alekhin.
11More detailsof theanalysiscanbefoundin Ref. [29].
12Thevalueof |;}5~]������MO�����������N���h� ��������~��2�5�0�;R��2���2�5� is obtained,thatis compatiblewith theworld average.



Fig. 12: Theratiosof theexperimentalpdf’s errorscalculatedwith somefitted parametersfixedto thepdf’s errorscalculated

with all parametersreleased(|;} fixed– a); HT fixed– b)). Thesimilar ratio for thesystematicerrorsomitted/includedis also

given – c). Full lines correspondto gluons,dashedones– to total sea,dottedones– to d-quarks,dashed-dottedones– to

u-quarks.

TS – thechangeof thresholdvalueof r s for theQCDevolution loopswith heavy quarksfrom � s � to� npq � s � . Thevariationis conventionalandwaschosenfollowing theargumentsof Ref. [52].

DC – thechangeof correctiononnucleareffectsin deuteriumfrom theansatzbasedontheFermimo-
tion modelof Ref.[53] to thephenomenologicalformulafrom Ref.[54]. Notethatthisuncertainty
maybeoverestimatedin view of discussions[55,56] on theapplicabilityof themodelof Ref.[54]
to light nuclei.

MC – thechangeof c-quarkmassby 0.25GeV (thecentralvalueis 1.5GeV).

SS – the changeof strangeseasuppressionfactorby 0.1, in accordancewith recentresultsby the
NuTeV collaboration[57] (thecentralvalueis 0.42).

Onecanseethatthescaleof thetheoreticalerrorsis conventionalandcanchangewith improvementsin
thedeterminationof thefit input parametersandprogressin theory. Moreover, theuncertaintiescanbe
correlatedwith theuncertaintiesof thepartoniccrosssections,e.g.theeffect of RSuncertaintyon pdf’s
canbecompensatedby theNNLO correctionto partoncrosssection.Thusthetheoreticaluncertainties
shouldnotbeappliedautomaticallyto any crosssectioncalculations,contraryto experimentalones.

The pdf’s uncertaintieshave differentimportancefor variousprocesses.The limited spacedoes
notallow usto review all of them.Wegive thefiguresfor themostgenericonesonly. Theuncertainties
of a specificcrosssectiondue to pdf’s are entirely locatedin the uncertaintiesof the parton-parton
luminosity �L�5� , thatis definedas

�U���
� � � c d
¡

¢
£

¤ b
b¦¥ � � b,§ � s � ¥ �¨�"©Uª b,§ � s � §

where � is the producedmassand © c � s ª ¡ . In Fig. 11 the uncertaintiesfor selectedsetof parton
luminositiescalculatedusingthepdf’s from Ref. [29] aregiven. Theupperboundof � waschosenso
thatthecorrespondingluminosityis y f�npf�d pb. Onecanseethatin generalat � yz d TeV experimental
uncertaintiesdominate,while at � y« d TeV theoreticalonesdominate.Of thelatterthemostimportant
aretheRS uncertaintyfor thegluon luminosityandMC uncertaintyfor thequarkluminosities.At the
largest � theDC uncertaintyfor quark-quarkluminosity is comparablewith theexperimentalone. In
the whole the uncertaintiesdo not exceed10% at � y« d TeV. As for the quark-quarkluminosity, its
uncertaintyis lessthan10%in thewhole � range.Theuncertaintiesarenot solargein view of thefact
thatonly asmallsubsetof datarelevantfor thepdf’sextractionwasusedin theanalysis.Addingdataon
promptphotonproduction,DY process,andjet productioncanimprove thepdf’s determinationat largeb . Meanwhileit is worth to notethathighorderQCDcorrectionsaremoreimportantfor theseprocesses
thanfor DIS andthedecreaseof experimentalerrorsdueto addingdatapointscanbeaccompaniedby
theincreaseof theoreticalerrors.



Fig. 13: Thepdf’s correlationcoefficients.

stat+syst RS TS SS MC DC¬ �U­®� ¯°� 1.9 0.4 0.9 1.3 2.9 0.3¬ �w±h� ¯°� 1.6 0.5 0.9 1.3 2.9 0.6¬ � ­�² ± � ¯°� 0.5 – – – – 0.3

Table1: Theuncertaintiesof thepartonluminositiesfor ³O´Qµ productioncrosssectionsandtheirratios.Here¶;·mM°¶ P VT RD¶LT VP ,
¶ � MO¶ P�VP RS¶ T VT , and¶ ·¹¸2� Mº~]¶ P VT RW¶ T VP5�A´�~]¶ P�VP RS¶ T VT � .

As it wasnotedabove, theexperimentalpdf’s errorsby definition includethestatisticalandsys-
tematicalerrors,aswell aserrorsdue to `Na andHT. To tracethe effect of `,a variationon the pdf’s
uncertaintiesthe latter werere-calculatedwith `,a fixed at the valueobtainedin the fit. The ratiosof
obtainedexperimentalpdf’s errorsto the errorscalculatedwith ` a releasedaregiven in Fig. 12. It is
seenthat the `,a variationtakessomeeffect on thegluondistribution errorsonly. Similar ratiosfor the
HT fixedarealsogiven in Fig. 12. Onecanconclude,that theaccountof HT contribution have signifi-
cantimpacton thepdf’s errors.Meanwhileit is evident that theseratioshardlydependon thescaleof
pdf’s errorandarespecificfor theanalyseddataset. For instance,in theanalysisof CCFRdataon the
structurefunction »F¼ nosignificantinfluenceof HT onthepdf’swasobserved[58,59]. Thecontribution
of systematicerrorsto thetotal experimentalpdf’s uncertaintiesis alsogiven in Fig. 12: thesystematic
errorsaremostessentialfor theu- andd-quarkdistributions.

Exceptuncertaintiesitself the pdf correlationarealso important(seeFig. 13). The accountof
correlationscanleadto cancellationof thepdf’s uncertaintiesin thecalculatedcrosssection.Thelumi-
nositiesuncertaintiescanalsocancelin theratiosof crosssections.An exampleof suchcancellationis
given in Table2.4, wherethe uncertaintiesof luminositiesfor the x½ª
¾ productioncrosssectionsand
their ratiosaregiven.

Thepdf setdiscussedin this subsectioncanbeobtainedby thecode[60]. Thepdf’s areDGLAP
evolved in the range b¿cÀd�fhgÂÁÃkÄd , r_s cÅu�npqOkÆq�n �ÈÇ d�fhÁ GeVs . The codereturnsthe valuesof
u-, d-, s-quark,andgluon distributionsGaussian-randomizedwith accordanceof their dispersionsand
correlationsincludingbothexperimentalandtheoreticalones.



2.5 ApproximateNNLO evolution of parton densities13

In order to arrive at precisepredictionsof perturbative QCD for the LHC, for examplefor the total
x -productioncrosssectiondiscussedin Sects.2.1and2.2,thecalculationsneedto beextendedbeyond
theNLO. Indeed,theNNLO coefficient functionsfor theabovecrosssectionhave beencalculatedsome
time ago[32,33]. Thesameholdsfor thestructurefunctionsin DIS [61–64] which form thebackbone
of thepresentinformationon thepartondensities.On theotherhand,thecorrespondingNNLO splitting
functionshave not beencomputedso far. Partial resultsarehowever available,notablythe lowestfour
andfiveeven-integermoments,respectively, for thesingletandnon-singletcombinations[25,26]. When
supplementedby resultson theleadingb�É*f terms[65–69] derivedfrom small-b resummations,these
constraintsfacilitateeffectiveparametrisations[70,71] whicharesufficiently accuratefor awiderangeinb (andthusawide rangeof final-statemassesat theLHC). In thissection,wecompiletheseexpressions
andtake abrief look at their implications.For detaileddiscussionsthereaderis referredto refs.[70,71].

In termsof theflavournon-singlet(NS)andsinglet(S) combinationsof thepartondensities(here

¥
Ê�Ë^ÌvÍ and ¥
Î�ÌÐÏ ),

Í�ÑÒ a
Ó Ô]Õ c Í Ô×Ö ØÍ Ô×ÙÚ� Í Õ ÖÆØÍ Õ � § Í�ÛÒ a c
Ü Ë
Ý
Þ ¢ � Í Ý ÙÆØÍ Ý � § Í a c ß

Ï (14)

with ß c Ü ËÝ
Þ ¢ � Í ÝFà ØÍ Ý � , theevolutionequations(8) consistof u�á^â Ù d scalarnon-singletequationsand
the uNãäu singletsystem.TheLO andNLO splitting functions åäæèçjé?êA� b � and åWæ Ü ç�élê2� b � in Eq. (9) are
known for a long time. For eachof theNNLO functionsåWæèsëê0� b � c �"{�ì?� ¼ åWæ ÜlÜ ç�élêA� b � two approximate
expressions(denotedby ‘ í ’ and ‘ î ’) aregiven below in the MS scheme,which spanthe estimated
residualuncertainty. Thecentralresultsarerepresentedby theaveraged ª u � å æ�sëêï à å æ�sëêð � .

TheNSñ parametrisations[70] read,using ò Ì òó� d Ù b � , � ¢ Ìvô õ � d Ù b � and �;ö Ìeô õ b ,

å æèsëê÷ñÒ a
Ó ï � b � c d�d�ø�o�npù�ú�o
� d Ù b � ñ

à d�f�ú�ú�npo�q {_òÃÙ u�ú�o�q�npø�o�d=b s Ù d�u�q�npu { ø Ù � { npd�f�q � sö à d�npq�ù�f � iö (15)

Ù áÃâ d�ù { n { f�ú�ù
� d Ù b � ñ

à d�ù�f�n � ú�o�d ò à ú�ù�npq�ù�ù�q � ¢ Ù u�f�q�npo � ú�f=b s Ù � npd � d�ù Ù q�npf { ø�ú � sö à å æèsëêÒ a
Ó Ü�ûË §

å æèsëê÷ñÒ a
Ó ð � b � c d�ø { o�npu�f�o
� d Ù b � ñ

à u�u�ù�ø�npf�d�d òÃÙ o�u�u�npd�ø�o � s ¢ Ù d�u�ø � npu � {°Ù ø�ø�u�npu�q {_�;ö à d�npq�ù�f � � iö Ù){F� ¼ö �
Ù áÃâ d�ù { n { f�ú�ù

� d Ù b � ñ
à d�ù�f�n � ú�o�d ò à ú�ù�npq�ù�ù�q � ¢ Ù u�f�q�npo � ú�f=b s Ù � npd � d�ù Ù q�npf { ø�ú � sö à å æèsëêÒ a
Ó Ü ûË

with

å æèsëêÒ a
Ó Ü ûË � b � c d
ù�d Ù

� {
� d Ù b � ñ Ùeü u�f { à d�ú�uþý � ø �UÙ ø�u�fþý � u �"ÿ òó� d Ù b � à � {

à b ô õ b
d Ù b � ú � ô õ b à ø�u�f � à � d Ù b � �"{ ù ô õ s b à ø�q�u ô õ b à ø�ù {F� n (16)

Here ý � � � denotesRiemann’s ý -function.Equation(16)is anexactresult,derivedfrom large-áÃâ methods

[72]. Thecorrespondingexpressionsfor å æ�sëê gÒ a are

å æèsëê gÒ a�Ó ï � b � c å æ�sëêCñÒ a
Ó ï � b � à u�f�n � ù�o=b s Ù d�ù�n { ��� à ��� npù ��� � sö Ù f�npd { ù � iö
à á^â f�npf�d � ø � ¢ Ù f�n { f�u=b s à f�n { d�u�u Ù d�n { ú � q � sö § (17)

å æ�sëê gÒ a
Ó ð � b � c å æ�sëêCñÒ a
Ó ð � b �;Ù f�npd�f�d � s ¢ à d�npq�f�ù à { npo�o�q �;öÃÙ f�npd { ù � � iö Ù){F� ¼ö �
à á^â f�npf�d � ø � ¢ Ù f�n { f�u=b s à f�n { d�u�u Ù d�n { ú � q � sö n

13Contributing authors:W.L. vanNeervenandA. Vogt.
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Fig. 14: Left: TheLO, NLO andapproximateNNLO predictionsfor the logarithmicderivatives 	
 ´ 
���
�����
 ´ 
������ ûË of the

singletquarkandgluondensities,
 M�� and 
 M�� , at � ûË���� � GeV
û
. Right: Therelative scaleuncertainty���! �	
 (definedin

thetext) of theseNLO andNNLO results.Thenumberof flavoursis " Ë M$# .
Thedifferencebetweenå æ�sëê gÒ a and å æèsëê ÛÒ a is unknown, but expectedto have a negligible effect ( % d ¯ ).

Theeffective parametrisationsfor thesingletsectoraregiven in Ref. [71]. Besidesthe d ª b ô õ b
termsof å æ�sëêÊQÊ , å æèsëêÊQÎ and å æ�sëêÎ.Î [66,67], only the á sâ contribution & d ªFü d Ù b ÿ ñ to å æ�sëêÎ.Î is exactly known
here[73].

The evolution equations(8) are written for a factorizationscale ' âec r . Their form can be
straightforwardly generalizedto includealsothedependenceon therenormalizationscale' Ý .

The expansionof Eq. (8) is illustratedin the left part of Fig. 14 for ' Ý c ' â , ` a c�f�npu and
partondensitiestypical for ' s â)( ø�f GeVs . Undertheseconditions,theNNLO effectsaresmall( « u ¯ )
at mediumand large b . This also holds for the non-singletevolution not shown in the figure. The
approximatecharacterof theourresultsfor å æ�sëê doesnotintroducerelevantuncertaintiesat b yz u Ç d�f g ¼ .
Thethird-ordercorrectionsincreasewith decreasingb , reaching� d�u Öä{F� ¯ and � Ù � Ö ø � ¯ , respectively,
of theNLO predictionsfor

*ß and
*Ï at b cvd�f gji .

Therenormalization-scale uncertaintyof theseresultsis shown in theright partof Fig.14 in terms
of

¬,+.- *Í®Ì � *Í0/2103 Ù *Í0/2465 � ªFü u *Í71980:<;=10>0: ÿ , asdeterminedover the range f�npq ' â@? ' Ý ?�u ' â . Note that
thespikesslightly below b%c�f�npd arisefrom

*Í 1A80:<;=10>0: ( f anddo not representenhanceduncertainties.
Thustheinclusionof thethird-ordertermsin Eq.(8), alreadyin its approximateform, leadsto significant
improvementsof thescalestability, exceptfor thegluonevolution below b�ced�f g ¼ .

2.6 The NNLO analysis of the experimental data for b » ¼ and the effects of high-twist power
corrections14

During the last few yearstherehasbeenconsiderableprogressin calculationsof theperturbative QCD
correctionsto characteristicsof DIS. Indeed,theanalyticexpressionsfor theNNLO perturbative QCD
correctionsto the coefficient functionsof structurefunctions » s [61,62,64] and b » ¼ [63,74] arenow

14Contributing authors:A.L. Kataev, G. ParenteandA.V. Sidorov.



known. However, to performtheNNLO QCDfits of theconcreteexperimentaldatait is alsonecessaryto
know theNNLO expressionsfor theanomalousdimensionsof themomentsof » s and b »×¼ . At present,
this information is available in the caseof B c u�§ { § � §
ù�§
d�f momentsof » s [25,26]. The resultsof
Refs.[25,26,61–64,74] areforming thetheoreticalbackgroundfor thestudyof theeffects,contributing
to scalingviolation at thelevel of new theoreticalprecision,namelywith takinginto accounttheeffects
of theNNLO perturbative QCDcontributions.

In theprocessof thesestudiesit is ratherinstructive to includetheavailabletheoreticalinformation
on theeffectsof high-twistcorrections,whichcouldgive riseto scalingviolationof theform d ª�rts . The
developmentof the infraredrenormalon(IRR) approach(for a review seeRef. [75]) andthedispersive
method[76] (seealso[77,78]) madeit possibleto constructmodelsfor thepower-suppressedcorrections
to DIS structurefunctions(SFs).Therefore,it becamepossibleto includethepredictionsof thesemodels
to theconcreteanalysisof theexperimentaldata.

In this part of the Reportthe resultsof the seriesof works [58,59,79,80] will be summarized.
Theseworks aredevoted to the analysisof the experimentaldataof b »F¼ SF of C á DIS, obtainedby
theCCFRcollaboration[81]. They have theaim to determinetheNNLO valuesof D æ i êEGF and `Na � �IHl�
with fixation of theoreticalambiguitiesdue to uncalculatedhigher-order perturbative QCD termsand
transitionsfrom the caseof ¥ c { numberof active flavours to the caseof ¥ c q numberof active
flavours. The secondtask was to extract the effects of the twist-4 contributions to b »F¼ [58,80] and
comparethemwith theIRR-modelpredictionsof Ref.[82]. Someestimatesof theinfluenceof thetwist-
4 correctionsto theconstantsof the initial parametrizationof b »×¼ [59] arepresented.Theseconstants
arerelatedto thepartondistribution parameters.

The analysisof Refs.[58,59,79,80] is basedon reconstructionof the non-singlet(NS) SF b »×¼
from the finite numberof its moments�KJ×� r_s�� c ¢ö b J g ¢ »×¼h� b,§ r_sh� ¤ b usingthe Jacobipolynomial
method,proposedin Ref. [83] andfurtherdevelopedin Refs.[84–87]. Within thismethodonehas

b »F¼h� bN§ r s � c½bML � d Ù b �ON
ÜQPSRAT
J Þ ö

U L Ó NJ � b �
J
V Þ ö

W æ J êV � ` §AX � �ZY EG[V ñjs � r s � (18)

where
U L Ó NJ aretheJacobipolynomials,W æ J êV � ` §AX � arecombinatorialcoefficientsgivenin termsof Euler\

-functionsandthe ` , X -weight parameters.In view of the reasons,discussedin Ref. [58] they were
fixed to 0.7 and 3 respectively, while á^] �`_ c �

was taken. Note, that the expressionsfor Mellin
momentswere correctedby target masscontributions (TMC), taken into accountas � Y EG[J � r s � c
�KJF� rtsh� à �=B?�=B à d � ª��=B à u � � � �ÚsJbadc<e ª�rtsh� �KJ ñjs � r_sh� . TheQCD evolution of themomentsis defined
by thesolutionof thecorrespondingrenormalizationgroupequation

�KJF� r s �
� J � r sö �

cgf b�h Ù
ï2i ækj û êï2i ækj ûl ê

m æ J êÜ�F � b �X � b �
¤ b n æ J êÜ�F � í�oë� rtsh� �

n æ J êÜ�F � í�oë� r sö � � (19)

TheQCDrunningcouplingconstantentersthisequationthroughípoó� rtsh� c `Na � rts�� ª��"{�ì?� andis defined

asthe expansionin termsof inversepowersof
� B?� r_s�ªqD æ i êhsEGF � -termsin the LO, NLO andNNLO. The

NNLO approximationof thecoefficientfunctionsof themomentsn æ J êÜ�F � ípoó� rtsh� � ced à n æ ¢ êA�=B?� í�oë� rtsh� à
n æèsëê �=B?� í s o � r s � weredeterminedfrom the resultsof Ref. [63,74]. The relatedanomalousdimension
functionsaredefinedas

'
r � B?¾ Ü�FJr ' csm æ J êÜ�F � í�oë� c

ÔOtjö
m æ Ô êÜ�F �=B?� í Ô ñ ¢o (20)

where¾ ÜpFJ aretherenormalizationconstantsof thecorrespondingNSoperators.Theexpressionfor the
QCD X -functionin the �vu -schemeisknown analyticallyattheNNLO [11,88]. However, aswasalready
mentioned,theNNLO correctionsto m æ J êÜ�F areknown at presentonly in thecaseof B cÆu�§ { § � §
ù�§
d�f NS



Order D æ i êEGF A b c m í�ws [ x fzy s ] {Ls /points
LO 264Ö 36 4.98Ö 0.23 0.68Ö 0.02 4.05Ö 0.05 0.96Ö 0.18 – 113.1/86

433Ö 51 4.69Ö 0.13 0.64Ö 0.01 4.03 Ö 0.04 1.16Ö 0.12 -0.33Ö 0.12 83.1/86
331Ö 162 5.33Ö 1.33 0.69Ö 0.08 4.21 Ö 0.17 1.15Ö 0.94 h(x) in Fig. 15 66.3/86

NLO 339Ö 35 4.67Ö 0.11 0.65Ö 0.01 3.96Ö 0.04 0.95Ö 0.09 – 87.6/86
369Ö 37 4.62Ö 0.16 0.64Ö 0.01 3.95Ö 0.05 0.98Ö 0.17 -0.12Ö 0.06 82.3/86
440Ö 183 4.71Ö 1.14 0.66Ö 0.08 4.09Ö 0.14 1.34Ö 0.86 h(x) in Fig. 15 65.7/86

NNLO 326Ö 35 4.70Ö 0.34 0.65Ö 0.03 3.88Ö 0.08 0.80Ö 0.28 – 77.0/86
327Ö 35 4.70Ö 0.34 0.65Ö 0.03 3.88Ö 0.08 0.80Ö 0.29 -0.01Ö 0.05 76.9/86
372Ö 133 4.79Ö 0.75 0.66Ö 0.05 3.95Ö 0.19 0.96Ö 0.57 h(x) in Fig. 15 65.0/86

Table2: Theresultsof thefits of theCCFR’97datawith thecut | û2} �Q~��z� û
. Theparameters� , � , � , � arenormalizedat| ûl MI�A��~��z� û

, which is initial scaleof theQCD evolution. Statisticalerrorsareindicated.

momentsof » s SFof fëá DIS [25,26]. Keepingin mind that in thesecasesthedifferencebetweenthe
NLO expressionsfor m æ ¢ êÜ�F Ó ��û and m æ ¢ êÜpF Ó _ ��� is rathersmall [79], it wasassumedthat thesimilar featureis
trueat theNNLO also. The b » ¼ fits of Refs.[58,59,79,80] weredonewithin this approximation.The
onemoreapproximation,enteringontotheseanalysis,wastheestimationof theanomalousdimensions
of odd momentswith B c�ø�§
q�§
o�§
ú by meansof smoothinterpolationof the resultsof Refs.[25,26],
originally proposedin Ref. [89]. In view of the basicrole of the NNLO correctionsto the coefficient
functionsof b »F¼ moments,revealedin theprocessof theconcretefits [58,59,79,80], it is expectedthat
neitherthecalculationsof theNNLO correctionsto b »F¼ oddanomalousdimensions(which arenow in
progress[90]) and further interpolationto even valuesof B , nor the fine-tuningof the reconstruction
methodof Eq. (18), which dependson the valuesof ` , X and á ] �!_ , will not affect significantly the
accuracy of themainresultsof Refs.[58,59,80].

Thepowercorrectionswereincludedin theanalysisusingtwo differentapproaches.First, follow-
ing the ideasof Ref. [91], the term �×� b � ª�r s wasaddedonto the r.h.s. of Eq. (18). The function �F� b �
wasparameterizedby asetof freeconstants��Ô for eachb -bin of theanalyseddata.Theseconstantswere
extractedfrom theconcreteLO, NLO andNNLO fits. The resultingbehaviour of �F� b � is presentedin
Fig. 15, taken from Ref. [58]. Secondly, the IRR modelcontribution �Z�7���J c �n �=B?� �IJ×� rtsh� í�ws ª�rts
wasaddedinto thereconstructionformulaof Eq.(18),whereí ws is thefreeparameterandwasestimated
in Ref. [82]. The factor �KJ×� r sö � in the l.h.s. of Eq. (19) wasdefinedat the initial scale r sö usingthe
parametrizationb »×¼h� b,§ rtsö � c í^� r_sö � b � æ�j ûl êA� d Ù b � c æ�j ûl êA� d à m � rtsö � b � . In Table2 thecombinedresults
of the fits of Refs.[58,59] of CCFR’97dataarepresented.The twist-4 termswereswitchedoff and
retainedfollowing thediscussionspresentedabove.

Thecommentson theextractedbehaviour of �F� b � (seeFig. 15)arenow in order. Its b -shape,ob-
tainedfrom LO andNLO analysisof Ref.[58] is in agreementwith theIRR-modelformulaof Ref.[82].
Notealso,thatthecombinationof quarkcountingrules[92,93] with theresultsof Ref.[94,95] predictthe
following b -shapeof �F� b � : �F� b � y í�ws � d Ù b � s . Takinginto accountthenegativevaluesof í�ws , obtained
in theprocessof LO andNLO fits (seeTable2), onecanconclude,that therelatedbehaviour of �F� b � is
in qualitative agreementwith thesepredictions.Thoughacertainindicationof thetwist-4 termssurvives
evenattheNNLO, theNNLO partof Fig.15demonstratesthatthe b -shapeof �F� b � startsto deviatefrom
the IRR modelof Ref. [82]. Noticealso,thatwithin thestatisticalerrorbarstheNNLO valueof í ws is
indistinguishablefrom zero(seeTable2). This featuremight berelatedto theinterplaybetweenNNLO
perturbative and d ª�rts corrections.Moreover, at theusedreferencescaler_sö c u�f x fzy s thehigh-twist
parameterscannotbedefinedindependentlyfrom theeffectsof perturbationtheory, whichat theNNLO
canmimic thecontributionsof higher-twists provided theexperimentaldatais not preciseenoughand
thevalueof rtsö is not toosmall(for therecentdiscussionof this subjectseeRefs.[29,30]).
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Fig. 15: � ~�� � extractedfrom CCFR’97datafor ��� �
Theresultsof Table2 demonstrate,thatdespitethecorrelationof theNLO valuesD æ i êEGF with the

valuesof thetwist-4 coefficient í ws , theparametersof theadoptedmodelfor b » ¼ � bN§ rtsö � remainalmost
unaffectedby the inclusionof the d ª�r s -termvia theIRR-modelof Ref. [82]. Thus,thecorresponding

partondistributionsarelesssensitive to twist-4effects,thantheNLO valueof D æ i êEGF . At theNNLO level

the similar featureis relatedto alreadydiscussedtendency of the effective minimizationof the d ª�r s -
contributionsto b »×¼ (seealsoNNLO partof Fig. 15).

For the completenessthe NLO and NNLO valuesof ` a � � H � , obtainedin Ref. [58] from the
resultsof Table2 with twist-4 termsmodelledthroughtheIRR approacharealsopresented:

����� `,aó� �IHl� c f�npd�u�f Ö f�npf�f�ø � ¡`����� �LÖ f�npf�f�q � ¡`�D¡`� � ñ öz� ö ö0 g öz� ö ö Á (21)���^��� `,aó� �IHl� c f�npd�d�ù Ö f�npf�f�ø � ¡`�¨¡`� �UÖ f�npf�f�q � ¡7�Â¡`� �LÖ f�npf�f�ø
Thesystematicaluncertaintiesin theseresultsaredeterminedby thepuresystematicaluncertaintiesof
the CCFR’97datafor b » ¼ [81]. The theoreticalerrorsarefixed by variationof the factorizationand
renormalizationscales[58]. The incorporationinto the �vu -matchingformula for `,a [96–98] of the
proposalof Ref. [52] to vary thescaleof smoothtransitionto the world with ¥ c¿q numberof active
flavoursfrom � s � to � � npq � ��� s wasalsotaken into account.The theoreticaluncertainties,presentedin
Eq. (22) arein agreementwith theones,estimatedin Ref. [70] usingtheDGLAP equation.TheNNLO
valueof `Naó� �KH?� is in agreementwith anotherNNLO result `Naë� �KHl� c f�npd�d�o�u Ö f�npf�f�u { , which was
obtainedin Ref. [99] from theanalysisof SLAC, BCDMS,E665andHERA datafor » s with thehelpof
theBernsteinpolynomialtechnique[100].

2.7 Measuring Parton Luminosities and Parton Distribution Functions at the LHC 15

The traditionalapproachfor crosssectioncalculationsandmeasurementsat hadroncollidersusesthe
proton–protonluminosity, ��¡ Ý£¢£¤¥¢ J g ¡ Ý£¢£¤¥¢ J , and the “best” known quark,anti-quarkandgluon parton–
distribution functions, å,¦ »S� b ¢ §�b s § r_sh� to predict event rates á^§9¨`§ J ¤ o for a particularpartonparton
processwith acalculablecrosssection© ¤¥ª § ¢QÝ£« � Í § ØÍ § Ï É­¬ � , using:

á §A¨7§ J ¤ o � h®h É­¬ � c � ¡ Ý£¢A¤¥¢ J g ¡ Ý£¢£¤¥¢ J ã å,¦ »S� b ¢ §�b s § r s � ã © ¤¥ª § ¢QÝ£« � Í § ØÍ § Ï É¯¬ � n (22)

The possiblequantitative accuracy of suchcomparisonsdependsnot only on the statisticalerrors,but
alsoon the knowledgeof ��¡ ÝA¢£¤¥¢ J g ¡ Ý£¢A¤¥¢ J , the å,¦ »S� b ¢ §�b s § r s � and the theoreticalandexperimental
uncertaintiesfor theobservedandpredictedeventratesfor thestudiedprocess.

15Contributing authors:M. Dittmar, K. MazumdarandN. Skachkov.
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Fig. 16: a) The detectedcharged lepton cross section ratio,Ã ~�Ä YÆÅ �A´ Ã ~�ÄdÇ�ÈÅ � , originating from the reaction
 È
�É ³ËÊ ÉÄ Ê Å asa function of the leptonpseudorapidityfor the MRS(H)

and MRS(A) structurefunction parametrisation.b) The rela-

tive changesfor the charged lepton distributions betweenthe

MRS(H) and MRS(A) parametrisationsfor ³ Y , ³ÌÇ and for

µ l production[101].

Fig. 17: The inclusive muon Í�Î spectrumin selected

photon–jet events originating from light and heavy

quarks[105]. Assumingstandardb–lifetimetaggingex-

pectationsfrom ATLAS or CMS oneshouldreducethe

b–flavouredjets by abouta factorof 2, the charm–jets

by a factorof 10 andthelight quarksby roughlya fac-

tor of 50.

For many interestingreactionsat theLHC onefinds thatstatisticaluncertaintiesbecomequickly
negligible whencomparedto today’s uncertainties.Besidesthe technicaldifficulties to performhigher
ordercalculations,limitationsarisefrom theknowledgeof theproton–protonluminosityandtheparton
distribution functions.Estimatesfor proton–protonluminositymeasurementsattheLHC assigntypically
uncertaintiesof Ö 5%. Similar uncertaintiesareexpectedfrom thelimited knowledgeof partondistribu-
tion functions.Consequently, thetraditionalapproachto crosssectionpredictionsandthecorresponding
measurementswill belimited to uncertaintiesof atbest Ö 5%.

A morepromisingmethod[101],usingonly relativecrosssectionmeasurements,might leadeven-
tually to accuraciesof Ö 1%. Thenew approachstartsfrom theideathatfor high r_s processesoneshould
considerthe LHC asa parton–partoncollider insteadof a proton–protoncollider. Consequently, one
needsto determinethe differentparton–partonluminositiesfrom experimentallycleanandtheoretical
well understoodreactions.

Theproductionof thevectorbosonsx Ñ and ¾ ö with theirsubsequentleptonicdecaysfulfil these
requirements.Taking today’s experimentalresults,the vectorbosonmassesarepreciselyknown and
their couplingsto fermionshave beenmeasuredwith accuraciesof betterthan1%. Furthermore,x Ñ
and ¾ ö bosonswith leptonicdecayshave 1) hugecrosssections(severalnb’s) and2) canbe identified
over a largerapidity rangewith smallbackgrounds.

Fromtheknown massandthenumberof “counted”eventsasa functionof therapidity Ï onecan
usethe relations � s c¿¡.b ¢ b s and Ï c ¢

s
� B _ÑÐ_ û to measuredirectly thecorrespondingquarkandanti-

quarkluminositiesover a wide b range(seefig.2). Simulationstudiesindicatethat the leptonic x and
¾ decayscanbemeasuredwith goodaccuraciesup to leptonpseudorapiditiesÒ Ó�Ò « u�npq , corresponding
roughlyto quarkandanti-quarkb rangesbetween0.0003to 0.1.Thesensitivity of x and ¾ production
dataat theLHC evento smallvariationsof thepdf’s is indicatedin Figure16.

Oncethequarkandanti-quarkluminositiesaredeterminedfrom the x and ¾ dataover awide b



range,SM eventratesof highmassDrell–Yanleptonpairsandotherprocessesdominatedby quark–anti-
quarkscatteringcanbe predicted.The accuracy for suchpredictionsis only limited by the theoretical
uncertaintiesof thestudiedprocessrelative to theonefor x and ¾ production.

The approachcanalsobe usedto measurethe gluon luminosity with unprecedentedaccuracies.
Startingfrom gluon dominated“well” understoodreactionswithin the SM, onefinds that the cleanest
experimentalconditionsarefoundfor theproductionof high massm –Jet, ¾ ö –Jetandperhaps,x Ñ –Jet
events.However, the identificationof thesefinal statesrequiresmoreselectioncriteriaandincludesan
irreduciblebackgroundof about10–20%from quark–anti-quarkscattering.Someexperimentalobserv-
ablesto constrainthegluonluminosityfrom thesereactionshavebeeninvestigatedpreviously [102]. The
study, usingratherrestrictiveselectioncriteriato selecttheabovereactionswith well definedkinematics,
indicatedthe possibility to extract the gluon luminosity function with negligible statisticalerrorsand
systematicswhichmight approacherrorsof about Ö 1%over awide b range.

Furthermore,theuseof thedifferentrapiditydistributionsfor theVectorbosonsandtheassociated
jets hasbeensuggestedin [103]. The proposedmeasurementof the rapidity asymmetryimprovesthe
separationbetweensignalsandbackgroundsandshouldthusimprove theaccuraciesto extractthegluon
luminosity.

For thisworkshop,previousexperimentalsimulationsof photon–jetfinal stateshavebeenrepeated
with much larger Monte Carlo statisticsandmore realisticdetectorsimulations[104]. Thesestudies
selecteventswith exactly onejet recoiling againstan isolatedphotonwith a minimum h ¤ of 40 GeV.
With therequirementthat,in theplanetransverseto thebeamdirectionthejet is back–to–backwith the
photon,only thephotonmomentumvectorandthe jet angleneedsto bemeasured.Using theselected
kinematics,themassof thephoton–jetsystemcanbereconstructedwith goodaccuracy. Thesestudies
show that severalmillion of photon–jeteventswith theabove kinematicswill be detectedfor a typical
LHC yearof 10 fb g ¢

andthusnegligible statisticalerrorsfor the luminosity and b between0.0005toÔ 0.2. This b rangeseemsto be sufficient for essentiallyall high r s reactionsinvolving gluons. In
addition,it mighthoweverbepossibleusingdedicatedtriggerconditions,to selecteventswith photonh ¤
aslow as10–20GeV, whichshouldenlargethe b rangeto valuesaslow as0.0001.Theabove reactions
arethusexcellentcandidatesto determineaccuratelythepartonluminosity for light quarks,anti-quarks
andgluons.

To completethedeterminationof thedifferentpartonluminositiesoneneedsalsoto constrainthe
luminositiesfor the heavier ¡ , W and Õ quarks. The charmandbeautyquarkscanbe measuredfrom a
quarkflavour taggedsubsampleof thephoton–jetfinal states.Onefindsthatthephoton–jetsubsamples
with charmor beautyflavouredjets areproduceddominantlyfrom the heavy quark–gluonscattering
( W �0Õ¨� Ï ÉÖW �0Õ¨� m ). For this additionalstudyof photon–jetfinal states,the jet flavour hasbeenidentified
asbeinga charmor beautyjet, usinginclusive high h ¤ muonsandin addition Õ -jet identificationusing
standardlifetime taggingtechniques[105]. The simulationindicatesthat cleanphoton–charmjet and
photon–beautyjet eventsampleswith high h ¤ photons( z 40GeV)andjetswith inclusivehigh h ¤ muons.
Themuonh ¤ spectrumfrom thedifferentinitial quarkflavoursis shown in Figure17.

Assumingthat inclusive muonswith a minimum h ¤ of 5–10 GeV can be clearly identified, a
PYTHIA MonteCarlosimulationshows thata few 10× W –photoneventsandabout10×,Õ –photonevents
per10fb g ¢

LHC yearshouldbeaccepted.Thesenumberscorrespondto statisticalerrorsof aboutÖ 1%
for a b c and b � rangebetween0.001and0.1. However, without a muchbetterunderstandingof charm
andbeautyfragmentationfunctionssuchmeasurementswill be limited to systematicuncertaintiesof
Ö 5–10%.

Finally, the strangequark luminosity canbe determinedfrom the scatteringof ¡ Ï É x W . The
eventswould thusconsistof x Ñ charm–jetfinal states.Using inclusive muonsto tag charmjets and
the leptonicdecaysof x ’s to electronsandmuonswe expectaboutan acceptedevent samplewith a
crosssectionof 2.1 pb leadingto about20k taggedeventsper10 fb g ¢

LHC year. Again, it seemsthat
thecorrespondingstatisticalerrorsaremuchsmallerthantheexpectedsystematicuncertaintiesfrom the



charmtaggingof Ö 5–10%.

In summary, we have identifiedandstudiedseveral final stateswhich shouldallow to constrain
thelight quarksandanti-quarksandthegluonluminositieswith statisticalerrorswell below 1%for an b
rangebetween0.0005to at Ô 0.2. However, experimentalsystematicsfor isolatedchargedleptonsand
photons,dueto the limited knowledgeof thedetectoracceptanceandselectionefficiencieswill be the
limiting factorwhichoptimisticallylimit theaccuraciesto perhapsÖ 1%for light quarksandgluons.The
studiedfinal stateswith photon–jeteventswith taggedcharmandbeautyjetsshouldallow to constrain
experimentallytheluminositiesof ¡ , W and Õ quarksandanti-quarksoverasimilar b rangeandsystematic
uncertaintiesof perhaps5–10%.

Thesepromisingexperimentalfeasibilitystudiesneednow to becombinedwith thecorresponding
theoreticalcalculationsandMonte Carlo modelling. In detail onehasto studyhow well uncertainties
from scaledependence,`,a andhigherordercorrectionschangeexpectedcrosssectionratios. Figure6
givesanexampleof today’s uncertaintiesfor x and ¾ crosssectionsat theLHC [10]. Similarestimates
for all studiedprocessesneedto bedoneduringthecomingyearsin orderto know therealpotentialof
thisapproachto precisioncrosssectionmeasurementsandtheir interpretationat theLHC.

2.8 Lepton Pair Production at the LHC and the Gluon Density in the Proton16

Theproductionof leptonpairsin hadroncollisions � ¢ � s ÉØmQÙ<¬sÚAm2ÙOÉ � Ø � proceedsthroughan inter-
mediatevirtual photonvia Í ØÍ ÉÛm Ù , andthesubsequentleptonicdecayof thevirtual photon. Interest
in this DY processis usuallyfocusedon leptonpairswith large massr which justifiestheapplication
of perturbative QCD andallows for the extractionof the anti-quarkdensityin hadrons[106]. Prompt
photonproduction� ¢ � s ÉÜm�¬ canbecalculatedin perturbative QCD if thetransversemomentumr Y
of thephotonis sufficiently large.Becausethequark-gluonComptonsubprocessis dominant,Ï×Í É­m�¬ ,
this reactionprovidesessentialinformationon thegluondensityin theprotonat large b [28]. Alterna-
tively, thegluondensitycanbeconstrainedfrom theproductionof jetswith largetransversemomentum
athadroncolliders[7].

In this reportwe exploit the fact that, alongpromptphotonproduction,leptonpair production
is dominatedby quark-gluonscatteringin the region r Y z rWª u . This realizationmeansthat new
independentconstraintson thegluondensitymaybederived from DY datain kinematicalregimesthat
areaccessibleattheLHC but withoutthetheoreticalandexperimentaluncertaintiespresentin theprompt
photoncase.

At LO, twopartonicsubprocessescontributeto theproductionof virtual andrealphotonswith non-
zerotransversemomentum:Í ØÍ ÉÝm æ Ù ê Ï and Í�Ï ÉÞm æ Ù ê Í . Thecrosssectionfor leptonpair production
is relatedto the crosssectionfor virtual photonproductionthroughthe leptonicbranchingratio of the
virtual photon `,ª�� ø ì?rts�� . Thevirtual photoncrosssectionreducesto the real photoncrosssectionin
thelimit rts É f .

TheNLO correctionsarisefrom virtual one-loopdiagramsinterferingwith theLO diagramsand
from real emissiondiagrams.At this order u�É ø partonicprocesseswith incidentgluon pairs � ÏhÏ � ,
quarkpairs � Í�Í � , andnon-factorizablequark-anti-quark� Í ØÍ s � processescontribute also. An important
differencebetweenvirtual and real photonproductionariseswhen a quark emits a collinear photon.
Whereasthecollinearemissionof a realphotonleadsto a d ªàß singularitythathasto befactoredinto a
fragmentationfunction,thecollinearemissionof avirtual photonyieldsafinite logarithmiccontribution
sinceit is regulatednaturallyby thephotonvirtuality r . In the limit rts É f theNLO virtual photon
crosssectionreducesto therealphotoncrosssectionif this logarithmis replacedby a d ªàß pole.A more
detaileddiscussioncanbefoundin Ref. [107,108].

Thesituationis completelyanalogousto hardphoto-productionwherethephotonparticipatesin
the scatteringin the initial stateinsteadof the final state. For real photons,oneencountersan initial-

16Contributing authors:E. L. BergerandM. Klasen.
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Fig. 19: Contributions from the partonicsubprocesses
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 to the invariantcrosssectionò 
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 Í � asa func-

tion of | ó for Í�Í É � ô õ at ö ÷ = 14 TeV. The 
 � channel

dominatesin theregion | ó } |?´`� .
statesingularitythat is factoredinto a photonstructurefunction. For virtual photons,this singularityis
replacedby a logarithmicdependenceon thephotonvirtuality r [109].

A remark is in order concerningthe interval in r Y in which our analysisis appropriate. In
general,in two-scalesituations,a seriesof logarithmiccontributionswill arisewith termsof the type
` J a ô õ J � rWª�r Y � . Thus,if either r Y zSz r or r Y «S« r , resummationsof this seriesmustbeconsid-
ered. For practicalreasons,suchasevent rate,we do not ventureinto thedomain r Y zWz r , andour
fixed-ordercalculationshouldbe adequate.On the otherhand,the crosssectionis large in the region
r Y «S« r . In previous papers[107,108], we comparedour crosssectionswith availablefixed-target
andcollider dataon massive lepton-pairproduction,andwe wereableto establishthatfixed-orderper-
turbativecalculations,withoutresummation,shouldbereliablefor r Y z räª u . At smallervaluesof r Y ,
non-perturbative andmatchingcomplicationsintroducesomelevel of phenomenologicalambiguity. For
thegoalwe have in mind,viz., constraintson thegluondensity, it wouldappearbestto restrictattention
to theregion r Yýü rWª u , but below r Y zSz r .

We analyzethe invariantcrosssectionþ ¤ ¼ ©Âª ¤ h ¼ averagedover therapidity interval -1.0 « � «
1.0. We integratethe crosssectionover variousintervals of pair-mass r andplot it asa function of
thetransversemomentumr Y . Our predictionsarebasedon a NLO calculation[110] andareevaluated
in the ÿ�� renormalizationscheme.The renormalizationandfactorizationscalesaresetto ' c ' � c
'�� c r s à r s Y . If not statedotherwise,we usethe CTEQ4M partondistributions [111] and the
correspondingvalueof D in thetwo-loopexpressionof `Na with four flavours(five if ' z � � ). TheDY
factor `,ª�� ø ì?rtsj� for thedecayof thevirtual photoninto aleptonpair is includedin all numericalresults.

In Fig. 18wedisplaytheNLO crosssectionfor leptonpairproductionat theLHC asa functionof
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 Í � asa functionof | ó for ÍqÍ É � ô õ at ö ÷UMº�ø# TeV in theregionbetweenthe ��´��
and � resonances.Thelargestdifferencesfrom CTEQ5Mareobtainedwith GRV98 (minus18%).

r Y for four regionsof r chosento avoid resonances,i.e. from thresholdto u�npq GeV, betweenthe �Dª��
andthe � resonances,above the � ’s,andahigh massregion. Thecrosssectionfalls bothwith themass
of theleptonpair r and,moresteeply, with its transversemomentumr Y . Theinitial LHC luminosityis
expectedto be10¼ ¼ cmg s sg ¢

, or 10fb g ¢
/year, andto reachthedesignluminosityof 10¼ i cmg s sg ¢

after
threeor four years.Thereforeit shouldbepossibleto analyzedatafor leptonpair productionto at least
r Y ( d�f�f GeV whereonecanprobethepartondensitiesin theprotonup to b Y c u r Y ª�� ¡ ( f�npf�d { .
The UA1 collaborationmeasuredthe transversemomentumdistribution of leptonpairsat � ¡�c � ø�f
GeVto b Y cvf�npd�ø [112], andtheirdataagreewell with ourexpectations[107,108].

Thefractionalcontributionsfrom the Í�Ï and Í ØÍ subprocessesthroughNLO areshown in Fig.19. It
is evidentthatthe Í�Ï subprocessis themostimportantsubprocessaslongas r Y z räª u . Thedominance
of the Í5Ï subprocessincreasessomewhat with r , rising from over 80 % for the lowestvaluesof r to
about90 % at its maximumfor r ( 30 GeV. Subprocessesotherthanthoseinitiatedby the Í ØÍ and Í�Ï
initial channelsareof negligible import.

The full uncertaintyin the gluon densityis not known. We estimatethe sensitivity of LHC ex-
perimentsto thegluondensityin theprotonfrom thevariationof differentrecentparametrizations.We
choosethe latestglobal fit by theCTEQcollaboration(5M) asour point of reference[7] andcompare
resultsto thosebasedon their precedinganalysis(4M) [111] andon a fit with a highergluon density
(5HJ)intendedto describetheCDF andD0 jet dataat largetransversemomentum.We alsocompareto
resultsbasedon global fits by MRST [28], who provide threedifferentsetswith a central,higher, and
lowergluondensity, andto GRV98 [113]1.

1In this set a purely perturbative generationof heavy flavours (charmand bottom) is assumed.Sincewe are working
in a masslessapproach,we resortto the GRV92 parametrizationfor the charmcontribution [114] and assumethe bottom
contribution to benegligible.



In Fig. 20we plot thecrosssectionfor leptonpairswith massbetweenthe �Dª�� and � resonances
at the LHC in the region betweenr Y cÀq�f and 100 GeV (b Y c¦f�npf�f�oþn
n
n f�npf�d { ). For the CTEQ
parametrizationswe find that the crosssectionincreasesfrom 4M to 5M by 5 % anddoesnot change
from 5M to 5HJ in the whole r Y -range. The largestdifferencesfrom CTEQ5M are obtainedwith
GRV98 (minus18%).

The theoreticaluncertaintyin thecrosssectioncanbe estimatedby varying the renormalization

andfactorizationscale' � c '�� aboutthe centralvalue r s à r s Y . In the region betweenthe �Dª��
and � resonances,the crosssectiondropsfrom Ö ø�ú ¯ (LO) to Ö d � ¯ (NLO) when ' is variedover

the interval interval f�npq « '?ª r s à r s Y « u . The  -factorratio (NLO/LO) is approximately1.3 at

'?ª r s à r s Y cvd .

We concludethat the hadroproductionof low masslepton pairs is an advantageoussourceof
information on the parametrizationand sizeof the gluon density. With the designluminosity of the
LHC, regionsof b Y ( f�npf�d { shouldbeaccessible.Thetheoreticaluncertaintyhasbeenestimatedfrom
thescaledependenceof thecrosssectionsandfoundto besmallatNLO.

3. MONTE CARLO EVENT GENERATORS2

Theeventgenerationpackageis thefirst link of theeventsimulation/reconstruction softwaresuitewhich
is centralto any experimentaldataanalysis.Physicsresultsareobtainedby a directcomparisonof sim-
ulatedandobserveddata.Therefore,precisionanalysesrely onanaccurateanddetailedimplementation
of theunderlyingphysicsmodelin thegenerationof signalaswell asbackgroundprocesses.

An eventgeneratoris built from variouspieceswhoseobjectandnaturearequitedifferent.Some
areperturbative: the hard-scatteringmatrix element(ME) which canbe calculatedexactly, the parton
shower(PS)whichapproximates,throughtheevolutionequations,theinitial partonconditionsandfinal-
statejet structure,and someare non-perturbative and probabilistic like the partondistribution in the
compositeinitial particlesandthefragmentationof thefinal partons.Themaindifficulty in writing event
generatorprogramslieson theconsistentmatchingof thosedifferentcomponents.

Several multi-processpartonshower event generators(PSEG)have beendevelopedto cover the
physicsprogrammeat f ñ f g , h®h or h Øh colliders: PYTHIA [115], HERWIG [116–118], ISAJET [119,
120]. TheseMonteCarloprogramsprovideanaccuratedescriptionof jet physicsatexistinghigh-energy
colliders,which allow the simulationof a large variety of final-stateprocesseswithin andbeyond the
SM. Theseprogramshavebeenessentialto demonstratetheimpressive LHC potentialonmany different
anddetailedphysicsquestions,to developnew analysisstrategiesandalsoto optimizetheperformance
of theLHC experiments.

Nevertheless,the increasingpotentialof very accuratemeasurementsat the LHC andthe sensi-
tivity to exotic physicsprocessesusingspecificandrarekinematicsdemandfor the implementationof
higher-orderprocessesandthusa rethinkingof theorganisationandprobablyanextensive rewriting of
many specificMonteCarlogenerators.

In the first section,we list the major pointsof concernor pendingissuesin the developmentof
event generatorsfor the LHC physics. The next sectiondiscussesthe presenttreatmentsof minimum
biasandunderlyingevents. The following two contributionsaddressthe implementationof transverse
momentumeffectsin bosonproduction.Thelastthreesectionspresentashortdescriptionof someof the
currentlyavailableME generators.

2Sectioncoordinator:D. Perret-Gallix.



3.1 QCD event generators:major issues3

3.11 Multi-particle final states

Matrix element

PSEGareessentiallylimited to the simulationof u®É u processes4 basedon analyticmatrix element
expressions.However, theLHC centerof massenergy is large enoughto openmany high multiplicity
channels. In addition,new particle searchesin the Higgs and Susysectorsrequirethe simulationofu)É { , u)É �

or even u�É d�f jet processes5 for which a preciseknowledgeof the SM background
processesis mandatory.

QCD multi-jetseventsh®h É B ¢ jetsand h®h É ¾wª�x à B s jetshave beencomputedat LO, forB ¢ ? �
by usingthe SPHEL approximation[121] (i.e. assumingall helicity amplitudesgive similar

contributions),andfor B ¢ ? �
(NJETS) [122] and B s ? { (VECBOS) [123] by usingexact recurrence

relations[124].

In thePSEG,partonicfinal statesaremimicked throughthePSmechanismbasedon the leading
logarithmic(LL) approximation.It properlydescribespartonradiationsonly in the soft andcollinear
region leadingto a crudeestimateof the multi-partondynamicsof theevent. The remedyfor a better
multi-partonevent generatoris two-fold: (i) to improve the simulationof the PS by introducingME
corrections(seeSects.3.3 and 3.4), (ii ) to implementthe completemulti-partonhard scatteringME
process.

Theevaluationof ME for multi-particleQCD processeshasbeenreviewed in [125]. A powerful
techniqueis the useof helicity amplitudesin the masslesslimit [126–128]. Recentdevelopmentsin
this directionweredonein [129] wherethe Weyl-van-der-Waardenspinorcalculuswasgeneralizedto
themassive fermions.At this level of complexity wheresomany sub-processesmustbecalculated,the
analytichand-madeapproachbecomesliterally intractableunlessstringentapproximationsareimposed,
asthenarrow width approximation,masslessfermions,averaging/summingoverinitial/final helicity state
or selectingonly asubsetof gaugeinvariantdiagrams.

A moresystematicapproachis needed:(i) to provideall requiredchannels,(ii ) to allow for adetail
studyof finite width effectsandhelicity andcolorcorrelations,(iii ) to generatecompleteME expressions
in orderto matchtheexperimentalprecision.For example,theLHC statisticswill allow to measurethe
top quarkmasswith negligible uncertainty. This implies thatboth top quarkand x finite widthsmust
betakeninto accountin theevaluationof theinterferencebetweensignalandbackgrounddiagrams.

TheautomaticFeynmandiagramgeneratorpackages,largely usedfor the f ñ f g physicsanalysis,
generatecompleteandapproximation-freetree-level ME codes,in principle,for any final statemultiplic-
ity andwith a higherreliability level thanhandwritten procedures6. They aregraduallyupgradedto h®h
physics.GRACE [130–132], MADGRAPH [133], ALPHA [134] andPHACT [135,136] arebasedon tree
level helicity amplitudealgorithmsin arbitrarymassive gaugetheories.Theevaluationis purelynumer-
ical andthecodesizescaleslinearly with the numberof externalparticles. In ALPHA (seeSect.3.7),
an iterative algorithm,basedon Greenfunctionalmethods,evaluatesthe amplitudesfor any given La-
grangianandleadsto morecompactexpressionsallowing, for example,the generationof Ï Ï ª Í ØÍ É B
with B ? ú [137]. The COMPHEP [132,138] packageis basedon the squaredamplitudetechnique.
Here,thesizeof theME codegrows exponentiallywith thenumberof externalparticles,but it produces
morepowerful symbolicexpressions.Thismethodhasshown goodefficiency for theevaluationuSÉ¦ø�§ {
processes,comparableto thehelicity amplitudealgorithms.

However, thecompletenessof theautomaticallyproducedmatrixelementsandthepooroptimiza-
tion of the code(when comparedto handcoding) often translateinto computationallyintensive and

3Contributing authors:V.A. Ilyin, D. Perret-GallixandA.E. Pukhov.
4! É#" representsprocesseswhere! initial particlesdecaysor scatterto produce" particlesin thefinal state.
5In R-paritynon-conservingmodels.
6Thepackagesautomaticallygeneratechecksfor gaugeinvarianceandgaugeindependence.



memoryhungryexpressions,sometimesreachingthe limit of computabilityon conventionalworksta-
tions.

Thedevelopmenteffort is focusedon two directions:(i) to improve thecodeefficiency by thein-
troductionof new computationalalgorithm,by abetteroptimizationandby the“automated”introduction
of approximations,(ii ) to developcodetakingadvantageof massively parallelsystems[139,140].

Multi-dimensionalintegration

The crosssectioncomputationand the event generationstagearebasedon the multi-dimensionalin-
tegration procedure. It needsto be focusedto the phasespaceregion wherethe amplitudeis large.
Theamplitudebehavior on thoseregionscanbesharpandmulti-variatedueto complex singularitypat-
terns. Integration packagesincluding VEGAS [141,142], BASES/SPRING [143,144], MILXY [145],
FOAM [146] useself-adaptingtechniquesbasedon importanceand/orstratifiedsampling. However, a
fasterintegrationconvergenceis obtainedby providing the integrationalgorithmwith informationon
the locationandbehavior of the singularities.This is usuallydoneby the so-called“kinematics” rou-
tine performingthemappingof the integrationvariablesto thephysicsparameters.Not yet fully auto-
mated[147], it is aimingby appropriatevariabletransformsat smoothingthesingularitiesandreducing
theirdimensionality.

For many importantprocesses,it is impossibleto matchall singularitieswithin a singleset of
variabletransforms(e.g. h.h É%$ Ø$ ¤ Ø¤ with x , ¾ decaysand � -channelsingularities). In thosecases,
onerelieson a multichannelalgorithm[148,149] whereeachpeakingstructurehasits own appropriate
mapping.

Interfaceto thePSEGpackage

Theimplementationof automatically-produced hard-processME in PSEGis adelicatebut essentialtask
to benefitfrom the implementationof the complex QCD machineryreproducingthe initial and final
states.

Theultimategoalis to embedthefull ME with its appropriatekinematicsmappinginto thekernel
of thePSEGthroughsomeautomatedprocedure.Althoughsomeprogresshasbeenachievedtowardthis
end,asimplerapproachis togeneratepartonlevel eventsampleusingaprogramdedicatedtoagivenME,
thenlet themfragmentthroughthePSandhadronizationschemeof theselectedPSEG.For example,in
PYTHIA theroutinesPYUPINandPYUPEVareavailablefor theimplementationof externallyproduced
event processes.Similar facilities exist or canbe implementedin otherPSEG.This techniquealready
usedby the LHC experiments(seesection3.5) may raiseconsistentparameterandpartondistribution
bookkeepingissues.

3.12 Heavy-quarkproductionandpartonshower

Keepingthefermionmassesat their on-shellvalue,althoughmakingtheexpressionsmorecomplex, is
alwaysa goodpracticeto getrid of thepropagatorpoledivergence.At LHC, from a phenomenological
point of view, light $ ,

¤
and ¡ quarkmassescanbe neglected,but heavy W , Õ and � quarkshouldbe

implementednot only to reproducethresholdeffects,but alsofor a correcttreatmentof spincorrelation
andNLO corrections.Besidethebasic� -quarkphysicsstudies,theheavy-quarkeventgenerationplays
an importantrole asthedominantbackgroundto theHiggs search( x½ª
¾ Õ Ø Õ , � Ø� à u�& f7�¨¡ and � Ø�A� Ø� , Õ Ø Õ�Õ Ø Õ ,Õ Ø Õ � Ø� ). Thosecomputationsrequiretheuseof multi-particlemassive ME asdevelopedin theautomatic
approach.

Thesimulationof thePSdevelopedby a massive quarkis similar to themasslesscaseabove an
angularcut-off of ' c � Ê ªàþ Ê , while below no radiationis emitted. This is true only in the soft and
collinearregion, if thephysicsobservableis sensitive to high-h Y effects(e.g. top massreconstruction)
full massive radiative heavy-quarkdecayME (i.e. � É Õ�x Ï ) mustbeembeddedin thePScode[150,



151].

3.13 Color andhelicity implementation

Color and spin effects are importantat LHC. Color correlationsbesidedriving the fragmentationof
partonsleadto color reconnectioneffectsactingon the local eventmultiplicity. Spineffectsin the top
physics,for example,provide ausefulhandleon thenatureof thecouplings[152].

Theprocedureto assignhelicity andcolor to the initial/final partonsrequiressimilar implemen-
tationsin an event generator. For umÉ u processes,the numberof possiblecolor flows is small and
canbehandledeasilythroughanoverall factorfor thesinglediagramcaseandthrougha slightly more
elaboratedtreatmentwhendealingwith the interferenceof 2 diagramswith differentcolor flows [153].
For higher multiplicity [154], in the super-symmetricQCD [155] and in the ( -parity violated pro-
cesses[156], theselectionof thecolor final stateis moreinvolved. In thehelicity amplitudeapproach,
eachdiagrammustbedecomposedover a color flow referencebase.Thecrosssectionsfor all possible
color/helicitycombinations( ù J*) ã ø J*+ ã u J*) ñ J,+ ) arethenevaluated.Adding morefinal-stateparticles
drasticallyincreasesthenumberof crosssectioncomputations.

3.14 NLO andNNLOcorrections

In QCD, talking aboutcorrectionsconcerningtheNLO andNNLO contributionsis anunderstatement.
Higher-ordercomputationsareveryimportantnotonlydueto theratherlargecouplingconstant̀ o induc-
ing substantialcorrections,but mainly becausethey reducethe renormalizationandfactorizationscale
dependence.Furthermore,analysisor experimental-cutdependencies(like thecone-sizedependencein
jet analysis)arebetterreproducedwhenhigher-ordercorrectionsareincluded.Roughlyspeakingif one
cansaythatNLO is thefirst ordergiving a sensibleperturbative result,NNLO canbeseenastheerror
estimateon this result.

In principle, computingNLO matrix elementsis straightforward using loop integral reduction
techniques,but the numberof involved diagramsand their complexity have lead to the development
of automaticcodingprogramslike FeynArt/FeynCalc Formcalc/Looptools[157–159] or GRACE (see
Sect.3.6). The latter is gearedto provide 1-loop B -bodyfinal-stateME while, in practice,a maximum
of B c { andfurtherapproximationsareimposedby computationallimitations.

But themainproblemlies in thecancellationof soft andcollinearinfinitiespresentatNLO preci-
sion.Fully inclusivecomputationsgeneratetheso-called -factorasaglobalscalingfactor, but detailed
analysesneedphase-spacedependentcorrections.Two techniques(seethegeneraldiscussionin Sect.4.)
have beendevelopedto handlethecancellations:thephase-spaceslicing method[160] andthesubtrac-
tion method[161,162]. In the former, thecancellationis performedby approximateintegrationwithin
regionsdelimitedby someunphysicalcut-off (theapproximationbecomesbetterasthecut-off becomes
smaller),in the latter the divergent termsarereplacedby a suitableanalytically-integrable expression
plus its finite differencewith the original expression.For thesetwo approaches,Monte-Carlointegra-
tion techniquesareused,allowing for a preciseimplementationof the experimentalcuts. TheseNLO
programs(seeSect.4.) canbe seenas“pseudo-event generators”.Phasespacepoints(pseudo-events)
afterbeingtestedagainstthecutshave their correspondingweightsaccumulatedto form theobservable.
Singleor multi differentialdistributionscanbebuilt in onego. But two issuesprevent theuseof these
packagesastrueeventgenerators:(i) thehandlingof negative weightedeventsand(ii) the interfaceto
the PSandfragmentationstage.No definiteschemecurrentlyexists to properlyimplementLO+NLO
processesin astochasticeventgenerator.

The negative weightedeventsarisefrom the virtual correctionscancellingthesoft andcollinear
divergences.Several attemptsareon trial. Oneapproachis to treatthoseeventsasthe usualpositive
weightedeventsandto observe thecancellationonly afterthereconstructionstagewheretheexperimen-
tal resolutionwill have introduceda naturalcut-off. This impliesthegeneration,thesimulationandthe



reconstructionof many eventswhich finally cancel,not contributing to the statisticalsignificanceand
thereforeleadsto unstableresults.More advancedattemptshave beenbasedon a re-weightingof event
generatedby showering from theLO matrix elements [150,151,163–166]. Recently, a modifiedsub-
tractionmethodis exercisedto built NLO eventgenerators[167,168] by point-by-pointcancellationof
thesingularities.This approachlooksquiteencouragingalthoughfinal implementationshave not been
realizedyet.

Thesecondproblemis thematchingof a NLO ME to thePS.A consistentapproachwould beto
interfacea NLO ME to next-to-leadinglogarithmic(NLL) orderpartonshower, but no suchalgorithm
exist yet (seeSect.3.15)andthereforeonehasto find theleastdamagingapproachto connectNLO ME
andLL PSandfinal hadronization.Basically the orderedevolution PSvariableshouldbe matchedto
theME regularizationparameter. Remainingdoublecountingeffectswill be removed by the rejection
algorithmfor eacheventtopology[167].

3.15 Partonshower

In hadroniccollision, thepartonshoweringoccursboth in the initial andin thefinal state.In the latter,
thehigh-virtuality partonsareevolvedusingtheDGLAP equationsdown to quasi-realobjectsreadyto
undergo final hadronization.The initial partonsselectedfrom the partondistribution functionswith a
relative momentumfraction b andvirtuality r s follow a backward evolution [169–171] to bring back
thevirtuality down to valuescompatiblewith theconfinementof partonsin afasthadron(cloudof quasi-
realparticles).In this process,gluonsandquarksareemitted(absorbedin thebackward-evolution time
frame) by quark radiationor gluon splitting. This radiationcontributes to the final-statemultiplicity
(beamremnants).In addition,thepartonacquiresa transversemomentumandthefull kinematicof the
initial centre-of-massof thehardscatteringwill beuniquelydefined(seeSects.3.3and3.4).

The partonshower model implementedin the PSEGis essentiallya LL approximation,even if
someNLL correctionshavebeenaddedthroughexactenergy-momentumconservation,angularordering
and‘optimal scheme’definition for `,a [172]. Thedominantlogarithmicsingularitiesareresummedin
theSudakov form factors.

As seenin theprevious section,theneedfor a NLL partonshower is high. Theproblemis that
resumminghigher-ordercorrectionbreaksonemajor “raisond’être” of thePS:theuniversality. At LL
level, thehardscatteringandthepartonshowering are2 independentprocesses(factorizationbetween
theshortanthelong range)andthesuccessof thePSEGis basedon this feature.Incorporatinghigher-
ordercorrectionsmaybreakuniversalityandeachtypeof hardscatteringprocessmayrequirea specific
NLL PSevaluation(seealsothelastparagraphin Sect.3.6).

3.16 Multi-partonscattering

PSEGfor rareeventsusuallyincludesingle-scatteringprocessesonly. At theLHC, oneexpect,dueto the
unitarybound,multi-partoninteractionsto give importantcontributionsto severalprocesses[173,174].
As anexamplethecrosssectionfor theproductionof four jetswith double-partoncollisionsdominates
the single-scatteringprocesswhenthe minimum of the producedjets transversemomentais h ¤ P.-0/ «
u�f GeV (seeSect.8.). Theseprocesses,observed by CDF [175,176], arelargely discussedin Sect.8.,
in the Bottom ProductionChapterof this Reportand in the ATLAS TDR [1]. Informationrelatedto
the PSEGimplementationof multi-partonscatteringcanbe found in the PYTHIA [115] andHERWIG

V6.1 [118] manuals.

Under the simplifying assumptionsof no correlationbetweenthe longitudinal-momentum frac-
tionsof theinitial partons,andof theprocess-independenceof partoncorrelationsin transverse-momentum
space,double-partoninteractionsareeasylyimplementableinto PSEGcodes,in termsof a singleuni-
versalparameter© § â�â (seeSect.8.). However, noneof thosehypothesescanbetaken for granted.It is
thereforeimportantto implementthoseeffectsin PSEGprogramsby usingdifferentdynamicalmodels.



In additionto theircontributionsto thebackgroundto new particlesearches,themulti-partoninteractions
at theLHC canprovide insightson thedynamicalstructureof thehadrons[177–179].

3.17 Standardizationandlanguage issues

Theavailability of several independenteventgenerationpackagesalthoughaimingat similar scopesis
a big advantagefor theexperimentalcommunity. It makespossiblecomparative checksandleadsto a
deeperunderstandingof thevariousapproximationsusedandimplementationdependentissues.

However, onemuststronglystressthat thedefinitionof a commoninterfaceschemebetweenthe
eventgeneratorsandthesimulation/analysisexperimentalpackageswould beextremelyvaluable.Such
a standardizationwould cover the following issues: (i) parameternamingconvention, (ii ) parameter
databasemanagement,(iii ) eventoutputformat,(iv) eventsampledatabase.

Although the standardizationschemecanalreadybe exercisedon the existing FortranPSEG,it
takes its full meaningwith the currenttransitionto the objectoriented(OO) methodology. The main-
tenanceissue7 of thoselargeandcomplex packagesover thelong expectedlifetime of theLHC experi-
mentsis themainreasonfor usingtheOO technology, but thebuilt-in objectmodularityopensthedoor
to a finer grainedstandardizationat leastto the level of the interfacesof themain procedures(random
numbergenerator, diagramgeneration,diagramdisplay, matrix elementcode,integrator, partonshower,
fragmentation,structurefunctions).This would allow thebuilding of eventgeneratorsusingprocedures
from variousorigins. Most of thePSEGpackagedevelopershave endorsedC++ asthelanguagefor the
futuredevelopments.Designandimplementationstudiesarealreadyin progress[180–182].

On theselast issues,thesettingup of a dedicatedworking groupwith all concernedauthorsand
userswouldbequitetimely.

3.2 Minimum bias and underlying events8

A crucialareaof physicsfor theLHC is thestructureof finalsstatesin softminimum-biascollisionsand
thesoftunderlyingeventin hardprocesses.At presentvery little is understoodaboutthesemattersonthe
basisof QCD startingfrom first principles.Thethreeprincipaleventgeneratorsin usefor LHC physics,
ISAJET, HERWIG andPYTHIA, usequite differentmodelsfor this type of physics,althougheachuses
basicallythesamemodelto generatebothminimum-biasandunderlyingevents.

Simulationof minimum-biaseventsstartswith a parametrizationof thetotal crosssection.HER-
WIG andPYTHIA bothusetheDonnachie-Landshoff fit [183]

© ¤¥¢A¤ ceu�d�npo�f�¡ öz� ö21 ö21 à q � npf�ù�¡ g öz� i × s0×
(where © is in mb and � ¡ in GeV),whereasISAJET usesa ô 3�4 s ¡ form:

© ¤¥¢A¤ ceu�q�n � q d à f�npf�d�f�u ô 3�4 s � ¡ ª d�npo � � n
Notice(seeFig. 21) that,althoughsmallerasymptotically, theISAJET valueis largeratLHC energies.

To modelsoft final states,HERWIG usestheUA5 minimum-biasMonteCarlo [184], adaptedto
its own clusterfragmentationmodel. Seethe HERWIG manuals[118] for furtherdetails.Themodelis
basedon a negative binomialparametrizationof theoverall chargedmultiplicity. This hastheproperty
of generatinglargemultiplicity fluctuationswith long rangein rapidity, in additionto short-rangecorre-
lationsdueto clusterdecay. For true minimum-biassimulation,thesoft eventsgeneratedby HERWIG

shouldbemixedwith anappropriatefractionof QCDhard-scatteringevents.For theunderlyingeventin
7Maintenanceheremeansmuchmorethana merebug correctingprocess,it refersto theability to implementnew physics

models,processesor featureson request.
8Contributing author:B.R. Webber.



Fig. 21: The Í�Í total crosssectionaccordingto theparametrizationsusedin HERWIG, PYTHIA andISAJET.

hardcollisions,thesamemodelis usedto simulateasoft collisionbetweenbeamclusterscontainingthe
spectatorpartons.

Theminimum-bias/underlyingeventmodelusedin ISAJET is basedon a mechanismof multiple
Pomeronexchange[185], with a fluctuatingnumberof ‘cut Pomerons’actingassourcesof final-state
hadrons.Eachcut Pomeronfragmentsdirectly into hadronsaccordingto the ISAJET independentfrag-
mentationmodel, with the fragmentationaxis along the beamdirection. The model againproduces
large long-rangemultiplicity fluctuations,but short-rangecorrelationsareweakdueto the absenceof
clustering.

In PYTHIA a multiple interactionmodelis usedto generatehard,soft andunderlyingeventsin a
unifiedmanner. Multiple interactionsarediscussedin moredetailbelow. ThenumberB anddistribution
åS�=B?� of interactionsper event is controlledby the minimum transversemomentumallowed in each
interactionand,optionally, by a model for the impactparameterprofile. Long-rangefluctuationsmay
be somewhat weaker in this model, with short-rangecorrelationssomewherebetweenthe two other
generators.In minimum-biaseventsthechoiceB cvf canoccur, in whichcaseatwo-stringfragmentation
modellinking aquarkin eachbeamprotonto adiquarkin theotheris used.

A studyof energy-flow correlationsbetweenwell-separatedphase-spaceregionswouldbehelpful
in understandingtheunderlyingeventandin separatingits contribution from thatof thehardsubprocess
[186]. Suchastudyis currentlybeingundertakenby theCDF Collaboration.

3.3 Matrix-element correctionsto vector bosonproduction and transverse-momentumdistribu-
tions9

Vector bosonproductionwill be a fundamentalprocessto test QCD and the SM of the electroweak
interactions.MonteCarloeventgenerators[115–117]simulatetheinitial-stateradiationin vectorboson
productionprocessesin the soft/collinearapproximation,but can have ‘dead zones’ in phasespace,
whereno partonemissionis allowed. The radiationin the deadzoneis physicallysuppressed,since
it is not soft or collinearlogarithmicallyenhanced,but not completeabsentasneverthelesshappensin
standardPSalgorithms.Matrix-elementcorrectionsto theHERWIG simulationof Drell–Yanprocesses
havebeenimplementedin [164] following themethoddescribedin [163]: thedeadzoneis populatedby
theusingof theexactfirst-orderamplitudeandthecascadein thealready-populatedphase-spaceregion
is correctedusingthe exact matrix elementevery time an emissionis capableof beingthe hardestso
far. A somewhatdifferentprocedureis followedto implementmatrix-elementcorrectionsto thePYTHIA

9Contributing authors:G. CorcellaandM.H. Seymour.



Fig. 22: ³ transversemomentumdistribution at theLHC,

accordingto HERWIG before(dottedline) andaftermatrix-

elementcorrections(solid).

Fig. 23: Comparisonof theDØ datawith HERWIG 6.1 for
 ó�5 6�7[MO� (solid)and1 GeV (dashed).

Fig. 24: Comparisonof theCDF dataon µ productionwith

HERWIG 5.9 (dottedline) andHERWIG 6.1 for 
 ó�5 687?M)�
(solid),1 GeV (dashed)and2 GeV (dash-dotted).

Fig. 25: Ratioof the ³ andthe µ 
 ó distributions,accord-

ing to HERWIG 6.1 for 
 ó�5 687�M®� (solid), 1 GeV (dashed)

and2 GeV (dotted).

event generator[165,166]: the PSprobability distribution is appliedover the whole phasespace,the
previousalgorithmhaving acut Í Y « � Û on thevectorbosony transversemomentumto avoid double
counting,and the exact 9O� ` F � matrix elementis usedonly to generatethe closestbranchingto the
hardvertex. Referringhereinafterto the HERWIG eventgenerator, in Fig. 22 thedistribution of the x
transversemomentumÍ Y is plottedat theLHC by runningHERWIG 5.9, the latestpublic version,and
HERWIG 6.1[118], thenew versionincludingmatrix-elementcorrectionsto vectorbosonproduction,for
anintrinsic transversemomentumÍ Y 465;: cÄf , its default value.A big differencecanbeseenat large Í Y ,
wherethe6.1versionhasmany moreeventswhicharegeneratedvia theexact 9O� ` F � amplitude.In the
PSsoft/collinearapproximation,on thecontrary, Í Y is constrainedto be Í Y « �=< . A suppressioncan
beseenat small Í Y , dueto thefactthat,eventhoughwe areproviding theMonteCarloshower with the
tree-level 9O� ` F � matrix-elementcorrections,virtual contributionsaremissingand,by default, we still
get thetotal leading-ordercrosssection.No next-to-leadingorderpartonshower algorithmis presently
available.

In Fig. 23somerecentDØ data[187] on the x Í Y spectrumat theTevatronis comparedwith the
HERWIG 6.1results,whicharecorrectedfor detectorsmearingeffects.A goodagreementis foundafter
hardandsoftmatrix-elementcorrections;theoptionsÍ Y cvf and1 GeVareinvestigated,but norelevant
effect is visibleafterdetectorcorrections,whichhave beenshown in [164] to beprettystrong.

In Fig.24,wecompareHERWIG with someCDFdata[188] on ¾ production,alreadycorrectedfor
detectoreffects,which arehowever muchsmallerthanthe x case.We considertheoptions Í Y 465;: c f ,



Fig. 26: The ³ 
 ó distribution in the low 
 ó rangeat the

Tevatron,accordingto HERWIG 6.1, for 
 ó�5 6�7HM � (solid

histogram)and1 GeV (dashedhistogram),comparedwith

theresummedresultsof [190] in 
 ó - (solidline) and� -space

(dottedline) andof [191] in the 
 ó -space.

Fig. 27: As in Fig. 26,but over thewhole 
 ó spectrum.

1 and2 GeV. The overall agreementis good,with a crucial role of matrix-elementcorrectionsto fit
in with the dataat large Í Y . At low Í Y , the bestfit is the onecorrespondingto Í Y 465;: c�u GeV. Even
though,ascanbeseenfrom Fig. 24, the ¾ distribution is stronglydependenton theintrinsic transverse
momentumat low Í Y , in [189] and in Fig. 25 it is shown that the ratio of the x and ¾ differential
crosssections,bothnormalizedto one,is roughlyindependentof Í Y 465;: , which meansthattheeffectof a
non-zeroÍ Y 465;: is approximatelythesamefor both x and ¾ spectra.This ratio is oneof themaininputs
for theexperimentalanalysesandthefactthatit is notstronglydependenton unknown non-perturbative
effectsis goodnews for studieson the x massmeasurement.

It is alsoworthwhilecomparingtheHERWIG 6.1 Í Y distributionswith someavailablecalculations
which resumthe logarithms

� c ô 3�4 �"� Û ª Í Y � , � Û beingthevectorbosonmass,in a Sudakov-like ex-
ponentialform factor(seeSect.5. for a review of theoreticalaspectsof Sudakov resummation).Such
logarithmsarelarge in the low Í Y range. In [164] the Monte Carlo resultsarecomparedwith the re-
summationapproachesof [190], whereall termsdown to thenext-to-leadinglogarithmicorder Ô ` JF � J
arekept in the Sudakov exponent,both in Í Y - andimpactparameterÕ -space,andof [191], wherethe
authorsexpandthe Sudakov exponentandkeepin the differentialcrosssectionall termsdown to the
order Ô ` JF � s J g ¼ , which arenext-to-next-to-leading logarithmsafter the expansionof the form factor.
Suchresummationsarealsomatchedto theexact first-orderresult in [164]. In Figs.26 and27 the x
Í Y distributionsareplottedaccordingto HERWIG 6.1 andthe resummedcalculationsat small Í Y and
over thewhole Í Y rangerespectively. Theoverall agreementat low Í Y is reasonableandthe HERWIG

plots lie well within therangeof theresummedapproaches.At large Í Y thematchingof theresummed
calculationsto the exact 9O� ` F � resultworks well only for the approachof [190] in the Í Y -space,as
we have a continuousdistribution at thepoint Í Y c �=< , theotherdistributionsshowing a stepdueto
uncompensatedcontributionsof order ` s F or higher.

In [164], it is alsoshown thatmatrix-elementcorrectionsto vectorbosonproductionhaveanegli-
gible effect on rapidity distributions,thelatestversionHERWIG 5.9agreeingwell with theCDF dataon
the ¾ rapidity. Theimplementedhardandlarge-anglegluonradiationhasneverthelessamarkedimpact
on jet distributionsbothat theTevatronandLHC, asmany moreeventswith high transverseenergy jets
arenow generated.While theseanalysesareperformedassumingthattheproducedvectorbosondecays
into a leptonpair, the implementationof matrix-elementcorrectionsto the HERWIG simulationof the
hadronic x decay x É Í ØÍ?> is in progress,however it is expectedto be a reasonablystraightforward
extensionof thecorrectionsalreadyappliedto theprocess¾ É Í ØÍ . Furthermore,themethodappliedto
improve the initial-stateshower for x½ª
¾ productioncouldbeextendedto many otherprocesseswhich



arerelevantfor theLHC. Amongthese,weexpectthattheimplementationof matrix-elementcorrections
to top andHiggs productionmay have a remarkablephenomenologicaleffect at the LHC. This is in
progressaswell.

3.4 A comparison of the predictions from Monte Carlo programs and transverse momentum
resummation10

For many physicalquantities,thepredictionsfrom PSMonteCarloprogramsshouldbenearlyasprecise
asthosefrom analytictheoreticalcalculations.This is expected,amongothers,for calculationswhichre-
sumlogswith thetransversemomentumof partonsinitiating thehardscattering(resummedcalculations
aredescribedin Sect.5.). In the recentliterature,mostcalculationsof this kind areeitherbasedon or
originatefrom theformalismdevelopedby J.Collins,D. Soper, andG. Sterman[192], whichwechoose
astheanalytic‘benchmark’of this Section.In this case,boththeMonteCarloandanalyticcalculations
shouldaccuratelydescribetheeffectsof theemissionof multiplesoftgluonsfrom theincomingpartons,
anall ordersproblemin QCD.Theinitial statesoft gluonemissioncanaffect thekinematicsof thefinal
statepartons.This may have an impacton the signaturesof physicsprocessesat both the trigger and
analysislevelsandthusit is importantto understandthereliability of suchpredictions.Thebestmethod
for testingthe reliability is thedirectcomparisonof thepredictionsto experimentaldata. If no experi-
mentaldatais availablefor certainpredictions,thensomeunderstandingof thereliability maybegained
from thecomparisonof thepredictionsfrom thetwo differentmethods.

Partonshowering resumsprimarily the leadinglogarithms,which areuniversal,i.e. processin-
dependent,anddependonly on thegiven initial state.In this lies oneof thestrengthsof MonteCarlos,
sincepartonshowering canbe incorporatedinto a wide variety of physicalprocesses.As discussedin
Sect.5., an analyticcalculation,in comparison,canresumall large logarithms,sinceall (in principle)
areincludedin theSudakov exponentgivenin Eq.(46).

If we try to interpretpartonshoweringin thesamelanguageasresummation,which is admittedly
risky, thenwe cansaythattheMonteCarloSudakov exponentalwayscontainstermsanalogousto í�æ ¢ ê
and î æ ¢ ê in Eq. (47). It was shown in Ref. [172] that a suitablemodificationof the Altarelli–Parisi
splittingfunction,or equivalentlythestrongcouplingconstant̀�o , alsoeffectively approximatesthe í�æ�sëê
coefficient. 11

Both Monte Carlo andanalyticcalculationsdescribetheeffectsof the emissionof multiple soft
gluonsfrom the incomingpartons,anall ordersproblemin QCD. The initial statesoft gluonemission
affectsthekinematicsof thefinal statepartons,which, in turn,mayhave animpacton thesignaturesof
physicsprocessesatboththetriggerandanalysislevels.Thusit is importantto understandthereliability
of suchpredictions.Thebestmethodfor testingthereliability is thedirectcomparisonof thepredictions
toexperimentaldata.If noexperimentaldataisavailablefor certainpredictions,thensomeunderstanding
of thereliability maybegainedfrom thecomparisonof thepredictionsfrom thetwo differentmethods.

In particular, onequantitywhich shouldbewell–describedby bothcalculationsis thetransverse
momentum(h Y ) of the final stateelectroweak bosonin a subprocesssuch as Í Í É x ¬ , ¾ ¬ or

ÏhÏ É @�¬ , wheremostof the h Y is provided by initial statepartonshowering. The partonshower-
ing suppliesthe samesort of transversekick asthe soft gluon radiationin a resummationcalculation.
This correspondencebetweenthe Sudakov form factorsin resummationandMonte Carlo approaches
mayseemtrivial, but therearemany subtletiesin the relationshipbetweenthetwo approachesrelating
to boththeargumentsof theSudakov factorsaswell astheimpactof sub–leadinglogs[164,166,188].

At a point in its evolution correspondingto (typically) the virtuality of a few GeVs , the parton
shower is cut off andtheeffectsof gluonemissionat softerscalesmustbeparameterizedandinserted

10Contributing authors:C. Balázs,J.HustonandI. Puljak.
11Reference[172] dealsonly with thehigh-� (or ö A ) region,but thesameresultsapplyto thesmall-Í ó region in transverse

momentumdistributions.



Fig. 28: The µ l Í ó distribution(at low Í ó ) from CDFfor Run1 comparedto predictionsfrom ResBosandfrom PYTHIA. The

two PYTHIA predictionsusethedefault (rms)valuefor thenon–perturbative B ó (0.44GeV) andthevaluethatgivesthebest

agreementwith theshapeof thedata(2.15GeV).

by hand.This is similar to the(somewhatarbitrary)division betweenperturbative andnon–perturbative
regionsin a resummationcalculation.Theparametrizationis typically donewith a Gaussiansmearing
similar to thatusedfor thenon–perturbative C Y in a resummationprogram.In general,thevaluefor the
non–perturbative DEC Y F neededin aMonteCarloprogramwill dependon theparticularkinematicsbeing
investigated.12

A valuefor the averagenon–perturbative C Y greaterthan1 GeV doesnot imply that thereis an
anomalousintrinsic C Y associatedwith thepartonsize;rather, this amountof DEC Y F needsto besupplied
to provide what is missingin thetruncatedpartonshower. If theshower is cut off at a highervirtuality,
moreof the‘non–perturbative’ C Y will beneeded.

3.41 Vectorbosonproductionandcomparisonwith PYTHIA andRESBOS

The(resolutioncorrected)h Y distribution for ¾ ö bosons(in thelow h Y region) for theCDF experiment
[188] is shown in Figure28[193], comparedto boththeresummedpredictionfrom ResBos[194], andto
two predictionsfrom PYTHIA (version6.125).OnePYTHIA predictionusesthedefault (rms)13 valueof
intrinsic C Y of 0.44GeV andtheseconda valueof 2.15GeV perincomingparton.Thelattervaluewas
foundto give thebestagreementfor PYTHIA with thedata.14 All of thepredictionsusetheCTEQ4M
partondistributions[111]. Goodagreementis observedbetweenResBos,PYTHIA andtheCDFdata.

3.42 Higgsbosonproductionandcomparisonwith PYTHIA

A comparisonof theHiggs h Y distribution at theLHC [193]15, for a Higgsmassof 150GeV, is shown
in Figure29, for ResBos[195] andthe two recentversionsof PYTHIA. PYTHIA hasbeenrescaledto
agreewith thenormalizationof ResBosto allow for abettershapecomparison.Notethatthepeakof the

12Notethatthisis unlikethecaseof theresummationcalculationsin Refs.[192,194,195],wherethenon–perturbativephysics
is determinedfrom fits to fixedtargetdataandthenautomaticallyevolvedto thekinematicregimeof interest.

13For a Gaussiandistribution, B
- P ió Mº���è� �HG BqóJI .

14SeeSect.3.3andFig. 24 for comparisonsof theCDF µ l Í ó datawith HERWIG.
15A morecompletecomparisonof MonteCarloandresummationtreatmentsof Z andHiggsproductionatboththeTevatron

andtheLHC canbefoundin Ref. [196].
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Fig. 29: A comparisonof predictionsfor theHiggs Í ó distribution at theLHC from ResBosandfrom two recentversionsof

PYTHIA. TheResBosandPYTHIA predictionshave beennormalizedto thesamearea.

resummeddistribution is at h Y Ô 11GeV(comparedto about3 GeVfor ¾ ö productionat theTevatron).
This is partially dueto thelargermass(150GeV comparedto 90 GeV),but is primarily becauseof the
larger color factorsassociatedwith initial stategluons( n ï c�ø ) ratherthanquarks( n � c {Fª ø ), and
alsobecauseof the larger phasespacefor initial stategluon emissionat the LHC. The newer version
of PYTHIA agreeswell with ResBosat low to moderateh Y , but falls below the resummedprediction
at high h Y . This is easilyunderstood:ResBosswitchesto the NLO Higgs + jet matrix element[197]
at high h Y while thedefault PYTHIA cangeneratetheHiggs h Y distribution only by initial stategluon
radiation,usingasmaximumvirtuality the Higgsmasssquared.High h Y Higgsproductionis another
examplewherea u É d MonteCarlocalculationwith partonshoweringcannot completelyreproduce
theexactmatrixelementcalculation,without theuseof matrixelementcorrectionsasalreadydiscussed
in section3.3. The high h Y region is betterreproducedif the maximumvirtuality rts ] �`_ is setequal
to the squaredpartoniccenterof massenergy, ¡ , ratherthan � s Y . This is equivalent to applying the
PS to all of phasespace. However, this hasthe consequenceof depletingthe low h Y region as ‘too
much’ showering causeseventsto migrateout of the peak. The appropriatescaleto usein PYTHIA

(or any Monte Carlo) dependson the h Y rangeto be probed. If matrix elementinformation is used
to constrainthebehavior, thecorrecthigh h Y crosssectioncanbe obtainedwhile still usingthe lower
scalefor showering.Theincorporationof matrixelementcorrectionsto Higgsproduction(involving the
processesÏ=Í É Í @ , Í Í É Ï @ , Ï Ï É Ï @ ) is thenext logical projectfor the Monte Carlo experts,in
orderto accuratelydescribethehigh h Y region.

Theolderversionof PYTHIA producestoo many Higgseventsat moderateh Y (in comparisonto
ResBos).Two changeshave beenimplementedin the newer version. The first changeis that a cut is
placedon thecombinationof Z and rts valuesin a branching: [$½c rts^Ù\[¡ � d Ù]Zh� « f , where [¡ refers
to thesubsystemof thehardscatteringplustheshower partonsconsideredto thatpoint. Theassociation
with [$ is relevant if the branchingis interpretedin termsof a umÉ u hardscattering.The cornerof
emissionsthat do not respectthis requirementoccurswhen the r_s value of the space-like emitting
partonis little changedandthe Z valueof thebranchingis closeto unity. This effect is mainly for the
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Fig. 30: A comparisonof predictionsfor theHiggs Í ó distribution at theLHC from ResBos,two recentversionsof PYTHIA

andHERWIG. TheResBos,PYTHIA andHERWIG predictionshave beennormalizedto thesamearea.

hardestemission(largest rts ). The net resultof this requirementis a substantialreductionin the total
amountof gluonradiation[198] 16. In thesecondchange,theparameterfor theminimumgluonenergy
emittedin space-like showersis modifiedby anextra factorroughlycorrespondingto the d ª m factorfor
theboostto thehardsubprocessframe[198]. Theeffectof thischangeis to increasetheamountof gluon
radiation.Thus,thetwo effectsarein oppositedirectionsbut with thefirst effectbeingdominant.

This differencein the h Y distribution betweenthe two versions,5.7 and6.1, of PYTHIA could
have an impacton the analysisstrategies for Higgs searchesat the LHC [199]. For example,for the
CMS simulationof the Higgs searchand the decayinto two photonsit is envisagedto optimize the
efficiency andthe massresolutionfor the high-luminosityrunningphaseusingchargedparticleswith
relatively large h ¤ , which balancetheHiggs h Y spectrum.Theseassociatedchargedparticleswill allow
to distinguishthe Higgs event vertex from otherverticesof unrelatedproton–protoninteractionswith
goodaccuracy. Theefficiency of suchananalysisstrategy dependsobviously on theknowledgeof the
Higgs h Y spectrumandis thussomewhatsensitive to theusedMonteCarloparametrisation.

3.43 Comparisonwith HERWIG

Thevariationbetweenversions5.7and6.1of PYTHIA givesanindicationof theuncertaintiesdueto the
typesof choicesthatcanbemadein MonteCarlos.Therequirementthat [$ benegative for all branchings
is achoiceratherthananabsoluterequirement.Perhapsthebetteragreementof version6.1with ResBos
is anindicationthattheadoptionof the [$ restrictionswascorrect.Of course,theremaybeotherchanges
to PYTHIA whichwouldalsoleadto betteragreementwith ResBosfor this variable.

Sincethereareavarietyof choicesthatcanbemadein MonteCarloimplementations,it is instruc-
tive to comparethepredictionsfor the h Y distribution for Higgsproductionfrom ResBosandPYTHIA

16Suchbranchingsarekinematicallyallowed,but sincematrixelementcorrectionswouldassumeinitial statepartonsto have| û M°� , anon-physical_` results(andthusnopossibilityto imposematrixelementcorrections).Thecorrectbehavior is beyond
thepredictive power of LL Monte-Carlos.



with thatfrom HERWIG (version5.6,alsousingtheCTEQ4Mpartondistribution functions).TheHER-
WIG predictionis shown in Figure30 alongwith thePYTHIA andResBospredictions,all normalizedto
theResBosprediction17. In all cases,theCTEQ4Mpartondistribution wasused.Thepredictionsfrom
HERWIG and PYTHIA 6.1 arevery similar, with the HERWIG predictionmatchingthe ResBosshape
somewhatbetterat low h Y . An understandingof thesignaturefor Higgsbosonproductionat eitherthe
Tevatronor LHC dependsupontheunderstandingof thedetailsof soft gluonemissionfrom the initial
statepartons.This soft gluon emissioncanbe modelledeitherin a Monte Carlo or in a resummation
calculation,with variouschoicespossiblein bothimplementations.A comparisonof thetwo approaches
is useful to understandthe strengthsandweaknessesof each. The datafrom the Tevatron that either
existsnow, or will exist in Run2, will beextremelyusefulto testbothapproaches.

In contrastto the casefor Z productionat the Tevatron, the Higgs crosssectionat the LHC is
not particularlysensitive to thenon–perturbative acb addedat thescaledfe . In theevolution to thehard
scatterscale d , the acb is ‘radiatedaway’, given theenhancedgluonradiationprobabilitypresentfor aghg initial state.For a morethoroughdiscussionof thecomparisonbetweenanalyticmethodsandparton
showers,seeRef. [193].

3.5 COMPHEP for LHC 18

The COMPHEP packageis availablefrom: http://theory.n pi .ms u. su /˜ co mphep/ . A ver-
sionadaptedto theLHC physicsCOMPHEPV.33[138], includingexecutableLinux modulesis available
atCERNfrom: /afs/cern.ch/c ms/ph ys ic s/ COMPHEP-L in ux .

ThecurrentCOMPHEP versionperformsall calculationat treelevel (LO). Threeissuesmustbe
discussedasthey openseveralsettingoptions:a) thepartondistributions,b) theQCD scale,andc) the
runningstrongcoupling.

In COMPHEPv.33,thefollowing partondistributionsetsareimplemented:MRS(A’) andMRS(G)
[200], CTEQ4landCTEQ4m[111]. NotethatCTEQ4l is a LO parametrization,while in all othersthe
evolutionof partondistributionsis treatedatNLO. Dedicatedroutinesareavailableto allow theaddition
of any otherdefinedpartondistribution (e.g.CTEQ5).

As discussedin Sect.1., the factorizationtheoremstatesthat thepartondistribution dependsnot
only on Bjorkenvariablei but alsoon its virtuality dfj or, equivalently, on thefactorizationscale.This
parameteris relatedto theenergy (or momentum)scalewhich characterizesthehardsubprocess,but it
cannotbe unambiguouslyfixed (seeSect.1.). Thereforeit canbe experimentallytuned. It canbe set
by theuserfor eachspecificQCD processaseitherfixedor running. In the latter case,d j canbe set
to any linearcombinationsquaredof theexternalparticlesmomenta(e.g. kElnmpoqlsr�t j , kEl.muoql*rvoql*wxt j ,
kElsrfyzl*wxt j . . .whereinitial andoutgoingmomentaenterwith oppositesigns).

In COMPHEP V.33,theQCDcoupling {}| canbecomputedatLO, NLO or NNLO precision.All
thecorrespondingformulasarewrittenin termsof ~����c�

MS
, thefundamentalQCDscalefor ������� flavours

of masslessquarks(seeSect.1. and[13]). In COMPHEP, to evaluatea QCD process,onefirst fixesthe
{}| normalizationpoint (e.g. a popularnormalizationpoint is themassof � boson,d������ ) to which

correspondanexperimentalfit (e.g. {n���,�| k2����t������������ ). Then,thecorresponding~ � ��� �
MS

( ������� at
d������ ) canbededucedfrom the {}| expressionat theselectedprecisionorder. TheCOMPHEP input

parameter~����c�
MS

is thenobtainedfrom ~ � ��� �
MS

. Finally, thechoiceof theQCD scaled determines{ | and
the factorizationscalefor the pdf’s. Therefore,completeLO calculationsof LHC processesaremade
availablefor aconsistentphenomenologicalanalysisof theinfluenceof higherordercontributions.

17The normalizationfactors(ResBos/MonteCarlo) arePYTHIA (both versions)(1.61)andHERWIG (1.76). Figuresof the
absolutelynormalizedpredictionsfrom ResBos,PYTHIA andHERWIG for the ¡x¢ distribution of theHiggsat theLHC canbe
foundin Ref. [193].

18Contributing authors:V.A.Ilyin andA.E.Pukhov.



3.51 COMPHEP-PYTHIA interface

An interfacebetweenCOMPHEP andPYTHIA canbefoundin:
/afs/cern.ch/cm s/ phys ics /C OMPPYTH.

A library of COMPHEP basedpartonicevent generatorsfor LHC processeshasbeeninitiated
andvarioussamplesof event areavailableat: /afs/cern.ch/cms /p hy si cs /PE VLIB for �¤£¦¥ £ ,§ £¦¥ £ , ¨ ¥¨©£¦¥ £ andsomeothers. Unweightedevent samplefiles, locatedin the correspondingdirectories
(seethefiles README for details)whenhandledby theCOMPHEP-PYTHIA interfacecode,generate
completeLHC events,readyto befed to thedetectorsimulationsoftware.For example,the ��£ ¥ £ process
canbe found in: /afs/cern.ch/cms/physics/PEVLIB/Z b b. The file pevZbb containsabout200K
unweightedevents. Eachevent is representedby theLorentzmomentaof all externalparticles. In the
currentversionof the package,thereis no color informationassociatedto the events. Thus,only the
IndependentFragmentationModelcanbe invoked. OnecanalwaysrequiretheLund modeloption for
thefragmentation,aslongasthecorrespondingcolorstringshavebeensetby anexternalalgorithmin the
routinePYUPEV. Thesameremarkappliesalsoto thefinal stateradiations(FSR),whichare,by default,
switchedoff in COMPHEP-PYTHIA interfacealthoughinitial stateradiations(ISR) areswitchedon. In
theupcomingversionof the COMPHEP package[201] color stringswill begeneratedfrom thematrix
elementfactorsallowing for theuseof theLund fragmentationmodel.

3.6 GRACE for LHC 19

The URL of web pagefor the GRACE systemis http://www-sc.ke k. jp /mina mi / wherethe
latestinformation,thereportsandmanuals[130,131], theGRACE version.2andtheotherproductsare
available.

The automatedsystemallows us to createeventgeneratorsfor complicatedprocesseswhich are
hardto calculateby hand.For instancetheprocessghg«ª £ ¥ £H£ ¥ £ hasbeencalculatedwithout any approxi-
mation(e.g.accountingfor massive fermions)by useof theGRACE system[130,131].

The intrinsic function of the GRACE systemis to generatethe amplitudefor a specifiedparton
interaction.Thesystemhasbeentestedfor many reactionsandit wasconfirmedto be ableto manage
2-body to 6-body final stateprocesses.The interfacewith the pdf’s, PS and the fragmentationtools
will be implementedin the comingversions(seefor exampleGRAPE for ¬2l ª%­ ¥­?® [202]). For the
partonshowering and the fragmentation,two kinds of approachcanbe followed. The first is, like in
GRAPE a 2 stepprocedure:theBASES/SPRING packageincludingpdf’s is usedfor theintegrationover
the phasespaceandfor the generationof unweightedevents. If the “kinematics” codeis appropriate,
SPRING generateseventswith high efficiency andwrites the four-vectorsof thefinal-stateparticleson
a temporaryfile. Thenthe generatedmomentaarepassedto PYTHIA for PSandfragmentation.The
otherapproachis moreconvenientbut morecomplex. Herethecodeincluding thekinematicsandthe
generatedmatrix elementis preparedsothat PYTHIA candrive themdirectly. This typeof interfaceis
testedtill now only for theprocesseswhosefinal stateconsistof 2-, 3- and4-bodies.

The GRACE systemcanautomaticallydealwith one-loopprocesses(NLO) for the electroweak
andQED-likeQCDinteractions.For thefinal two-bodyprocessestheperformancehasbeenshown to be
good.Theapplicationto themulti-bodyfinal states,however, wouldbelimited becauseof thehugeCPU
time requiredwhenthecodeis usedaseventgenerators.For suchcasesa practicaluseof thegenerated
codewill beto evaluatethecrosssectionsandto givethedistributionof severalphysicalquantitiesrather
thanproviding eventgenerators.

As mentionedthe contributionsbeyond LO arecrucial for a detailedQCD study. Sincethe PS
methodis basedon therenormalizationgroupequation,it worksasa bridgebetweenthe“hard” parton
collisionandthefragmentation.Thisbridgeis built onthesolidandreliablegroundof perturbativeQCD.
In otherwordsthepartonshower providesanunambiguoustheoreticalunderstandingof lsl¯k l¯t interac-

19Contributing author:K. Kato.



tions exceptfor the “soft” componentwhich cannotbe controlledby the perturbative QCD. However,
thePSin LL orderis not enough.Oneof theshortcomingsis asfollows. Thepdf’s for theinitial state,
productsof elaboratedworks,areparameterizedaccordingto theNLO QCDformulas.Ontheotherhand
thecorrespondingPS,implementedin theexisting programslike PYTHIA, is evolvedusingonly theLL
algorithmat leastin their currentstatus.Thenthesystematicsummationof largelogarithmsup to NLL
ordermustsolve thisannoying situations.Thoughthebasictechnologyhasbeenalreadyestablishedand
known for many years[203–205], its implementationis not a trivial taskassimply imagined. First it
is process-dependent.Oncethe ideaevolvesandis realizedasoneof the environmentsof GRACE, it
shouldallow moreprecisepredictionfor LHC. Thusthismustbethebiggestissueto us.

3.7 ALPHA for LHC 20

As discussedin theintroductionto thisSection,theability to evaluateproductionratesfor multi-jet final
stateswill befundamentalat theLHC to studya largeclassof processes,within andbeyondtheSM. As
wasalsodiscussedin theSect.3.1, a necessaryfeatureof any multi-jet calculationis thepossibility to
properlyevolve thepurelypartonicfinal state,for which exactfixed-orderperturbative calculationscan
be performed,into the observablehadronicfinal state. This evolution is bestperformedusingshower
Monte Carlo calculations. The accuratedescriptionof color-coherenceeffects, furthermore,requires
asnoticedin the introductiona carefulbookkeepingof the contribution to the matrix elementsof all
possiblecolor configurations.Thegoalof thealgorithm[137] describedin this Sectionis to allow the
effective calculationof multi-partonmatrix elements,allowing the separation,to the leadingorder in
��°©� j± ( � ± �³² beingthe numberof colors),of the independentcolor configurations.This technique
allowsanunweightingof thecolorconfigurations,andallows themergingof thepartonlevel calculation
with theHERWIG MonteCarlo.

Thekey elementof thestrategy is theuseof thealgorithmALPHA, introducedin Ref. [134] for
theevaluationof arbitrarymulti-partonmatrixelements.Thisalgorithmdeterminesthematrixelements
from a (numerical)Legendretransformof theeffective action,usinga recursive procedurewhich does
not make explicit useof Feynmandiagrams. The algorithm hasa complexity growing like a power
in the numberof particles,comparedto the factorial-like growth that oneexpectsfrom naive diagram
counting.This is anecessaryfeatureof any attemptto evaluatematrixelementsfor processeswith large
numbersof externalparticles,sincethenumberof Feynmandiagramsgrows very quickly beyond any
reasonablevalue. For example,this calculationallowed[137] theevaluationof thematrix elementsfor
the productionof 8-gluonfinal states.The numberof Feynmandiagramswhich describethis process
exceeds7 billion.

The interfaceof thepartonlevel scatteringmatrix elementwith thePSrequiresthecapabilityto
reconstructtheappropriatecolor flow for a givenevent. Thestrategy to dealwith this issueis described
in detail in [137]. Thefollowing pointshave to benoticed:

1. Dual amplitudes[206–208] canbe easilyevaluatedusingthe ALPHAalgorithm. Sincethe dual
amplitudeś areindependentof thenumber� ± of colors,they canbecalculatedexactlyby taking
� ± sufficiently large.

2. With anappropriatechoicefor thecolor of theexternalpartons,thefull amplitudeis proportional
to asingledualamplitude.

Weexplicitly calculatedµ -gluondualamplitudesusingthelarge-� ± Lagrangian.Thecorrectness
of thecalculationwaschecked for µ up to 11 by comparingtheresultsfor maximallyhelicity violating
(MHV) amplitudes[209] (e.g. g.¶·g.¶¸ª g.¶º¹©¹©¹¦gn¶ ) with the analytic expressionsknown exactly for
arbitrary µ [124,206–208]. The input of the numericalevaluationof the matrix elementis a string
containingthe total numberof gluons,their helicity state,and their momenta. From thesedata,the
amplitudeis evaluatedautomatically.

20Contributing authors:M.L. ManganoandM. Moretti.



Theprescriptionto correctlygeneratetheparton-showerassociatedto agiveneventin thelarge-� ±
limit is thereforethefollowing:

1. Calculatethe kEµ=o#��t2» dualamplitudescorrespondingto all possibleplanarcolorconfigurations.

2. Extract the mostlikely color configurationfor this event on a statisticalbasis,accordingto the
relative contribution of the single configurationsto the total event weight 21. Sinceeachdual
amplitudeis gaugeinvariant,thechoiceof color-configurationsis alsoagauge-invariantoperation.

3. Develop thePSout of eachinitial andfinal-stateparton,startingfrom theselectedcolor config-
uration. This stepcanbe carriedout by feedingthe generatedevent to a Monte-Carloprogram
suchasHERWIG, which is preciselydesignedto turn partonsinto jetsstartingfrom anassigned
color-orderedconfiguration.

Noticethat, if thedualamplitudesareevaluatedfor a specifichelicity configuration,HERWIG will also
includespin-correlationeffectsin theevolution of thepartonshower [116,117,171,210,211].

As a result, useof the dual-amplituderepresentationof a multi-gluon amplitudeallows to ac-
curatelydescribenot only the large-anglecorrelationsin multi-jet final states,but alsothe full shower
evolution of the initial- andfinal-statepartonswith thesameaccuracy availablein HERWIG for thede-
scriptionof 2-jet final states.

In alternative to theabove prescription,onecanuseALPHAto calculatethematrix elementsfor
externalstateswith assignedcolors.Sincethesestatesareall orthogonal,suchanapproachis particularly
efficient if onewantsto useaMonteCarloapproachto thesummationoverall possiblecolorstates.The
programwill thenextractthroughastandardunweighting(at theleadingorderin ��°©� j± ) aspecificcolor
flow from all possiblecolor flows contributing to a givenorthogonalcolor state.This color flow is then
suitableasan initial conditionfor theshower evolution. Furtherdetailscanbe found in [137]. At this
time,theprogramis only availablein its parton-level form, andallowsthecalculationof matrixelements
for ghg¼ª³g �©�©� g and ½ ½ ª³g �©�©� g processes,with up to 8 final-stategluons.A full versionincludingthe
interfacewith HERWIG is beingprepared.

4. AVAILABLE NLO CALCULA TIONS AND PROSPECTSAT NNLO 22

4.1 Available NLO calculationsof multijet processes23

QCD calculationsof multijet24 processesbeyond LO in the strongcouplingconstant{}| arequite in-
volved. Nowadayswe know (seebelow) how to performin generalcalculationsof theNLO corrections
to multijet processes,andalmostevery processof interesthasbeencomputedto thataccuracy. Instead,
thecalculationof theNNLO correctionsisstill atanorganisationalstageandrepresentsamainchallenge.
Why shouldwe performcalculationswhicharetechnicallysocomplicated?

Thegeneralmotivationis thatthecalculationof theNLO correctionsallowsusto estimatereliably
a givenproductionrate,while theNNLO correctionsallow usto estimatethetheoreticaluncertaintyon
the productionrate. That comesaboutbecausehigher-ordercorrectionsreducethe dependenceof the
crosssectionon the renormalizationscale,¾À¿ , and for processeswith strongly-interacting incoming
particlesthedependenceon thefactorizationscale,¾ÀÁ , aswell.

An exampleis thedeterminationof { | from eventshapevariablesin ¬ ¶ ¬ÃÂ ª ² jets [212–215].
Thecalculationof theNNLO contributionsto this processwould beneededto further reducethe theo-
retical uncertaintyin thedeterminationof {}| . An additionalmotivation for performingcalculationsat
NNLO is to obtaina moreaccuratetheoreticaldeterminationof signalandQCD backgroundto Higgs
production(for furtherdetails,seeSect.9.).

21Defining ÄuÅ�ÆÈÇ É�ÅÊÇ0Ë for eachcolor flow Ì , and ÍÎÅ�Æ ÏÑÐ,Ò8Ó Ô Ô Ô Ó Å Ä Ï�Õ ÏÑÐÖÒ8Ó Ô Ô Ô Ó ×�Ä Ï , the Ø -th color structurewill be
selectedif Í¤ÙÛÚ ÒnÜ�Ý�Þ Í¤Ù , for a randomnumberÝ uniformly distributedover theinterval ß à�áÑâäã .

22Sectioncoordinators:V. Del Duca,D. SoperandW.J.Stirling.
23Contributing authors:V. Del DucaandS.Frixione.
24For thesake of brevity, in thissectionwewill termasmultijet any kind of (partly) hadronicfinal state.



In recentyearsit hasbecomeclearhow to constructgeneral-purposealgorithmsfor the calcu-
lation of multijet processesat NLO accuracy. The crucial point is to organisethe cancellationof the
infrared(i.e. collinearandsoft) singularitiesof the QCD amplitudesin a universal,i.e. process-and
observable-independent, way. The universal terms in a NLO calculationare given by the tree-level
collinear[14,16,17,216] andsoft [217–219] functions,andby theuniversalstructureof thepolesof the
one-loopamplitudes[160,220,221]. TheuniversalNLO termsandtheprocess-dependentamplitudesare
combinedinto effective matrixelements,whicharedevoid of singularities.ThevariousNLO algorithms
(phase-spaceslicing [160,222–224]andsubtractionmethod[161,162,225–227])providedifferentmeth-
odsto constructtheeffective matrix elements.Thesecanbe integratedin four dimensions,in practice
almostalwaysnumerically, dueto the complexity of the integrand. The integrationcanbe performed
with arbitraryexperimentalacceptancecuts.

We now outlinehow to performa NLO calculationof a genericphysicalobservable. As is well
known from Bloch-NordsieckandKinoshita-Lee-Nauenberg theorems,QCD (like QED) doesnot have
aninfinite-resolutionpower;any attempttocomputethekinematicalpropertiesof afixednumberof final-
statequarksandgluonsresultsin aninfrared-divergentcrosssection.In orderto obtainfinite quantities,
all thepartonicsubprocesseswhich contribute to thesameorderin { | to thesquaredamplitudehave to
beincludedin thecomputation,regardlessof thenumberof final-stateparticles.In addition,oneis forced
to considervariableswhichareinclusive enoughto be infraredsafe. Roughlyspeaking,anobservableis
saidto beinfraredsafewhenits value,computedwith thekinematicalvariablesof thefinal-statepartons,
doesnot changeabruptlywhena soft gluon is emitted,or a partonsplits almostcollinearly into a pair
of partons.More technically, aninfrared-safeobservablemusthave asmoothlimit (thatis, mustbehave
continuously)in thefollowing threeconfigurations:a) whena gluonin thefinal stategetssoft; b) when
two partonsin the final statetend to get collinear to eachother; c) whenan initial-statepartonemits
collinearlyanotherparton.

At NLO (assumingthat the LO crosssectiongetscontributions from the µ -partonamplitudes),
this impliesthatonehassimply to considertwo contributions,denotedasvirtual andreal.Theformeris
theproductof the µ -partonone-loopamplitudeswith the µ -partontreeamplitudes,while thelatteris the
squareof the kEµåy]��t -partontreeamplitudes.In orderto dealwith finite quantitiesin the intermediate
stepsof the calculation,we adoptdimensionalregularization– i.e. we changethe dimensionalityof
space-timeto æº�èçéo�ê�ë . Thus,wecanschematicallywrite thevirtual andrealcontributionsto thecross
sectionasfollows: æsì

æ©i í �
�
ê�ë
î k2�ïozi tñð æsì

æòi ó �
�

�fozizô (23)

here,�fozi representstheradiatedenergy. So, iå��� meansno radiation,and iå��� is themaximumof
radiation.Therelevantphysicalquantitywill betheaveragevalue õ�ö�÷ of acertainfunction ö�kEi t ; for
example,we canthink of ö asbeingtheproductof thetafunctionsrepresentinga histogrambin. Then,
theNLO contribution to õ�ö�÷ is
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Thefactor k2�Ào i t¦Â j¦ý in therealcontribution comesfrom thenecessityof performingthecomputationin
æ dimensions,in orderto regulatethedivergencesarisingwhenperformingtheintegrationover thephase
space.As it is apparentfrom eq.(25), themostdifficult taskis thecomputationof therealcontribution.
In practice,the form of ö�kEi}t is too complicatedto perform an analytical integration. On the other
hand,we cannotproceedstraightforwardly, andcomputetheintegral numerically;in fact,theintegral is



divergentin thelimit ë ª � , andthepolein ��°�ë will exactlycancelthatexplicitly displayedin thevirtual
contribution (providedthat ö describesaninfrared-safequantity).

Twostrategieshavebeendevelopedto tacklethisproblem.In theframework of theslicingmethod,
therealcontribution is rewrittenasfollows:

õ�öÿ÷ ó �
m Â �
e æ©i ö�kEi}t

k2�fozi}t m ¶ j¦ý y
m
m Â �

æòi öÎkEi t
k2�foåi t m ¶ j¦ý ð (27)

where
î

is an arbitraryparameter, �qõ î�� � . The first term on the right handsideof this equation
is free of divergences( ö�kEi t is regular in the limit i ª � ); in this term, onecanthereforeset ëü� � ,
andcomputethe integral with standardnumericalmethods.On theotherhand,thesecondtermis still
divergentfor ë ª � ; however, if

î
is smallenough,onecanapproximateöÎkEi t with ö�k2��t (that is, with

thefirst termof its Taylorexpansionaroundiå��� ). Therefore
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Eq.(29) cannow besubstitutedinto eq.(26). Expandingeq.(29) in powersof ë , keepingonly theterms
which do not vanishin the limit ë ª � , andneglectingthecontributionsof the termsof ��k î t , we see
thatthepoletermsin ��°�ë cancel,andoneis left with afinite result:
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At a first glance,this expressionis seeminglypuzzling: the parameter
î

is arbitrary, andthe physical
resultsshouldnot dependon it. However, it is easyto seethat theupperboundof the integral givesa
contribution behaving (approximately)like oÎö�k2��t�� ��� î . It hasto bestressedthat theslicing methodis
basedon theapproximationperformedin eq.(28); for thisapproximationto hold, it is crucialthat

î
is as

smallaspossible;otherwise,thetermscollectively denotedwith ��k î t in eq.(29)arenotnegligible. On
theotherhand,in practicalcomputations,the integral in eq. (30) is performednumerically;dueto the
divergenceof theintegrandfor i ª � , î cannotbetakentoosmall,becauseof thelossof accuracy of the
numericalintegration. Thus,thevalueof

î
is a compromisebetweenthesetwo oppositerequirements,

beingneithertoosmallnor too large.Of course,“small” and“large” aremeaningfulonly whenreferred
to a specificcomputation.Therefore,whenusingtheslicing method,it is mandatoryto checkthat the
physicalresultsarestableagainstthevariationof thevalueof

î
, chosenin asuitablerange.In principle,

thischeckwouldhaveto beperformedfor eachobservable ö computed;in practice,only oneobservable
is checked,generallychosento beratherinclusive (suchasa total rate).

Anotherpossibilityto computeõ�ö�÷ ó is givenby thesubtractionmethod.Onewrites
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wherei ± is anarbitraryparameter��õ]i ± � � . Thefirst termon theright handsideof this equationis
convergent,andwecanset ë���� . Thesecondtermis formally identicalto theoneappearingin eq.(28).
Notice,however, thatnoapproximationhasbeenmadein eq.(31); thepriceto payis amorecomplicated
expressionfor thefirst integral. Proceedingasbefore,we get:
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Thisequationhasto becomparedto eq.(30);althoughthetwo arequitesimilar, therearetwo important
differencesthathave to bestressed.Firstly, theparameteri ± introducedin thesubtractionmethoddoes



not needto be small (actually, in the original formulationof the methodi ± wasnot even introduced,
whichcorrespondsto seti ± ��� here).This is dueto thefactthat in thesubtractionmethodno approxi-
mationhasbeenperformedin theintermediatestepsof thecomputation.This in turn impliesthesecond
point: thereis no needto checkthat thephysicalresultsareindependentof thevalueof i ± , sincethis is
trueby construction.

Theuniversalalgorithmspreviouslymentionedallow thecomputationof any infrared-safeobserv-
ablein a straightforward manner;thematrix elementsdo not needany algebraicmanipulation,andcan
becomputedin four dimensions.It is thereforerelatively easyto constructcomputercodes,accurateto
NLO in QCD,thatareflexible enoughto becomeausefultool in theanalysisof theexperimentaldata.In
thefollowing, we will list thecodeswhich areof direct interestfor thephysicsof high-energy hadronic
collisions.Wedonot intendto giveacompletelist of referencesto thepapersrelevantfor thecalculation
of a givenproductionprocess25, but ratheronly to quotethecomputercodeswhich will have a chance
to beusedby theexperimentalcollaborationsat theLHC. Most of thecodeslistedhereareavailableas
freesoftware.

� Jets
– S.D. Ellis, Z. KunsztandD.E. Soper[6, 220], subtraction, computesone-andtwo-jet ob-

servables.

– W.T. Giele,E.W.N. Glover andD.A. Kosower (JETRAD)[222], slicing, computesone-and
two-jet observables.

– S.Frixione[227], subtraction, computesone-andtwo-jet observables.

– W. Kilgore andW.T. Giele[228], slicing, computesthree-jetobservables.� SingleIsolatedPhoton(plusonejet)
– H. Baer, J.OhnemusandJ.F. Owens[229], slicing, fragmentationcontribution computedto

LO accuracy.

– L.E. GordonandW. Vogelsang[230],analyticalintegrationoverthevariablesof therecoiling
partons: no information on the accompanying jet; dependenceon the isolation variables
treatedto logarithmicapproximation.

– S.Frixione[231], subtraction, only effective with theisolationprescriptionof ref. [232].

– M. Werlen(PHONLL) [http://home.cern.ch/˜monicaw/phonll.html], slicing, basedonref. [233,
234].� Isolated-PhotonPairs

– B. Bailey, J.F. OwensandJ.Ohnemus[235], slicing, fragmentationcontributionscomputed
to LO accuracy.

– C. Balazs,E.L. Berger, S. Mrennaand C.P. Yuan [236], slicing, resummationeffects in-
cluded,fragmentationcontributionscomputedwith partonshower methods.

– T.Binoth, J.Ph.Guillet, E. Pilon andM.Werlen(DIPHOX) [237], slicing, all contributions
computedto NLO accuracy.� SingleHeavy VectorBoson(plusonejet)

– W.T. Giele,E.W.N. GloverandD.A. Kosower (DYRAD) [222], slicing.� SingleHeavy VectorBosonplusonephoton
– U. Baur, T. Han,J.Ohnemus[238,239],slicing.

– D. deFlorianandA. Signer[240], subtraction, includesspincorrelationsin thedecayof the
bosons;fragmentationcontributionscomputedto LO accuracy.� Heavy VectorBosonPairs

– U. Baur, T. Han,J.OhnemusandJ.F. Owens[241–245],slicing.
25Furtherdetailson codesinvolving theproductionof a singlevectorbosonandof a Higgsbosoncanbefound in Sect.6.

and9., respectively.



– S.Frixione,B. Mele,P. NasonandG. Ridolfi [246–248],subtraction.

– J.M. CampbellandR.K. Ellis (MCFM) [249], subtraction, includesspincorrelationsin the
decayof thebosons.

– L. Dixon, Z. KunsztandA. Signer[250], subtraction, includesspincorrelationsin thedecay
of thebosons.� HiggsBosonat largetransversemomentum(plusonejet)

– D. de Florian and M. Grazzini and Z. Kunszt [197], subtraction, computesHiggs-boson
productionin theinfinite top-quark-masslimit.� Heavy Quarks

– M. Mangano,P. NasonandG. Ridolfi [251], subtraction, computessingle-inclusive distribu-
tion andcorrelationsbetweeend and d .

Sincethe universalalgorithmsaccomplishthe taskof cancellingthe infrareddivergencesof the
virtual andrealcontributionsin aprocess-independent way, theremainingwork thathasto beperformed
to calculateaproductionrateatNLO is thecomputationof theappropriatetreeandone-loopamplitudes.
As we saidpreviously, to computeµ -jet productionat NLO, two setsof amplitudesare required: a)
µ -particleproductionamplitudesat treelevel andoneloop; b) kEµqy ��t -particleproductionamplitudes
at treelevel. If theone-loopamplitudesareregularisedthroughdimensionalregularisation,it sufficesat
NLO to computethemto ��k2ë e t .

Efficient methodsbasedon the color decomposition[125,252–254] of an amplitudein color-
orderedsubamplitudes,which are thenprojectedonto the helicity statesof the externalpartons,have
largely enhancedtheability of computingtree[125] andone-loop[255] amplitudes.Accordingly, tree
amplitudeswith up to seven masslesspartons[125,256,257] andwith a vectorbosonandup to five
masslesspartons[258] have beencomputedanalytically. In addition,efficient techniquesto evaluate
numericallytreemulti-partonamplitudeshave beenintroduced[137,259] (seeSect.3. for a descrip-
tion of availablenumericalcodes),andhave beenusedto computetreeamplitudeswith up to eleven
masslesspartons[137]. The calculationof one-loopamplitudescanbe reducedto the calculationof
one-loopµ -point scalarintegrals [260–262]. The reductionmethod[260] allowed the computationof
one-loopamplitudeswith four masslesspartons[263] andwith a vectorbosonandthreemasslesspar-
tons[264]. However, one-loopscalarintegralspresentinfrareddivergences,inducedby themasslessex-
ternallegs.For one-loopmulti-partonamplitudes,theinfrareddivergenceshinderthereductionmethods
of ref. [260–262]. Thisproblemhasbeenovercomein ref. [265,266]. Accordingly, one-loopamplitudes
with fivemasslesspartons[267–269]andwith avectorbosonandfour masslesspartons[270–274]have
beencomputedanalytically. Thereductionprocedureof ref. [265,266]hasbeengeneralisedin ref. [275],
whereit hasbeenshown thatany one-loopµ -point scalarintegral, with µ�÷�ç , canbe reducedto box
scalarintegrals. Thecalculationof one-loopmulti-partonamplitudesthuscanbepusheda stepfurther
in thenearfuture.

4.2 Prospectsfor NNLO calculations26

Eventually, a proceduresimilar to the one followed at NLO will permit the constructionof general-
purposealgorithmsat NNLO accuracy. It is mandatorythento fully investigatetheinfraredstructureof
thematrix elementsat NNLO. Theuniversalpiecesneededto organisethecancellationof the infrared
singularitiesaregivenby the tree-level triple-collinear[253,276,277], double-soft[219,278] andsoft-
collinear[276,278] functions,by theone-loopsplitting [271,279–281]andeikonal [271] functions,and
by theuniversalstructureof thepolesof thetwo-loopamplitudes[282]. Theseuniversalpieceshaveyet
to beassembledtogether, to show thecancellationof theinfrareddivergencesat NNLO.

Thento computeµ -jet productionat NNLO, threesetsof amplitudesarerequired:a) µ -particle
productionamplitudesat treelevel, oneloop andtwo loops;b) kEµzyÈ��t -particleproductionamplitudes

26Contributing authors:V. Del DucaandG. Heinrich.



at treelevel andoneloop; c) kEµ�y]ê�t -particleproductionamplitudesat treelevel. In dimensionalregu-
larisationatNNLO, thetwo-loopamplitudesneedbecomputedto ��k2ë e t , while theone-loopamplitudes
mustbe evaluatedto ��k2ë j t [271,283]. The main challengeis the calculationof the two-loop ampli-
tudes. At present,the only amplitudeknown at two loopsis the onefor ��� ½ ½ [32,284,285], with
� a massive vectorboson,which dependsonly on onekinematicvariable. It hasbeenusedto evaluate
theNNLO correctionsto Drell-Yanproduction[32,33] andto deeplyinelasticscattering(DIS) [63,64].
Two-loop computationsfor configurationsinvolving two kinematicvariables,which areneededin the
caseof parton-partonscattering,exist only in thespecialcasesof maximalsupersymmetry[286], andof
maximalhelicity violation [287]. The lattercontributesonly beyondNNLO. Oneof themainobstacles
for configurationsinvolving two kinematicvariablesis the analyticcomputationof the two-loop four-
point functionswith masslessexternal legs, wheresignificantprogresshasjust beenachieved. These
consistof planardouble-boxintegrals[288,289], non-planardouble-boxintegrals[290], single-boxin-
tegralswith a bubble insertionon oneof the propagators[291] andsingle-boxintegralswith a vertex
correction[292]. Finally, processessuchas ¬ ¶ ¬ÃÂ ª ² �Ö¬2¨"! and lpl ª # �,¬¦¨ sportconfigurationsin-
volving threekinematicvariablesandrequiretheanalyticcomputationof two-loopfour-point functions
with a massive externalleg. Someof therequiredtwo-loopfour-point functionsof this kind have been
derivedrecently[293]. Anotherobstacleis thecolordecompositionof two-loopamplitudes,whichis not
generallyknown yet. Substantialprogressis expectedin thenearfutureon all theissuesoutlinedabove,
whichshouldmake thepresentnotesoonoutdated.

Finally, we mentionthat in the factorizationof collinearsingularitiesfor strongly-interacting in-
comingparticles,theevolution of thepdf’s in thejet crosssectionshouldbedeterminedto anaccuracy
matchingtheoneof thepartoncrosssection.For hadroproductionof jetscomputedat NLO, oneneeds
the NLO AP splitting functionsfor the evolution of the pdf’s (seeEqs.(8) and(9)). Accordingly, for
hadroproductionat NNLO theevolution of thepdf’s shouldbecomputedusingtheNNLO AP splitting
functions.Exceptfor thelowestfive(four) even-integermomentsof theNNLO non-singlet(singlet)AP
splitting functions[25,26], no calculationof theNNLO evolution of thepdf’s existsyet. SomeNNLO
analysesbasedon thefinite setof known momentshave beenperformedfor theDIS structurefunctions
i ö¯r and ö j (seeSects.2.5and2.6andRef. [99]). Furthermore,in ref. [70] a quantitative assessmentof
theimportanceof theyetunknown higher-ordertermshasbeenperformed,with theconclusionthatthey
shouldbenumericallysignificantonly for Bjorken i smallerthan ��� Â j .

Thecomputationof theevolution kernelsof thepdf’s at NNLO accuracy is a majorchallengein
QCD.TheNLO computationwasperformedwith two differentmethods,oneusingtheoperatorproduct
expansion(OPE)in acovariantgauge[18–21,24], theotherusingthelight-coneaxial (LCA) gaugewith
principalvalueprescription[22,23]. However, theprescriptionusedin ref. [22,23] hascertainshortcom-
ings. Accordingly, thecalculationhasbeenrepeatedin theLCA gaugeusinga prescription[294,295]
which makesit amenableto extensionsbeyondNLO, whereastheprincipalvalueprescriptiondoesnot
seemto beapplicablebeyondNLO [296]. On theotherhand,usingtheOPEmethod,therehadbeena
problemwith operatormixing in thesingletsector, which hasbeenfixed [297–299] only recently, and
theresultfinally coincideswith theoneobtainedin theLCA gaugein ref. [23]. Thusthe resultfor the
AP splitting functionsat NLO accuracy is fully undercontrol. Recentproposalsfor their calculation
beyondNLO includeextensionsof theOPEtechnique,which have beenusedto recomputetheNNLO
correctionsto DIS [300], and a computationbasedon combininguniversalgauge-invariant collinear
pieces[301].



5. SUMMATIONS OF PERTURBATION THEORY27

5.1 Summationsof logarithmically-enhancedcontributions28

Thecalculationof hard–scatteringcrosssectionsin hadroncollisionsrequirestheknowledgeof partonic
crosssections $ì , as well as that of partondensities(seethe factorizationformula in Eq. (2)). The
partoniccrosssections$ì kElnmHðÛl j ô dÎð"%�dþmHð©�©�©�'& ô ¾ j t areusuallycomputedby truncatingtheir perturbative
expansionat a fixed order in { | , as in Eq. (3). However, fixed–ordercalculationsarequantitatively
reliableonly whenall the kinematicalscalesdÎð"%�dþmHð©�©�©�'& areof the sameorderof magnitude.When
thehard–scatteringprocessinvolvestwo (or several) very differentscales,say d)( dºm , the µ -th term
in Eq. (3) cancontaindouble–andsingle–logarithmiccontributionsof the type k2{}|�* j t � and k2{ |�*�t �
with * �+� , k2dº°�dºmHt-( � . Thesetermsspoil thereliability of thefixed–orderexpansionandhave to be
summedto all orders,systematicallyimproving on thelogarithmicaccuracy of theexpansion.

Typical examplesof suchlargelogarithmsaretheterms * �+� ,ºdÎ°�dve relatedto theevolution of
partondensities(andpartonfragmentationfunctions)from a low input scale d e to thehard–scattering
scaled . Theselogarithmsareproducedby collinearradiationfrom thecolliding partonsandgivesingle–
logarithmic contributions. They never explicitly appearin the calculationof the partoniccrosssec-
tion, becausethey aresystematically(LO, NLO andsoforth) resummedin theevolvedpartondensities."/10�2 kEi}ð©d j t andpartonfragmentationfunctions æ /10�3 kEi ð©d j t by usingDGLAP equations(8).

A differentsortof large logarithm, *#�4� ,65 !Ã°�d , ariseswhenthecentre–of–massenergy 5 ! of
thecollision is muchlargerthanthehardscaled . Thesesmall–izkEi���dº° 5 ! t logarithmsareproduced
by multiple gluonradiationover thewide rapidity rangethatis availableat largeenergy. For sufficiently
inclusiveprocessesin singletchannelsthesegivesingle–logarithmic (LLx) contributionsthatcanbecal-
culatedby usingthe BFKL equation[302–306]. The subleading(NLLx) contributionshave alsobeen
calculatedrecently[67,307] andturnout to bevery large.This is understoodto bedueto contamination
by collinearlogarithmsof d j °�d je , which mustbe simultaneouslyresummedto obtainreliablepredic-
tions at small i [308,309]. Variousresummationprocedureshave beensuggested,andwill be briefly
discussedin Sects.5.4 and7. Unfortunatelythereareasyet no substantialphenomenologicalanalyses
which usetheseresummations.Theresummationof small–i logarithmswill beimportantfor theaccu-
ratedeterminationof thebehaviour of singletpartondensities

."/70�2 kEi ð©d j t at smallvaluesof theparton
momentumfraction i , andthusfor makingreliablepredictionsof any processthat is sensitive to the
hard–scatteringof low–momentumpartons(for example £ –quarkproduction29 andinclusive production
of low–8�b jetsandpromptphotonsat theLHC). TheBFKL equationis however alsorelevant for un-
derstandingthe structureof final states,for examplewhenthereare jets with large rapidity intervals,
or diffractive processeswith large rapidity gaps. Thesemoregeneralaspectsof small–i physicsare
discussedin Sect.7.

Yet anotherclassof largelogarithmsis associatedto thebremsstrahlungspectrumof soft gluons.
Sincesoft gluonscanbe radiatedcollinearly, they give rise to double–logarithmic contributions to the
partoniccrosssection,which takestheform

$ì:9�{<; | $ì � �,� � �fy
=
�?> m {

� | @ � � �j � * j
� y @ � � �j � Â m * j

� Â m y @ � � �j � Â j * j
� Â j y#�©�©� � (33)

Double–logarithmictermsdueto soft gluonsarisein all thekinematicconfigurationswherethecontri-
butionsof realandvirtual partonsarehighly unbalanced(seeRef. [218] andreferencestherein).

Whenpartons(particlesor jets)with low momentumfraction A aredirectly triggeredin thefinal
state,therôle of (real)soft radiationis evidently enhanced.Thelow–momentumregion of thefragmen-
tationspectraof particlesandsubjetsin jet final–statesis thusparticularlysensitive to theresummation

27Sectioncoordinator:L. Magnea.
28Contributing author:S.Catani.
29SeetheBottomProductionChapterof thisReport.



of small–A logarithms.Thecalculationsbasedon theresummationof theselogarithmsareprobablythe
perturbative predictionsthataremostsensitive to thecoherenceproperties[218,310] of QCD. Detailed
studiesof fragmentationprocesseshave beenperformedin ¬ ¶ ¬ÃÂ annihilation,DIS andat theTevatron
(seethe recentreview in Ref. [311]). Although this topic is not includedin theseproceedings,similar
studiesat theLHC wouldcertainlybevaluable.

In different kinematicconfigurations,(real) radiationin the final statecan insteadbe strongly
inhibited. For instance,this happensin thecaseof transversemomentumdistributionsat low transverse
momentum,in the caseof hard–scatteringproductionnearthresholdor whenthestructureof the final
stateis investigatedwith high resolution(internaljet structure,shapevariables).

Soft–gluonresummationfor jet shapeshasextensively beenstudiedandappliedto hadronicfinal
statesproducedby ¬ ¶ ¬ Â annihilation[214,312,313]. Applicationsto hadron–hadroncollisionshave just
begunto appear[314–316]andhavea large,yetuncovered,potential(from {}| determinationsto studies
of non–perturbative dynamics).Futurestudiesof this topic arecertainlywarranted.

Thresholdlogarithms, *\�B� , k2�Îo i t , occurwhenthe taggedfinal stateproducedby the hard
scatteringis forcedto carrya very largefraction i (i ª � ) of theavailablecentre–of–massenergy 5 ! .
Outstandingexamplesof hardprocessesnearthresholdareDISatlarge i (herei is theBjorkenvariable),
productionof DY leptonpairsor di-jetswith large total invariantmassd �¸� �
� or �DCEC (i �¸dº° 5 ! ),
productionof

§
, � andHiggsbosons(i ���GFIH �JH 3 ° 5 ! ), productionof heavy quark–anti-quarkpairs

(iÿ�³êLK:M ° 5 ! ), inclusive productionof single jets andsinglephotonsat large transverseenergy 8�b
(i���ê�8�bp° 5 ! ).

Transverse–momentumlogarithms, *\��� ,þd j °ON j b , occur in the distribution of transversemo-
mentumP b of systemswith high massd�k2d)( l b t thatareproducedwith a vanishingP b in theLO
subprocess.Examplesof suchsystemsareDY leptonpairs,leptonpairsproducedby

§
and � decay,

heavy quark–anti-quarkpairs,photonpairsandHiggsbosons.

Studiesof soft–gluonresummationfor transverse–momentumdistributionsat low transversemo-
mentumandhard–scatteringproductionnearthresholdwerepioneeredtwo decadesago[317–327]. The
physicalbasesfor a systematicall–ordersummationof the soft–gluoncontributionsaredynamicsand
kinematicsfactorizations[328,329]. Thefirst factorizationfollows from gaugeinvarianceandunitarity:
in thesoft limit multigluonamplitudesfulfil factorizationformulaegivenin termsof universal(process
independent)soft contributions. The secondfactorizationregardskinematicsandstronglydependson
theactualcrosssectionto beevaluated.Whenphase–spacekinematicsis factorizable,resummationis
analyticallyfeasiblein the form of a generalizedexponentiationof theuniversalsoft contributionsthat
appearin thefactorizationformulaeof QCD amplitudes.

Typically, phase–spacefactorizationdoesnot occurin thespaceof thekinematicvariableswhere
the crosssectionis defined. It is thus necessaryto introducea conjugatespaceto overcomephase
spaceconstraints. This is the casefor hard–scatteringproductionnearthreshold,wherethe relevant
kinematicalconstraintis (one–dimensional)energy conservation, which canbe factorizedperforming
a Laplace(or Mellin) transformation(seeSect.5.2). Analogously, the relevant kinematicalconstraint
for P b –distributions is (two–dimensional)transverse–momentumconservation andit canbe factorized
by performinga Fourier transformation(seeSect.5.3). In theconjugatespace,the logarithms* of the
relevantratioof momentumscalesarereplacedby logarithms Q* of theconjugatevariable.

Theresummedcrosssectionis thustypically of theform

$ìSRUTWVYXh��{ ; | Z\[1] X $ì � �,� � ¹ @ ¹�^ ð (34)

wheretheintegral Z\[1] X denotestheinversetransformationfrom theconjugatespacewhereresummation
is actuallycarriedout. Thefactor @ containsall constantcontributionsin thelimit Q* ª`_ . Thesingular



dependenceon Q* is entirelyexponentiatedin theeffective form factor ^ :

^ �ba"ced Q* g mHk2{}|ÃkE¾�t Q*�tûy g j k2{ | kE¾�t Q* ô ¾ j tÀy { |ÃkE¾�t g rhk2{ |ÃkE¾�t Q* ô ¾ j tÀy �©�©� � (35)

Thestructureof theexponentis formally analogousto thatof thefixed–orderexpansionof thepartonic
crosssections(seeEq. (3)). The function * g m resumsall the leadinglogarithmic (LL) contributions
{ � | * � ¶ m , while g j containsthenext–to–leadinglogarithmic(NLL) terms { � | * � andsoforth. Notethat
theNLL termsareformally suppressedby a power of {}| with respectto theLL ones,andthesameis
truefor thesuccessive classesof logarithmicterms30. Thus,this logarithmicexpansionis assystematic
asthefixed–orderexpansionin Eq. (3).

In general,a resummedexpressionsuchas Eq. (34) must be properly combinedwith the best
availablefixed–orderresult. Using a shorthandnotation,this is achieved by writing thepartoniccross
section $ì as

$ì��f$ì RUTWVYX yg$ì RUTWhiX � (36)

The term $ìSRUTWV�X embodiestheall–orderresummation,while the remainder $ìSRUTWhiX containsno large loga-
rithmic contributions.Thelatterhastheform

$ìjRkTlh�X*�m$ì �on X pqX � osr�$ìSRUTWVYXut �on X pqX � ð (37)

andit is obtainedfrom $ì �on X pqX � , the truncationof theperturbative expansionfor $ì at a given fixed order
(LO, NLO, . . . ), by subtractingthe correspondingtruncation r�$ìSRUTWV�X t �on X pqX � of the resummedpart. Thus,
the expressionon the right–handside of Eq. (36) includessoft–gluonlogarithmsto all ordersand it
is matched to the exact (with no logarithmicapproximation)fixed–ordercalculation. It representsan
improved perturbative calculationthat is everywhereasgoodasthe fixed–orderresult,andmuchbet-
ter in the kinematicsregions wherethe soft–gluonlogarithmsbecomelarge ( {}|q*)9 � ). Eventually,
when {}|v* 9÷ � , the resummedperturbative contributionsareof thesamesizeasthe non–perturbative
contributionsandtheeffectof thelatterhasto beimplementedin theresummedcalculation.

Usinga matchedNLL+NLO calculationasdescribedabove,we canconsistentlyintroducea pre-
cisedefinition(sayMS) of {}| kE¾�t andinvestigatethetheoreticalaccuracy of thecalculationby studying
its dependenceon therenormalization/factorization scale¾ .

Resummedcalculationsfor hadroncollisionsnearthresholdandfor l b –distributionsarediscussed
in Sects.5.2and5.3,respectively. Someoverviews canalsobefoundin Ref. [196]. Wereferthereader
to Sects.3.3and3.4 for comparisonsof resummedcalculationswith partonshower eventgenerators.

5.2 Thr esholdresummations31

Largelogarithmsarisein any inclusive crosssectionfor theproductionof anobjectwith a largemassd ,
whenever thepartonicenergy 5 $! availablefor theprocessis closeto d , theproductionthreshold.The
physicalmechanismresponsiblefor theselogarithmsis simple. Closeto thresholdthephasespacefor
theemissionof gluonradiationin thefinal stateis kinematicallyrestricted;softrealradiationis,however,
responsiblefor thecancellationof infrareddivergencesassociatedwith virtual gluonexchange;when-
ever radiationis inhibited,thecancellationis partiallyspoiled:finite but largecontributionsareleft over,
in theform of logarithmsof theratioof thetwo relevantenergy scales,� ,wr kS$! oqd j t2°J$!1t . Closeto partonic
thresholdtheselogarithmsbecomelargeandmustberesummed.Processesfor which this resummation

30This hasto be contrastedwith the tower expansionsketchedon the right–handsideof Eq. (33). Within the framework
of thetower expansionthatsumsthedouble-logarithmicterms x�y{zl| Ë~} × , thenthetermsy × z | Ë × Ú Ò�� yJzl|�x�yJzW|}Ë~} × Ú Ò andso
forth, theratio of two successive towersis, roughlyspeaking,of theorderof y z | . More precisely, thetower expansionallows
usto formally extendtheapplicabilityof perturbativeQCDto theregion yJzl| Ë �Þ â , andtheexponentiationin Eq.(35)extends
it to thewider region yJzW| �Þ â .

31Contributing author:L. Magnea.



is relevantareubiquitous,asnotedin theprevioussubsection.Techniquesto performthresholdresum-
mationshave beendevelopedandprogressively extendedfor well over a decade;referencesin which
thesetechniquesareexplainedis somedetail include[330–337]; herewe will briefly review the basic
theoreticalissues,andsketchthestatusof phenomenologicalapplicationsof relevanceto theLHC.

As describedin theintroductionto thepresentSection,theresummationof thresholdlogarithmsin
performedin Mellin space.To illustratethestructureof a typical resummationof thresholdlogarithms,
let us concentrateon the simplestand bestknown example: the DY crosssection. In this casethe
resummedformulafor theMellin transformof thepartoniccrosssection,in theDIS factorizationscheme,
takestheform [330,331]

$ìSRUTWV�X k2� ð©d j tu� @ k2{ |Ãk2d j t2t�a"ced 8Îk2� ð©d j t ð (38)

wherethe function @ collectstermsindependentof the Mellin variable � , while the exponentcanbe
writtenas

8ºk2� ð©d j tp��o]ê
m
e æ�A A � o#��vo�A

� k2{}|Ãk2k2�vo�Aht2d j t2tÀy � m Â?� � M Ë
� m Â?� � Ë M Ë

æs½ j
½ j ´�k2{ | k2½ j t2t � (39)

Equations(38) and (39) resum,in principle, all logarithmsof � to all ordersin perturbationtheory,
in the sensethat all suchlogarithmsexponentiateandarecalculablefrom the functions ´ and

�
, for

which Feynmanrulescanbederived. In practice,the functions ´ and
�

areknown only to two loops,
sothattheresummationcanexplicitly beperformedonly for leadingandnext–to–leadinglogarithmsin
theexponent. Performingthe integralsin 8ºk2� ð©d j t , afterexpansionof the runningcouplingsin terms
of { | k2d j t to thedesiredaccuracy, yieldsin generalanexpressionof theform

8Îk2� ð©d j t���� ,º� g m k2{ | � ,º��tûy g j k2{ | � ,º��tûy
=

; > m
{ ; | g ; ¶ j k2{ | � ,º��t�ð (40)

wherethefunctionsg m andg j areknown in termsof thecoefficients ´ � m � , ´ � j � and
� � m � of theperturba-

tive expansionof thefunctions ´ and
�

, togetherwith theone–andtwo–loopcoefficientsof theQCD�
function.The(unknown) function g r , giving theNNL logarithms,would requirethedeterminationof

´ � r � , aswell as
� � j � andthethree–loop

�
function.

Severalcommentsarenecessaryin orderto introducethepracticalapplicationsof resummedfor-
mulassuchasEq.(39).

� At the presentlevel of accuracy (NLL) the dependenceon the renormalizationscaleandon the
factorizationschemeis undercontrol. A changein renormalizationscaleshifts the function g j
by anamountproportionalto thederivative of thefunction g m . A changein factorizationscheme
changesboth g m andg j , becauseit affectsthewayin whichtheDIS processis subtractedfrom DY
to constructa finite crosssection,however thechangeis well understoodandboth functionscan
betranslatedfrom oneschemeto another[172,335].� To understandtheeffectsof resummation,oneshouldkeepin mindthatit is performedat thelevel
of the partonic crosssection. Oneconsequenceof this fact is that resummationgenericallyen-
hancesthecrosssection,althoughonemight expecta Sudakov suppression, sincetheprobability
of having a nearlyradiation-lesshardscatteringis exponentiallysuppressed.This is easilyunder-
stoodin theDIS scheme:thereonecomputesthe(factorized)partonicDY crosssectionby taking
theratioof theDY processto thesquareof theDIS process,sincetherearetwo partonsin theDY
initial state.In this ratio, thedenominatoris Sudakov suppressedtwice asmuchasthenumerator,
resultingin anoverall Sudakov enhancement.� The fact that the resummedpartoniccrosssectionmust be folded with partondistributions to
extractaphysicalpredictionalsomeansthattheeffectsof resummationarefelt quitefarawayfrom



the hadronic threshold. In fact, given a hadroniccentre–of–massenergy ^ , the typical partonic
energy availablefor theproductionprocesswill be õm$!�÷Î��õèi}mäi j ÷ ^ , whereium andi j arethe
momentumfractionsof thescatteredpartons.Clearly $! becomescloseto thresholdlong before ^
does.� Theresummedpartoniccrosssectionby constructioncontainsasubsetof thefinite orderperturba-
tive calculationsavailablefor theprocessat hand.Oneshouldthenwork with a “matched”cross
section,asdescribedin theprevioussubsection(seeEqs.(36)and(37)).� Thealert readerwill have noticedthatEq. (39), althoughwell–definedorderby orderif the run-
ning couplingsdependingon variableargumentsarere-expandedin termsof a fixed large scale,
is actually ill–defined in the leading–logarithm(of d j ) approximation,becausethe integration
contourrunsover theLandaupole. This is a generalfeatureof mostknown resummationsof per-
turbationtheory: in fact,perturbationtheoryis pointingusto its own limitations,andto theneed
to includeinformationconcerningthenon–perturbative structureof QCD [75]. This facthastwo
consequences.On the onehand,it is possibleto exploit partial resummationssuchasEq. (39)
to estimatethesizeof thefirst relevant non–perturbative corrections:in thecaseof theDY pro-
cess,two independentapproaches[76,338] leadto theconclusionthat thefirst power correction
to Eq. (38) is ��k2k2��°�dÎt j t . On theotherhand,experiencehasshown that thenecessaryinversion
of the Mellin transformbackto momentumspacecangenerateunjustified(andstronger)power
correctionsthatarenot presentin theoriginal resummedexpression.Methodsto circumvent this
problemhave beendeveloped[334], so thatEq. (38) canbeusedconfidently, with a definiteun-
derstandingof thesizeof expectedcorrections.� In the generalcaseof coloredfinal states,a comparatively simpleexpressionfor the resummed
crosssection,suchasEq. (39), is not availableto all logarithmicorders,becausethecorrespond-
ing evolutionequationsarein matrixform,andtheirsolutioninvolvesascale–dependentmixing of
color tensors.To NLL accuracy, however, asimpleexponentiationcanstill beachieved,by diago-
nalizingamatrixof anomalousdimensionsin thespaceof availablecolorconfigurations[336,337].
This resultsin a matrix of exponentials,eachsimilar to Eq. (39), with two new color–dependent
functionsof the runningcoupling. Thesenew functionsalsocarry thenecessarydependenceon
theanglesbetweenincomingandoutgoingcoloredpartons.� It shouldbeemphasizedthat further improvementsarepossible,andin somecaseshave already
beenachieved. In thecaseof theDY process,thetermsindependentof � containedin thefactor
@ in Eq. (38) canalsobe resummed:in the DIS scheme,they containthe absolutevalueof the
ratioof thetime-like to thespace-like Sudakov form factor, which is known to exponentiate[339].
Methodsto resumclassesof termsof the form � ,Î��°©� have recentlybeensuggested[340]. Fi-
nally, a techniqueto resumsimultaneouslythresholdlogarithmsandrecoilenhancementsin single
particleinclusive crosssectionshasbeenintroduced[341].

Turningto practicalapplications,weobserve thatresummationsof thresholdlogarithmshavebeen
performedto NLL accuracy for mostof the processesof interestat the LHC, rangingfrom DIS and
DY [172,330,331,335,342,343] to Higgsboson[340] production,to includemorerecentlystudiesof
processeswith hardcoloredparticlesin thefinal states,suchasheavy quark[336,337,344],promptpho-
ton [345–348],

§
boson[349] anddi-jet [350] production;applicationsof theformalismto quarkonium

productionhave beenproposed[351]. Detailedphenomenologicalcalculations,however, arepresently
availableonly for asubsetof theseprocesses.

It is importantto notethatat theLHC thresholdresummationcanbeimportantfor two reasons.On
oneside,it candirectly beappliedto LHC processesthroughthecorrespondingpartoniccrosssections.
On the otherside,it canbe appliedto the lower–energy processesthat aretypically usedto determine
thepartondensities,andthusit canindirectlyaffectLHC predictionsthroughtheuseof (evolved)parton
distributionsreevaluatedin thismanner.

Weshallillustratethephenomenologicaleffectsof theapplicationof thesetechniqueswith few ex-



Fig. 31: Scaledependenceof �"� Õ �"� ¢ for singleprompt–photonproductionin ¡�� collisions. The solid lines representthe

NLO resultfor differentchoicesof � Æ�� ó Æ��<� (� Æ���¢ Õ7� and � ��¢ ), normalizedto theresultfor � Æ���¢ . Thedashed

lines representthe NLO+NLL resultsfor differentchoicesof � , normalizedto NLO result for � Æ�� ¢ . SeeRef. [347] for

details.

amples,whichwill serve to pointoutanotherrelevantfeatureof NLO+NLL calculations:their increased
stability with respectto scalevariations.

As discussedin Sect.2.,presentdataandNLO calculationsdonotconstrainverywell thedetermi-
nationof thepartondistributionsat largevaluesof thepartonmomentumfraction i . This is particularly
true for the gluon density

. 
 kEi ð©d j t at i 9÷ ��� Â m and d�9 �ºo�������a"� . The uncertaintyon
. 
 in

this kinematicregion propagates(althoughwith a reducedoverall size)to smallervaluesof i andlarger
valuesof d j in LHC processes.Thresholdresummationcanhelpto extractpartondistributionsat large
i with moreconfidencethanis at presentin NLO analyses.Consider, for instance,the productionof
promptphotonswith high transverseenergy 8�b at fixed–targetexperiments.This processis very sensi-
tiveto thebehaviour of thegluondensityat large i¼kEiD9èi.bå��ê�8�bp° 5 !Ãt . Thecorrespondingtheoretical
calculationsatfixedperturbativeorder, however, arenotveryaccurate,ascanbearguedby studyingtheir
dependenceon thefactorization/renormalization scale¾ . WhenNLL resummationis applied[347], the
scaledependenceof thecalculationis highly reducedandtheresummedNLL contributionsleadto large
correctionsat high inb (andsmallercorrectionsat lower inb ). The scaledependenceof the theoretical
crosssectionin ln� collisions is shown in Fig. 31 as a function of 8�� TW��h , the energy of the proton
beam.Fixing ¾ ¿ ��¾ Á ��¾ andvarying ¾ in the range 8 b °�ê«õ�¾�õ ê�8 b with 8 b � �����wa"� and
8�� TW��h �\��²��6�wa"� (this correspondsto the largestvalueof inb that is reachableby theE706kinemat-
ics [352]), thecrosssectionvariesby a factorof 9�� atLO (theresultof theLO calculationis notshown
in theplot), by afactorof 9 ç atNLO andby afactorof 9�����² afterNLL resummation.Thecentralvalue
(i.e. with ¾ �s8�b ) of theNLO crosssectionincreasesby a factorof 9�ê���� afterNLL resummation.As
expected,thesizeof theseeffectsis reducedby decreasinginb (e.g.by increasing5 ! at fixed 8�b ). This
(extreme)exampleclearly illustrateshow NLO+NLL resummedcalculationscan improve the present
NLO determinationsof partondistributions.Themethodof Ref. [341] canalsobeappliedto investigate
therelevanceof recoil effectsin prompt-photonproduction.

NLL resummationsof thresholdlogarithmsarenow availablefor all themostimportantprocesses
(DIS,DY, andprompt–photonproduction)usedto determinethepartondensitiesvia globalfits. It is thus
possibleto consistently[346,353] take into accountall thresholdeffectsaffectingthedifferenthadronic
crosssections.Preliminarystudies[353–355] suggestthatNLO+NLL fits arenot likely to make drastic
differencesin thepartondensitiesthatarestronglyconstrainedby DIS data,at leastsolongastheregion



of small d k2d)9��
a"���wa"� t is avoidedat very large i . At thesametime, they suggestthat resummed
fits can make somedifferencewherethe pdf’s are not so well known (gluon densityat large i and
quarkdensitiesat largervaluesof i ). In particular, NLO+NLL fits, if implemented,arelikely to reduce
scaledependence,andthusfurther improve our confidencein thetheoreticalpredictionsfor LHC cross
sections.

As for directeffectsof NLL thresholdresummationattheLHC, webriefly discusstoppairproduc-
tion,whichis currentlythebeststudiedprocessin LHC kinematics[337]. Onecouldarguethatthreshold
resummationeffectsin thiscaseshouldnotbeexpected,sinceat theLHC wehave iz��êLK � °�5 ! 9�������² .
This would however beincorrectsince,asexplainedabove,partonicthresholdcanbe,on average,quite
far from hadronicthreshold.In thecaseof topproductionat theLHC, thedominantpartonicsubprocess
is gluonfusion. Thegluondensityis steeplyfalling at large i andquitelargeat small i , sothat theav-
eragemomentumfractionof gluonsenteringthepartonichardsubprocessis relatively smalland $!¢¡`! .
As a consequence,theeffect of NLL resummationis still visible at theLHC: theNLO+NLL resummed
crosssectionis larger thanthe NLO estimateby about ��£ . Moreover, NLL resummationreducesthe
scaledependenceof thecrosssectionby approximatelya factorof two (from about ����£ to about ��£ ).
This canbe relevant, becausethe uncertaintydue to the presentknowledgeof the partondensitiesis
estimatedto be twice aslarge. We refer the readerto the Top PhysicsChapterof this Reportfor full
details.

OthertopicalLHC processesareHiggsproduction,DY productionof
§ ð©� andleptonpairs,as

well asproductionof high–8�b jets. SincetheHiggsmass� 3
is expectedto be of thesameorderas

thetop-quarkmass,Higgsproductionwill bedominatedby gluonfusion. Thus,theeffectsof threshold
resummationon this processshouldbe at leastasimportantasfor top-pairproduction. The resultsof
Ref. [340], basedon theexpansionat NNLO of thresholdresummation,supportthis conclusion.Com-
pletequantitative studiesto NLL accuracy arenot yet availableandwould bevaluable.Theproduction
of
§

and � at theLHC is lesscloseto thresholdthantop production.Moreover, its dominantpartonic
subprocessis ½ ½ annihilation.Thelarge–i behaviour of thequarkdensitiesis lesssteepthanthatof the
gluondensity, andsoft–gluonradiationfrom initial–statequarksis depletedby thecolourchargefactor
@ Á ° @¥¤ 9³��°�ê with respectto radiationfrom gluons. Thus,the effectsof thresholdresummationon§ ð©� productionshouldbesmall. Their sizecouldhowever increasein thecaseof productionof high–
mass(say, d 9÷ �§¦¨a"� ) DY leptonpairs.Theinclusive productionof high–8�b jetsanddi-jetswith large
invariantmassat the Tevatronandat the LHC canbe sensitive to thresholdlogarithmiccontributions.
Nonetheless,phenomenologicalanalysesto NLL accuracy arenotavailablefor theseprocesses.An im-
portantconceptualreasonfor thatis thefactthattheconealgorithmsusedsofar to experimentallydefine
jetsarenot infraredandcollinearsafe[315,356]. Althoughtheirunsafetymayshow uponly atsomehigh
orderin perturbationtheory, it preventsall–ordersummations.Thefutureuse[357] of safealgorithms,
suchasthe a�© -algorithm[8, 9] andthe improved conealgorithmstudiedat the Workshopon Physics
at theTevatronin RunII, will overcomethis problem.For thedefinitionof differentjet algorithms,we
referthereaderto Ref. [357].

5.3 Resummationof transversemomentumdistributions32

Thedescriptionof vectorandscalarbosonproductionproperties,in particulartheir transversemomen-
tum (l*b ) distribution, is likely to be oneof the most investigatedtopicsat the LHC, especiallyin the
context of Higgs searches.To obtaina reliable theoreticalpredictionfor the l b distribution, the cor-
rectionsdueto soft gluon radiationhave to be taken into account.At small transversemomentumthe
l*b distribution is dominatedby large logarithms� , k2d j °�l j b t , which aredirectly relatedto theemission
of gluonsby the incomingpartons.Therefore,at sufficiently small l,b , fixed–orderperturbationtheory
breaksdown andthelogarithmsmustberesummed.Theorigin of thelargelogarithmsis visiblealready
at leading–order:in fact,thecontribution from realemissiondiagramsfor ½ ½¤o ª � g containsa termof

32Contributing authors:A. KuleszaandW. J.Stirling.



theform {}| @ Á�� , d j °�l j b °�kUª l j b t . Whenmoregluonsareemitted,thelogarithmicdivergencebecomes
stronger. It canbeshown that in theapproximationof soft andcollinear gluonswith stronglyordered
transversemomentaa b , i.e.

a jb H m ¡ a jb H j ¡ �©�©�¨¡ a jb«H � 9õ l j b ¡ d j (41)

the dominantcontributions to the ½ ½�o ª � ® crosssectioncanbe resummed,giving a so–calledSu-
dakov factor[319], of theform

�
ì e

æsì
æ©l*jb � {}|c´

êLª lsjb � , d j
lsjb a"ced o { |Ã´ç�ª � , j d j

lsjb ð (42)

where ´ � ê @ Á , and ìhe is the total LO ½ ½åo ª � crosssection. This approximationis commonly
known astheDoubleLeadingLogarithmApproximation(DLLA).

The resummationin Eq. (42) gives a finite but unphysicallysuppressedresult in the small l*b
limit. This suppressionis causedby the vanishingof strongly–orderedphasespace,in which overall
transversemomentumconservationis ignored.Theresultin (42)correspondsto aconfigurationin which
a singlesoft gluonbalancesthevectorbosontransversemomentum,giving the overall � , k2d j °�l j b t2°�l jb
term, while all othergluonshave transversemomenta¡ l*b . This is not the dominantconfiguration
in the small l*b limit. Equally importantarenon–strongly–ordered contributionscorrespondingto the
emissionof soft ( 9�l b ) gluonswhosetransversemomentaaddvectorially to give theoverall l b of the
vectorboson.Althoughsuchcontributionsareformally sub-leadingorder–by–order, they do dominate
thecrosssectionin the region wheretheSudakov form factorsuppressesthe(formally) leadingDLLA
contributions. The non–leading‘kinematical’ logarithmsarecorrectlytaken into accountby imposing
transversemomentumconservation (ratherthanstrongordering),and this is most easilyachieved by
meansof a Fouriertransformto impactparameter( £ –)space.

We next discussanalyticmethodsfor resumminglarge logarithmsin £ –spaceand l*b –space.As
alreadymentioned,comparisonsof resummedcalculationswith the predictionscoming from parton
shower MonteCarloapproachesarepresentedin Sects.3.3and3.4.

5.31 Analyticmethods:£ –space

In the £ –spacemethod[317] oneimposestransversemomentumconservation by Fourier transforming
the l*b distribution to impactparameterspaceandusingtheidentity

î � j � �
	�> m

¬�­�® o¯N ­ � �
ç�ª j æ j £Ea Â 	k°j± ²�³ �

	�> m a
	U°j± ´ ³ ® � (43)

This allows for the derivation of a generalexpressionresummingall termsof the perturbationseries
whichareat leastassingularas ��°�l jb whenl*b ª � [192,358,359]. Theresummedexpressionis of the
form

æ*ì k2´ � o ª �ük2o ª¶µ µ¸· t ® t
æòlsjb æsd j æ"¹ æ»º���¼¥�uæj½ � �

ê����Lª�� ± !
d j

k2d j o#�#j¾ t j y#�#j¾�¿ j ¾À ÁeÂ kEl j b ð©d j ð�¹ ð"�htûy Á �·kEl j b ð©d j ð�¹ ð"�hð"½.t ð (44)

where � ¾ and ¿ ¾ arethe massandthe width of the vectorboson,and � and ½ standfor the lepton
polar andazimuthalanglesin the Collins–Soperframe[192,358,359]. ÁeÂ denotesthe resummedpart
of the crosssection,while Á � is the remainder(that is, the fixed–orderexpressionminustermswhich
arealreadytakeninto accountin Á Â , asin Eq. (36)). Theexactexpressionfor Á � canbefoundin [360],



whereas

Á Â kEl j b ð©d j ð�¹ ð"�ht � Ã�k2d j ozl jb t �
êLª

=
e æ*£�£ Ä e kEl b £�t / H � ö �-Å

/ � k2dºð©£HðÛi ¤ ðÛi Æft
À # / � k��ht . ·/10 ¤ kEi ¤ ð £ e£"Ç t

. ·� 0 Æ kEi Æ ð £ e£"Ç t�a"ced�r ^ k2£Hð©dÎtUtÖ� (45)

Here
. · denotesamodifiedpartondistribution, # / � k��ht includescouplingfactorsandtheangulardepen-

denceof thelowestordercrosssection[360], and £"Ç and ö �-Å/ � arediscussedbelow. TheSudakov factor
hastheform
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with £ e �¸ê a"c�d k2o�ÊeË�t . Theform in Eq. (46) is equallyvalid for processesinitiatedby ½ ½ -annihilation
(e.g.productionof DY leptonpairs,

§
and � ) andby ghg -fusion(e.g.Higgsproduction).Thecoefficients

´ � m � ð©´ � j � and
� � m � in eachseries(47)werecomputedin Ref.[361] for ½ ½ -annihilationandin Ref.[362]

for ghg -fusion. Thesecoefficients33 canalsobe obtained[363] from the exact fixed–orderperturbative
calculationin the high l*b region by comparingthe logarithmic termsthereinwith the corresponding
logarithmsgeneratedby thefirst threetermsof theexpansionof a"c�d k ^ k2£Hð©d j t2t in Eq.(45).

Althoughthe £ –spacemethodsucceedsin recoveringa finite, positive resultin the l*b ª � limit,
therearedrawbacksassociatedwith theneedto work in impactparameterspace.Thefirst is thedifficulty
of matchingtheresummedandfixed–orderpredictions.Sincetheresummationis performedin £ –space
onelosescontrolover which logarithmicterms(in l*b –space)aretakeninto account.Thereforethereis
no unambiguousprescriptionfor matching;existing prescriptionsrequireswitchingfrom resummedto
fixed–ordercalculationat somevalueof l*b . Secondly, sincethe integrationin (45) extendsfrom 0 to_ , it is impossibleto make predictionsfor any l b without having a prescriptionfor how to dealwith
thenon–perturbative regimeof large £ . Oneprescriptionis to artificially prevent £ from reachinglarge
valuesby replacingit with a new variable £"Ç andby parametrisingthenon–perturbative large–£ region
in termsof theform factor ö �-Å/ � . The‘freezing’ of £ at £"Ç is achievedby

£�Ç � £
��y k2£H°�£�Ì Z h t j ð £"Ç õ�£SÌ Z h ð

with the parameter£�Ì Z h 9 ��°�~ÎÍ{ÏÑÐ separatingperturbative and non–perturbative physics. The de-
tailed form of thenon–perturbative function öf�-Å/ � remainsa matterof theoreticaldispute(for a review
see[360]), althoughit is assumedto have thegeneralform [192,358,359]

ö �ÒÅ/ � k2dÎð©£HðÛi ¤ ðÛi«Æftp�ba"ced o Ó M k2£Ht�� , d
ê�dve y�Ó / k2£HðÛi ¤ t y�Ó � k2£HðÛi«Æft �

In a very simplemodel in which the non–perturbative contribution arisesfrom a Gaussian‘intrinsic’
acb distribution, onewould have öm9�a"ced k2oÎÔ¯£ j t . Thedataarenot inconsistentwith sucha form, but
suggestthattheparameterÔ mayhave somedependenceon d andi .

Phenomenologicalstudiesandnumericalcalculationsbasedon the £ –spaceformalism arepre-
sentedin Refs.[110,194,360,364,365] (for DY leptonpair,

§
and � production)andin Refs.[195,

366–368] (for Higgsproduction).
33In Ref. [363] the coefficient ÕÎÖ Ë�× for Ø Ø -annihilationwasalsocomputed.The coefficient ÕIÖ Ë�× for Ù"Ù -fusion is not yet

known.



5.32 Analyticmethods:l,b –space

Thedifficultiesmentionedabove could in principlebeovercomeif onehada methodof performingthe
calculationsdirectly in transversemomentumspace.Givenan insight into which logarithmictermsare
resummed,it shouldbefairly straightforwardto performmatchingwith thefixed–orderresult.Moreover,
thenon–perturbative input wouldberequiredin (andwouldaffect)only thesmall l b region.

Threetechniqueshave beenproposedfor carryingout resummationin l*b –space[190,191,369].
Themaindifferencelies in theselectionof subsetsof logarithmictermswhicheachmethodresums;for
a detaileddiscussionthe readeris referredto [370]. Thestartingpoint for all techniquesis thegeneral
expressionin impactparameterspacefor thevectorbosontransversemomentumdistribution in theDY
process[192,358,359], at thequarklevel. To illustratethe results,we considertheapproachof [369],
andwe give theexpressionfor theresummedpartof thecrosssection½ ½¤o ª Ê Ç ® , in thesimplestcase,
with fixedcoupling { | , at thepartonlevel, andretainingonly theleadingcoefficient ´ � m � in theseriesof
Eq.(47). It is of theform
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Here * ��� , k2d j °�l j b t , Ú ��{ | @ Á °Lª , andthenumbersÝ Ü aredefinedby

Ý Ü�Þ
=
e æ"¹{Ä·mHkU¹.t�� , Ü k ¹£ e tñ� (49)

The Ý Ü canbecalculatedexplicitly usinga generatingfunction[369] sothate.g. Ýòe���� , Ý*mé�bÝ j ��� ,
Ýòr���o mj

ß k2²�t , etc. Noticethatby settingall Ý Ü coefficients(except Ýòe ) to zeroonewould immediately
recover theDLLA form (48). Sincetherearenoexplicit sub-leadinglogarithmsin (48),otherthanthose
relatedto kinematics,thepresenceof the Ý Ü coefficientsmustcorrespondto relaxingthestrong–ordering
condition. This canbe checked explicitly by performingthe ‘exact’ ��k2{ j | t calculationin transverse
momentumspace.Onefinds

æ j aÃbÀm�æ j acb j
� , k2d j °�a jbÀm t

a jbÀm ¶
� , k2d j °�a jb j ta jb j ¶

î � j � k ¬�­áà y ¬�­�â o¯N ­ tu� ª
l j b oI* r yzç ß k2²�t � (50)

Strongorderingis equivalentto replacingthe
î

functionby
î � j � k ¬ ­áà o¯N ­ t À �hk2a jbÀm o a jb j t y�k2�Î� ê�t .

Thisgivesonly theleading* r termontheright–handside.The
ß k2²�t termrepresentsthefirst appearance

of the(kinematic)Ý r coefficient of Eq.(48).

In principle the formalismpresentedabove allows for an inclusionof any numberof suchsub-
leadingkinematiclogarithms.In practice,we useEq. (48) with a finite numberof termsby introducing
�§h���ã astheupperlimit of thefirst summation.�§h���ã correspondsto thenumberof towersof logarithms
whicharefully resummed.Figure32shows thatfor smallvaluesof l*b theapproximationof the £ –space
resultimproveswith increasing� h���ã . Thereforeby retainingsufficiently many termsonecanobtaina
goodapproximation(i.e. adequatefor phenomenologicalpurposes)to the £ –spaceresultby summing
logarithmsdirectly in l*b space.34

Thetechniquedevelopedsofar canbeextendedto includesub-leadinǵ and
�

coefficients,the
runningcouplingandpartondistributions,thusyieldinga‘realistic’ expressionfor thehadron–level cross
section.Theresultis too lengthyto reproducehere,but canbefoundin [369,371].

34Notice however that, dueto the lack of knowledgeof É Öoä × áåÕ Öoä × , etc., it is only possibleto obtain the completeresult
for the first four ‘towers’ of logarithms;subsequenttowerscanbe includedonly in the approximationsleadingto Eq. (48),
see[369].



Fig. 32: The æ –spaceresult(partonlevel, fixedcoupling,only É Ö Ò × ) comparedto the expression(48), calculatedfor various

valuesof ��ç¨èUé . Hereê¤Æ�¡hË¢ Õ7ë Ë and�iç¨èUé is theupperlimit of thefirst summationin Eq.48.

Although the l*b –spacemethodprovides a simplematchingprescription,the form of the non–
perturbative functionin thisapproach(aswell asin £ –spaceapproach)remainsanopentheoreticalissue.
In particular, thecurrentlackof understandingof the i and d j dependenceof thenon–perturbative con-
tribution is a limiting factorin predictingthe l*b ª � behaviour of thedistribution at theLHC. However,
it seemsthat the dependenceon the amountof non–perturbative smearingweakenswith increasingd
(seeRef. [193] and the discussionin Sect.3.4). It hasalsobeenshown [370] that the quality of the
approximationto the £ –spaceresultachievedby variousresummationapproachesin l b –spacechanges
significantlyonly for small valuesof l j b °�d j . This in turn would suggestthat the differencesbetween
theseapproachesmay becomerelevant for obtainingan accuratetheoreticaldescriptionof very heavy
boson(e.g.Higgs)productionin thesmall l*b regime.

5.4 Small–i resummations35

If we areto make accuratepredictionsfor LHC ‘background’processeswith partoniccentre–of–mass
energy below 1 TeV, weneedto extrapolatecrosssectionsmeasuredatHERA andtheTevatronforward
by betweenone and threeordersof magnitudein d j , and back by betweenone and threeordersof
magnitudein i . Sinceaway from thresholdsthesecrosssectionsaregenerallyrathersmoothfunctions
of i and d j onemight try to do this by simply extrapolatingparametricfits [372,373]. However the
uncertaintiesin suchextrapolationsareverydifficult to quantify. Addinganassumptionthatthedominant
singularitiesareReggepolesis not very helpful, sinceevenwith currentdatamorethanone‘Pomeron’
singularityis neededfor asatisfactoryfit [374,375]. Moreover in thiskind of approachit is notpossible
to relateall the variouscrosssectionsof interest,or for examplecalculateheavy quarkproduction,or
jet crosssections:eachmustbefitted individually. Clearlywe needmoredynamics.Stronginteraction
dynamicsat high energies inevitably meansperturbative QCD, and it is the currentunderstandingof
perturbative QCD atsmall i thatwe summarisehere.

Provided thereis a hardscalein theprocess,stronginteractionprocessesmay generallybe fac-
torizedinto a hardpartoniccrosssection,computablein perturbative QCD, andpartondensitieswhich
mustbe determinedempirically. At large scalesd j andnot too small but fixed i the QCD evolution
equations[14,16,216,376,377] provide a reliableframework for theextrapolationof thesepartonden-
sitiesfrom someinitial scaled je to highervaluesof d j . ThecompleteAP splitting functionshave been
computedin perturbationtheoryat order {}| (LO) and { j | (NLO). For the first few momentsthe AP

35Contributing author:R.D. Ball.



splitting functionsat order { r | (NNLO) arealsoknown [25,26]. Oncewe have thepartondistributions,
it is straightforwardto computehadroniccrosssectionsatLO or NLO: potentiallylargecontributionsof
theform k2{ | � ,ºd j °�d je t � (LLQ), { | k2{ | � ,ºd j °�d je t � (NLLQ), . . . , have beenresummedby solvingthe
evolution equations,so all that is necessaryis theconvolution of the evolved partondensitieswith the
hardpartoniccrosssection.

If westartwith initial partondistributionsthatriselesssteeplythanapower in ��°�i asi decreases,
thenfixedorderevolutionto higher d j inevitably leadsto distributionsthatbecomeprogressively steeper
in ��°�i as d j increases[378], in agreementwith therisein the ö j datafrom HERA. More significantly
thespecificform andsteepnessof therise is precisely[379–381] aspredicted.This is a major triumph
for perturbative QCD, sinceit canbe interpretedasdirect evidencefor asymptoticfreedom[382]: the
coefficient

� e whichdeterminestheslopeof theriseis thefirst coefficient of theQCD
�

–function.This
hasnow beenconfirmedmany timesby successfulNLO fits (see[383,384] andSect.2.) to increasingly
preciseHERA ö j datasets.Fromthesefits a gluondistribution maybeextracted,andpredictionsmade
for ö ±j , di-jet production,and ö � , all of which have now beenconfirmedby directmeasurements[385,
386]. Clearlyfixedorderperturbative QCDworkswell atHERA: noneof thesepredictionsis trivial, and
all aresuccessful.Extrapolationto theLHC region,andthecalculationof relevantNLO crosssections,
canthenbeperformedin thesamewayasat large i , with theaddedbonusthatbesidesextrapolatingup
in d j onecansimultaneouslyextrapolatebackwardsin i . Theerrorsin suchpredictionsaretheusual
mix of experimentalandparametrizationuncertainties(seethediscussionin Sects.2.3,2.4andin [387]),
andtheoreticalerrorspredominantlydueto missingsub-leadingcorrections,whichmaybeestimatedby
partialcalculationsof NNLO terms[70,388] (seealsoSect.2.5).

However to obtaintruly reliablepredictionsfor processesat theLHC it is notsufficient to confirm
NLO QCDwithin errorsatHERA: wemustalsobeconvincedthatnew sourcesof theoreticaluncertainty
donotariseasthekinematicregion is extended.In particular, asonegoesto smallervaluesof i it is not
clearthat retainingonly thefirst few termsin theexpansion(9) of thesplitting functionsin powersof
{}| will beandremaina goodapproximation:assoonas ì=�í� ,º��°�i is sufficiently large that { |Yì:9 � ,
termsof order { | k2{ | ì·t � (LLx), { j | k2{ | ì·t � (NLLx), . . .mustalsobe consideredin order to achieve a
resultwhich is reliableup to termsof order { r | . In fact { |Yì 9÷ � throughoutmuchof the kinematic
region availableat bothHERA andtheLHC, soonemight naively expecttheseeffectsto besignificant
whenextrapolatingfrom oneto theother. Thefact thatat HERA they seemto besmallempirically is a
mysterywhichmustbesolvedif reliablepredictionsareto bemadefor theLHC.

Using the BFKL kernel îzk2d j ð©a j t [302–306] (seealso Sect.7.) calculatedto ïºk2{ | t (LO) it
is possible[389–391] to deducethe coefficients of the LLx singularitiesof the AP splitting function
to all ordersin perturbationtheory. Summingtheseup, the splitting function (and thus the structure
function) is predictedto grow as i Â?ð as i ª � , where(at LLx)

Ú � Ú e Þ k2��ê�{ |å� ,þê�t2°Lª . This
proceduremaybeextendedtoNLLx singularities,usingcalculationsof thecoefficientfunctionandgluon
normalization[66,392]andof theNLLx kernel[67,271,307,393–403],to giveall theNLLx termsin the
splittingfunction[404–410]. It wasknown sometimeagothatreconcilingthesesummedlogarithmswith
theHERA datawasgoingto bedifficult [379–381,411–413],simplybecausethereis noevidencein the
datafor a risewith afixedpower

Ú e . Onceall theNLLx correctionswereknown it becameclearerwhy:
theexpansionin summedanomalousdimensionsat LLx,NLLx,... is unstable[69,414,415], theratio of
NLLx to LLx contributionsgrowing without boundas i ª � . It follows that theprevious theoretical
estimates[404–413] of thesizeof theeffectsof thesmall i logarithmsbasedon thefixedorderBFKL
equation,eitheratLO or NLO, wereall hopelesslyunreliable.Indeedany calculationwhich resumsLO
andNLO logsof d j , but sumsuponly LO andNLO logarithmsof i is seento beinsufficient: somesort
of all orderresummationof thesmall i logarithmsis necessary. Clearly therearemany waysin which
sucharesummationmightbeattempted:whatareneededareguidingprinciplesto keepit undercontrol.

Thereare two distinct strandsto this problem. The first is the stability of the BFKL equation
itself (seethediscussionin Sect.7.3). Variousproposalshave beenput forward: for examplea partic-



ular choiceof the renormalizationscale[416], or a different identificationof the large logs which are
resummed[417,418]. However therootof theproblem[308] is thattheperturbative contributionsto the
kernel î�k2d j ð©a j t containunresummedlogarithmsof theform { | k2{ | ¨Ht � (LLQ), { j | k2{ � | ¨©t � (NLLQ),. . . ,
wherë Þ � ,ºd j °�a j , whichdestabilisethefixedorderexpansionbothin theultraviolet region d j ( a j
andin theinfrared d j ¡ a j . Theselogarithmiccontributionsturnout to besolargethatthefixedorder
expansionis useless,even in thesmall i region, unless{ | is unrealisticallysmall. In orderto obtaina
realisticapproximationto thekernel,thelarge logarithmsof d j mustberesummedto all ordersin per-
turbationtheory. Fortunatelytheultraviolet logarithmsnot associatedwith the runningof thecoupling
maybedeterminedat LLQ andNLLQ from theLO andNLO Altarelli–Parisi splitting functions[419].
Summingthemup, longitudinalmomentumis automaticallyconserved: the relevant part of thekernel
thensatisfiestheall ordersumrule [419]

=
Â = æ©¨"îzkE¨Ht���� . Furthermore,it turnsout thatwhentheLLQ

andNLLQ contributionsto theLO andNLO BFKL kernelsareresummed,theexpansionstabilisesin the
perturbative ( d j ÷�÷�a j ) region,andtheresidualpartof thekernelwhich resumstheremainingsmall i
logarithmsis relatively small.

However beforewe canusethis resummedBFKL kernelto computesmall i resummationcor-
rectionswe needto resolve a secondissue: the inherentperturbative instability of the LLx andNLLx
contributions to the splitting functionsfirst notedin [69,414]. This is quite distinct from the previous
problem: it canbe shown (see[415] andSect.7.3) to follow inevitably from the shift in the valueofÚ

from its LLx value
Ú e to

Ú e yòñ Ú at NLLx. This shift mustbe accountedfor exactly if a sensible
resummedperturbative expansionis to beobtained.Sincein practicethecorrectionñ Ú is of thesame
orderas

Ú e , it seemsprobablethat
Ú � Ú e y�ñ Ú is notcalculablein perturbationtheory:ratherthevalue

of
Ú

maybeusedto parameterisetheuncertaintyin thevalueof thekernel î�k2d j ð©a j t when d j 9�a j .
Puttingtogetherthe two principlesof momentumconservation andperturbative stability, we can

computefully resummedNLO splitting functions[419]. Theresultdependson theunknown parameterÚ
. Provided

Ú 9õ � , thecorrectionsto conventionalNLO evolution in theHERA region aretiny: this in
itself is sufficient to explain thesuccessof NLO evolution in describingtheHERA data,andfurthermore
meansthateffectof resummedsmall i logarithmsontheextrapolationupwardsin d j from HERA to the
LHC shouldalsoberathersmall. More significanteffectsmight beexpectedin theextrapolationdown
to smalleri , particularlyif d j is alsosmalland

Ú
is positive. It shouldnow bepossibleto quantifysuch

uncertaintiesby aphenomenologicalanalysis,usingavailableHERA datato constrain
Ú
.

Onemighthavehopedthateventuallyit wouldbepossibleto compute
Ú

perturbatively. Themain
uncertaintyin currentcalculationsis dueto theunresummedinfraredlogarithmsin thekernel îzk2d j ð©a j t ,
whichdestabilisethefixedorderperturbative expansionin theregion d j ¡ a j . In Refs.[309,420,421]
an attemptis madeto resumtheselogarithmsthrougha symmetrizationof îzk2d j ð©a j t in d j and a j :
the ideais to deducethe infraredlogarithmsfrom the ultraviolet ones. The main shortcomingof this
approachis thatit makesimplicit assumptionsaboutthevalidity of perturbationtheorywhen d j is very
small: symmetrizationonly workswhenrunningcouplingeffectsareincluded,but makingthecoupling
run with d j or a j is not only very model dependentbut seemsinevitably to destabilisethe small i
evolution[422–427],suggestingthateffectsbeyondthereachof theusualperturbativeexpansionbecome
importantin this region.

It seemsthat to make furtherprogresswe requireeithergenuinenonperturbative input, or a sub-
stantialextensionof theperturbative domain.A possibleway in whichthismightbedonethroughanew
factorizationprocedurewasexploredin Ref. [428], from which themain conclusionwasthat at small
i thecouplingshouldrun not with d j , but with

§ j 9 d j °�i . Preliminarycalculations[429] suggest
thatthis is notphenomenologicallyunacceptable.An alternativeapproachto factorizationin highenergy
QCD basedon Wilson linesmaybefoundin Refs.[430,431]. Clearlymuchwork remainsto bedone.



6. PROMPT PHOTON PRODUCTION 36

6.1 General featuresof photon production 37

Whenmentioningthephotonin theframework of high-energy collider physics,oneis immediatelyled
to think – with goodreasons– to Higgssearchesthroughthegold-platedchannel# ª Ê<Ê . However,
the productionof photonsalsodeserves attentionon its own. Firstly, a detailedunderstandingof the
continuumtwo-photonproductionis crucial in orderto clearlydisentangleany Higgssignalsfrom the
background.Secondly, in hadroniccollisions,whereaverylargenumberof strong-interactingparticlesis
produced,photonsignalsarerelatively clean,sincethephotondirectlycouplesonly to quarks.Therefore,
prompt-photondatacanbeusedto studytheunderlyingpartondynamics,in acomplementarywaywith
respectto analogousstudiesperformedwith hadronsor jets. For thesamereason,thesedatarepresent
a very importanttool in the determinationof thegluon densityin the proton,

. 
 kEi}t . Indeed,in recent
yearsalmostall thedirect information(that is, not obtainedthroughscalingviolationsaspredictedby
theDGLAP equations)on the intermediate-andhigh-i behaviour of

. 
 kEi t camefrom prompt-photon
production,lhl ª Ê ® and l¯� ª Ê ® , in fixed-target experiments.Themainreasonfor this is that,at
LO, a photonin thefinal stateis producedin thereactions½ g ª Ê ½ and ½ ½ ª Ê g , with thecontribution
of the former subprocessbeingobviously sensitive to the gluon andusuallydominantover that of the
latter. It is the ‘point-like’ couplingof thephotonto thequarkin thesesubprocessesthat is responsible
for a muchcleanersignal than,say, for the inclusive productionof a ª e , which proceedsnecessarily
througha fragmentationprocess.

Thereis, however, abig flaw in theargumentsgivenabove. In fact,photonscanalsobeproduced
througha fragmentationprocess,in whichaparton,scatteredor producedin a QCD reaction,fragments
into a photonplusa numberof hadrons.Theproblemwith thefragmentationcomponentin theprompt-
photonreactionis twofold: first, it introducesin thecrosssectiona dependenceuponnon-perturbative
fragmentationfunctions,similar to thoserelevant in thecaseof single-hadronproduction,whicharenot
calculablein perturbative QCD: they dependon non-perturbative initial conditions[432,433], andonly
their asymptoticbehavior at very largescalesis perturbatively calculable[434]. Thesefunctionsare,at
present,very poorlydeterminedby thesparseLEPdataavailable.Secondly, all QCD partonicreactions
contribute to the fragmentationcomponent;thus,whenaddressingtheproblemof thedeterminationof
thegluondensity, theadvantageof having apriori only onepartonicreaction( ½ ½ ª Ê g ) competingwith
thesignal( ½ g«ª Ê ½ ) is lost, eventhoughsomeof thesubprocessesrelevant to thefragmentationpartat
thesametime resultfrom agluonin theinitial state.

The relative contribution of the fragmentationcomponentwith respectto the direct component
(where the photonparticipatesin the short-distance,hard-scatteringprocess)is larger the larger the
centre-of-massenergy and the smallerthe final-statetransversemomentum38: at the LHC, for trans-
versemomentaof theorderof few tensof GeV, it canbecomedominant.However, herethesituationis
saved by theso-called‘isolation’ cut, which is imposedon thephotonsignalin experiments.Isolation
is anexperimentalnecessity:in a hadronicenvironmentthestudyof photonsin thefinal stateis com-
plicatedby theabundanceof ª e ’s,eventuallydecayinginto pairsof Ê ’s. Theisolationcut simply serves
to improve thesignal-to-noiseratio: if a givenneighbourhoodof thephotonis freeof energetichadron
tracks,the event is kept; it is rejectedotherwise. Fortunately, by requiring the photonto be isolated,
onealsoseverelyreducesthecontribution of thefragmentationpartto thecrosssection.This is because
fragmentationis anessentiallycollinearprocess:therefore,photonsresultingfrom partonfragmentation
areusuallyaccompaniedby hadrons,andarethereforeboundto be rejectedafter the impositionof an
isolationcut.

36Sessioncoordinators:M. Fontannaz,S.FrixioneandS.Tapprogge.
37Contributing authors:P. Aurenche,M. FontannazandS.Frixione.
38Actually, in thefixed-target ¡H¡�óõô�ö reaction,onecanseethefragmentationcomponentincreasingrelatively to thedirect

onealsoat very large ¡�÷Oø , becauseof the direct crosssectiondying out very quickly at suchmomenta.This effect is of no
phenomenologicalrelevanceat theLHC.



It hasto be stressedthat, at fixed-target energies, the sizeof the averagetransversemomentum
allows to resolve the two photonscoming from ª e decayand thereforeto identify the ª e . It seems
thereforeappropriateto recallsomefixedtargetresultsbeforeturningto promptphotonproductionatthe
LHC. A recentreview onthecomparisonsbetweendataandtheorymaybefoundin [435]. Theorymeans
NLO predictionsincluding thedirectandthebremsstrahlungcontributions[229,233,234,436,437]. A
Fortrancodewhich puts togetherboth contributions andallows simplechangesof parametersis now
available[438]. Theconclusionreachedin ref. [435] is thatsomedatasetsareincompatiblewith each
other, or that theorymustbe modified. A modificationproposedin ref. [352] consistsin introducing
transversemomentumof initial partonswith a large averagevalue õ)Ô © ÷I9 ��� ç GeV. If this average
valuevarieswith 5 ! , thenit is possibleto adjusttheoryto data.Theresummationof thresholdeffects
[347] (seealsoSect.5.) increasesthe crosssectionat large iå©�� ê�l © ° 5 ! , but it cannotremove the
discrepancy betweentheoryanddata. Clearlyanunsettledproblemremainsin this fixed target energy
range,whichquestionsthepossibilityto determinethegluoncontentsof theprotonfrom promptphoton
data(seeSect.2.).

We now turn to the caseof photonproductionat high-energy colliders; after somegeneralin-
troductoryremarks,we will presentphenomenologicalpredictionsrelevant to theLHC; we remindthe
readerthat theproductionof promptphotonsat LHC wasfirst studiedat theAachenworkshop[2]. No
NLO correctionsto thebremsstrahlungtermswereavailableat thattime,andtheisolationprescriptions
wereimplementedonly at LO accuracy. Sincethen,theoreticalcomputationsprogressedtowarda fully
consistentNLO framework, whichwe will discussin thefollowing.

6.2 Isolation prescriptions39

As mentionedbefore,thefragmentationcontribution, thatthreatenedto spoil thecleanlinessof thepho-
ton signalsat colliders, is relatively well undercontrol in the caseof isolated-photoncrosssections.
Thereis of coursea price to pay for this gain: the isolationconditionposesadditionalproblemsin the
theoreticalcomputations,which arenot presentin thecaseof fully-inclusive photoncrosssections.To
bespecific,wewrite thecrosssectionfor theproductionof asingleisolatedphotonin hadroniccollisions
asfollows40:

æ*ì 2 Ò 2 Ë kElnm�ðÛl j ô l�ùñtu�
æ©i m æòi j

. /70�2 Ò kEi m ðÛ¾ Á t . � 0�2 Ë kEi j ðÛ¾ Á t2æ�$ì
	 �Eú �/ � H ù kEi m l m ðÛi j l j ô l ù ô ¾ ¿ ðÛ¾ Á ðÛ¾ ù t

y æ©i m æòi j æjA
. /10�2 Ò kEi m ðÛ¾ Á t . � 0�2 Ë kEi j ðÛ¾ Á t2æå$ì

	 ��ú �/ � H ± kEi m l m ðÛi j l j ô l ù °�A ô ¾ ¿ ðÛ¾ Á ðÛ¾ ù t2æ ù
0 ± k�AhðÛ¾ ù t2ð (51)

where Ónm and Ó j arethe incominghadrons,with momentalnm and l j respectively, anda sumover the
partonindices û , £ and ü is understood.In the first term on the right handsideof eq. (51) (the direct
component)thesubtractedpartoniccrosssectionsæå$ì 	 ��ú �/ � H ù getcontributionsfrom all thediagramswith a

photonleg. Ontheotherhand,thesubtractedpartoniccrosssectionsæ�$ì 	 ��ú �/ � H ± appearingin thesecondterm
on theright handsideof eq.(51) (the fragmentationcomponent),get contribution from thepureQCD
diagrams,with oneof thepartonseventuallyfragmentingin a photon,in a way describedby theparton-
to-photonfragmentationfunction æ ù 0 ± . As the notationin eq. (51) indicates,the isolationconditionis
embeddedinto thepartoniccrosssections.

It is awell-known factthat,in perturbative QCDbeyondLO, andfor all theisolationprescriptions
known at present,with theexceptionof thatof ref. [232], neitherthedirectnor thefragmentationcom-
ponentsareseparatelywell definedatany fixedorderin perturbationtheory:only theirsumis physically

39Contributing author:S.Frixione
40The productionof pairsof isolatedphotonscanbe describedin the very samemanner;we will considerthis caselater.

Herewe stick to a simplercasein orderto have assimpleasnotationaspossible.



meaningful.In fact,thedirectcomponentis affectedby quark-to-photoncollineardivergences,whichare
subtractedby thebarefragmentationfunctionthatappearsin theunsubtractedfragmentationcomponent.
Of course,this subtractionis arbitraryasfar asfinite termsareconcerned.This is formally expressedin
eq.(51) by thepresenceof thesamescale¾áù in boththedirectandfragmentationcomponents:a finite
piecemay be either includedin the former or in the latter, without affecting the physicalpredictions.
Theneedfor introducinga fragmentationcontribution is physicallybettermotivatedfrom thefactthata
QCD hardscatteringprocessmayproduce,againthrougha fragmentationprocess,a ý mesonthathas
thesamequantumnumbersasthephotonandcanthusconvert into aphoton,leadingto thesamesignal.

As far as the isolation prescriptionsareconcerned,herewe will restrict to thosebelongingto
the classthat canbe denotedas ‘cone isolations’ [229,230,439–442]. In the framework of hadronic
collisions, wherethe needfor invarianceunderlongitudinal boosts(which is necessaryfor collinear
factorizability)suggestsnot to definephysicalquantitiesin termsof angles,the coneis drawn in the
pseudorapidity–azimuthal angleplane,andcorrespondsto thesetof points

þ ¿ � kUÿ ð"½nt�� kUÿ o�ÿ ù t j y k�½�o�½ ù t j ��� ð (52)

whereÿjù and ½?ù arethe pseudorapidityandazimuthalangleof the photon,respectively, and
�

is the
aperture(or half-angle)of thecone.After having drawn thecone,onehasto actuallyimposetheisolation
condition. We considerhere two sub-classesof cone isolation, whosedifferencelies mainly in the
behaviour of thefragmentationcomponent.Prior to that,we needto definethetotalamountof hadronic
transverseenergy depositedin aconeof half-angle

�
as

8 b H 2O/�� k � tp�
�
	�> m 8�b

	 �hk � o � ù 	 t2ð (53)

where � ù 	 � kUÿ 	 o ÿjùñt j y k�½ 	 o�½?ùñt j ð (54)

and the sumrunsover all the hadronsin the event (or, alternatively, � canbe interpretedasan index
runningover thetowersof a hadroniccalorimeter).For boththeisolationprescriptionswe aregoingto
definebelow, thefirst stepis to draw a coneof fixedhalf-angle

� e aroundthephotonaxis,asgiven in
eq.(52). Wewill denotethisconeastheisolationcone.

Definition A. The photonis isolatedif the total amountof hadronictransverseenergy in the isolation
conefulfils thefollowing condition:

8 b H 2O/�� k � e t � ë ± l ¢ ù ð (55)

whereë ± is afixed(generallysmall)parameter, andl ¢ ù is thetransversemomentumof thephoton.

Definition B. Thephotonis isolatedif thefollowing inequalityis satisfied:

8 b H 2O/�� k � t � ëlù l ¢ ù���k � t2ð (56)

for all theconeslying insidetheisolationcone,thatis for any
� ��� e . Thefunction � is arbitrary

to a largeextent,but mustat leasthave thefollowing property:

�
	
�¿
� e ��k
� tp����ð (57)

andbeingdifferentfrom zeroeverywhereexceptfor
� � � .

Definition A wasproven to lead to an infrared-safecrosssectionat all ordersof perturbationtheory
in ref. [443]. The smaller ë ± , the tighter the isolation. Loosely speaking,for vanishing ë ± the direct



componentbehaves like � ��� ë ± , while the fragmentationcomponentbehaves like ë ± � ���¤ë ± . Thus, for
ë ± ª � eq.(51) diverges.This is obvioussincethelimit ë ± ª � correspondsto a fully-isolated-photon
crosssection,whichcannotbeameaningfulquantity, whetherexperimentally(becauseof limited energy
resolution)or theoretically(becausesoft-particleemissioninsidetheconecannotbeforbiddenwithout
spoilingtheinfraredsafetyof thecrosssection).

Definition B wasproposedandproven to lead to an infrared-safecrosssectionat all ordersof
perturbationtheoryin ref. [232]. Eq. (57) implies that theenergy of a partonfalling into the isolation
cone

þ ¿ É is correlatedto its distance(in the ÿ –½ plane)from thephoton.In particular, apartonbecoming
collinearto thephotonis alsobecomingsoft. Whenaquarkis collinearto thephoton,thereis acollinear
divergence;however, if thequarkis alsosoft, this divergenceis dampedby thequarkvanishingenergy.
Whena gluon is collinearto thephoton,theneitherit is emittedfrom a quark,which is itself collinear
to thephoton– in whichcase,whatwassaidpreviouslyapplies– or thematrixelementis finite. Finally,
it is clearthat theisolationconditiongivenabove doesnot destroy thecancellationof soft singularities,
sinceagluonwith smallenoughenergy canbeemittedanywhereinsidetheisolationcone.Thefactthat
this prescriptionis freeof final-stateQED collinearsingularitiesimpliesthat thedirectpartof thecross
sectionis finite. As far asthefragmentationcontribution is concerned,in QCDthefragmentationmech-
anismis purelycollinear. Therefore,by imposingeq.(56),oneforcesthehadronicremnantscollinearto
thephotonto havezeroenergy. This is equivalentto sayingthatthefragmentationvariableA is restricted
to the range Az� � . Sincethe parton-to-photonfragmentationfunctionsdo not containany

î k2�ºo�Aht ,
this meansthatthefragmentationcontribution to thecrosssectionis zero,becauseanintegrationover a
zero-measuresetis carriedout. Therefore,only thefirst termontheright handsideof eq.(51)is different
from zero,andit doesnot containany ¾ ù dependence.

We stressagainthat the function � canbe ratherfreely defined. Any sufficiently well-behaved
function, fulfilling eq. (57), could do the job, the key point beingthe correlationbetweenthe distance
of a partonfrom thephotonandthepartonenergy, which mustbestrongenoughto cancelthequark-to-
photoncollinearsingularity. Throughoutthispaper, we will use

��k � tp� �fo�º���¼ �
�fo�º���¼ � e

�
ð µ ����� (58)

Wealsoremarkthatthetraditionalcone-isolationprescription,eq.(55),canbeformally recoveredfrom
eq.(56)by setting����� and ëEùþ��ë ± .

6.3 Singleisolatedphotonsat the LHC 41

In this section,we will presentresultsfor isolated-photoncrosssectionsin lhl collisions at 14 TeV.
Theseresultshavebeenobtainedwith thefully-exclusive NLO codeof ref. [231], andarerelevantto the
isolationobtainedwith definitionB; theactualparametersusedin thecomputationaregivenin eq.(58),
togetherwith ëEù ��� . Weset

� eÎ����� ç . Wewill commentin thefollowing on theoutcomeof definition
A. Benchmarkratesfor isolatedphotonsover differentrangesof rapidityaregivenin Fig. 33.

Any sensibleperturbative computationshouldaddresstheissueof theperturbative stability of its
results. A rigorousestimateof the error affecting a crosssectionat a given ordercanbe given if the
next order result is alsoavailable. If this is not the case,it is customaryto study the dependenceof
thephysicalobservablesupontherenormalization(¾À¿ ) andfactorization(¾ÀÁ ) scales.It is importantto
stressthat the resultingspreadshouldnot be takenasthe ‘theoreticalerror’ affecting thecrosssection;
to understandthis, it is enoughto saythat therangein which ¾À¿ and¾ÀÁ arevariedis arbitrary. Rather,
oneshouldcomparethespreadobtainedat thevariousperturbative orders;only if thescaledependence
decreaseswhenincluding higherordersthe crosssectioncanbe regardedasperturbatively stableand
sensiblycomparedto data.

41Contributing author:S.Frixione



Fig. 33: Benchmarkcrosssectionsfor isolated-photonproduction:differentialspectrum(left) andintegratedspectrum(right).

Usually, ¾À¿ and¾ÀÁ areimposedto have thesamevalue,¾ , which is eventuallyvaried.However,
thisproceduremighthidesomeproblems,becauseof apossiblecancellationbetweentheeffectsinduced
by thetwo scales.It is thereforedesirableto vary ¾À¿ and¾ÀÁ independently. Here,anadditionalproblem
arisesat the NLO. The expressionof any crosssectionin termsof ¾ (that is, when ¾ ¿ �\¾ Á ) is not
ambiguous,while it is ambiguousif ¾À¿���#¾ÀÁ . In fact,when ¾À¿��� ¾ÀÁ , thecrosssectioncanbewritten
asthesumof a termcorrespondingto thecontribution relevant to thecase¾À¿ � ¾ÀÁ , plusa termof the
kind:

{}|ckE¾ ¤ t��¤k2{}| kE¾À¿�t2ti� ��� ¾ ¿¾ÀÁ ð (59)

where� hasthesamepower of {}| astheLO contribution, say { ; | . Theargumentof the {}| in front of
eq. (59), ¾ ¤ , canbe choseneitherequalto ¾À¿ or equalto ¾ÀÁ , sincethedifferencebetweenthesetwo
choicesis of NNLO. Thus,it follows thatthedependenceupon¾À¿ or ¾ÀÁ of aNLO crosssectionreflects
thearbitrarinessof thechoicemadein eq.(59),which is negligible only if theNNLO ( { ; ¶ j| ) corrections
aremuchsmallerthantheNLO ones( { ; ¶ m| ). This leadsto theconclusionthatastudyof thedependence
upon ¾À¿ or ¾ÀÁ only canbe misleading.In otherwords: � in eq. (59) is determinedthroughDGLAP
equationsin order to cancelthe scaledependenceof the partondensitiesup to termsof order { ; ¶ j| .
This happensregardlessof thechoicemadefor ¾ ¤ in eq.(59). However, herewe arenot discussingthe
cancellationto a givenperturbative orderof theeffectsdueto scalevariations;we areconcernedabout
thecoefficient in front of the ��k2{ ; ¶ j| t terminducedby suchvariations,whosesizeis dependentupon
thechoicemadefor ¾ ¤ andtherefore,to someextent,arbitrary. We have to live with this arbitrariness,
if wedecideto vary ¾À¿ or ¾ÀÁ only. However, wecanstill vary ¾À¿ and¾ÀÁ independently, but eventually
puttingtogethertheresultsin somesensibleway, thatreducestheimpactof thechoicemadefor ¾ ¤ . In
this section,we will considerthequantitiesdefinedasfollows:

î ì
ì � � � ì kE¾À¿ �è¾ûe�ðÛ¾ÀÁè�è¾ûe�tûo ì kE¾À¿ ��û � ¾ûe�ðÛ¾ÀÁè�è¾ûeht
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j
Ò
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where û ¶ and û Â � ��°�û ¶ are two numbersof orderone,which we will take equalto 1/2 and2 re-
spectively; the � signin front of theright handsideof eq.(60) is purelyconventional.We canevaluate
k î ì °�ì t � by using ¾ ¤ � ¾À¿ or ¾ ¤ �#¾ÀÁ in eq.(59). Thereadercanconvincehimself,with thehelpof
the renormalizationgroupequation(4), that thedifferencebetweenthesetwo choicesis of order { w | in
theexpansionof thecontribution to k î ì °�ì t j � dueto eq.(59); on theotherhand,thisdifferenceis only of
order { r | in eachof thetwo termsunderthesquareroot in theright handsideof eq.(60). This is exactly



MRST99 CTEQ5
1 2 3 4 5 M HJ k î ì °�ì t �

NLO, � ÿjù�� õ�ê���� 23.78 23.20 24.19 22.07 25.49 25.10 24.61 ¶ eqX e ���Â eqX e����
LO, � ÿ ù ��õ�ê���� 10.34 10.07 10.52 9.875 10.78 10.91 10.66 ¶ eqX e��2e

Â eqX e�� j
NLO, � ÿjù�� õ������ 14.59 14.23 14.88 13.66 15.53 15.35 15.01 ¶ eqX e ���Â eqX e�� �LO, � ÿjù���õ������ 6.457 6.270 6.583 6.212 6.657 6.771 6.596 ¶ eqX e��cm

Â eqX e��Er
Table3: Isolated-photoncrosssections(nb), with �?à Þ ¡ ÷"ø Þ ��à?à GeV, in two differentrapidity ranges,for variousMRST

(MRST99-1/5)andCTEQ(CTEQ5M/HJ)partondensities.Thescaledependence,evaluatedaccordingto eq.(60)andwith the

MRST99-1set,is alsoshown.

whatwe wantedto achieve: a suitablecombinationof thecrosssectionsresultingfrom independent¾À¿
and ¾ Á variationsis lesssensitive to the choicefor ¾ ¤ madein eq. (59) thanthe resultsobtainedby
varying ¾À¿ or ¾ÀÁ only.

In table3 we presentthe resultsfor the total isolated-photonrates,bothat NLO andat LO. The
lattercrosssectionshavebeenobtainedby retainingonly theLO terms( ��k2{ TWh {}| t ) in theshort-distance
crosssection,andconvoluting themwith NLO-evolvedpartondensities.Also, a two-loopexpressionfor
{}| hasbeenused.Thereis of coursea lot of freedomin thedefinitionof a Born-level result.However,
webelievethatwith thisdefinitiononehasabetterunderstandingof someissuesrelatedto thestabilityof
theperturbativeseries.To obtaintheratesenteringtable3,werequiredthephotontransversemomentum
to bein therangeçJ�ºõ#l ¢ ù õ#çJ��� GeV, andwe consideredtherapidity cuts � ÿjù��sõÿ����� and � ÿjù��sõÿê���� ,
in orderto simulatea realisticgeometricalacceptanceof theLHC detectors.We first considerthescale
dependenceof our results(last column),evaluatedaccordingto eq. (60). We seethat theNLO results
areclearly morestablethan the LO ones;this is reassuring,and implies the possibility of a sensible
comparisonbetweenNLO predictionsandthedata.Noticethat thesizeof theradiative corrections( î
factor, definedasthe ratio of theNLO resultover theLO result)is quite large. Fromthe table,we see
that thecrosssectionsobtainedwith differentpartondensitiesdiffer by 6% at themost(relative to the
resultobtainedwith MRST99-1[10], whichwe take asthedefault set).MRST99sets2 and3 aremeant
to giveanestimateof theeffectsdueto thecurrentuncertaintiesaffectingthegluondensity(seesect.2.),
whereassets4 and5 allow to studythe sensitivity of our predictionsto the valueof { | k2���,t (sets1,

4 and5 have ~ � � �� z � 220, 164 and288 MeV respectively). On the otherhand,the differencebetween
MRST99-1andCTEQ5M [7] resultsis dueto the inherentdifferencebetweenthesetwo densitysets
(CTEQ5Mhas~ � � �� z � 226MeV, andthereforethedifferencein thevaluesof { | k2���,t playsonly a very
minor role).

Frominspectionof table3, wecanconcludethatisolated-photoncrosssectionattheLHC is under
control,bothin thesenseof perturbationtheoryandof thedependenceuponnon-calculableinputs,like
{}|Ãk2���*t andpartondensities.The relatively weakdependenceuponthe partondensities,however, is
not a goodpieceof news if oneaimsat usingphotondatato directly accessthegluondensity. On the
otherhand,theexpectedstatisticsis largeenoughto justify attemptsof a directmeasurementof sucha
quantity. In theremainderof this section,we will concentrateon this issue.Wewill consider

 "! � æ*ìheh°�æòi¼o æ*ì °�æ©i
æ*ìheh°�æòi¼y æ*ì °�æ©i ð (61)

wherei is any observableconstructedwith thekinematicalvariablesof thephotonand,possibly, of the
accompanying jets. ì and ìhe arethecrosssectionsobtainedwith twodifferentsetsof partondensities,the
latterof which is alwaysthedefault one(MRST99-1).We canimaginea gedanken experiment,where
it is possibleto changeat will the partondensities;in this way, we canassumethe relative statistical
errorsaffecting ì and ìse to decreaseas ��° 5 � and ��° 5 �ïe , � and �ïe beingthecorrespondingnumber
of events.It is thenstraightforward to calculatethestatisticalerroraffecting

 "!
; by imposing

 "!
to be



Fig. 34: Dependenceof isolated-photonandisolated-photon-plus-jetcrosssectionuponpartondensities,asa functionof ¡�÷Oø
and#?øÛÙ .

largerthanits statisticalerror, onegets

 $! ÷ k  "! t Ü 	¸� Þ �
ê&% ë;ì kEi}ð"ñ¤i t ð (62)

where% is theintegratedluminosity, ë � � collectsall theexperimentalefficiencies,and

ì kEi}ð"ñ¤i tp�
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is thetotal crosssectionin a rangeof width ñ¤i aroundi .

In fig. 34wepresentourpredictionsfor
 $!

. In theleft panelof thefigurewehavechoseni��èl ¢ ù ,
while in theright panelwe have iz�èi ù"C , where

i«ù"Cv� l ¢ ù�a"ced kUÿjùñtûyzl ¢ C?a"ced kUÿjCÃt
5 ! � (64)

In this equation5 ! is thecentre-of-massenergy of thecolliding hadrons,and l ¢ C and ÿ C arethetrans-
versemomentumandrapidity of thehardestjet recoilingagainstthephoton.In orderto reconstructthe
jets,we adoptedherea a�© -algorithm[8], in theversionof ref. [9] with ) � � . Noticethat i ù"C exactly
coincidesat the LO with the longitudinalmomentumfraction i of the partonsin oneof the incoming
hadrons;NLO correctionsintroduceonly minor deviations. For all thedensitysetsconsidered,thede-
pendenceof

 
upon l ¢ ù is rathermild. The valuesin the low-l ¢ ù region could alsobe inferredfrom

table3, sincethecrosssectionis dominatedby small l ¢ ù ’s. Analogouslyto whathappensin thecaseof
total rates,thesetsMRST99-4andMRST99-5give riseto extremeresultsfor

 "* ¢�ø , sincethevalueof
{}|Ãk2���*t is quite differentfrom thatof thedefault set. From thefigure, it is apparentthat,by studying
thetransversemomentumspectrum,it will not beeasyto distinguishamongthepossibleshapesof the
gluondensity. Ontheotherhand,it seemsthat,asfarasthestatisticsis concerned,adistinctionbetween
any two setscanbeperformed.Indeed,thesymbolsin thefiguredisplaythequantitydefinedin eq.(62),
for % �¸����� fb Â m , ñ l ¢ ù � ��� GeV and ëï�\� . Of course,the lattervalueis not realistic. However, a
smallervalue(leadingto a larger k  t Ü 	�� ), caneasilybecompensatedby enlarging ñ l ¢ ù andby thefact
thatthetotal integratedluminosityis expectedto bemuchlarger thanthatadoptedin fig. 34.

Turning to the right panelof fig. 34, we can seea much more interestingsituation. Actually,
it canbe shown that the patterndisplayedin the figure is ratherfaithfully reproducedby plotting the
analogousquantity, whereoneusesthegluondensitiesinsteadof thecrosssections.Thisdoesnot come
asa surprise. First, i ù"C is in an almostone-to-onecorrespondencewith the i enteringthe densities.



Secondly, photonproductionis dominatedby the gluon-quarkchannel,andthereforethecrosssection
hasa lineardependenceupon

. 
 kEi}t , which canbeeasilyspotted.It doesseem,therefore,to be rather
advantageousto look at moreexclusive variables,like photon-jetcorrelations(this is especiallytrue if
oneconsiderstheprocedureof unfoldingthegluondensityfrom thedata:in thecaseof single-inclusive
variables,theunfolding requiresa de-convolution, which is not neededin thecaseof correlations).Of
course,thereis apriceto pay: theefficiency ë will besmallerin thecaseof photon-jetcorrelations,with
respectto thecaseof single-inclusive photonobservables,mainly becauseof the jet-tagging.However,
from the figure it appearsthat thereshouldbe no problemwith statistics,except in the very large i ù"C
region.

Finally, we would like to commenton the fact that, for the caseof single-inclusive photonob-
servables,we alsocomputedthecrosssectionby isolatingthephotonaccordingto definition A, using
ë ± ��ê GeV°�l ¢ ù . Thetwo definitionsreturna l ¢ ù spectrumalmostidenticalin shape,with definitionB
higherby a factorof about9%. It is only at thesmallestl ¢ ù valuesthatwe considered,thatdefinition
B returnsa slightly steeperspectrum.Thefactthatsuchdifferentdefinitionsproducevery similar cross
sectionsmaybesurprising.Thishappensbecause,prior to applyingtheisolationcondition,partonstend
to beradiatedcloseto thephoton;therefore,mostof themarerejectedwhenapplyingthe isolation,no
matterof which type. This situationhasalreadybeenencounteredin theproductionof photonsat much
smallerenergies.Thereadercanfind adetaileddiscussionon thispoint in ref. [444].

In the previous paragraphs,we concentratedon the possibility that isolated-photondatacanbe
usedto constrainor measurethe gluon densityin the proton. However, it is well known that

. 
 kEi}t is
ratherstronglycorrelatedto {}| . This is notaproblemif oneis interestedin observablesthatonly depend
uponthequantity { | . 
 kEi t . On theotherhand,thedeterminationof thegluondensityaloneis important
in many respects.Thus,onehasto assumeanaccurateknowledgeof {}| to extract

. 
 kEi}t from thedata.
It is of coursepossibleto turn thisargumenttheotherwayround:thatis, to assumeagoodknowledgeof. 
 kEi t to measure{}| . Thesensitivity of theisolated-photoncrosssectionat theLHC uponthevalueof
{}| canbeinferredfrom table3 andfig. 34, looking at theresultsobtainedwith thesetsMRST99-4and
MRST99-5.Unfortunately, sincethegluon-initiatedprocessesdominatethecrosssection,andthegluon
is theleastknown amongthepartondensities,this procedurewill probablyresultin sizeablesystematic
errors;on theotherhand,thanksto thesizeof theproductionrate,we shouldexpecta preciseresulton
a statisticalbasis.Theseconsiderationsshouldencourageus to find alternative waysof measuring{ |
by usingphotondata. Sincethe main problemis in the dependenceof the crosssectionupon

. 
 kEi t ,
the guideline is that of consideringobservablesthat are lesssensitive to the partondensitiesthanthe
isolated-photoncrosssection.

In whatfollows,we will arguethatanobservableof this kind is givenby theratio

+ kEl*bptu� æsì�C
æòl ¢ C kEl*but

æsì�ù
æ©l ¢ ù kEl,bptñ� (65)

Here, æsìjCc°�æ©l ¢ C is thesingle-inclusive jet transversemomentumspectrum,while æsì�ùñ°�æ©l ¢ ù is thetrans-
versemomentumspectrumof theisolatedphoton.

It is immediateto seethat, at the LO,
+

is proportionalto { | . In the ratio that defines
+

, one
expectsthatthedependenceuponthepartondensitiescancelto agoodextent,thusgiving anobservable
suitedto measure{}| , regardlessof theprecisionto which

. 
 kEi}t is known. In hadronicphysics,thetrick
of consideringratiosof crosssections(insteadof thecrosssectionsthemselves) in orderto reducethe
dependenceonthepartondensitiesis frequentlyused.In particular, for themeasurementof { | athadron
colliders,onecanthink to the

§ y«� -jet over
§ y«� -jet ratio(, ), andto the3-jetover2-jet ratio(� ). We

have to stressanimportantdifferencebetweenthesetwo quantitiesand
+

: in theratio thatdefines, and
� , thenumeratorrequiresthedefinition(throughfinal-statecuts)of anhardobjectin additionto those
alreadypresentin the denominator. This implies that the kinematicalconfigurationsin the numerator
anddenominatorcanbe sizablydifferent. Therefore,onefacesthe following problem: even if , and
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Table4: NLO predictionsfor thedoubleratio 2 definedin eq.(66), for various¡43 Å ×÷ andtwo rangesin rapidity.
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Table5: NLO predictionsfor theratio definedin eq.(68). This tablehasto becomparedto table4.

� areformally proportional(at theLO) to {}| , it is not straightforward to determinethescaleat which
{ | is calculated.Furthermore,sincethenumeratorandthedenominatorhave differenthardscales,the
partondensitiesappearingin thesetwo quantitieswill be probedat differentmomenta:this of course
will partially destroy thecancellationthatoneis willing to achieve whenconsideringsuchratios. One
theotherhand,this problemdoesnot affect

+
: both the isolated-photonandthesingle-inclusive cross

sectionsaredominatedby two-body, back-to-backconfigurations:it is thereforepretty intuitive that { |
will be evaluatedat a scaleequalto the transversemomentumof theobserved photonandjet. On the
otherhand,thepartonicsubprocessescontributing to thenumeratorandthedenominatorof , and� are
basicallythesame.This is not truefor

+
, becauseof thedifferenthardproductionprocessesinvolved.

Therefore,onemight arguethat in thelattercasethecancellationof thedependenceon partondensities
will not take place. We canhowever observe the following: at the LHC, andif onedoesnot consider
too large valuesin l*b , the averagemomentumfraction i probedis small: thus, the quark densities
aredominatedby the sea,which is in turn relatedto

. 
 kEi t . In this way, we canexpectto recover the
cancellation.

Of course,thereis no way to tell beforehandwhich observabledisplaysthesmallestdependence
uponthe partondensitychoice. In order to study this issuein the caseof

+
, we will considerin the

following thedoubleratio
) kEl Ü 	¸�¢ tp� + kEl Ü 	��¢ tñ° + exkEl Ü 	��¢ t2ð (66)

where
+ kEl Ü 	��¢ tu�

* 3�798¢* 3 Å ×¢ æ©l ¢ C æsì Cæ©l ¢ C
* 3�7:8¢* 3 Å ×¢ æòl ¢ ù æsì ùæ©l ¢ ù � (67)

In eq.(66),
+ e is computedwith ourdefault partondensityset(MRST99-1),while

+
is computedwith

the othersets. Notice that we considered
+

insteadof
+

just becausewe collecteda limited amount
of statisticsin the MC runsperformedso far, and

+
standsa betterchancethan

+
to be insensitive

to fluctuations. Notice, however, that the relevant transversemomentumspectraarequite steep,and
therefore

+ kEl Ü 	¸�¢ t is dominatedby
+ kEl Ü 	��¢ t . In eq.(67), theupperlimit l Ü

/ !
¢ canbechosenat will. A

possiblechoiceis to setit equalto thekinematicallimit; in theresultspresentedin this section,we have
setl Ü

/ !
¢ �èçJ��� GeV.



OurNLO predictionsfor thedoubleratio ) arepresentedin table4. By inspectionof thetable,we
canseethat ) is remarkablystablewith respectto thechoiceof thedensityset;it hasto bestressed,how-
ever, thatanincreaseof thestatisticsis mandatoryat thehighestl Ü 	��¢ considered.In thetable,welimited
ourselvesto consideringonly thesetsMRST99-2andMRST99-3.Thereasonis thefollowing: by con-
struction,thesesetsgaugethecurrentuncertaintyaffectingthedeterminationof

. 
 kEi}t , with MRST99-1
beingassumedto returnthe“true” densities.Thus,since) is compatiblewith one,weareindeedcheck-
ing that the dependenceuponthe partondensitiesin

+
(actually,

+
) almostperfectlycancels. If we

wereconsideringothersets,like MRST99-4,we would expect )<;�{ | kE~>=@? |9AB��� Â w t2°�{ | kE~C=@? |9AB��� Â m t .
However, thestrongcorrelationbetween{}| and

. 
 kEi t might spoil thisnaive expectation.Thesamecan
besaidwhenconsideringthesetsof theCTEQgroup: in this case,a furtherbiascanbe introducedby
thefactthatMRST andCTEQusedifferentparametrizationsandevolution codes.We postponea more
carefulanalysisof thisproblemto a forthcomingwork.

It canbearguedthat theresultsdisplayedin table4 aredueto thefact that thedensitiesusedare
actuallynot that different in the i rangeof interest. This, however, is not true. In fact, at the level of
crosssections,thedifferencesbetweenthepredictionsobtainedwith thedefault setor with theothersets
aremuchlarger. Thiscanbeseenfrom table3. More precisely, we canconsidertheratio

* 3�7:8¢* 3 Å ×¢ æòl ¢ ù æsì�ùæ©l ¢ ù
* 3�7:8¢* 3 Å ×¢ æòl ¢ ù æsìseYùæòl ¢ ù ð (68)

where æsìheYù is calculatedusingMRST99-1,and æ*ìjù with all theotherdensitysets.Theresultsfor this
quantityarepresentedin table5. Eachentry of this tablehasto be comparedwith the corresponding
entry in table4. Fromthis exercise,it is indeedevident that

+
is muchlesssensitive thantheisolated-

photoncrosssectionto thechoiceof thedensityset,at leastatsmall l Ü 	��¢ . Whenl Ü 	¸�¢ approacheslarger
values,no firm conclusioncanbe reached,given thestatisticscollected;asmentionedbefore,onecan
suspectthat,thehigher l Ü 	¸�¢ , thelarger thedependenceof

+
uponthedensities.Onetheotherhand,it

canbeobservedthatsmallermomentaallow aneasierobservationof therunningof { | .

6.4 Pairs of isolatedphotons: infrar ed sensitivity with standard coneisolation42

In thediscussiongivenbefore,werestrictedto thecaseof theproductionof asingleisolatedphotons.Of
course,theconsiderationswe madecanbeextendedwith obviousmodificationin eq.(51) to thecaseof
theproductionof photonpairs.In suchacase,thecrosssectionsplitsnaturallyin threeunphysicalcom-
ponents:direct, single-fragmentationanddouble-fragmentation, correspondingto the processeswhere
bothphotons,onephotonandnoneof thephotonsaredirectlyenteringthehardsubprocess.As farasthe
isolationprescriptionis concerned,thingsareunchanged:this cut hasto be imposedon both photons,
andpossiblysupplementedby therequirementthatthephotonsbeisolatedfrom eachother.

In Sect.9., the productionof photonpairs is describedwith a specialemphasison its role asa
backgroundto Higgssearches.Herewe would like to concentrateon a different,moretechnicalaspect,
whichismorerelevantto pure-QCDstudies.Weinvestigateappearanceof infrareddivergencesinsidethe
physicalspectrum.An exampleof suchdivergencesappearsin thetransversemomentum( ½;b ) spectrum
of a pair of isolatedphotons- or of a jet+isolatedphotonsystem.This canbe seenin Fig. 35, which
shows æ*ì °�æs½¦b vs. ½¦b for isolatedphotonpairs,computedatNLO accuracy [237]. Theratherlargevalue
of isolationcut usedhere, 8�b Ü / ! ����� GeV, is not motivatedby any phenomenologicalconsideration:
it insteadallows to split the well known infraredissuein the vicinity of ½¦b ª � from the new oneat
½ b ª 8 b Ü / ! .

Thetroublecomesfrom the“single fragmentation”contribution (thecontribution whereonly one
photoncomesfrom the fragmentationof a hard parton,the other beingemittedby the partonicsub-
process).In theQCD improved partonmodelframework, the fragmentationis a strictly collinearpro-

42Contributing authors:T. Binoth,J.P. Guillet andE. Pilon.



Fig. 35: Di-Photondifferentialcrosssection�"� Õ �"ØH¢ at LHC, D E Æ âF� TeV, with the kinematiccuts ¡x¢ex�ô Ò }HGI��à GeV,

¡x¢ex�ô Ë }JG �&K GeV, Ç L�x�ô Ò8Ó Ë }�Ç Ü �NMOK , andwith isolationcriterion ��¢ 3�7:8 Æ â K GeV in P#Æ�à M � . Thescalechoicefor initial

statefactorizationscale(Q ), fragmentationscale(Q � ) andrenormalizationscale(� ) is Q Æ5Q � Æ �ºÆ5R ø�ø Õ1� .

cess,henceall the hadronicdebrisof the parton-to-photonfragmentationfall inside the coneof the
photonfrom fragmentation.At LO, both photonsareback-to-backin the transverseplane,so, dueto
transversemomentumconservation, ½¦b � 8

2O/��
b . Sincethetransversehadronicenergy depositedin the

isolationconehasto be lessthat 8 b Ü / ! , the LO “single fragmentation”contribution of the ½ b distri-
bution hasa stepwisebehavior. Then,asshown in [445], at NLO suchan observablegetsan infrared
doublelogarithmicdivergenceat thecritical point ½;b]�m8�b Ü / ! . Thedetailsof this infraredstructure
arevery sensitive to the kinematicconstraintsandthe observableconsidered.In the caseat hand,the
NLO contribution to æ*ì °�æs½¦b getsa doublelogarithmbelow thecritical point,which is producedby the
convolution of the lowestorderstepwiseterm with the probability distribution for emitting a soft and
collineargluon,yielding:

æsì
æs½¦b ���,�

9�o æsì
æs½¦b �*�

Ãqk�8 b Ü / ! o ½ b t À { | � , j �fo ½ jb
8 jb Ü / ! y ¹©¹©¹ (69)

More generally, at eachorderin { � , up to two powersof suchlogarithmswill appear, makingany fixed
ordercalculationdivergeat ½;b ��8�b Ü / ! , sothatthespectrumcomputedby any fixedordercalculation
is unreliablein thevicinity of this critical value.In principle,anall orderresummationhasto becarried
out if possible,in orderto restoreany predictability. In practice,thephenomenologicallyrelevantvalues
of 8�b Ü / ! arefairly lower than15GeV, sothatthisproblemmayaffectonly theveryfirst binsof the ½¦b
distribution.

6.41 Mismatch theory/experimentwith verysevere isolationcuts

Another issuedeservessomecare,whenisolatedphotonsareselectedby meanof the above standard
conecriterion. In an actualpromptphotonevent the transverseenergy depositedinside the isolation
conehasseveralphysicalorigins. Oneis whenhadronscomingfrom thehadronizationof hardpartons
involved in thesubprocessfall into thecone.A secondoneis givenby thedebrisof the fragmentation
producingthephoton,whenthe lattercomesfrom sucha mechanism.A third sourceof accompanying
transverseenergy is provided by “minimum bias”. Moreover at high luminosity, piled-upeventsmay
alsocontaminatethehadronicenvironmentof a previous photonevent. Fromanexperimentalpoint of



view, thevalueof 8�b Ü / ! hasto beaslow aspossiblein orderto suppressbackgroundeventsandevents
with photonsfrom fragmentation,while retainingmostof the“true” directphotons.Thegoal is thusto
useanexperimentalvalueof 8 b Ü / ! basicallysaturatedby “minimum bias” - andpile-up. For example
this is nearlyachieved by CDF at the Tevatronrequiring 8�b Ü / ! � � GeV in

� � ��� ç . In partonic
calculations,the first two sourcesof accompanying transverseenergy aretaken into account,whereas
thelast two areignored.However if theaccompanying 8

2O/S�
b is to besaturatedby “minimum bias” and

pile-up,thenin apartoniccalculation,this leavesalmostnoroomfor accompanying partonic8�b coming
from thehardsubprocessitself. Therefore,apartoniccalculationmeantto incorporatetheeffect of such
anexperimentalcut shoulduseaneffective valuefor 8�b Ü / ! in thecalculation,which is muchsmaller
thantheoneexperimentallyused,e.g.atmostafew hundredMeV for CDF. Thecorrespondencebetween
thevaluesusedin experiments,or full MonteCarlosimulations(whichmodelthe“minimum bias”),and
their counterpartsin higherorderpartoniccalculationshasto be furtherstudied.Sucha comparisonis
worthwhileespeciallybecausetheactualisolationcutsusedby collidersexperimentsaremoreexclusive
andsophisticatedthantheschematiccriteriondefinedabove.

However whentheexperimentalvalueof 8 b Ü / ! is nearlysaturatedby “minimum bias”, sucha
studyis complicatedby an infraredproblem. Indeed,an infrareddivergenceappearsin partoniccalcu-
lations,whenphotonsarerequiredto beabsolutelyisolated,i.e. accompaniedby a vanishingamountof
partonictransverseenergy insideaconeof finite size,becausethisamputationof gluonphasespacepre-
ventsthecancellationof theinfraredsingularitiesassociatedwith softgluonemission.With afinite value
8�b Ü / ! , this would translateinto theappearanceof � ,Àk�8�b Ü / ! °�dºt (where d is somelargescale,of the
orderof thephoton’s l,b ) which would becomelargewith a tiny 8�b Ü / ! . Whereasthe“fragmentation”
contribution to, e.g.the l b distribution of directphotons[230,446],or theinvariantmassdistribution of
photonpairs,is roughly

ì � Â
/ 
 Ü 9UT � , j T�yõ� ,VT-� , � y ¹©¹©¹ (70)

(with Tþ��8�b Ü / ! °�d ), the“direct” contribution behavesas

ì
� 	 Â 9 � j � ,@T y���k2��t (71)

Thetheoreticalpartoniccalculationwould thenbecomeunstableandunreliable,whenT ¡ � with finite�
. Moreover, thisproblemis not localizedin thesolevicinity of someisolatedpoint,at theborderof or

insidethespectrum,but in principle it plaguesthecalculationover thewholespectrum- at leastsome
extendedrangeof it - for observablessuchas,e.g.,the l b distribution of directphotons,or theinvariant
massdistribution of photonpairs. Thedependenceof theoreticalpartoniccalculationson the isolation
parameters,especiallyon 8�b Ü / ! , hasstill to bestudiedin detail[447] in orderto fix thispuzzle.

7. SMALL X PHYSICS43

7.1 Jet physicsat largerapidity intervals and the BFKL equation44

TheLHC offersauniqueopportunityto exploresemi-hardstrong-interactionprocesses,whicharechar-
acterizedby two large and disparatekinematicscales. In inclusive jet production,jets of transverse
energy 8§©�� ��� GeV canspana kinematicrangeof up to 11 units of rapidity. Processeswith two
largeanddisparatekinematicscalestypically leadto crosssectionscontaininglarge logarithms.Exam-
plesof this type of processaredi-jet productionin hadroncollisionsat large rapidity intervals [448],
forward jet productionin DIS [449–451], and Ê Ç Ê Ç collisions in double-tagevents, ¬ ¶ ¬ Â ª ¬ ¶ ¬ Â y
hadrons[452]. In large-rapiditydi-jet productionthelargelogarithmis therapidity interval betweenthe
jets, ñ ¹$;ò� ,Àk�$!Ã°W� $¨X� t , with $! thesquaredpartoncenter-of-massenergy and � $¨Y� of theorderof thesquared
jet transverseenergy. In forwardjet productionin DIS thelargelogarithmis � , kEi}°�i � C t , wherei � C is the
Bjorkenscalingvariableandi themomentumfractionof thepartonenteringthehardscattering.These

43Sectioncoordinators:R. Ball, V. Del DucaandA. deRoeck.
44Contributing authors:V. Del DucaandW.J.Stirling.



logarithmswill arisein aperturbativecalculationateachorderin thecouplingconstant{}| . Alternatively,
if the logarithmsarelarge enough,it is possibleto includethemthroughan all-orderresummationin
theleadinglogarithmic(LL) approximationperformedby meansof theBalitsky-Fadin-Kuraev-Lipatov
(BFKL) equation[304–306].

In thehigh-energy limit, $! ( � $¨X� , theBFKL theoryassumesthatany scatteringprocessis domi-
natedby gluonexchangein thecrossedchannel45 which for a givenscatteringoccursat ��k2{ j | t . This
constitutestheleading-order(LO) termof theBFKL resummation.ThecorrespondingQCD amplitude
factorizesinto a gauge-invariant effective amplitudeformedby two scatteringcenters,the LO impact
factors,connectedby the gluonexchangedin thecrossedchannel.The impactfactorsarecharacteris-
tic of thescatteringprocessat hand. TheBFKL equationthenresumstheuniversalLL corrections,of
��k2{ � | � , � kS$!Ã°W� $¨Y� t2t , to the gluon exchangein the crossedchannel. Theseareobtainedin the limit of a
strongrapidity orderingof theemittedgluonradiation,i.e. for µ gluonsproducedin thescattering,

¹¯mÒ( ¹ j ( �©�©�¨( ¹ � Â m-( ¹ � � (72)

Di-Jetproductionin hadroncollisionsat largerapidity intervalsis thesimplestprocessto whichto
applytheBFKL resummation,andoneof thetopicalBFKL processesat theLHC, thusweshalluseit as
theparadigmprocess.Sincedi-jet productionat largerapidity intervalsis dominatedby gluonexchange
in the crossedchannel,the functional form of the QCD amplitudesfor gluon-gluon,gluon-quarkor
quark-quarkscatteringatLO is thesame;they differ only by thecolourstrengthin theparton-production
vertices.Wecanthenwrite thecrosssectionin thefollowing factorizedform [458–460]
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where¾ÀÁ is thefactorisationscale,û · and £ · label theforwardandbackwardoutgoingjet, respectively,
and l«© aretwo-dimensionalvectorsin the planetransverseto the collision axis, the azimuthalplane.
i e / ð,i e � arethepartonmomentumfractionsin thehigh-energy limit,
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andtheeffective partondistribution functionsare[461]
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wherethe sum is over the quarkflavours. In the high-energy limit, the gluon-gluonscatteringcross
sectionbecomes[458]
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with @¥¤ ��� ± ��² , ñ¢¹��b¹ / Z o6¹ � Z and ½ 	 © themomentatransferredin the ¨ -channel,with ½ / ©���o l / Z ©
and ½ � ©È� l � Z © , andwherewe usethe shorthandfor the magnitudesquared,� l ©@� j Þ l j © . The quan-
tities in squarebracketsarethe LO impactfactorsfor jet production.The function

. k2½ / © ð©½ � © ð"ñ¢¹ t is
the Green’s function associatedwith the gluon exchangedin the crossedchannel. It is processinde-
pendentandgiven in the LL approximationby the solutionof the BFKL equation.This equationis a

45The crossed-channelgluon dominanceis alsousedasa diagnostictool for discriminatingbetweendifferentdynamical
modelsfor partonscattering.In themeasurementof di-jet angulardistributions,modelswhich featuregluonexchangein the
crossedchannel,like QCD,predicta characteristic̀badc Ú�e xgf4h Õ7� } di-jet angulardistribution [453–455],while modelsfeaturing
contact-terminteractions,which do not have gluonexchangein thecrossedchannel,predicta flatteningof thedi-jet angular
distributionat large iE Õ Ç ij Ç [456,457].



two-dimensionalintegral equationwhich describestheevolution in transversemomentumof thegluon
propagatorexchangedin thecrossedchannel.If we transformto momentspacevia
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we canwrite theBFKL equationas
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with { | ��{ | � ± °Lª , andwherethekernel
m

is givenby
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The first term in the kernelaccountsfor theemissionof a realgluon of transversemomentuma�© and
thesecondtermaccountsfor thevirtual radiative corrections,which reggeisethegluonexchangedin the
crossedchannel.Thesolutionto theBFKL equationis,
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with ½ / � theazimuthalanglebetween½ / © and ½ � © , andkvk�osðÛµ�t theeigenvalueof theBFKL equation

kvk�ohðÛµ�t � o { | r � µ-�Hy �
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with r the digammafunction, Ê E � oCr¤k2��t the Euler constant,andwith maximumat kvk2��ð©��t Þ Ú �
ç {u|á� ,þê . Thus the solutionof the BFKL equationresumspowersof ñ¢¹ . The resultinggluon-gluon
crosssectiongrows with ñ¢¹ as

. k2½ / © ð©½ � © ð"ñ ¹.t 9)a"ced k Ú ñ¢¹.t [305,306], in contrastto the leading-
order( ��k2{ j | t ) crosssectionwhich is constantat large ñ¢¹ .

In order to detectevidenceof a BFKL-type behaviour in a scatteringprocess,we needto have
ñ¢¹ as large aspossible. In di-jet productionit canbe doneby minimizing the jet transverseenergy,
andmaximizing $! . Since $! �#i e / i e � ! , in a fixed-energy collider this is achievedby increasingtheparton
momentumfractionsi / H � , andthenmeasuringe.g. thedi-jet productionrate æsì °�æjñ ¹ . However, asthe
i ’s grow thepartonluminosityfallsoff, makingit difficult to disentangletheeventualBFKL-drivenrise
of the partoncrosssectionfrom the pdf’s fall off [459,460]. Oneway to circumvent this problemis
to usea variable-energy collider: the increasein $! canthenbe achieved by fixing the i ’s (andhence
thepdf’s) andby letting thehadroncenter-of-massenergy ! grow. Theadvantageof this set-upis that
variationsin thepdf’s areminimised,while variationsin thepartondynamics,andthusin theeventual
underlyingBFKL behaviour, arestressed[458,462]. The D0 collaborationhave recentlyattemptedto
uncover BFKL behavior in this way by comparingdi-jet crosssectionsmeasuredat 5 !å� ��²�� GeV
and ����� TeV [463]. In a contribution to this Workshop[464], the possibility of testingfor BFKL-type
behaviour by comparingdi-jet crosssectionsat theTevatron(2 TeV) andthe LHC (14 TeV) hasbeen
investigated.Thedifficulty hereis thatoneis comparingjetsmeasuredin two very differentdetectors,
with resultingsystematicuncertaintiesin the relative crosssections.Onecould also,of course,con-
templaterunningtheLHC at a lower collision energy. Notethata variable-energy configurationcanbe
moreeasilyrealised:in forward-jetproductionin DIS, sincea fixed-energy ¬2l collider is nonethelessa
variable-energy collider in thephoton-protonframe[465–470]; in Ê Ç Ê Ç collisionsin double-tagevents,
¬ ¶ ¬ Â ª ¬ ¶ ¬ Â y hadrons,by varyingtheenergy in thephoton-photonframe[471,472].

As amorepracticalalternative to varyingthecolliderenergy, onecanstudylessinclusive observ-
ables.In particular, thecorrelationbetweenthetaggingjets,whichatLO aresupposedto bebackto back,



is smearedby gluonradiationinducedby partonshowersandby hadronization.However, if we look at
thecorrelationalsoasafunctionof ñ¢¹ , weexpectthe(BFKL) gluonradiationin therapidity interval be-
tweenthejetsto furtherblur theinformationon themutualpositionin transversemomentumspace,and
thusthedecorrelationto grow with ñ¢¹ . Accordingly, the transversemomentumimbalance[459,473],
andthe azimuthalangledecorrelation[459,460,474–476] have beenproposedasBFKL observables.
In particular, it is straightforward to derive from (80) thepredictionfor thedependenceof uUº���¼�½ / �_v on
ñ¢¹ :46 uUº���¼å½ / �_v6w � . Onefinds [459,460,474–476] that uUº���¼å½ / �_v decreasesrapidly from 1 at small
ñ¢¹ (back-to-backjets),andapproacheszeroas ñ¢¹ ª _ . Suchan azimuthalangledecorrelationhas
indeedbeenobservedat theTevatronCollider [448]. However, theLL BFKL formalismpredictsamuch
strongerdecorrelationthanthat observed in the data. On the otherhanda NLO partonicMonte Carlo
generator(JETRAD [222,477]), in which theexact ê ª ê and ê ª ² matrix elementsaretaken into
account,predictstoolittle decorrelation.In factthedataarewell describedby theHERWIG MonteCarlo
generator[116,171,211],which‘dresses’thebasicê ª ê partonscatteringwith partonshowersandalso
includeshadronization.Thusthepresentconclusionis thatat leastfor di-jetswith transversemomenta
÷ ê�� GeV andwith rapidity intervals õ � units,asanalysedby the D0 Collaborationat the Tevatron,
thereis noevidencefor LL BFKL-inducedgluonradiationin theazimuthalangledecorrelation.

A possibleexplanationof the failure of the LL BFKL predictionto describethe Tevatrondata
is that the sub-leadingcorrectionsare large. Therearevarioussourcesof suchcorrections:next-to-
leadingordercorrectionsto theBFKL kernelin (79),whichhaverecentlybeencalculated(seeSect.7.3),
relatedrunningcouplingeffects47, andfinally kinematiccorrectionsthat take into accountthe limited
phasespaceavailable for BFKL-type gluon emission. In the derivation leadingto the result (80), the
transversemomentumof eachemittedgluonis unbounded,andit is thisunrestrictedemissionof gluons
with transversemomenta9<� l / Z ©@� ðY� l � Z ©@� that leadsto thestrongdecorrelationin azimuthalangle.

In an attemptto go beyond the analytic LL BFKL results,a Monte Carlo approachhasbeen
adopted[462,476,478]. By solvingtheBFKL equation(78) by iteration,which amountsto ‘unfolding’
thesummationovertheintermediateradiatedgluonsandmakingtheircontributionsexplicit, it is possible
to include the effects of both the running coupling and the overall kinematicconstraints. It is also
straightforwardto implementtheresultingiteratedsolutionin aneventgenerator.

Thefirst stepin thisprocedureis to separatethe ae© integral in (78)into ‘resolved’ and‘unresolved’
contributions,accordingto whetherthey lie above or below asmalltransverseenergy scale¾ . Thescale
¾ is assumedto besmallcomparedto theotherrelevantscalesin theproblem(theminimumtransverse
momentuml h Z\[© for example).Thevirtual andunresolvedcontributionsarethencombinedinto asingle,
finite integral. TheBFKL equationbecomes
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The combinedunresolved/virtual integral can be simplified by noting that since a j © ¡ ½ j/ © ð©½ j� © by
construction,the a�© termin theargumentof

.
l canbeneglected,giving
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where

k e � { |
ª
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a j © �hkE¾ j o a j © t�o ½ j/ ©

a j © y k2½ / © y#a�© t j � {}|�� , ¾ j
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46In practiceoneintegratesthedi-jet transversemomentaabove somethreshold,Ç ¡ 7\} x Ç áÑÇ ¡ È } x Ç�~ü¡ çB� �x .
47Notethatthesolutiongivenin (80)assumesa fixedvaluefor y z .



Thevirtual andunresolved contributionsarenow containedin k e andwe areleft with an integral over
resolvedrealgluons.Wecannow solve (83) iteratively, andperformingtheinversetransformwe have

. k2½ / © ð©½ � © ð"ñ¢¹ t �
=
�?> e

. � � � k2½ / © ð©½ � © ð"ñ ¹.tp� (85)

where
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Thusthe solutionto the BFKL equationis recastin termsof phasespaceintegrals for resolved gluon
emissions,with form factorsrepresentingtheneteffectof unresolvedandvirtual emissions.Unlikein the
caseof DGLAP evolution, thereis no strongorderingof thetransversemomentaa 	 © . Strictly speaking,
thederivationgivenabove only appliesfor fixedcouplingbecausewe have left {}| outsidetheintegrals.
Themodificationsnecessaryto accountfor a runningcoupling { | k2a j © t arestraightforward[476].

Theexpressionfor
.

in (85,86)above is amenableto numericalintegration,andonecanfor ex-
amplereproducethe analytic resultgiven in (80). More importantly, having madeexplicit the BFKL
gluonemissionphasespace,we canimposeoverall energy andmomentumconservation. In particular
thepartonmomentumfractionsin thepresenceof BFKL gluonemissionbecome

i / � ¬ ] 7
Z

5 ! � l / Z © �ny�� l � Z © � ¬ Â ' ] y 	 � a 	 ©V� ¬ ] Å Â ] 7
Z ð

i � � ¬ Â ] È Z
5 ! � l � Z ©@�.y�� l / Z ©@� ¬ Â ' ] y 	 � a 	 ©V� ¬ Â ] Å ¶ ] È Z � (87)

Themomentumfractionsin thehigh-energy limit givenin (74)arerecoveredby imposingstrongrapidity
ordering,eq. (72). Note that the requirementi / ðÛi � � � effectively imposesan upper limit on the
transversemomentum( a 	 © ) integrals. This in turn meansthat theanalyticresult(80) is not reproduced
in the presenceof sucha constraint,since they require the internal transversemomentaintegrals to
extendto infinity. Formally, the kinematicconstraintsi / ðÛi � � � inducean infinite sequenceof sub-
leadinglogarithms { � | ñ¢¹ � Â m ðþ{ � | ñ ¹ � Â j ðº�©�©� that suppressthe growth of the partonscatteringcross
sectionwith ñ¢¹ .

Applying kinematicconstraintsand including the running couplingsuppressesthe emissionof
energetic BFKL gluons,andthereforeweakenstheazimuthaldecorrelationpredictedat LL level [476,
478]. As aresult,reasonableagreementwith theD0 decorrelationdatais recovered.It is clear, therefore,
thatoneneedsahigher-energy collidersuchastheLHC in orderto discriminatebetweentheBFKL and
partonshower (DGLAP) dynamics.

Figure36 shows the meanvalueof º���¼åñ ½ in di-jet productionin an improved BFKL MC ap-
proach[479] that includeskinematicconstraintsand running couplings(uppercurves). The jets are
completelycorrelated(i.e. back-to-backin theazimuthalplane)at ñ¢¹«��� , andas ñ¢¹ increaseswe see
thecharacteristicBFKL decorrelation,followedby a flatteningout andthenan increasein uUº���¼åñ ½ v as
the kinematiclimit is approached48. Not surprisingly, the kinematicconstraintshave a muchstronger

48For any giventransversemomentumthreshold,thereis some�JL at which thejet pair (� Z ákæ Z )alonesaturatesthekinematic
limit, andemissionof additional(real)gluonsis completelysuppressedandtheazimuthalcorrelationreturns.As we approach
thatlimiting valueof �JL we thereforeexpectto seea transitionbacktowardscorrelatedjets.



Fig. 36: Theazimuthalangledecorrelationin di-jet productionat theTevatron( D E}Æåâ MO� GeV) andLHC ( D E}Æ�âF� TeV) as

a functionof di-jet rapidity difference�JL [479]. TheuppercurvesarecomputedusingtheimprovedBFKL MC with running

yJz ; they are: (i) Tevatron,¡x¢5~ � à GeV (dottedcurve), (ii) LHC, ¡x¢5~ � à GeV (solid curve), and(iii) LHC, ¡x¢6~ K à GeV

(dashedcurve). The lower curvesare for di-jet productionin the processØ7Ø�ó�Ø1Ø�� for ¡ ¢ ~ � à GeV (solid curve) and

¡x¢�~ K à GeV (dashedcurve).

effectwhenthe l h Z\[© thresholdis setat ��� GeV(dashedcurve) thanat ê�� GeV(solidcurve); in thelatter
casemorephasespaceis available to radiategluons. We alsoshow for comparisonthe decorrelation
for di-jet productionat the Tevatron for l*b¸÷ ê�� GeV. Therewe seethat the lower collision energy
(1.8 TeV) limits the allowed rapidity differenceandsubstantiallysuppressesthe decorrelationat large
ñ¢¹ . Notethatthelargercenter-of-massenergy comparedto transversemomentumthresholdat theLHC
wouldseemto give it asignificantadvantageasfar asobservingBFKL effectsis concerned.

The lower setof curves in Fig. 36 refer to Higgs productionvia the
§ § ð=�¤� fusion process

½x½ ª ½x½ # , andareincludedfor comparison[479]. This processautomaticallyprovidesa ‘BFKL-lik e’
di-jet samplewith large rapidity separation,althoughevidently the jetsaresignificantlylesscorrelated
in azimuthalangle.

In summary, theLHC offersan importanttestof BFKL dynamicsin theproductionof relatively
low transversemomentumjet pairswith a large rapidity separation.In this sectionwe have given an
overview of the relevant theory. An importantnext stepis to includetheeffectsof thenext-to-leading
ordercontributionsto theBFKL kernel,andto considerotherrelatedprocesseswith gluonexchangein
thecrossedchannel49. On theexperimentalside,it remainsachallengeto triggeron suchlow l«© jetsin
thefar forwardregionsof thedetector.

7.2 Small-i Effects in Final States50

To understandthespecialfeaturesof QCD dynamicsat small i , it will beessentialnotonly to studythe
fully inclusive crosssectionsfor small-i processesat theLHC, suchastheDrell-Yanprocessatdilepton
mass-squaredd j much smallerthan the c.m. energy-squared,but also to investigatethe structureof
theassociatedfinal states.Oneimportantaspectof thefinal stateis thenumberof mini-jetsproduced.
By mini-jetswe meanjetswith transversemomentaabove someresolutionscale¾ R, where¾ jR ¡ d j .
Thusthe mini-jet multiplicity at small i involvesnot only � ,fi�( � but alsoanotherlarge logarithm,� ��� , k2d j °�¾ jR t , which needsto be resummed.The resultspresentedbelow includeall termsof the
form k2{ |�� ,fi}t � � Ü where � � K � µ . Termswith K ��µ arecalleddouble-logarithmic(DL) while
thosewith � � K õ�µ give single-logarithmic(SL) corrections.TheDL contributionsto themini-jet
multiplicity have beenobtainedin [480], andthe SL termshave beenincludedin [481,482]. In these

49ExamplesincludeØ7ÙióÿÍ�Ø7Ù , Ù"Ùió�æ æ�Ù etc.
50Contributing authors:C. EwerzandB.R. Webber.



calculationsthe BFKL formalism[302,306] hasbeenused,but the resultsareexpectedto hold [483]
alsoin theCCFM formalism[390,391,484,485] basedon angularorderingof gluonemissions.

Westartby consideringthegluonstructurefunctionatthemomentumscaled j , ö�kEi ð©d j t . It is the
sumof contributions ö �

Â
jet� kEi ð©d j ðÛ¾ jR t in whichdifferentnumbers� of final-statemini-jetsareresolved

with transversemomentumgreaterthan¾ R,
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To determinethecoefficient function � �
Â
� to leadinglogarithmicorderin i , it is convenientto applya

Mellin transformation, .
l k2�©�©� tu�

m
e æ©iïi l . kEi ð©�©�©� tp� (89)

In k -spacetheevolution of thestructurefunctionis ö l k2d j tu�ba"cedwr Ê L k {}|Ã°&kvt � täö l kE¾ jR t , whereÊ L is the
Lipatov anomalousdimension,i.e. thesolutionobtainedfromeq.(81)by settingµq��� andÊ�����°�ê,y0��o ,

k#��o {}|-r r¤kUÊ tûy�r�k2�voDÊ}tûy êLÊ Et Þ {}|B� kUÊ tp� (90)

TheLipatov anomalousdimensioncanbewrittenasanexpansionin powersof { | °&k ,
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In [482] it hasbeenshown thatthegeneratingfunction � l k|� ð
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Onecanobtainthemomentsof thejet multiplicity distribution from thegeneratingfunctionasfollows:
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Usingtheexpressions(92)-(94)we thusfind for themeannumberof jets
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where � · meansthe derivative of �ékUÊ t evaluatedat Ê � Ê L. The correspondingexpressionfor the
variancein thenumberof jets, ì jl Þ � j l o � j l , is morecomplicated[482]. Interestingly, thevarianceis
apolynomialof third degreein

�
. This impliesthatthedistribution in thenumberof jetsremainsnarrow

for large
�

in thesensethatits width grows slower thanits mean.

Consideredas functionsof k the coefficients of the powers of
�

in eq. (96) and in the corre-
spondingexpressionfor ì jl [482] exhibit bad behaviour at large valuesof {}|c°&k . This is associated
with the singularityof the leading-orderLipatov anomalousdimensionÊ L at {u|c°&k �³kEçi� ,üê�t¦Â m . We



would expectthis behaviour to bemodifiedstronglyby higherordercorrections.Althoughthenext-to-
leadingcorrectionsto Ê L areknown [67,307,400] a full calculationof thecorrespondingcorrectionsto
theassociatedjet multiplicity hasnotbeenperformedandwould appearverydifficult.

For practicalpurposesit is necessaryto determinethe multiplicity momentsas functionsof i .
This can be doneusing (90) and the perturbative expansion(91) of the anomalousdimension. The
inverseMellin transformationcanthenbeappliedto thisseriestermby termusing
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In this way oneeasilyfindsa seriesfor the inverseMellin transform�ñkEi}t of � l , for example.We note
thatthefactorialin thedenominatormakestheresultingseriesin i -spaceconvergeveryrapidly. It is then
straightforward to computethemini-jet multiplicity associatedwith point-like scatteringon thegluonic
componentof theprotonatsmall i using

µ�kEi tu� öÎkEi ð©d j t�� �·kEi t
ö�kEi}ð©d j t � (98)

To illustratetheeffectsof BFKL resummationwecomputethenumberof associatedjetsin central
Higgs productionat the LHC. The dominantproductionprocessfor a SM Higgs bosonat the LHC is
expectedto be gluon-gluonfusion. The productioncrosssectionfor a Higgs bosonof mass� 3

and
rapidity ¹ by gluon-gluonfusionin proton-protoncollisionsat centre-ofmassenergy 5 ! takestheform

æsì
æ"¹ ��ö�kEi}mHð©� j3 tñöÎkEi j ð©� j3 t @ k2� j3 tñð (99)

wherefor centralproductionof theHiggs (¹è� � ) we have i m ��i j � � 3 °�5 ! , andfor LHC 5 ! �
��ç TeV. @ representsthe gsgÈª # vertex, which is perturbatively calculableasan intermediatetop-
quarkloop. A morecarefultreatmentwould involve replacingtheHiggsproductionvertex @ k2� j3 t by
an impactfactor @ k2� j3 ð©a j m ð©a jj t andconvoluting it with unintegratedgluon densitiestaken at the off-
shellgluonvirtualities a j m and a jj , respectively. Thedependenceof theimpactfactor @ k2� j3 ð©a j m ð©a jj t on
thesevirtualities is expectedto beweak,andwe have neglectedit to arrive at eq.(99). Then @ cancels
in themeannumberof mini-jetsandits dispersion,andwedo notneedto know its detailedform.

Sincethegluonemissionsin theregionsof positive andnegative rapidityareindependent,wecan
simply addthenumbersµ�mf� µ�kEium?t andµ j � µ�kEi j t of mini-jetsproducedin theseregions.Themean
multiplicity � of associatedmini-jetsbecomes51

��kEi tp� µ m yzµ j ��ê�µ�kEi}tñð (100)

whereµ�kEi t canbecalculatedasin (98) afterreplacingd j by � j3 . Similarly, thevarianceis

ì j� kEi}tp��ì j� kEi}mHtûy ì j� kEi j tp��ê�ì j� kEi tp� (101)

Thevarianceì j� canbeobtainedin asimilarwayasthemean(for details,seeref. [482]).

We have calculatedthedependenceof � and ì � on theHiggsmass� 3
usingtheleading-order

MRST gluondistribution [28]. Our numericalresultsareshown in fig. 37. TheDL results,obtainedby
keepingonly thefirst termin eq.(91),give anexcellentapproximationandtheSL termsarelesssignif-
icant. We seethat themini-jet multiplicity andits dispersionareratherinsensitive to theHiggsmassat
theenergy of theLHC. Themeannumberof associatedmini-jets is ratherlow, suchthat the identifica-
tion of theHiggsbosonshouldnot beseriouslyaffectedby them. In view of the rapidconvergenceof
theperturbative seriesin i -spacewe do not expecttheresultfor themini-jet multiplicity to bestrongly
modifiedby higherordercorrections.

51We donotcountany jetsemerging from theprotonremnants.
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Fig. 37: The meanvalueanddispersionof the numberof (mini-)jets in centralHiggs productionat LHC for two different

resolutionscales� R. Solid linesshow theSL resultsup to the15thorderin perturbationtheory, dashedlinescorrespondto the

DL approximation.

7.3 The next-to-leadingcorrections52

As hasalreadybeendiscussed,in practicallyall experimentalcontexts, the LL BFKL equationsfails
to reproducethe data. It is likely that the problemis due to the presenceof significantsub-leading
corrections.

The next-to-leadinglogarithmic(NLL) correctionterms {}| k2{ |�� ,6! t � arethereforeof particular
interest.Suchtermscanarisefor examplefrom configurationscontaininga pair of particleswhich are
closein rapidity, or dueto therunningof thecoupling. We write thekernelof theBFKL equation(78)
as m r . l k2½

/ ©}ð©½ � © tUt � m e r . l k2½
/ © ð©½ � © tUt¯y { | m m r . l k2½

/ © ð©½ � ©}tUtJy�� { j | ð (102)

where
m e is the LL kernel (79), and

m m containsthe NLL corrections.A numberof differentpieces
contribute to

m m : theemissionof two close-in-rapiditypartons(two gluons[401,486] or a ½ ½ pair [398,
399,402,487,488]) from thegluonladder;theone-loopcorrections[395–397,489,490] to theemission
of a gluon from the ladder;theNLL correctionsto a reggeisedgluon [393,394,491,492]. Thevarious
pieceswereput togetherin [67,307,400].

The resultingcorrectionshave a numberof interestingfeatures,suchasthe fact that they imply
theemittedtransversemomentumasbeingtheappropriatescalefor { | , andcertainpartsof theresulting
kernelcanbe associatedwith physicalcontributions suchas the finite-A part of the DGLAP splitting
functions. However from thepoint of view of their direct usein phenomenology, theNLL corrections
presentproblems:applyingtheNLL kernelto theLL eigenfunctions,k2a j © t ù , with Ê asin eq.(90), the
BFKL exponentbecomes[67,307]

Ú ;èçi� ,ºê {u| k2�fo ����ê�{}| tñð (103)

andinsertinga valueof {}|�������ê relevantfor many BFKL studiesleadsto a negative power. A detailed
studyof the resummationof the kernel revealsthe even worsepropertythat for {}|z÷ ������� the NLL
correctionsleadto negative crosssections[493].

7.31 BeyondNLL

At first sight onemight thereforeconcludethat theNLL correctionsremove all predictive power from
BFKL physics.Variousgroupshave however proposedratherdifferentapproachesfor theinclusionand

52Contributing author:G.P. Salam.



resummationof higher-ordertermswith a view to stabilisingtheperturbative series.Threebasicstrate-
gieshave beensuggested:BLM resummationtogetherwith an appropriateschemechange,a rapidity
veto,andresummationof collinearlyenhancedterms.

A standardapproachin situationswherethe perturbative seriesconvergesslowly is to apply a
scalechange. Onesuchprocedureis BLM scalesetting[494], whereit is arguedthat for any given
observable, someof the NLL correctionscomefrom the naturalscalebeing different from d j , and
that the appropriatescalecan be deducedfrom the coefficient of the �ï� -dependentpart of the NLL
correction.In [416] theprocedureis appliedto theBFKL NLL corrections.Theauthorsfind that in the
MS scheme,BLM scalesettingmakeslittle differenceto thepoorconvergenceof theseries.They then
show that in certainotherschemes,notablytheMOM (basedon thesymmetrictriple-gluonvertex) and¨

(basedon
¨ ª gsghg decay)schemes,thecoefficientof the ��� dependenceis significantlymodified—

theBLM resummationthenhasa muchlargereffect leadingto anestimatefor theexponent,
Ú ;¸�������

fairly independentlyof d j . The problemof negative crosssectionsstill persistshowever, albeit to a
lesserextent.Therearealsoquestionsregardingthenaturalnessof theparticularschemechoicesthatare
requiredin orderto obtainastableanswer, therebeingargumentsbothfor andagainst.

Therapidity vetoapproachhasbeenstudiedin detail in [417]. Thebackgroundof this approach
is that the BFKL kernel is formally valid only for branchingsseparatedby a large rapidity — but to
obtain the high-energy power-growth one thennormally integratesover all possiblerapidity intervals
betweensuccessive branchings,including small rapidities. Onecanequallywell placea rapidity veto,
i.e. integrateonly over rapiditiesbeyondsomecut, ñ¢¹ , of order1 or 2. This correspondsto introducing
a setof correctionsat NLL andbeyond, andonearguesthat part of the actualNLL correctionsmay
comefrom somethingakin to sucha rapidity veto. Onethenstudiesthe effect of the rapidity veto at
all orders(while fixing theNLL corrections).This wasdonein [417] whereit wasfoundthat for large
rapidity vetoes( ñ¢¹�÷�ê���ê ) theexponent

Ú
is quitestableagainstvariationsin ñ ¹ andthattheproblems

of negative crosssectionsdisappear. But for smallerrapidity vetoes,theusualproblemspersist.

The two above approachesconjecturesomenew physicaleffect (naturalnon-Abelianscheme,
rapidityveto).Thethird approachis a little differentin thatit takesthesmall-i kernelandsupplementsit
in sucha way asto renderit consistentwith DGLAP evolution in thecollinearandanti-collinearlimits,
i.e. whereoneof theinteractingobjectshasamuchlargertransversescalethantheother. Themotivation
for doing this comesfrom theobservation thatwhile theconvergenceof thesmall-i expansionis poor
for normalhigh-energy scattering(both objectsof the sametransversescale),for (anti)collinearhigh-
energy scatteringtheexpansionbecomesfar worseandsomustberesummed:technicallyspeaking,the
LL characteristicfunction53 � ehkUÊ t divergesas ��°LÊ in thecollinearlimit Ê ª � , while theNLL function,
� m kUÊ}t , divergesas ��°LÊ r . Sincethestructureof thesedivergencesis governedby collinearphysics,it can
becalculatedat all orders.It turnsout that therearedoubleandsinglecollinearlogsandalonethey are
responsiblefor mostof theNLL correctionevenoutsidethecollinearregion. They havebeenresummed
respectively in [308,495]and[309,420], leadingto astableresultfor theexponent

Ú
, freeof theproblem

of negative crosssections.Thedependenceof
Ú

on {}| is shown in figure38, togetherwith the leading
andnext-to-leadingresults,for comparison.Thereis relatively little dependenceon changesof scheme
andscale[420] andontheadditionalintroductionof arapidityveto[418]. Thisapproachthereforeseems
to bethemostlikely candidatefor practicalphenomenology.

7.32 Spin-offs fromtheNLL results:understandingrunningcoupling

Oneof thespin-offs of theNLL correctionswasthat they identifiedthecorrectscaleto be usedin the
kernel: {}|ck2½ j t , where ½ is the emittedtransversemomentum. However to understandthe effects of
runningcouplingin high-energy crosssectionsit is necessaryto understandthe iteration of thekernel

53In the notationof Sect. 7.1 andgeneralisingeq. (90), ©áx\ªHá àÑ}vÆ yázF« É x8â Õ7�­¬ Ì:ªv} ¬ yûËz « Ò x8â Õ1�®¬ Ì9ªq} ¬tM¯M:M . Higher
azimuthalcomponents©�x\ª�á±°²G âL} arenot included. However, they contributeonly to azimuthalanglecorrelationssuchas
thosediscussedin Sect.7.1.
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with runningcoupling.Thetwo contexts of interestarefor quantitiessuchasMueller-Navelet jets,and
for anomalousdimensions.

In theformer, onehasa situationwherediffusiontakesplacebothabove andbelow thescaleset
by thejets. Therunningof thecouplingcausesdiffusionbelow thetypical scale8 j� of thejetsto been-
hancedcomparedto thatabove— asaresult,astherapidityseparationincreasesanddiffusionincreases,
evolution below 8 j� is increasinglyfavoured,andthecrosssectiongrows fasterthan ¬ ð � Ë Ëµ �q¶ : anextra
term appearsin the exponent,proportionalto { � | k�8 j� t Á r [426,496]. This causesthe effective power
growth to increasegradually. A second,recentlyhypothesisedeffect calledtunneling[421], shouldat a
certainpoint causea suddenincreasein theobservedpower growth, asthecontribution from very-low-
scaleevolution becomeslargerthanthatfrom evolutionat scalesof order 8 j� . Thishappensata rapidity
of Á ;+� ,ºd j ° Ú Å , where

Ú
Å is theexponentcharacteristicof low scales.It remainsto beseenwhether

suchaneffectwill bephenomenologicallyobservable.

Anotherquantityfor which runningcouplingeffectsturn out to be very importantis anomalous
dimensions,or equivalentlysmall-i splitting functions.Very schematically, anomalousdimensionsat a
scaled j seemto involve small-i branchingonly above d j : branchingbelow thatscalehasalreadybeen
factorizedout. Consequentlythey samplea region wheretherunningcouplingis smallerthan { | k2d j t .
Thustheobservedsmall-i exponentof theanomalousdimension,

Ú ùñk2d j t , is smallerthantheexponentÚ k2d j t relevant in sayMueller-Navelet jetswith scale8 j� ��d j [420,421,497]. An alternative point of
view [415,419] is discussedin Sect.5.4.

8. DOUBLE PARTON SCATTERING 54H 55

8.1 Intr oduction

The large flux of partons,which becomesavailable for hard collisions at high energies, justifies the
expectation,at theLHC, of sizeableeffectsdueto theunitarizationof thehardcomponentof the inter-
action. In fact it is not difficult to foreseehardcollision processeswith a crosssectionlarger thanthe
total crosssectionitself [498,499]. Sucha resultis not inconsistent,if onekeepsinto accountthat the
inclusive crosssection,describedby thesinglescatteringexpressionof theQCD-partonmodel,includes
a multiplicity factorwhich keepsinto accountthepossibility of having several partonicinteractionsin
thesamehadronicinelasticevent [500,501]. Thepossibilityof hardprocesseswith multiple partonin-

54Sectioncoordinator:D. Treleani.
55Contributing authors:A.Del FabbroandD. Treleani.



Fig. 39: Doublepartonscattering. Fig. 40: Graphicalrepresentationof Eq.104.

teractions,namelydifferentpair of partonsinteractingindependentlywith a largemomentumtransferin
thesamehadroniccollision, wason theotherhandforeseenlong agoby severalauthors[502–514]. In
amulti-partoninteractionthedifferentpairsof interactingpartonsareseparatedin transversespaceby a
distanceof theorderof thehadronradius.As aconsequencethetransversemomentahave to bebalanced
independentlyin thedifferentpartoniccollisions,giving in thiswayawell definedcharacterizationto the
process.Thesimplesteventof thatkind, thedoublepartonscattering,hasbeena topic of experimental
searchof all high energy hadroncollider experimentssinceseveralyears[515–517]. While initially the
resultshave beensparseandnot very consistent,recentlyCDF hasreportedthe observation of a large
numberof eventswith doublepartonscatterings[175,176].

8.2 Crosssectionfor doubleparton scattering

Theinclusive crosssectionof a doublepartonscatteringhasa simpleprobabilisticexpression.Interfer-
enceeffectsbetweenthetwo partoniccollisionsarein factnegligible, sincethepartonicinteractionsare
localizedin a muchsmallerregion, with a sizeof the orderof the inverseof the momentumtransfer,
ascomparedto the distancein transversespacebetweenthe differentpartonicinteractions.The non-
perturbative componentof theprocessgetsfactorized,asa consequence,into a functionwhich depends
on the fractionalmomentaof thepartonstakingpart the interactionandon their distancein transverse
space,which hasto bethesamefor boththetargetandtheprojectilepartons,in orderto have thealign-
mentwhich is neededfor theinteractionto occur. Oneobtainsthereforefor thedoublepartonscattering
crosssectiontheexpression(seefig. 40)

ìY· � �
ê *�¸±¹ µ¢

¿ ¤ kEi}m�ðÛi j ô £Htj$ìûkEiumHðÛi
· m tj$ì kEi j ðÛi ·j t ¿ Æ kEi · m ðÛi ·j ô £Ht2æ©ium©æ©i

· m æòi j æòi ·j æ j £ ð (104)

wherethenonperturbative input is thetwo-bodypartondistribution ¿ kEi}m�ðÛi j ô £Ht , whoseargumentsare
the two fractionalmomenta,ium and i j , andthedistanceof the two partonsin transversespace£ . The
partoniccrosssections,$ì kEi ðÛi · t , areintegratedonthemomentumtransfer, atafixedvalueof thepartonic
centerof massenergy, andthecutoff l ± � �b is introducedto regularizethesingularityat small l,b andat
small i values.Thetwo-bodypartondistributions ¿ kEiumHðÛi j ô £Ht representthenew propertyof thehadron
structurewhich becomesaccessiblethroughtheobservationof thedoublepartoncollision processes.It
is a nonperturbative quantitywhich is independenton theone-bodypartondistributions,namelyon the
non-perturbative input to the large l,b processesusuallyconsidered.The two-bodypartondistributions
arein factrelateddirectly to thetwo-bodypartoncorrelationsin thehadronstructure.

If the two pairs of partonsundergoing the hard interactionsare not correlatedin i and if the
dependenceon £ can be factorized,the two-body partondistributions are neverthelessexpressedas¿ kEiumHðÛi j ô £Ht=�

. kEium�t . kEi j t2ö�k2£Ht , where
. kEi}t is the usualone-bodypartondistribution, appearingin



large l*b inclusive processes,and öÎk2£�t is a function which describesthe distribution of the partonsin
transversespace.With theseassumptionsthecrosssectionfor adoublepartoncollision leads,in thecase
of two indistinguishablepartoninteractions,to thesimplestfactorizedexpression

ì · kEl ± � �b tp� r ìXºûkEl ± � �b tUt j
ê�ìY»Û�ò� ð (105)

where ìYº is the usualinclusive crosssectionof the perturbative QCD, i.e. the convolution of parton
distributionswith the partoniccrosssection,l ± � �b is the lower integrationthresholdand ìX» �ò� is a scale
factor, with dimensionsof a crosssection. It is the resultof the integrationon the transversedistance
£ , actually ��°�ìY»Û�ò� � æ j £Hö j k2£Ht . All the informationon the partoncorrelationin transversespaceis
summarizedin ìY»Û�ò� [518]. Thegeometricalorigin of ìX» �c� justifiestheexpectationthatits valueis both
aenergy andcutoff independentquantity.

Thedoublepartonscatteringprocesshasbeenmeasuredat Fermilabby CDF by looking at final
stateswith threemini-jetsandonephoton[175,176]. Themeasuredvalueof thescalefactoris:

ìX» �c� ����çJ���H�#���
1 ¶ mYX �Â j X r �V¼ � (106)

In thelimited rangeof i experimentallyaccessible,ìY»Û�ò� doesnot show evidenceof dependenceon the
fractionalmomenta,which indicatesthatthesimplesthypothesesabovearenot in contradictionwith the
experiment.

The qualitative featuresof the doublepartonscatteringprocessareeasilyreadin the factorized
expressionin Eq. (105). As a consequenceof the proportionalityof ì · with ì jº , the doubleparton
scatteringcrosssectionis characterizedby a rapid decreasefor l*b ª _ andby a rapid growth for
l*b ª � . As for the energy behavior, ìY· increasesfasterwith ! ascomparedto the singlescattering
crosssection(it goesas ì jº ). Multiple partoncollisionsarethereforeenhancedat theLHC.

8.3 Four jet production

Themostobvious casewheremultiple partoncollisionsplay a role at high energy is in theproduction
of jets,sincetheintegratedcrosssectioncaneasilyexceedtheunitarity limit at largeenergiesandwith
a fixedvalueof l ± � �b . Onehasin fact that,for any valueof l ± � �b , when ! is sufficiently large ì º ÷�ì 	�� » � .
Thesimplestcaseto consideris theproductionof four large l*b jets,whereonecancomparetheleading
k2ê ª çJt processwith thepower suppressedk2ê ª ê�t j doublepartoncollision.

In fig. (41) we show theexpectedratesof productionof four large l,b jets in thecentralrapidity
region ( � ¹­�Öõ�² ) with thetwo differentproductionmechanisms,asa functionof thelowestvalueof the
transversemomentaof the producedjets l Ü 	��b . The continuouscurve is the expectedcrosssectionas
from theleadingQCDproductionmechanismk2ê ª çJt [122,519]. Thedashedcurve is thedoubleparton
collisions k2ê ª ê�t j crosssection.Thecurverepresentingthedoublepartoncollisionin fig. (41)hasto be
regardedasa lower limit, ratherthanastheexpectedrateof thedoublepartoncollisionprocess,sinceno
factor î , accountingfor higherordercorrectiontermsin {½º , hasbeenincludedin theevaluation.Notice
thathigherordercorrectionsin {½º will contributewith a factor î j in thedoublepartoncollision cross
section.Theoverall qualitative featureis that,at theLHC, thedoublepartoncollision dominates,with
respectto theleadingQCDsinglescatteringinteraction,whenoneof thejetshasatransversemomentum
whichbecomesaslow as ê�� GeV.

8.4 µ y £ £ production

Althoughmulti-partoncollisionshave beenmostlyconsideredto describethemultiplicity distributions
in high energy hadronicinteractions(for a discussionof multi-partoninteractionsat LHCb, we refer
the readerto the Bottom ProductionChapterof this Report),the role of multi-partoncollisions is not
limited to thecaseof productionof largeor relatively large l,b jets. Onemayfind in factvariousother
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Fig. 41: Integratedcrosssectionfor productionof four jetswith Ç L*Ç Þ¿¾ asa functionof the lowesttransversemomentumof

thejets ¡ 3 Å ×¢ . Thecontinuouscurve is theexpectedcrosssectionasfrom theleadingQCD productionmechanism� óÀ� , the

dashedcurve is theexpectedcrosssectiondueto thecontribution of doublepartoncollisions x � ó � } Ë .

processesof interestat theLHC wheremultiplepartoncollisionsarerelevant[173,174]. While ìY»Û�ò� may
dependin principleon thedifferentspeciesof partonsinvolved in the interaction,ìY»Û�ò� shouldnot vary
muchin thedifferentprocessesandonewould expectthat it is, to a largeextent,a processindependent
quantity[178]. Wewill thereforeconsiderit, in thefollowing, asauniversalquantityandwewill usefor
ìY»Û�ò� thevaluewhich hasbeenmeasuredin theCDF experiment.Thecrosssectionof a doubleparton
interaction,resultingfrom thetwo distinguishablepartoncollisions ´ and

�
, is thereforeexpressedas

ìY·È� ì ¤ ì Æ
ìX» �c� � (107)

As a meaningfulexamplewe have consideredthe productionof an isolatedlepton and of a £ £ pair
[520], which representsan interestingchannelto detecttheHiggsbosonproductionat theLHC in the
intermediateHiggs massrange, �����wa"� õ � 3 õ �������wa"� . A backgroundto the processl y l ª§ # y ® , with

§ ª¶µ o � and # ª £ £ , is representedby thedoublepartonscatteringinteractionwhere
theintermediatevectorboson

§
andthe £ £ pairarecreatedin two independentpartoninteractions.If one

usesì k § t À � � k § ª`µ o � tÁ; çJ�L,X¼ [10] and ì k2£ £©tÁ;�� À ��� j ¾�¼ , oneobtainsfor thedoublecollision
crosssectionthevalueof ��� ç nb. TheHiggsproductioncrosssections,lpyºl ª § # y ® , with

§ ª`µ o �
and # ª £ £ , hasbeenestimatedto beratherof orderof � pb [521,522]. Obviously thethreeordersof
magnitudeof differencein theintegratedcrosssectionaremainlydueto theconfigurationswherethe £ £
pair is producedwith aninvariantmasscloseto thethresholdof £ £ production.Theexpectedbackground
to theHiggsproductionsignal,causedby thedoublepartoncollision process,is shown in fig. (42) asa
functionof theinvariantmassof the £ £ pair.

In fig. (42) we have plottedthe expectedsignal in the £ £ invariantmassdueto the Higgsboson
productionfor threepossiblevaluesof the Higgs mass,80, 100 and120 GeV. The dashedline is the
doublepartonscatteringbackgroundat theLO in perturbationtheory. Thecontinuousline is the result
for thedoublepartonscatteringbackgroundwhencomputingthe £ £ crosssectionat order { r º [251].

In fig. (43)wecomparethesignalandthebackgroundafterapplyingall thetypicalcutsconsidered
to selecttheHiggssignalin thischannel[521]:

- - for theleptonwerequire:l �b ÷�ê�� GeV, � ÿ � �xõ ê���� andisolationfrom the £ ’s, ñ � � H � ÷��
1
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Fig. 43: The backgroundsto Higgs bosonproductionis

comparedwith thesignalafterthecuts(seemaintext). Dot-

tedline: singlescatteringcontribution to the Í�æ æ channel.

Dashedline: doublepartonscatteringbackground.Contin-

uousline: total estimatedbackground.

- - for thetwo £ partons:l �b ÷���� GeV, � ÿ � � õ�ê and ñ � � H � ÷��
1
As in theprevious figure theHiggssignalin the £ £ invariantmasscorrespondsto threepossible

valuesfor themassof theHiggsboson,��� , ����� and ��ê�� GeV. Thedottedline is thesinglepartonscatter-
ing background,wherethe

§ £ £ stateis createddirectly in asinglepartonicinteraction.Thedashedline
is theexpectedbackgroundoriginatedby thedoublepartonscatteringprocess,evaluatedby estimating
the £ £ productioncrosssectionat ��k2{ r º t . Thecontinuousline is thetotal expectedbackground.In the
calculationsof thebackgroundandsignalweused,for theLO matrixelements,thepackagesMadGraph
[133] andHELAS [523]. Theintegrationwasperformedby VEGAS [141] with thepartondistributions
MRS99[10].

Also after usingthe morerealisticcuts just described,the doublepartonscatteringsprocessre-
mainsa rathersubstantialcomponentof thebackground,asonemayseeby comparingin fig. (43) the
total backgroundestimate(continuouscurve) with themoreconventionalsinglescatteringbackground
estimate(dottedcurve).

8.5 Summarizing remarks

At theLHC onehasto expectlargeeffectsfrommultiplepartoncollisionsin variousprocessesof interest.
To thepurposeof illustration,we have presentlystudiedtheproductionof a Ã Ã pair in associationwith
a Ä boson,followed by the decay Ä Å ÆÈÇ , in the massrange ÉtÊ ÊÌËÎÍ/Ï/Ï GeV. The channelis of
interestfor theobservationof theHiggsbosonproductionwhentheHiggsmassis below thethresholdof
ÄÑÐJÄÓÒ production.Wefind that,if oneappliesthestandardcutsto thefinal stateusuallyconsideredto
isolatetheHiggssignalin this channel,thebackgrounddueto doublepartonscatterings( Ã Ã pair and Ä
bosonproducedin two differentpartonicinteractions)is comparableto themoretraditionalbackground,
wherethe Ã Ã pair andthe Ä bosonareproducedin a singlepartoncollision. A similar situationcanbe
expectedwith severalotherfinal states:



Ô�Õ Ã Ã ,Ô Ä×ÖsØ|Ù_Ú�Û , ÄÓÃJÖsØ|Ù_Ú�Û and ÄÓÃ Ã
ÖsØÜÙ_Ú�Û ,ÔsÝ Ý ÅÞÆÈÆ|Ã Ã ,ÔsÝ ÃCÅßÃ ÃNÆÈÇ ,Ô Ã ÃàÖtØ|Ù_Ú�Û ,Ô final stateswith many jetswhenáXâ­ãgäå Ëçæ/Ï , è/Ï GeV.

The well definite characterizationof the statesproducedby the multiple partonscatteringprocesses
allowsneverthelessoneto figureoutmoreefficientselectioncriteriato getrid of this furtherbackground
source,or to measureit in apreciseway. Thepresentanalysishoweverpointsout that,asaconsequence
of theenhancedrole of multiple partoncollisionsat high energy, a detailedandsystematicstudyof the
expectedratesandbackgrounds,dueto multiple partoncollisionprocesses,is of greatimportanceat the
LHC andit representsoneof thetopicswhichhave to beaddressedseriouslyin thenext future.

9. BACKGROUNDSTO NEUTRAL HIGGS BOSONSSEARCHES56é 57

9.1 Intr oduction

Themostimportantgoalof thephysicsprogrammeof theLHC experimentsATLAS [1] andCMS[524]
is to performmeasurementswhich leadto theunderstandingof themechanismof electroweaksymmetry
breaking. In the framework of the SM, as well as its extensions,e.g. super-symmetric(SUSY), it
translatesinto themajor topic of Higgsbosonsearches.TheSM assumesonedoubletof scalarfields,
implying the existenceof oneneutralscalarparticle. In SUSY models,the Higgs sectoris extended
to containat leasttwo doubletsof scalarfields leadingto the predictionof five Higgs particles,three
electricallyneutralandtwo charged.Thefollowing discussionfocuseson neutralbosons.

TheHiggsbosonmassremainslargely unconstrainedin theSM. From perturbative unitarity ar-
gumentsan upperlimit of ê 1 TeV canbe derived. The requirementsof stability of electroweakvac-
uum, andof perturbative validity of the SM seenasan effective theory, allow to setupperandlower
boundsdependingon the cut-off valuechosenfor the energy scaleup to which the SM is assumedto
be valid [525–535]. If the cut-off is assumedto be aboutthe Planckmass,which meansthat no new
physicsappearsup to that scale,the Higgs bosonis predictedto be in the range130 -190 GeV. This
boundbecomesweaker if new physicsappearsata lowermassscale.A globalfit to all electroweakdata
in theSM framework seemsto favour a ratherlight Higgsboson:ëíì<îðï/ñ Ð(ò�óÒ(ô�õ GeV [536]. Moreover,
SUSYextensionsof theSM genericallypredicttheexistenceof oneratherlight neutralHiggsboson(e.g.
roughly ëíìðö÷Í/è/Ï GeV in theminimal SUSYextension).TheLEP2experimentsaresearchingHiggs
bosonswith massesupto about110GeV[537]. AssumingthatnoHiggsbosonwill befoundatLEP, the
above indicationsraiseevenmoreinterestin theHiggsbosonsearchesat LHC in theintermediatemass
rangefrom 95 GeVto æ&ëíø .

TheHiggsbosonsearchesscenariospreparedby theATLAS [1] andCMS [524] Collaborations
cover a large spectrumof final statesignaturesin this massrange. The rare ù Å úWú decaymode
is expectedto be accessiblein inclusive Higgs productionin the massrange90 -140 GeV alreadyfor
an integratedluminosity of Í/Ï/Ïüû�Ã Ò�ý . This observability canbe alsocomplementedby looking at an
additionaljet (productionin associationwith jets)or leptonin thefinal state(Ý Ý ù , ÄÓù , Õ ù associated
production). The additional isolatedlepton in the final statewill also allow to accessthe dominant
ùþÅÿÃ Ã decaymode,andsuchobservability hasbeenestablishedin theATLAS searchesscenariosfor
the Ý Ý ù productionchannel.Higgsdecayinto ÄÓÄ in inclusiveor associatedproductionleadto theclean
signatureof 2 or 3 leptonsin thefinal state.A signaturewith evenhigherleptonmultiplicity is provided
by the ù Å Õ�Õ�� channelin the inclusive andassociatedproduction. The possibleobservability of

56Sectioncoordinators:J.-P. Guillet, E. PilonandE. Richter-Was.
57Contributingauthors:T. Binoth,D. deFlorian,M. Grazzini,J.-P. Guillet, J.Huston,V. Ilyin, Z. Kunszt,Ph.Miné,E. Pilon,

E. Richter-WasandM. Werlen.



the latestoneis still underinvestigation,aspresentedbelow. A rich spectrumof final statesignatures
was proposedrecently, which explored ÄÓÄ and Õ�Õ fusion mechanismsproducinga Higgs boson
in associationwith two forward/backward jets. The observability of the ù Å ú ú , ù Å � Ð � Ò and
ù ÅÞÄÓÄ � asestablishedsofar in [538–541] at theparticlelevel seemsvery promising.

Giventhevery largespectrumof final statesignatureswhich have becomeof interestin theinter-
mediatemassrange,this sectionwill befocusedon recentprogressin theevaluationof backgroundsto
two-photonandmulti-leptonsignatures,andin the observability of the latter in associatedproduction.
Recentresultsconcerningthe two-photonbackgroundin the massrange90 - 140 GeV, togetherwith
the NLO contribution to the signalof associatedproduction ù + jet, aregiven in Sect.9.2. A recent
investigationon ÄÓù associatedproductionfor ë ì � Í��WÏ GeVis presentedin Sect.9.3.

9.2 The two-photonchannelin the massrange90 - 140GeV

In this range,themostpromisingchannelis ù Å ú ú . Thebranchingratio is howeversmall58 , typically��� ù Å úWú
	 ê�� � Í/Ï Ò�
�	 , and initially the backgroundis eight ordersof magnitudelarger than the
signal.Thisbackgroundis splittedinto two components,calledirreducibleandreducible.

9.21 Irreduciblebackground: promptphotonpairs.

This classof backgroundcomesfrom promptphotonpair production,where“prompt” meansthat the
photonsdo not comefrom the decayof high-á å���� or � , but from hardpartonicinteractions.A large
amountof thisbackground,whichwethereforecall irreducible, passesthephotonisolationcuts.Further
kinematiccutshave to be usedto suppressit. Regardingthe efficiency of backgroundrejection,one
maydistinguishbetweenthesignalprocessesof inclusiveproduction,andof associatedproduction(and
correspondingbackgrounds).Thefirst classyieldshigherratesthanthesecondone.On theotherhand,
kinematicalcuts aremoreefficient in the caseof associatedproduction,and the backgroundmay be
theoreticallybettercontrolledthanin theinclusive case.Theseissuesarediscussedin thefollowing.

Mechanismsof promptphotonpair production.
Schematically, threemechanismsproducepromptphotonpairswith a large invariantmass:the“direct”
mechanismproducesbothphotonsdirectly from thehardsubprocess;the“single-fragmentation”mech-
anism,instead,involves preciselyone photonresultingfrom the fragmentationof a hard parton; the
“double-fragmentation” mechanismyieldsbothphotonsby fragmentation.Topologically, aphotonfrom
fragmentationis mostprobablyaccompaniedby ajet of hadrons,thereforewill bemorestronglyrejected
by theisolationcriterion.Fromacalculationalpoint of view, this schematicclassificationemergesfrom
theQCD factorizationproceduredescribedin Sect.1. (see[237] for moredetails).Althoughthisclassi-
ficationis convenient,onehasto keepin mind that thesplitting betweenthesedifferentcontributionsis
arbitrary:noneof thesecontributionsis separatelymeasurable,only their sumis. Dueto thehigh gluon
densityatLHC, “single-fragmentation” dominatestheinclusive productionof promptphotonpairs.Be-
yondNLO, anew processof the“direct” typeappears,theso-calledbox ��� Å ú ú contribution. Strictly
speaking,it is a NNLO contribution. However, thelargegluonluminosityat LHC magnifiesit to a size
comparablewith theBornterm � ��Å úWú in theinvariantmassrange90- 140GeV. Thereforeit is usually
includedin LHC phenomenologicalstudies[235–237,544–548].

Recentimprovements
Early calculations[544,545] of photon-pairproductionwerenot suitableto estimatethe background
to Higgs bosonproduction. A first improvement[235,546,547] implementedtheseresultsin a more
flexible wayby combininganalyticalandMonte-Carlotechniques.Following asimilarapproach,recent
work goesfurtheralongtwo directions.

58Thecrosssectionfor theproductionof a SM Higgs bosonat theTevatronin this rangeis ������� , not enoughto allow a
searchin this modegiven its smallbranchingratio. A searchfor a nonSM HiggsBosonin this modehasbeencarriedout by
bothCDF andD �� with negative conclusions[542,543].



In [236,548], multiple soft gluonseffects in the “direct” contribution are summedto next-to-
leading logarithmic accuracy in the Collins-Soperframework. This provides a prediction for semi-
inclusive observablessuchas the transversemomentum( � å ) distribution of photonpairs that extends
over thewholespectrum,thanksto a matchingbetweentheresummedpart(suitedfor thelow � å peak)
anda fixedordercalculationfor thehigh � å tail. Thesefeaturesareencodedin thecomputerprogram
RESBOS[236,548]. In this calculation,the“single-fragmentation” contribution is evaluatedat LO and
“double-fragmentation” is neglected.

Another recentimprovementis the computationof the NLO correctionsto both fragmentation
contributions(usingthesetof NLO fragmentationfunctionsof [433]), whichprovidesaconsistentNLO
approximationsuitablefor inclusive observables. This calculation,also implementedin a computer
codeDIPHOX of Monte Carlo type, is describedin [237]. No soft gluon summationhasso far been
implementedin [237].

Effectsof isolation
Actually, the isolation requirements,imposedexperimentallyto suppressthe reduciblebackground,
severely reducethe fragmentationcomponents,too (which, properly speaking,are thus not really ir-
reducible59). Theisolationcriterioncommonlyusedis schematicallythefollowing60. A photonis called
isolatedif, inside a coneabout the photon,definedin rapidity and azimuthalangleby

� �! "��#$	&%5Ö�('  ' #�	 % ö ) % , the depositedtransversehadronicenergy *,+.-0/å is lessthansomespecifiedvalue
* å â -21 . Severe isolation requirements,as * å â -01 î43 GeV insidea coneof radius ) î Ï65 � , sup-
pressthe ”single-fragmentation”componentby a factor20 to 50, andkill the “double-fragmentation”
contribution, sothat theproductionof isolatedphotonpairsis dominatedby the“direct” mechanism61.
Isolationimplieshowever thatoneis not really dealingwith inclusive quantitiesanymore.Althoughthe
factorizationpropertyof collinearsingularitiesstill holdsin thiscase[443,446], infrareddivergencescan
appearinsidethephysicalspectrumfor somedistributionscalculatedatfixedorder, e.g.NLO, accuracy,
dueto isolation.Theappearanceandthepatternof thesesingularitiesdependstronglyon thekinematics
andon thetypeof isolationcriterionused.Moreover, potentialinfraredinstabilitiesmayaffect thereli-
ability of thepredictions,whena very low valueof * å â -21 comparedto the á å of the isolatedphoton,
is used.A betterunderstandingof theseproblemsis required( see[237] andSect.6. for amoredetailed
discussion).

Phenomenology
Our understandingof photonpair productionis alreadytestedat the Tevatron[553–555]. A compar-
ison of the CDF di-photoncrosssectionto NLO andresummedpredictionsis shown in Fig. 44 (for
a recentcomparisonwith D 7 Ï datasee,e.g., [237]). Measuredinclusive observables,suchas the in-
variantmassdistribution, eachphoton’s á å distribution, theazimuthalangle(

' #8# ) distribution of pairs,
agreereasonablywell with NLO calculations[235,237,544–547]. However, the measureddi-photon
� å distribution is noticeablybroaderthantheNLO prediction,but it is in agreementwith theresummed
predictionof [236,548]. This is expectedsincethe � å distribution is particularlysensitive to soft gluon
effects62 [196].

59This misleadingterminologysometimes[549,550] leadsto call irreducibleonly the “direct” component,andreducible
the 9;: , < , etc plus the “fragmentation”components.Although it seemsintuitive at LO, this alternative classificationis ill
definedbeyond LO, asthesplitting between“fragmentation”componentsandhigherordercorrectionsto the “direct” oneis
theoreticallyambiguous.

60This isolationcriterionfor singlepromptphotonproductionis discussedin thetheoreticalliteraturein Refs.[442,443,551,
552] (=.>6=@? collisions)andin Refs.[229,230,439,440,446] (hadroniccollisions). An alternative criterionhasbeenrecently
proposedin [232]. More discussionon theissueof isolationcanbefoundin Sects.6.

61The situationis essentiallythe samefor a lesssevere cut as ACBED�F�GIHJ� � GeV. Note however that sucha partonic
calculationignoresthehadronictransverseenergy splashedin by underlyingevents.Thevalueof A BKD�F�G usedin this typeof
calculationmaythenbeconsideredasaneffective parameter, smallerthantheactualvalueusedexperimentally. This issuehas
still to beclarified,especiallywhentheexperimentalvalueis nearlysaturatedby underlyingeventsandpile-upeffects.

62Infraredsensitive distributions,suchasthe L B distribution nearL BNM � , andthe O@P(P distribution near O6P(P M 9 , canbe
reliably estimatedonly with resummedcalculations.Note that, for the O P(P distribution near O P(P M 9 , not only the“direct”



Fig. 44: A comparisonof theNLO andResBospredictionsfor di-photonproductionat theTevatronfor thedi-photonmass,the

di-photonazimuthalangle(denotedhereby QRO ) andthedi-photontransversemomentum(denotedhereby S�B ).

Fig. 45: Top: di-photondifferentialcrosssectionT8UWVXT8YZP(P vs. YZP(P at LHC, with isolationcriterion A BED�F�G H\[ GeV in] H ��^ _ , for thescalechoicèaHcbZHNY P(P V2d . Bottom: factorization(̀ ) andrenormalization(b ) scaledependencesof the

NLO crosssectionT8UWVXT8Y P(P vs. Y P(P , normalizedby T8UWVXT8Y P(P.egfih�j�h DEklknmpo .

componentdivergesorderby orderandrequiresa softgluonsummation,but alsobothfragmentationcontributions.This much
morecomplicatedcasehasnotbeentreatedyet.



The resultsfrom Run 1 at the Tevatronwereobtainedwith lessthan100 á Ã Ò�ý of data. During
Run 2, a datasampleapproximately20 times as large will be available, allowing both the di-photon
signaland its backgroundto be studiedin detail. In particular, the di-photon � å distribution will be
measuredto muchgreaterprecision,allowing a studyof the � å resummationtechniquesfor a ��� initial
state,necessaryfor bothHiggsanddi-photonproductionat theLHC [196].

On thetheoreticalside,scaleambiguitiesaswell astheuncertaintiesfrom unknown beyondNLO
correctionsplaguethepredictions.A studyof scaleuncertaintieshasbeenperformed[237] for inclusive
observablessuchasthe invariantmassdistribution of photonpairsat LHC in the range90 - 140 GeV,
(Fig. 45). In the isolatedcasewith * å â -01 îq3 GeV insidea conewith )ðî Ï65 � , thescaleuncertain-
tiesaredominatedby thedependenceson the factorizationandrenormalizationscalesÉ and r ; while
the fragmentationscale( É�s ) dependenceis negligible due to the strongsuppressionof the fragmen-
tation contribution. The scaleuncertaintiesarerathersmall (lessthan5%) whenthe factorizationand
renormalizationscalesaresetto beequalandarevariedbetweenët#8#vu/æ and æ&ët#8# . On theotherhand,
anti-correlatedvariationsof É andr in thesamerangeleadto still ratherlarge(upto 20%)uncertainties.
In summary, thehigherordercorrectionsin promptphotonpair productionarenot fully undercontrol
yet. Theconsistentcalculationat full NNLO accuracy would involve, in particular, two-loop � �5Å úWú
amplitudesandtheNNLO evolution of thepartondistributions. Despiterecentprogress[70,288–290]
in this direction63, sucha NNLO descriptionis not yet available. Furthermore,the box contribution
���$Å úWú is thelowestordertermof anew subprocess.Reducingits scaledependencewould involve the
calculationof N
 LO corrections64. Meanwhile,preliminarynumericalcomparisonshave beeninitiated
betweenthesenew NLO (andresummed)partoniccalculations,andMonteCarloeventgenerators[196].
They have to bepushedfurther.

9.22 Reduciblebackground

Beforeany cut is applied,mostof the ù�ÅÞúWú backgroundcomesfrom large-á å � � , � or w , decaying
into photons. It canbe severely reducedby imposingcombinedgeometricandcalorimetricisolation
criteria. A small fractionof this hugebackground,consistingin large-á å isolated� � or � maystill pass
suchcuts. Earlier estimationsof this backgroundrely on Monte Carlo event generators,in which the
tails of fragmentationdistributions nearthe endpoint areratherpoorly known. An improvementcan
be provided by usingisolated� � pairsand ú � � Tevatrondata,comparedwith Monte-Carlotype NLO
calculations,suchas[556], to improve NLO fragmentationfunctionsat large x .

Likecontinuumdi-photonproduction,its backgroundfrom ú � � and� � � � productionhasbeenex-
tensively studiedattheTevatron[553–555]. Thisstudycanserveasausefulbenchmarkfor thereducible
backgroundprediction,aswell asfor very usefultestsof QCD. Theinclusive � � � � and ú � � crosssec-
tionsareordersof magnitudelargerthantheú ú crosssections,makinganextractionof thelatterdifficult,
unlessadditionalselectioncriteria areapplied. As in essentiallyall collider photonmeasurements,an
isolationcut needsto beappliedto eachof thedi-photoncandidates65. In thecaseof CDF (in Run1B),
the isolationcut requiresthat any additionalenergy in a coneof radiusR = 0.4 ( )£î yz� % Ö\y ' % )
aroundthe photondirectionbe lessthan1 GeV. This requirementis basicallysaturatedby the energy
depositedby thedi-photonunderlyingeventandany additionalminimumbiasinteractionsthatmayhave
occurredduring the samecrossing.Sucha strict isolationrequirementrejectsthe majority of the ú ���
and� � � � backgroundswhile retainingthetruedi-photoneventswith 80%efficiency66.

The isolationcut suppressesthe di-photonbackgroundsto the point wherethey arecomparable
63For moredetails,seealsoSect.4.
64Although incomplete,the N { LO correctionsto sole |8| initiated subprocesses,especiallythe first correctionto the box,

mightalreadyreducethescaleuncertainties.A completeN { LO calculationgoesbeyondthescopeof availabletechniques.
65Othercutsareappliedaswell but themainimpacton thebackgroundis from theisolationcut.
66For thesakeof compactness,only 9 : backgroundsarelisted,but otherbackgrounds,for example,from < and} production,

arealsoconsidered.



to the di-photonsignal. One still needsa techniquethat allows for the separationof the di-photon
signal from the background,in a Monte Carlo independentmanner. CDF usestwo suchtechniques:
a measurementof the electro-magneticshower width usinga wire chamberplacedat the EM shower
maximumposition, and a measurementof the fraction of the photoncandidatesthat have converted
in the magnetcoil. The two photonsfrom the ��� cannot be separatelyreconstructedgiven the tower
granularity, but they do have a differentshower width distribution anda differentconversionprobability
thansinglephotons.Thesedifferencesallow theextractionof thedi-photonsignal,not on anevent-by-
eventbasis,but on a statisticalbasis,at eachkinematicpoint beingconsidered.Thelatterconsideration
is importantsincethebackgroundfractiondoesvarywith thekinematicsof theeventsbeingconsidered.

With the1 GeVisolationcut for eachphoton,thedi-photonsignalfractionvariesfrom about30%
atlow * å to essentially100%athigh * å (50GeV).Thedominantsourceof backgroundwasdetermined
to be from ���~��� production.67 Note that if the leakageof theelectro-magneticshower energy into the
isolationconeis correctlyaccountedfor, thereis noreasonto haveafractionalisolationscale(somefixed
fractionof thephotonenergy) ratherthanafixedamountof energy allowedin theisolationcone.A fixed
energy isolationcut providesa discriminationagainstjet backgroundsthat increasesin effectivenessas
theenergy of thephotoncandidateincreases.At highertransverseenergies,theisolationcut requiresthe
jet to fragmentinto a ��� at larger valuesof the fragmentationvariable x , a processgreatlysuppressed
by the steeplyfalling fragmentationfunction. The large x ( x���Ï65��63 ) region is poorly known since
inclusive measurementsof jet fragmentation[311] have few statisticsin this region. This statementis
evenmoretruefor thecaseof gluonjets,which form thebulk of thebackgroundsourceat theLHC. The
di-photontriggerat theTevatronselectsthoserarejets that fragmentinto isolated��� ’s. Thus,it would
beusefulto try to normalizethepredictionsof theeventgeneratorssuchasPYTHIA [115], which are
usedfor backgroundstudiesat theLHC to thebackgrounddataat theTevatron. Sucha comparisonis
now in progress[557].

9.23 Productionin associationwith jets

In orderto improve thesignal/backgroundratio, it hasbeensuggested[549,550] to studytheassociated
productionof ù � Å×úWú
	�Ö jet. For this process,bothsignal � andbackground

�
arereducedbut still

remainat the level of êÎÍ/Ï/Ï signaleventsat low LHC luminosity. The LO estimatehasshown that
the ��u � ratio is improved critically with the samelevel of significance��u6� � . Furthermore,higher
ordercorrectionsto the backgroundhave beenshown recently[558] to be underbettercontrol thanin
theinclusive case.

Background: associatedvs. inclusive
Indeed,thesituationsin the inclusive andassociatedchannelsarequitedifferent. In the inclusive case,
themainreasonwhy themagnitudeof theNNLO boxcontribution is comparableto theLO crosssection
is thatthelatter is initiatedby � � , whereastheformerinvolves ��� . The ��� luminosity, muchlarger than
the � � one,compensatesnumericallytheextra � % � factorof thebox. This is not thecasein thechannel
úWú + jet, sincetheLO crosssectionis dominatedinsteadby a �0� initiatedsubprocess.The �2� luminosity
is sizablylarger thanthe � � one,which guaranteesthat thecorrespondingNNLO contribution remains
small (lessthan20% for á å � è/Ï GeV) comparedto the LO result [558]. Thus, expectingthat the
subprocess���ÀÅ úWú�� givesthe main NNLO correction,a quantitative descriptionof the background
with anaccuracy betterthan20%couldbeachieved alreadyat NLO in the úWú + jet channelfor a high-
á å jet. All the helicity amplitudesneededfor the implementationof the (“direct” contribution to the)
backgroundto NLO accuracy arenow available[269,559,560].

Signalvs.background
The 3-bodykinematicsof the processallows morerefinedcutsto improve the ��u � ratio up to Í6u/æ� 
Í6u/è [549,550] (to be comparedwith ��u � � Í6u/ï for the inclusive channel).Due to helicity andtotal

67A studyof thedi-photonbackgroundsat ATLAS foundthe �@9 : and 9 : 9 : backgroundsto beof roughlyequalsizein the
low massHiggssignalregion,with eachof thebackgroundsbeingof theorderof 20%of thedi-photoncontinuum[1].



angularmomentumconservation the � -wave statedoesnot contribute to thedominantsignalsubprocess
����Å ùN� . On the contrary, all angularmomentumstatescontribute to the subprocesses�W�¿Å ú ú��
and � � Å úWú�� . Therefore,the signal hasa more suppressedthresholdbehaviour comparedto the
background. The ��u � ratio can thus be improved by increasingthe partonicc.m.s. energy � �� far
beyondthreshold.Indeed,a cut � ����Ñè/Ï/Ï GeV hasbeenfoundto give thebestS/B ratio for theLHC.
Theeffectcannotbefully explainedby thethresholdbehavior only, sincethatwould resultin auniform
suppressionfactor. It wasshown in [549,550] (seeFigs. 5 and6 there)that the dependencesof the
backgroundandthe signalon the c.m.s. angularvariablesarequite different, therefore,the strong ��
cut affectsthemwith differentsuppressionfactors(see[549,550] for moredetails). This effect canbe
exploitedto enhancethesignificance��u6� � at thesamelevel as ��u � . If thecut ���/Û ��� � 	 ��� ú�	i�� �Ï65��/ï
on thejet-photonanglein thepartonicc.m.s. is appliedfor � ���� è/Ï/Ï GeV andcombinedwith thecut
� ��I� è/Ï/Ï GeV, the changeon ��u � is rathersmall, while the significanceis improved by a factor ê
1.3. Thesameeffect canbeobserved with thecut on the jet angle

� � ��� 	 in thepartonicc.m.s. (cf. the
Fig. 5 mentionedabove),but oneshouldnoticethatthetwo variables,

� � ��� ú
	 and
� � ��� 	 , arecorrelated.

Therefore,it is desirableto performa multi-variableoptimizationof theeventselection.Noticethatthe
presentdiscussionis basedon a LO analysis,andconcernsonly whatwasdefinedabove asthe“direct”
componentof theirreduciblebackground.Onenow hasto understandhow thisworksatNLO.

Other, reducible,sourcesof backgroundarepotentiallydangerous.The above-defined“single-
fragmentation”componentto theso-calledirreduciblebackground,andthereduciblebackgroundcom-
ing from misidentificationof jet eventsweretreatedonasimilar footing in theLO analysisof [549,550]
asa de facto reduciblebackground(seefootnote9.21). In [549,550], a roughanalysisfound that this
reduciblebackgroundis lessthan20%of theirreducibleoneaftercutsareimposed.Themisidentifica-
tion rateis given mainly by the subprocesses��� Åÿú;��� , ���UÅÿú�� � and �@���>Åÿú�� � ��	(��� � ��	 , whenthe
final statepartonproducesan energetic isolatedphotonbut otherproductsof thehadronizationescape
thedetectionasa jet. There,a ú � � � 	(u jet rejectionfactorequalto 2500for a jet misidentifiedasaphoton
and5000for awell separatedú � ��� 	 productionby ajet wereused.No additional��� rejectionalgorithms
wereapplied.Furthermore,this reduciblebackgroundis expectedto besuppressedevenmorestrongly
thantheirreduciblebackgroundof “direct” typewhenacut on � �� is applied.

In summary, the associatedchannelù � Å úWú
	�Ö jet with jet transverseenergy * å �Îè/Ï GeV
andrapidity � ���v���;5�3 (thusinvolving forwardhadroniccalorimeters)opensa promisingpossibility for
discovering the Higgs bosonwith a massof 100-140GeV at LHC even at low luminosity. However,
to performa quantitative analysis,the NLO calculationsof the backgroundhave to be completedand
includedin amorerealisticfinal stateanalysis.

Signalat NLO
The exact calculationof the NLO correctionsto the signal is very complex, sincethe gluonsinteract
with theHiggsbosonvia virtual quarkloops.Fortunately, theeffective field theoryapproach[561,562]
applicablein thelargetopmasslimit with effective gluon-gluon-Higgsbosoncouplinggivesanaccurate
approximationwith anerrorlessthan5%,provided ëíìçö�æ&ët� . Recently, in thisapproximationandus-
ing thehelicity method,thetransitionamplitudesrelevantto theNLO correctionshavebeenanalytically
calculatedfor all contributing subprocesses(loopcorrections[563] andbremsstrahlung[564,565]). The
subtractionmethodof [161,227] hasbeenusedto cancelanalyticallythesoft andcollinearsingularities
andto implementtheamplitudesintoanumericalprogramof Monte-Carlotypewhichallowstocalculate
any infrared-safeobservablefor theproductionof aHiggsbosonwith onejet atNLO accuracy [197].

One of the main resultsof the calculationis that the NLO correctionsare large and increase
considerablythe crosssection,with a � factor ê 1.5-1.6( � î �$¡i¢�£Ru6�$¢¤£ ) andalmostconstantfor
a large kinematicalrangeof á å andrapidity of the Higgs boson. Furthermore,the NLO result is less
dependenton variationsof the factorizationand renormalizationscales. Fig. 46(a) displaysthe á å
distribution at both LO andNLO for a Higgs bosonwith ëíìþî Í/æ/Ï GeV. The curvescorrespondto
threedifferentrenormalization/factorization scalechoices¥÷î�r � ë % ì Ö á % å 	 ý&¦l% , with r î�Ï65�36§_Í6§_æ , and



show that the scaledependenceis reducedat NLO. The samefeaturescanbe observed in moredetail
in Fig. 46(b),wherethe LO andNLO crosssectionsintegratedfor á å larger than30 and70 GeV are
shown asa function of the renormalization/factorization scale. Both the LO andNLO crosssections
increasemonotonicallywith decreasingr , down to thelimiting valuewhereperturbative QCD canstill
beapplied,indicatingthatthestability of theNLO resultis not completelysatisfactory. However, in the
usualrangeof variationof r from 0.5to 2, theLO scaleuncertaintyamountsto ¨ 35%,whereasatNLO
it is reducedto ¨ 20%.

Fig. 46: Scaledependenceof LO andNLO distributionsfor Higgsbosonproduction.(a) � B distributionsatdifferentscalesand

(b) thescaledependenceof theintegratedcrosssectionsfor �@B�©Iª � and « � GeV. TheMRSTpartondistributionsareused.

9.3 Multi-lepton channelsin the massrange ëíì � Í��WÏ GeV.

Above140GeV, themostpromisingchannelis ù Å Õ�Õ�¬­�(® Åa� leptons.Thecorrespondingirreducible
backgroundcomesmainly from thenonresonantÕ�Õ ¬¯�(® production.Severeisolationcutsareneededto
suppressreducibleÝ Ý and Õ Ã Ã backgroundsfor Higgsbosonmassesbelow the Õ�Õ threshold.Thetopicof
weakbosonpairproductionispresentedin adedicatedSectionof theElectroweakPhysicsChapterof this
Report.In particular, thelattergatherstheeffectsof NLO contributionsto distributionsof invariantmass,
or transversemomentumof weakbosonpairs,andcomparisonsbetweenMonteCarloeventgenerators
andrecentNLO partoniccalculations.

The ù Å Ä÷Ä Å æ/ÆÈÖ°7* å channelswasrecentlyfound [566,567] to be very promisingin
this massrangearound170 GeV, wherethe significanceof the ù Å Õ-Õ � Å±�WÆ channelis relatively
smalldueto thesuppressionof Õ�Õ�� branchingratioasthe ÄÓÄ modeopensup. In thismassrange,the
leptonicbranchingrationof the ÄÓÄ modeis approximately100timeslargerthanthe Õ�Õ�� Åa�WÆ mode.
AlthoughtheHiggsbosonmasspeakcannotbedirectly reconstructedin this case,the transversemass
distribution canbeusedto signtheHiggsbosonandextractinformationon its mass.

The multileptonic channelsù Å ÄÓÄ ¬­�(® and ù Å Õ�Õ ¬¯�(® are also of great interestfor the
associatedÄÓù production. Although the crosssectionfor the associatedproductionis a factor50 to
100 lower than for the inclusive production,the ��u � ratio is substantiallyimproved. They are also
interestingto determinetheHiggsbosoncouplings,sinceonly thecouplingsto gaugebosonsappearin
theproductionanddecaychain.Theobservability of ÄÓù with ù ÅßÄ÷Ä � ÅÞæ/Æ�æ/Ç hasbeenrecently
proposedin [568] andexperimentallystudiedin [1]. Theobservability of theassociatedproductionÄÓù ,
ù Å Õ�Õ�� Å²�WÆ hasbeenrecentlyconsideredin [569] andis sketchedbelow. Dueto thesmallnumber
of eventsexpectedfor Õ ù andÝ Ý ù production,only the ÄÓù processhasbeeninvestigated.



no cut isolationcut Õ masscut all cuts

Ä÷ù³§_É ì î�Í63/Ï6´�µ·¶ 3.56 3.42 2.89 2.69Ý Ý background 141. 3.10 26.1 0.098Õ Ã Ã background 17.3 3.46 13.8 3.46

Ä÷ù³§_Étìçî�æ/Ï/Ï6´�µ·¶ 5.92 5.55 3.95 3.76
Ä÷ù³§_Étìçî�è/Ï/Ï6´�µ·¶ 1.45 1.30 0.91 0.86Ý Ý background 141. 3.10 0.098 0.098Õ Ã Ã background 17.3 3.46 1.73 0

Table6: Numberof eventsin the 5 leptonschannelfor ¸¹H"� �6º ��� ?�» , �@B cut = 10 GeV. No masswindow on 4 leptonsis

applied.

9.31 AssociatedÄÓù production,fiveleptonchannel

Selectioncriteria
All simulationsof Higgs bosonandbackgroundeventshave beenmadewith the PYTHIA 5.702and
JETSET7.408MonteCarlo programsimplementedin theCMSIM/CMANA package[570]. Thepro-
cessesimplementedin PYTHIA were simulatedwith partonshowers, with the exceptionof internal
bremsstrahlung,generatedby PHOTOS[571]. No � factorswereused,so thefinal numbersof signal
eventsmay be underestimatedby abouta factor 1.3 [572]. The experimentalresolutionof CMS for
leptonreconstructionwassimulatedby aGaussiansmearing:

y�á å u&á å î¹�;5�36¼ á å u/Í/Ï/Ï/Ï for muons,� yc*Zu6*½	 % î � �;¼Nu6� *½	 % Ö � Ï65
æ/è/Ï6u6*½	 % Ö � Ï65�3636¼c	 % for electrons,

whereá å and * areexpressedin GeV. Dedicatedprogramscalculatethedependenceon � andá å of the
geometricalandkinematicalacceptances,theinvariantmasscutsto selectthe Õ or Õ � , andtherejection
of nonisolatedleptonsin jetswith cutsselectingleptonswithoutchargedtracksabove á å � 2 GeV in a
cone )J�ðÏ65
Í ( ) % î¾yz� % Ö�y ' % ). A few eventswerealsofully generatedandvisualizedin CMS by
CMSIM. ThereactionsÄÀ¿Jù ÅarC¿JÇ8Á Õ�Õ�¬­�(® ÅÂ3�rC¿
Ç8Á and ÄÃ¿zù ÅÄµÅ¿zÇ8Æ Õ�Õz¬¯�(® ÅÄ36µÅ¿
Ç8Æ havebeen
studiedin details.Althoughthebranchingratiosareidentical,somedifferencesbetweenthesechannels
areexpecteddueto differencesin acceptancesandtriggerefficiencies.Thegeneratedleptonsaresorted
in decreasingá å order, from 1 to 5, thenthefollowing cutsareapplied.
For muonevents:Ô ���Ç� � æ65
Í for r ý andr % �2��� ��æ65�3 for r 
 to r óÔ á å ��æ/Ï GeVfor r ý á å ��Í/Ï GeVfor r % á å �È3 or Í/Ï GeVfor r 
 §�r ô andr ó
For electronevents:Ô ���Ç� � æ65�3 for µ ý to µ óÔ á å ��æ/Ï GeVfor µ ý á å ��Í63 GeVfor µ % á å ��ï6§_Í/Ï or Í63 GeV for µ 
 §8µ ô and µ ó
Leptons1 and2 aretheonesusedto triggerevents,leptons3 to 5 á å thresholdscanbesetatlowervalues.
Almost no differenceis observedwhenthetriggerthresholdis setata highervalue(30and20 GeV),as
expectedsinceleptons1 and2 producedby Ä and Õ decaysareveryenergetic.Theotherpossiblefinal
states: æ6µVÖ è�r , æ�r¿Ö è6µ , �;µVÖ Í�r and �6r�Ö Í6µ arealsogoodcandidates.Sinceonly smallnumerical
differenceswerefound in the resultsbetweenthe pureelectronicandmuonicfinal states,the 4 mixed
oneswerenot simulatedandthe total numberof expectedeventswasmultiplied by a factor8. As the
expectedcrosssectionis very low, thepresentsearchwould bemeaningfulathigh luminosityonly. The
pile-upathigh luminosityhasaminor impactfor thedetectionof leptons.Neverthelessit hasto betaken
into accountwhenusingtheisolationcuts.



ù Å Õ�Õ �
ThischannelconcernsthemassrangeëíìÉ��æ&ëíø . Theirreduciblebackground,dueto thenonresonant
Ä Õ�Õz� production,is not includedin PYTHIA. In orderto getaroughorderof magnitude,the ��u � ratio
wasthenassumedto beof thesameorderasthe oneof direct productionof ù Å Õ�Õ � , comparedto
nonresonantÕ�Õ�� . This ratiohasbeenestimatedin [573] to belower than10% for ëíì = 150GeV. The
reduciblebackgroundcomesfrom the Ý Ý and Õ Ã Ã channelswith threeleptonscomingfrom semi-leptonic
decaysof

�
and Ê mesons.Theinitial crosssectionsof theseprocessesarevery high and,without cut,

thisbackgroundis muchhigherthantheirreducibleone.

Theselectionrequestsonepair of oppositesignmuonsor electronswith a massequalto ëíøt¨"3
GeV, andonepairof oppositesignmuonsor electronswith a massbelow ë ø . This removesonly 19 %
of thesignaleventswhich fall in thetails of themassdistributions.An additionaleffect of wideningthe
Z masswouldcomefrom the µ·¿ bremsstrahlungin thetracker material[574] andcontributeto decrease
theacceptance.Theleptonpair massspectraof the Ý Ý and Õ Ã Ã backgroundsexhibit a peakat low mass.
A cut at ëíøKË��ÑÍ/Ï GeV would further reducethesebackgroundsby 20 % without affectingthesignal.
No detectorreconstructioninefficiency wasconsideredat this level. The isolationcut is usedto reject
leptonsfrom Ã or Ì quarkdecay, in the reduciblebackgroundchannels.The eventsexhibiting tracks
with á å � æ GeV containedin a cone ) � 0.1 aroundany of the five leptonsarerejected(Fig. 47).
Actually abetterrejectionis expectedin theCMSdetectorwhenusingtheinformationfrom the Ã vertex
position[575].

Anotherreduciblebackgroundwasconsidered:thenonresonantproductionof Õ�Õ � whereoneof
the Õz¬¯�(® decaysinto two leptonsandtheotherdecaysinto Ã Ã , the Ã quarksdecayingsemi-leptonically.
Thenumberof eventsbeforeacceptance,massandisolationcut is about70 % of thesignal,but aswe
expecttheleptonsfrom the Ã ’s to bevery soft andnonisolated,that this backgroundcanbeconsidered
asnegligible.

ù Å Õ�Õ
This channelis similar to theprevious oneexceptthatwe requesttwo pairsof oppositesignmuonsor
electronswith massesequalto ë ø ¨\3 GeV. Thiscut removes32 to 34% of thesignalevents.It is now
muchmoreefficient againstthe Ý Ý backgroundthanagainstthe Õ Ã Ã , becausethe Õ Ã Ã channelinvolves
a real Õ . Thecalculationsweremadefor Higgsbosonswith ë ì î§æ/Ï/Ï and300GeV (Fig. 47). The
acceptancesof the signalvary only slightly asa function of á å cut andotherselectioncuts. The four
leptonsmassspectrumfor thebackgroundis awidedistribution centeredaround150GeV. A cut on this
spectrumcanbe usedto obtainan additionalrejectionfactorof the orderof 10 to 50, after the Higgs
bosonmasshasbeenpreviously measuredin amoresensitive channel,like theinclusive ù Å²�WÆ [575].

Results
The numberof expected5 muonsor 5 electronsevents for one year of running at high luminosity
Í/Ï/Ï/û�Ã_Ò�ý is low: 0.34for a Higgsbosonmassof 150GeV, 0.47for 200GeV and0.11for 300GeV/c.
Consideringall thepossible5 leptonschannels,thesenumbersmustbemultiplied by a factor8. They
aresummarizedin table1, togetherwith the correspondingbackgrounds(not including the cut on the
four leptonsmassspectrumdescribedabove). The ��u � ratio is betterfor ëíì î£æ/Ï/Ï GeV andis un-
acceptablefor ëíì îðÍ63/Ï GeV. Thusthis channelcanbeconsideredalmosthopelessfor thediscovery
of theHiggsbosonbelow the Õ-Õ threshold.On theotherhand,if theHiggsbosonis in themassrange
200to 300GeV, thedetectionof theserare5 leptoneventsabove a low backgroundwouldbeavaluable
informationfor thestudyof theHiggsbosoncouplings.

However, beforedrawing any definitiveconclusion,severalissuesshouldbeimprovedconcerning
thebackgrounds.Firstly the irreducible Ä Õ�Õz� backgroundhasto becalculated,e.g. usinganautom-
atizedcalculationlike [138] andincludedin the analysis.Moreover the reducible Õ Ã Ã processshould
berevisitedwith anotherMonteCarlogenerator, astheimplementationin PYTHIA 5.7for the Õ Ã Ã pro-
cessis known to suffer from aninstability in thephasespacegeneration(this implementationhasbeen
removedfrom theversionPYTHIA 6.1 for this reason).Finally, anothersourceof 5 leptonsevents,not
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Fig. 47: Numberof eventsat ¸�H×� � º �~�.?¤» for ØÚÙ M [�b channelandbackgroundfor M Û = 150 GeV (top), 200 and

300GeV(bottom)afterkinematicalcuts(left), isolationand Ü�Ü masscutscombined(right). Ý B cut refersto thesoftestof the

five muons.Dottedline is anupperlimit (noMonteCarloeventsurvive thecuts).

evaluatedwith enoughstatisticssofar is thesemi-leptonicdecayof Ã Ã or Ì Ì generatedby initial or final
gluonradiation.

An extensionof thisstudywouldalsobetheinvestigationof theassociatedproductionof ahigher
massHiggsbosonusingotherdecaymodeswith largerbranchingratioslike Õ Å jet jet.
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tionsFrontìeres,Gif-sur-Yvette,1991),andreferencestherein.
[311] B. R. Webber, preprintCERN-TH-99-387[hep-ph/9912292], plenarytalk at 19th International

Symposiumon Leptonand PhotonInteractionsat High-Energies (LP 99), Stanford,California,
August1999.

[312] S.Catani,L. Trentadue,G. TurnockandB. R. Webber, Nucl. Phys.B407(1993)3.
[313] M. L. Mangano,preprintCERN-TH/99-337[hep-ph/9911256],plenarytalk at the1999Interna-

tional EurophysicsConferenceon High Energy Physics, Tampere,Finland,July 1999,andrefer-
encestherein.

[314] M. H. Seymour, Nucl. Phys.B421(1994)545.
[315] M. H. Seymour, Nucl. Phys.B513(1998)269[hep-ph/9707338].



[316] J.R. Forshaw andM. H. Seymour, JHEP9909(1999)009[hep-ph/9908307].
[317] G. Parisi andR. Petronzio,Nucl. Phys.B154(1979)427.
[318] G. Curci,M. GrecoandY. Srivastava,Nucl. Phys.B159(1979)451.
[319] Y. L. Dokshitzer, D. I. Diakonov andS. I. Troian,Phys.Rept.58 (1980)269.
[320] D. Amati, A. Bassetto,M. Ciafaloni, G. MarchesiniandG. Veneziano,Nucl. Phys.B173 (1980)

429.
[321] G. Parisi,Phys.Lett. B90 (1980)295.
[322] G. Curci andM. Greco,Phys.Lett. B92 (1980)175.
[323] G. Curci andM. Greco,Phys.Lett. B102(1981)280.
[324] M. Ciafaloni andG. Curci,Phys.Lett. B102(1981)352.
[325] S.D. Ellis, N. FleishonandW. J.Stirling, Phys.Rev. D24 (1981)1386.
[326] P. E. Rakow andB. R. Webber, Nucl. Phys.B187(1981)254.
[327] P. Chiappetta,T. Grandou,M. Le BellacandJ.L. Meunier, Nucl. Phys.B207(1982)251.
[328] SeeG. Sterman,hep-ph/9508358,in Proc.10thTopicalWorkshopon Proton-AntiprotonCollider

Physics, eds.R. RajaandJ.Yoh(AIP Press,New York, 1996),p. 608,andreferencestherein.
[329] SeeS.Catani,Nucl.Phys.Proc.Suppl.54A (1997)107[hep-ph/9610413], andreferencestherein.
[330] G. Sterman,Nucl. Phys.B281(1987)310.
[331] S.CataniandL. Trentadue,Nucl. Phys.B327(1989)323.
[332] S.CataniandL. Trentadue,Nucl. Phys.B353(1991)183.
[333] G. Sterman,hep-ph/9606312.
[334] S. Catani, M. L. Mangano,P. Nasonand L. Trentadue,Nucl. Phys.B478 (1996) 273 [hep-

ph/9604351].
[335] H. Contopanagos,E. LaenenandG. Sterman,Nucl. Phys.B484(1997)303[hep-ph/9604313].
[336] N. KidonakisandG. Sterman,Nucl. Phys.B505(1997)321[hep-ph/9705234].
[337] R. Bonciani, S. Catani, M. L. Manganoand P. Nason,Nucl. Phys. B529 (1998) 424 [hep-

ph/9801375].
[338] M. Beneke andV. M. Braun,Nucl. Phys.B454(1995)253[hep-ph/9506452].
[339] L. MagneaandG. Sterman,Phys.Rev. D42 (1990)4222.
[340] M. Kramer, E. LaenenandM. Spira,Nucl. Phys.B511(1998)523[hep-ph/9611272].
[341] E. Laenen,G. StermanandW. Vogelsang,hep-ph/0002078.
[342] L. Magnea,Nucl. Phys.B349(1991)703.
[343] R. Akhoury, M. G. Sotiropoulosand G. Sterman,Phys. Rev. Lett. 81 (1998) 3819 [hep-

ph/9807330].
[344] SeeN. Kidonakis,hep-ph/9902484,andreferencestherein.
[345] E. Laenen,G. OderdaandG. Sterman,Phys.Lett. B438(1998)173[hep-ph/9806467].
[346] S.Catani,M. L. ManganoandP. Nason,JHEP9807(1998)024[hep-ph/9806484].
[347] S. Catani,M. L. Mangano,P. Nason,C. OleariandW. Vogelsang,JHEP9903(1999)025 [hep-

ph/9903436].
[348] N. KidonakisandJ.F. Owens,hep-ph/9912388.
[349] N. KidonakisandV. Del Duca,hep-ph/9911460.
[350] N. Kidonakis,G. OderdaandG. Sterman,Nucl. Phys.B525(1998)299[hep-ph/9801268].
[351] M. Cacciari,hep-ph/9910412.
[352] L. Apanasevich et al. [Fermilab E706 Collaboration],Phys.Rev. Lett. 81 (1998) 2642 [hep-

ex/9711017].
[353] G. StermanandW. Vogelsang,preprintYITP-00-04,hep-ph/0002132,to appearin Proc.of the

WorkshopPhysicsat theTevatron in RunII , Fermilab,2000.
[354] A. Vogt,Phys.Lett. B471(1999)97 [hep-ph/9910545].
[355] S.Catani,M. L. ManganoandP. Nason,resultsreportedin Ref. [214].
[356] W. B. Kilgore andW. T. Giele,Phys.Rev. D55 (1997)7183[hep-ph/9610433].
[357] Proceedingsof the Workshopon Physicsat the Tevatron in RunII , Fermilab,2000(to appear).



See:http://www-theory.fnal.gov/people/ellis/QCDWB/QCDWB.html
[358] J. C. Collins andD. E. Soper, Nucl. Phys.B193 (1981)381; erratumNucl. Phys.B213 (1983)

545.
[359] J.C. Collins andD. E. Soper, Nucl. Phys.B197(1982)446.
[360] R. K. Ellis, D. A. RossandS.Veseli,Nucl. Phys.B503(1997)309[hep-ph/9704239].
[361] J.KodairaandL. Trentadue,Phys.Lett. B112(1982)66.
[362] S.Catani,E. D’Emilio andL. Trentadue,Phys.Lett. B211(1988)335.
[363] C. T. DaviesandW. J.Stirling, Nucl. Phys.B244(1984)337.
[364] G. Altarelli, R. K. Ellis, M. GrecoandG. Martinelli, Nucl. Phys.B246(1984)12.
[365] C. T. Davies,B. R. WebberandW. J.Stirling, Nucl. Phys.B256(1985)413.
[366] I. Hinchliffe andS.F. Novaes,Phys.Rev. D38 (1988)3475.
[367] R. P. Kauffman,Phys.Rev. D44 (1991)1415.
[368] R. P. Kauffman,Phys.Rev. D45 (1992)1512.
[369] A. KuleszaandW. J.Stirling, Nucl. Phys.B555(1999)279[hep-ph/9902234].
[370] A. KuleszaandW. J.Stirling, JHEP0001(2000)016[hep-ph/9909271].
[371] A. KuleszaandW.J.Stirling, in preparation.
[372] P. Desgrolard,L. Jenkovszky, A. LengyelandF. Paccanoni,Phys.Lett. B459 (1999)265 [hep-

ph/9903397].
[373] J.R. Cudell,V. Ezhela,K. Kang,S.Lugovsky andN. Tkachenko, Phys.Rev. D61 (2000)034019

[hep-ph/9908218].
[374] A. DonnachieandP. V. Landshoff, Phys.Lett. B437(1998)408[hep-ph/9806344].
[375] A. DonnachieandP. V. Landshoff, Phys.Lett. B470(1999)243[hep-ph/9910262].
[376] H. Georgi andH. D. Politzer, Phys.Rev. D9 (1974)416.
[377] D. J.GrossandF. Wilczek,Phys.Rev. D9 (1974)980.
[378] A. De Rujula,S. L. Glashow, H. D. Politzer, S. B. Treiman,F. Wilczek andA. Zee,Phys.Rev.

D10 (1974)1649.
[379] R. D. Ball andS.Forte,Phys.Lett. B335(1994)77 [hep-ph/9405320].
[380] R. D. Ball andS.Forte,Phys.Lett. B336(1994)77 [hep-ph/9406385].
[381] S.ForteandR. D. Ball, ActaPhys.Polon.B26 (1995)2097[hep-ph/9512208].
[382] F. Wilczek,DiracMedalLecture,hep-th/9609099.
[383] M. Botje,hep-ph/9905518.
[384] V. Barone,C. PascaudandF. Zomer, Eur. Phys.J.C12 (2000)243[hep-ph/9907512].
[385] M. Klein, hep-ex/0001059.
[386] P. Marage,hep-ph/9911426.
[387] R.D. Ball, in Ref. [196].
[388] J.SantiagoandF. J.Yndurain,hep-ph/9907387.
[389] T. Jaroszewicz, Phys.Lett. B116(1982)291.
[390] S.Catani,F. FioraniandG. Marchesini,Nucl. Phys.B336(1990)18.
[391] S.Catani,F. Fiorani,G. MarchesiniandG. Oriani,Nucl. Phys.B361(1991)645.
[392] S.CataniandF. Hautmann,Phys.Lett. B315(1993)157.
[393] V. S.Fadin,M. I. Kotsky andR. Fiore,Phys.Lett. B359(1995)181.
[394] V. S.Fadin,R. FioreandM. I. Kotsky, Phys.Lett. B387(1996)593[hep-ph/9605357].
[395] V. S.FadinandL. N. Lipatov, Nucl. Phys.B406(1993)259.
[396] V. Fadin,R. FioreandA. Quartarolo,Phys.Rev. D50 (1994)5893[hep-th/9405127].
[397] V. S.Fadin,R. FioreandM. I. Kotsky, Phys.Lett. B389(1996)737[hep-ph/9608229].
[398] V. S.FadinandL. N. Lipatov, Nucl. Phys.B477(1996)767[hep-ph/9602287].
[399] V. S.Fadin,R. Fiore,A. FlachiandM. I. Kotsky, Phys.Lett. B422(1998)287[hep-ph/9711427].
[400] G. CamiciandM. Ciafaloni,Phys.Lett. B412(1997)396[hep-ph/9707390].
[401] V. Del Duca,Phys.Rev. D54 (1996)989[hep-ph/9601211].
[402] V. Del Duca,Phys.Rev. D54 (1996)4474[hep-ph/9604250].



[403] V. Del DucaandC. R. Schmidt,Phys.Rev. D57 (1998)4069[hep-ph/9711309].
[404] R. D. Ball andS.Forte,Phys.Lett. B351(1995)313[hep-ph/9501231].
[405] M. Ciafaloni,Phys.Lett. B356(1995)74 [hep-ph/9507307].
[406] R. D. Ball andS.Forte,Phys.Lett. B359(1995)362[hep-ph/9507321].
[407] G. CamiciandM. Ciafaloni,Nucl. Phys.B496(1997)305[hep-ph/9701303].
[408] R. K. Ellis, F. HautmannandB. R. Webber, Phys.Lett. B348(1995)582[hep-ph/9501307].
[409] S.Catani,Z. Phys.C70 (1996)263[hep-ph/9506357].
[410] S.Catani,Z. Phys.C75 (1997)665[hep-ph/9609263].
[411] S.ForteandR. D. Ball, hep-ph/9607291.
[412] I. BojakandM. Ernst,Phys.Lett. B397(1997)296[hep-ph/9609378].
[413] I. BojakandM. Ernst,Nucl. Phys.B508(1997)731[hep-ph/9702282].
[414] R. D. Ball andS.Forte,hep-ph/9805315.
[415] R. D. Ball andS.Forte,Phys.Lett. B465(1999)271[hep-ph/9906222].
[416] S. J. Brodsky, V. S. Fadin,V. T. Kim, L. N. Lipatov andG. B. Pivovarov, JETPLett. 70 (1999)

155[hep-ph/9901229].
[417] C. R. Schmidt,Phys.Rev. D60 (1999)074003[hep-ph/9901397].
[418] J.R. Forshaw, D. A. RossandA. SabioVera,Phys.Lett. B455(1999)273[hep-ph/9903390].
[419] G. Altarelli, R. D. Ball andS.Forte,hep-ph/9911273.
[420] M. Ciafaloni,D. ColferaiandG. P. Salam,Phys.Rev. D60 (1999)114036[hep-ph/9905566].
[421] M. Ciafaloni,D. ColferaiandG. P. Salam,JHEP9910(1999)017[hep-ph/9907409].
[422] J.C. Collins andP. V. Landshoff, Phys.Lett. B276(1992)196.
[423] M. F. McDermott,J.R. Forshaw andG. G. Ross,Phys.Lett. B349(1995)189[hep-ph/9501311].
[424] J.Bartels,H. LotterandM. Vogt,Phys.Lett. B373(1996)215[hep-ph/9511399].
[425] L. P. Haakman,O. V. KancheliandJ.H. Koch,Nucl. Phys.B518(1998)275[hep-ph/9707262].
[426] Y. V. Kovchegov andA. H. Mueller, Phys.Lett. B439(1998)428[hep-ph/9805208].
[427] N. Armesto,J.BartelsandM. A. Braun,Phys.Lett. B442(1998)459[hep-ph/9808340].
[428] R. D. Ball andS.Forte,Phys.Lett. B405(1997)317[hep-ph/9703417].
[429] R. G. Roberts,Eur. Phys.J.C10 (1999)697[hep-ph/9904317].
[430] I. Balitsky, Phys.Rev. Lett. 81 (1998)2024[hep-ph/9807434].
[431] I. Balitsky, Phys.Rev. D60 (1999)014020[hep-ph/9812311].
[432] M. Gluck,E.ReyaandA. Vogt,Phys.Rev. D48 (1993)116,ErratumPhys.Rev. D51 (1995)1427.
[433] L. Bourhis,M. FontannazandJ.P. Guillet, Eur. Phys.J.C2 (1998)529[hep-ph/9704447].
[434] E. Witten,Nucl. Phys.B120(1977)189.
[435] P. Aurenche,M. Fontannaz,J. P. Guillet, B. Kniehl, E. Pilon andM. Werlen,Eur. Phys.J. C9

(1999)107[hep-ph/9811382].
[436] P. Aurenche,P. Chiappetta,M. Fontannaz,J.P. Guillet andE. Pilon,Nucl. Phys.B399(1993)34.
[437] L. E. GordonandW. Vogelsang,Phys.Rev. D48 (1993)3136.
[438] M. Werlen,FortranCodeavailableon request,Monique.Werlen@cern.ch.
[439] P. Aurenche,R. BaierandM. Fontannaz,Phys.Rev. D42 (1990)1440.
[440] E. L. BergerandJ.Qiu, Phys.Rev. D44 (1991)2002.
[441] E. W. Glover andW. J.Stirling, Phys.Lett. B295(1992)128.
[442] Z. KunsztandZ. Trocsanyi, Nucl. Phys.B394(1993)139[hep-ph/9207232].
[443] S.Catani,M. FontannazandE. Pilon,Phys.Rev. D58 (1998)094025[hep-ph/9803475].
[444] S.FrixioneandW. Vogelsang,hep-ph/9908387.
[445] S.CataniandB. R. Webber, JHEP9710(1997)005[hep-ph/9710333].
[446] S.Catani,M. Fontannaz,J.-Ph.Guillet andE. Pilon, in preparation.
[447] T. Binoth,J.P. Guillet andE. Pilon,work in preparation.
[448] S.Abachietal. [D0 Collaboration],Phys.Rev. Lett. 77 (1996)595[hep-ex/9603010].
[449] S.Aid et al. [H1 Collaboration],Phys.Lett. B356(1995)118[hep-ex/9506012].
[450] J.Breitweg etal. [ZEUS Collaboration],Eur. Phys.J.C6 (1999)239[hep-ex/9805016].



[451] C. Adloff et al. [H1 Collaboration],Nucl. Phys.B538(1999)3 [hep-ex/9809028].
[452] M. Acciarri et al. [L3 Collaboration],Phys.Lett. B453(1999)333.
[453] S.D. Ellis, Z. KunsztandD. E. Soper, Phys.Rev. Lett. 69 (1992)3615[hep-ph/9208249].
[454] F. Abeet al. [CDF Collaboration],Phys.Rev. Lett. 69 (1992)2896.
[455] H. Weerts[D0 Collaboration],FERMILAB-CONF-94-035-E,presentedat 9th TopicalWorkshop

on Proton–AntiprotonCollider Physics, Tsukuba,Japan,Oct1993.
[456] F. Abe et al. [CDF Collaboration],Phys.Rev. Lett. 77 (1996)5336,E ibid. 78 (1997)4307[hep-

ex/9609011].
[457] B. Abbott etal. [D0 Collaboration],Phys.Rev. Lett. 80 (1998)666[hep-ex/9707016].
[458] A. H. MuellerandH. Navelet,! Nucl. Phys.B282(1987)727.
[459] V. Del DucaandC. R. Schmidt,Phys.Rev. D49 (1994)4510[hep-ph/9311290].
[460] W. J.Stirling, Nucl. Phys.B423(1994)56 [hep-ph/9401266].
[461] B. L. CombridgeandC. J.Maxwell, Nucl. Phys.B239(1984)429.
[462] L. H. Orr andW. J.Stirling, Phys.Lett. B429(1998)135[hep-ph/9801304].
[463] B. Abbott etal. [D0 Collaboration],hep-ex/9912032.
[464] R. PeschanskiandC. Royon,hep-ph/0003195.
[465] A. H. Mueller, Nucl. Phys.Proc.Suppl.18C (1991)125.
[466] W. Tang,Phys.Lett. B278(1992)363.
[467] J.Bartels,A. deRoeckandM. Loewe,Z. Phys.C54 (1992)635.
[468] J.Kwiecinski,A. D. Martin andP. J.Sutton,Phys.Rev. D46 (1992)921.
[469] J.Bartels,V. Del Duca,A. DeRoeck,D. GraudenzandM. Wusthoff, Phys.Lett.B384(1996)300

[hep-ph/9604272].
[470] L. H. Orr andW. J.Stirling,hep-ph/9804431.Presentedat29thInternationalConferenceonHigh-

Energy Physics(ICHEP98),Vancouver, Canada.
[471] S.J.Brodsky, F. HautmannandD. E. Soper, Phys.Rev. D56 (1997)6957[hep-ph/9706427].
[472] J.Bartels,A. De RoeckandH. Lotter, Phys.Lett. B389(1996)742[hep-ph/9608401].
[473] V. Del DucaandC. R. Schmidt,hep-ph/9410341.Talk at 6thRencontresdeBlois, France,1994.
[474] V. Del DucaandC. R. Schmidt,Nucl. Phys.Proc.Suppl.39BC (1995)137[hep-ph/9408239].
[475] V. Del DucaandC. R. Schmidt,Phys.Rev. D51 (1995)2150[hep-ph/9407359].
[476] L. H. Orr andW. J.Stirling, Phys.Rev. D56 (1997)5875[hep-ph/9706529].
[477] W. T. Giele,E. W. GloverandD. A. Kosower, Phys.Rev. Lett. 73 (1994)2019[hep-ph/9403347].
[478] C. R. Schmidt,Phys.Rev. Lett. 78 (1997)4531[hep-ph/9612454].
[479] L. H. Orr andW. J.Stirling, Phys.Lett. B436(1998)372[hep-ph/9806371].
[480] B. R. Webber, Phys.Lett. B444(1998)81 [hep-ph/9810286].
[481] C. EwerzandB. R. Webber, JHEP9904(1999)022[hep-ph/9904244].
[482] C. EwerzandB. R. Webber, JHEP9908(1999)019[hep-ph/9907430].
[483] G. P. Salam,JHEP9903(1999)009[hep-ph/9902324].
[484] M. Ciafaloni,Nucl. Phys.B296(1988)49.
[485] S.Catani,F. FioraniandG. Marchesini,Phys.Lett. B234(1990)339.
[486] V. S.FadinandL. N. Lipatov, Sov. J.Nucl. Phys.50 (1989)712.
[487] S.Catani,M. Ciafaloni andF. Hautmann,Phys.Lett. B242(1990)97.
[488] S.Catani,M. Ciafaloni andF. Hautmann,Nucl. Phys.B366(1991)135.
[489] V. S.Fadin,hep-ph/9807528.Talk givenatLAFEX InternationalSchoolonHigh-Energy Physics

(LISHEP98),Rio deJaneiro,Brazil.
[490] V. Del DucaandC. R. Schmidt,Phys.Rev. D59 (1999)074004[hep-ph/9810215].
[491] V. Fadin,R. FioreandA. Quartarolo,Phys.Rev. D53 (1996)2729[hep-ph/9506432].
[492] J. Blumlein, V. Ravindran and W. L. van Neerven, Phys. Rev. D58 (1998) 091502 [hep-

ph/9806357].
[493] D. A. Ross,Phys.Lett. B431(1998)161[hep-ph/9804332].
[494] S.J.Brodsky, G. P. LepageandP. B. Mackenzie,Phys.Rev. D28 (1983)228.



[495] B. Andersson,G. GustafsonandJ.Samuelsson,Nucl. Phys.B467(1996)443.
[496] E. Levin, hep-ph/9806228.
[497] R. S.Thorne,hep-ph/9912284.
[498] G. PancheriandY. N. Srivastava,Phys.Lett. B182(1986)199.
[499] S.Lomatch,F. I. OlnessandJ.C. Collins,Nucl. Phys.B317(1989)617.
[500] L. AmetllerandD. Treleani,Int. J.Mod. Phys.A3 (1988)521.
[501] N. Brown, Mod. Phys.Lett. A4 (1989)2447.
[502] P. V. Landshoff andJ.C. Polkinghorne,Phys.Rev. D18 (1978)3344.
[503] F. Takagi,Phys.Rev. Lett. 43 (1979)1296.
[504] C. Goebel,F. HalzenandD. M. Scott,Phys.Rev. D22 (1980)2789.
[505] N. Paver andD. Treleani,Nuovo Cim. 70A (1982)215.
[506] B. Humpert,Phys.Lett. B131(1983)461.
[507] M. Mekhfi, Phys.Rev. D32 (1985)2380.
[508] M. Mekhfi, Phys.Rev. D32 (1985)2371.
[509] B. HumpertandR. Odorico,Phys.Lett. B154(1985)211.
[510] T. SjostrandandM. vanZijl, Phys.Rev. D36 (1987)2019.
[511] F. Halzen,P. Hoyer andW. J.Stirling, Phys.Lett. B188(1987)375.
[512] M. Mangano,Z. Phys.C42 (1989)331.
[513] R. M. Godbole,S.GuptaandJ.Lindfors,Z. Phys.C47 (1990)69.
[514] M. DreesandT. Han,Phys.Rev. Lett. 77 (1996)4142[hep-ph/9605430].
[515] T. Akessonetal. [Axial Field SpectrometerCollaboration],Z. Phys.C34 (1987)163.
[516] J.Alitti etal. [UA2 Collaboration],Phys.Lett. B268(1991)145.
[517] F. Abeet al. [CDF Collaboration],Phys.Rev. D47 (1993)4857.
[518] G. CalucciandD. Treleani,Phys.Rev. D57 (1998)503[hep-ph/9707389].
[519] F. A. Berends,W. T. GieleandH. Kuijf, Phys.Lett. B232(1989)266.
[520] A. Del FabbroandD. Treleani,Phys.Rev. D61 (2000)077502[hep-ph/9911358].
[521] S.Moretti, hep-ph/9612310.
[522] Z. Kunszt,S.Moretti andW. J.Stirling, Z. Phys.C74 (1997)479[hep-ph/9611397].
[523] H. Murayama,I. WatanabeandK. Hagiwara,KEK-91-11.
[524] CMS Collaboration,TechnicalProposal,CERN/LHCC/94-38,15 December1994.
[525] L. Maiani,G. Parisi andR. Petronzio,Nucl. Phys.B136(1978)115.
[526] N. Cabibbo,L. Maiani,G. Parisi andR. Petronzio,Nucl. Phys.B158(1979)295.
[527] R. DashenandH. Neuberger, Phys.Rev. Lett. 50 (1983)1897.
[528] D. J.Callaway, Nucl. Phys.B233(1984)189.
[529] M. A. Beg, C. PanagiotakopoulosandA. Sirlin, Phys.Rev. Lett. 52 (1984)883.
[530] M. Lindner, Z. Phys.C31 (1986)295.
[531] G. Altarelli andG. Isidori, Phys.Lett. B337(1994)141.
[532] J.A. Casas,J.R. EspinosaandM. Quiros,Phys.Lett. B342(1995)171[hep-ph/9409458].
[533] J.A. Casas,J.R. EspinosaandM. Quiros,Phys.Lett. B382(1996)374[hep-ph/9603227].
[534] B. Grzadkowski andM. Lindner, Phys.Lett. 178B(1986)81.
[535] T. HambyeandK. Riesselmann,Phys.Rev. D55 (1997)7255[hep-ph/9610272].
[536] TheLEPCollaborationsALEPH, DELPHI, L3, OPAL, theLEPElectroweakWorkingGroupand

theHeavy Flavour andElectroweakGroups,CERN-EP/99-15.
[537] P. Janot,Proc.of the Worshopon LEP-SPSPerformance,ChamonixIX, CERN-SL-99-007DI

(1999)andreferencestherein.
[538] D. RainwaterandD. Zeppenfeld,JHEP9712(1997)005[hep-ph/9712271].
[539] D. Rainwater, D. ZeppenfeldandK. Hagiwara,Phys.Rev. D59 (1999)014037[hep-ph/9808468].
[540] T. Plehn,D. RainwaterandD. Zeppenfeld,hep-ph/9911385.
[541] D. RainwaterandD. Zeppenfeld,Phys.Rev. D60 (1999)113004[hep-ph/9906218].
[542] SimonaMurgia, Ph.D. thesis,Michigan StateUniversity (2000); CDF collaboration,paperin



preparation.
[543] B. Abbott etal. [D0 Collaboration],Phys.Rev. Lett. 82 (1999)2244[hep-ex/9811029].
[544] P. Aurenche,A. Douiri, R. Baier, M. FontannazandD. Schiff, Z. Phys.C29 (1985)459.
[545] P. Aurenche,M. Bonesini,L. Camilleri,M. FontannazandM. Werlen,in Ref. [2], vol. 2, p. 83.
[546] B. Bailey andJ.F. Owens,Phys.Rev. D47 (1993)2735.
[547] B. Bailey andD. Graudenz,Phys.Rev. D49 (1994)1486[hep-ph/9307368].
[548] C. BalazsandC. P. Yuan,Phys.Rev. D59 (1999)114007[hep-ph/9810319]. Seealso[196].
[549] M. DubininandV. Ilyin, CMS Note97/101,1997.
[550] S. Abdullin, M. Dubinin, V. Ilyin, D. Kovalenko, V. Savrin andN. Stepanov, Phys.Lett. B431

(1998)410[hep-ph/9805341].
[551] E. L. Berger, X. GuoandJ.Qiu, Phys.Rev. Lett. 76 (1996)2234[hep-ph/9512281].
[552] E. L. Berger, X. GuoandJ.Qiu, Phys.Rev. D54 (1996)5470[hep-ph/9605324].
[553] F. Abeet al. [CDF Collaboration],Phys.Rev. Lett. 70 (1993)2232.
[554] T. Takano,Ph.D.thesis,U. Tsukuba(1998);CDF Collaboration,paperin preparation.
[555] W. Chen,Ph.Dthesis,StateUniversityof New York, Stony Brook,NY (1997);D0 collaboration,

paperin preparation.
[556] P. Chiappetta,R. FerganiandJ.P. Guillet, Z. Phys.C69 (1996)443.
[557] J.Huston,studyin progress;seehttp://www.pa.msu.edu/˜huston/lhc/diphoton/.
[558] D. deFlorianandZ. Kunszt,Phys.Lett. B460(1999)184[hep-ph/9905283].
[559] A. Signer, Phys.Lett. B357(1995)204[hep-ph/9507442].
[560] V. Del Duca,W. B. Kilgore andF. Maltoni, hep-ph/9910253.
[561] S.Dawson,Nucl. Phys.B359(1991)283.
[562] A. Djouadi,M. SpiraandP. M. Zerwas,Phys.Lett. B264(1991)440.
[563] C. R. Schmidt,Phys.Lett. B413(1997)391[hep-ph/9707448].
[564] S.DawsonandR. P. Kauffman,Phys.Rev. Lett. 68 (1992)2273.
[565] R. P. Kauffman,S.V. DesaiandD. Risal,Phys.Rev. D55 (1997)4005[hep-ph/9610541].
[566] M. DittmarandH. Dreiner, Phys.Rev. D55 (1997)167[hep-ph/9608317].
[567] M. DittmarandH. Dreiner, hep-ph/9703401.
[568] H. BaerandJ.D. Wells,Phys.Rev. D57 (1998)4446[hep-ph/9710368].
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