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1. INTRODUCTION

For many years neutrino physics has been a very important branch of elementary particle physics. In the
last few years the interest in neutrinos has increased. This is connected, first of all, with the success of
the Super-Kamiokande experiment in which very convincing evidence in favour of oscillations of atmo-
spheric neutrinos was obtained.

It is plausible that tiny neutrino masses and neutrino mixing are connected with the new large scale
in physics. This scale determines the smallness of neutrino masses with respect to the masses of charged
leptons and quarks. In such a scenario neutrinos with definite masses are truly neutral Majorana particles
(quarks and leptons have charges and are Dirac particles). It is evident, however, that many new experi-
ments are necessary to reveal the real origin of neutrino masses and mixing.

Experimental neutrino physics is a very difficult and exciting field of research, and many new ideas
and methods are being proposed. At CERN and other laboratories projects of new neutrino experiments
are developing. The possibility of a new neutrino facility, a neutrino factory, is being investigated in dif-
ferent laboratories. It is therefore a very appropriate time to discuss neutrino physics at the CERN–JINR
School.

I will consider different possibilities of neutrino mixing. Then I will discuss, in some detail, neu-
trino oscillations in vacuum and in matter. In the last part of the lectures I will consider the present ex-
perimental situation.

I have tried to give some important results and details of the derivation of some results. I hope that
they will be useful for those who wish to study the physics of massive neutrinos. More results and details
can be found in Refs. [1]–[5] (books) and [6]–[17] (reviews).

Most references to original papers can be found in Ref. [17].

2. NEUTRINO MIXING

According to the Standard Model of electroweak interaction the Lagrangian of the interaction of neutrinos
with other particles is given by the Charged Current (CC) and the Neutral Current (NC) Lagrangians:

������ ��� �	�
 	
� ���� � �������������
(1)

������ ��� �	 ���! #"%$ � ���� & �'� (2)

Here � is the electroweak interaction constant,
"%$

is the weak (Weinberg) angle, and � �
and & � are

the fields of the �)(+* and &�, vector bosons. If neutrino masses are equal to zero, in this case the CC and
NC interactions conserve electron -/. , muon -/0 , and tauon -/1 lepton numbers

-/. � �2��3� 546� -/0 � ���!3� 546� -/1 � �2��37 548�
(3)

The values of the lepton numbers of charged leptons, neutrinos, and other particles are given in Table 1.

187



    

Table 1: Lepton numbers of neutrinos and charged leptons.

Lepton numbers of all other particles are equal to zero.

- . - 0 - 19;: . �=< *#> �@?
0 095: 0 �BA * > 0
�@?

095: 1 �BC *#> 0 0
��?

According to the neutrino mixing hypothesis, masses of neutrinos are different from zero, and the
neutrino mass term does not conserve lepton numbers. For the fields of

:EDGF
that enter into CC and NC

Lagrangians (1) and (2) we have, in this case,

: DGF � HJI D H : H F �
(4)

where
: H

is the field of the neutrino with mass K H and I is the unitary mixing matrix.

The relation (4) leads to a violation of the lepton numbers due to small neutrino mass differences
and neutrino mixing. To reveal such effects special experiments (neutrino oscillation experiments, neu-
trinoless double L -decay experiments, and others) are necessary. We will discuss these experiments later.
Now we shall consider different possibilities of neutrino mixing.

Let us note first of all that relation (4) is similar to the analogous relation in the quark case. The
standard CC current of quarks have the form

�NM+M� � 	 9 OPF7Q �PR6SF � T F�Q �PU%SF � V F7Q �PW2SF > � (5)

Here R�SF � XEY[Z \ ]^\ _
`Ba Xcb F � UdSF � X^Y[Z \ ]E\ _

`Be Xcb F � WfSF � XEY[Z \ ]^\ _
`Bg Xhb F �

(6)

where
`

is the Cabibbo–Kobayashi–Maskawa quark mixing matrix. There can be, however, a fundamen-
tal difference between the mixing of quarks and neutrino mixing. Quarks are charged four-component
Dirac particles: quarks and antiquarks have different charges.

For neutrinos with definite masses there are two possibilities:

1. If the total lepton number - � -/. � -/0 � -/1 is conserved, neutrinos with definite masses
: H

are
four-component Dirac particles (neutrinos and antineutrinos differ by the sign of - );

2. If there are no conserved lepton numbers, neutrinos with definite masses
: H

are two-component
Majorana particles (there are no quantum numbers in this case that allow us to distinguish neutrinos
from antineutrinos).

The nature of the neutrino masses and the character of the neutrino mixing is determined by the
neutrino mass term.

2.1 Dirac neutrinos

If the neutrino mass term is generated by the same standard Higgs mechanism, which is responsible for
the mass generation of quarks and charged leptons, then for the neutrino mass term we have

��i ��� D \ Dkj
: DljGmon iDljGD :EDGF ���/�p�E�

(7)
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where
nrq

is the complex sut�s matrix and
: DGm

is the right-handed singlet. In the case of the mass term
(7) the total Lagrangian is invariant under global gauge invariance:EDGFwv < H � :EDGF � :EDGmxv < H � :EDGm � y v < H �PyN�

(8)

where z is a constant that does not depend on the flavour index
y
. The invariance under the transformation

(8) means that the total lepton number - � -�. � -�0 � -/1 is conserved

- � ���!3� 54
�
(9)

Now let us diagonalize the mass term (7). The complex matrix
n i

can be diagonalized by biunitary
transformation n i � ` K I|{ � (10)

where
` { ` � ?

, I { I}� ?
, and K H�~ � K H2� H�~ � K H����

.

With the help of (10), from (7) for the neutrino mass term we obtain the standard expression

��i ��� Dlj \ D \ H
: DljGm ` Dlj H K H 9 I�{ > H D�:EDGF ��������� �}�

�
H Y+� K H : H : H � (11)

Here : H � : H F � : H m 9�� � ?!� 	 � s >
and : H F ��� D 9 I|{ > H D : DGF: H m ��� D 9 ` { > H D : DGm �
For the neutrino mixing we have : DGF � HJI D H : H F �

(12)

Processes in which the total lepton number is conserved, like
A v <N� Q

and others, are, in principle,
allowed in the case of mixing Dirac massive neutrinos. It can be shown, however, that the probabilities
of such processes are much smaller than the experimental upper bounds.

The neutrinoless double L –decay,95� � &�> v�95� � & � 	 > ��< * ��< * �
due to the conservation of the total lepton number, is forbidden in the case of Dirac massive neutrinos.

2.2 Majorana neutrinos

Neutrino mass terms that are generated in the framework of the models beyond the Standard Model, like
the Grand Unified SO(10) Model, do not conserve lepton numbers -�. , -/0 and -�1 . Let us build the most
general neutrino mass term that does not conserve -/. , -/0 and -/1 .

The neutrino mass term is a linear combination of the products of left-handed and right-handed
components of neutrino fields. Notice that

9;: F > M ��� 9 : F >�� is the right-handed component and
95: m > M �� 9 :�m >�� is the left-handed component. Here C is the charge conjugation matrix that satisfies the relations� Q �� � *

�
��� Q � , � � ���@� , and � { �}� ?�� 1

1In fact, � and � components satisfy the relations�+�u�!�
� �%�����

�/���!�
� �%�@���8 

From the first of these relations we have � �!¡ �¢�8� ��£�¤ � ��� . Furthermore, from this last relation we obtain ¥G¡ �¢�8� �;£�¤ �§¦©¨ � ¨ � ���  Multiplying this relation by the matrix ª from the left, and taking into account that ª � ¨� ª¬«B­ � � �
, we have ¥®¡ �'���� £�¤ �§¦ ¡ �%� £�¯ ��� . Thus, ¡ �°� £�¯ is the right-handed component. Analogously we can show that ¡ �°� £�¯ is the left-handed com-

ponent.
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The most general Lorentz-invariant neutrino mass term in which flavour neutrino fields
: DGF

and
right-handed singlet fields

: Dlm
enter has the following form

��i *B± �}� ?	 9³²/F > M n ²=F �������E�
(13)

Here ²/F � : SF9;: Sm > M with
: SF �

: . F: 0 F: 1 F and
: Sm �

: . m: 0 m: 1 m
�

(14)

n
is a complex ´�t�´ matrix. Taking into account that

9;:EF > M ��� : �F � *
�

we have

��i *B± � ?	 ² �F'µ *
� n ²=F �����������

(15)

From this expression it is obvious that there is no global gauge invariance in the case of the mass term
(13), i.e. the mass term (13) does not conserve lepton numbers.

The matrix
n

is symmetric. In fact, taking into account the commutation properties of fermion
fields, we have ² �F'µ *

� n ²=F ��� ² �F 9 µ � > *
� n � ²=F � ² �F�µ *

� n � ²/F � (16)

From this relation it follows that n � � n �
The symmetric ´�t�´ matrix can be presented in the form

n � n F 9 n i > �n i n m (17)

where
n F � n �F ,

n m � n �m , and
n q

are s�t¶s matrices. With the help of (17) for the mass term (15)
we have ��i *B± � � ± F � ��i � � ± m � (18)

Here
� q

is the Dirac mass term that we considered before, and the new terms

� ± F ��� ?	 Dlj \ D
9;: D j F > e n FD j D : DGF ���������E�

(19)

� ± m ��� ?	 Dlj \ D
9;: D j m > e n mD j D : DGm ���/�p�E���

(20)

which do not conserve lepton numbers are called left-handed and right-handed Majorana mass terms, re-
spectively. The mass term (13) is called the Dirac–Majorana mass term.

A symmetrical matrix can be diagonalized with the help of unitary transformation

n � 9 I|{ > � K I|{ �
Here I is the unitary matrix and K Hk~ � K H2� Hk~ � K H8�·�

. Using the relation (11) we can write the mass
term (15) in the standard form

�
i *B± ��� ?	 9 I { ²=F > M K I ( ²/F ���/�p�E� ��� ?	 : K : ��� ?	
¸
H Y+� K H : H : H � (21)
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where

: ��I ( ²/F � 9 I ( ²/F > M �
: �:^¹
...: ¸

�
(22)

Thus the fields
: H

(i=1,2...6) are the fields of neutrinos with mass K H . From (22) it follows that the fields: H
satisfy the Majorana condition : MH � : H �

(23)

Let us now obtain the relation that connects the left-handed flavour fields
: DGF

with the massive fields: H F
. From (22) for the left-handed components we have²=F ��I :EF � (24)

From this relation for the flavour field
: DGF

it follows that

: DGF �
¸
H YP� I D H : H F 9 y � <c�2A¬�2C > � (25)

Thus, in the case of the Dirac–Majorana mass term, the flavour fields are linear combinations of left-
handed components of six massive Majorana fields. From (25) it follows that the fields

: MDlm are orthogonal
linear combinations of the same massive Majorana fields

95: DGm > M �
¸
H Y+� I D H : H F � (26)

In the case of Majorana field particles and antiparticles, the quanta of the field are identical. In fact, for
fermion fields

:�9�º > we have, in general

:�9³º > � ?9 	°» > �5¼ ¹
?
	^½ ,

T�¾ 9 ½ > O ¾ 9 ½ > < *
Hk¿5À � R {¾ 9 ½ > �ÂÁ O ¾ 9 ½ >³Ã � <

H�¿5À
R � ½ � (27)

where
T;¾ 9 ½ > R {¾h9 ½ > is the operator of the absorption of the particle (creation of antiparticle) with mo-

mentum
½

and helicity Ä . If the field
:�9³º > satisfies the Majorana condition (23), then we haveT�¾ 9 ½ > � R ¾ 9 ½ > � (28)

Let us stress that it is natural for the neutrinos with definite masses in the case of the Dirac–Majorana
mass term to be Majorana neutrinos: in fact, there are no conserved quantum numbers that could allow
us to distinguish particles from antiparticles.

2.3 The simplest case of one generation (Majorana neutrinos)

It is instructive to consider in detail the Dirac–Majorana mass term in the simplest case of one generation.
We have

��i *B± � � ?	 K F�9 :�F > e :^F � K i :�mo:EF � ?	 K m :�mo95:^m > e ���������
� � ?	 9 ²/F > e n ²=F �������E���

(29)

where ²/FwÅ :EF9;:Em > e � n Å K F K iK i K m �
(30)
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Let us assume that the parameters K F � K m , and K q are real (the case of CP invariance). In order
to diagonalize the mass term (29) let us write the matrix

n
in the form

n � ?	@Æ¢Ç n � n �
(31)

where Tr
n � K F � K q and

n � � ?	 9 K m � K F > K i
K i ?	 9 K m � K F >

�
(32)

For the symmetrical real matrix we have n ��È K È � � (33)

Here ÈÉ� ���! �Ê  cË 3ÌÊ
�  cË 38Ê �2�� �Ê (34)

is an orthogonal matrix, and K H�~ � K H � H�~ , where

K � \ ¹ ��Í ?	 9 K m � K F > ¹ ��Î K ¹ q (35)

are eigenvalues of the matrix
n

.

From (33), (34), and (35) for the parameters
���! �Ê

and
 cË 38Ê

we easily find the following expressions

���! 	 Ê � K m � K F9 K m � K F > ¹ ��Î K ¹ q
�Ï4cÐ°3 	 Ê � 	 K q9 K m � K F > � (36)

For the matrix
n

from (33) and (35) we haven ��Ñ K S Ñ � �
where K S � \ ¹ �

?	 9 K m � K F > Í 9 K m � K F > ¹ ��Î K ¹ q �
(37)

The eigenvalues K S H can be positive or negative. Let us write

K S H � K H©ÒÓH � (38)

where K H �·Ô K H Ô and
Ò H

is the sign of the i-eigenvalue. With the help of (33) and (38) we haven � 9 I�{ > � K I�{ �
Here I�{Õ� 
 Ò Ñ � �
where 
 Ò takes the values 1 and

�
.

Now using the general formulas (21) and (22) for the mass term we have

� q *[Ö ��� ?	 H YP� \ ¹ K
H : H : H �

(39)

Here
: H � : MH is the field of the Majorana particles with mass K H . The fields

:EF
and

9;:Em > M are connected
with massive fields by the relation :EF95:^m > M ��I : � F95:^¹5F �

(40)

where I}�}Ñ 9 
 Ò >d× is a
	 t 	 mixing matrix.

Let us consider now three special cases.
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1. No mixing
Assume K q = 0. In this case

" � �
, K � � K F , K ¹ � K m , and

Ò � ?
(assuming that K F and K m

are positive). From (40) we have :EF � : � F 9;:Em > M � :^¹dF �
(41)

Thus, if K i � �
there is no mixing. For the Majorana fields

: �
and

: ¹
we have: � � :EF � 95:^F > M (42): ¹ � :Em � 9;:Em > M � (43)

2. Maximal mixing
Let us assume that K m � K F , K qÙØ� �

. From Eqs. (36), (37), and (40) we have" � » Î � K � \ ¹ � K F Í K q � (44)

(assuming Ô K q ÔNÚ K F ) and: F � ?

 	 : � F �

?

 	 : ¹5FÜÛ 95: m > M ��� ?


 	 : � F �
?

 	 : ¹5F �

(45)

Thus if the diagonal elements of the mass matrix
n

are equal, then we have maximal mixing.

3. See-saw mechanism of neutrino mass generation
Let us assume that K F � �

and K qÞÝ K m � (46)

From (35) and (37) we have, in this case,

K �
ß K ¹ qK m � K ¹ ß K m � " ß K qK m 9 Ò � ��� ?�� Ò ¹ � ? > � (47)

Neglecting terms linear in K q'à K m Ý ?
, from (40) we have:EF ß � �°: � F � 9;:Em > M ß :^¹5F �

(48)

For the Majorana fields we have: �
ß �°:EF � �%95:^F > M � :^¹ � :Em � 95:Em > M � (49)

Thus if the condition (46) is satisfied, in the spectrum of masses of Majorana particles there is one
light particle with the mass K � Ú�Ú K q , and one heavy particle with the mass K � �@� K q .
The condition K F � �

means that the lepton number is violated only by the right-handed term�
�¹ K m :�m�9;:Em > M which is characterized by the large mass K m . It is natural to assume that the

parameter K q which characterizes the Dirac term � K q :�m�:EF is of the order of lepton or quark
masses. The mass of the light Majorana neutrino K � will in this case be much smaller than the
mass of the lepton or the quark. This is the famous see-saw mechanism. This mechanism connects
the smallness of the neutrino masses with respect to the masses of other fundamental fermions with
the violation of the lepton numbers at very large scale (usually Kxá ß nãâ¬ä �

ß ? � � ¸
GeV.

With the see-saw for three families in the spectrum of masses of Majorana particles there are three
light masses K � � K ¹ � K � (masses of neutrinos) and three very heavy masses

n � � n ¹ � n � . Masses
of neutrinos are connected with the masses of heavy Majorana particles by the see-saw relation

K H ß 9 K
H
å > ¹n H Ý K

H
å 9³� � ?�� 	 � s > � (50)

where K
H
å is the mass of the lepton or quark in the

�
-family. The see-saw mechanism is a plausible

explanation of the experimentally observed smallness of neutrino masses. Let us stress that if neu-
trino masses are of the see-saw origin then
a. neutrinos with definite masses are Majorana particles;
b. there are three massive neutrinos;
c. there must be a hierarchy of neutrino masses K � Ý K ¹ Ý K � .
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3. NEUTRINO OSCILLATIONS

The most important consequences of neutrino mixing are so-called neutrino oscillations. Neutrino oscil-
lations were first considered by B. Pontecorvo many years ago in 1957–58. Only one type of neutrino was
known at that time and there was a general belief that the neutrino is a massless two-component particle.
B. Pontecorvo drew attention to the fact that there is no known principle that requires the neutrino to be
massless (like gauge invariance for the photon) and that the investigation of neutrino oscillations is a very
sensitive method for searching for effects of small neutrino masses. We will consider here in detail the
phenomenon of neutrino oscillations.

Let us assume that there is neutrino mixing: � F � H I � H : H F � (51)

where I { Iæ� ?
and

: H
is the field of the neutrino (Dirac or Majorana) with the mass K H . The fields

: � F in
(51) are flavour fields ( z � <c�2A¬��C

) and in general also sterile ones ( z � U � �����p� ). Let us assume that neu-
trino mass differences are small and different neutrino masses cannot be resolved in neutrino production
and detection processes.

For the state of the neutrino with momentum ç½ we have

Ô : �+è � HæI ×� H Ô : H è � (52)

where Ô : H è is the vector of the state of the neutrino with momentum ç½ , energy

é H � ½ ¹ � K ¹ H ß ½ � K ¹ H	°½ 9 ½oê K H > � (53)

and (up to the terms K ¹ H à ½ ¹ ) helicity is equal to � 1. If at the initial time
V � �

the state of the neutrino isÔ : �+è , at the time
V

for the neutrino state we have

Ô : � è g � H I ×� H < *
Hkë/ì g Ô : H è � (54)

The vector Ô : �Pè is the superposition of the states of all types of neutrino. In fact, from (52), using unitarity
of the mixing matrix, we have Ô : H è � � j Ô

: � j è I � j H � (55)

From (54) and (55) we have Ô : � è g � � j Ô
: � j è³í�î jïNð î ï 9 V > � (56)

where í î j ïNð î ï 9 V > � HJI � j H < *
H�ë=ì g I ×� H � (57)

is the amplitude of the transition
: � vñ: � j at the time

V
. The transition amplitude í � j ð � 9 V > has a simple

meaning: the term I ×� H is the amplitude of the transition from the state Ô : � è to the state Ô : H è ; the term< *
Hkë ì g

describes the evolution in the state with energy
é H

; the term I � j H is the transition amplitude from
the state Ô : H è to the state Ô : S� è .

The different Ô : H è gives a coherent contribution to the amplitude í�î jïNð î ï 9 V > . From (57) it fol-
lows that the transitions between the different states can take place only if: i) at least two neutrino
masses are different; ii) the mixing matrix is non-diagonal. In fact, if all neutrino masses are equal we
have ò 9 V > � < *

H�ë g I � j H I ×� H � < *
Hkë g � � j � . If the mixing matrix is diagonal (no mixing), we haveí�î jïNð î ï 9 V > � < *

H�ë ï g � � j � .

Let us numerate the neutrino masses in such a way that K � Ú K ¹ Ú �p��� Ú Kôó . For the transition
probability, from (57), we have the following expression:
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õ î ïNö î ï j � HJI � j H < *
H�÷Gë=ì

*
ë
­2ø g � ? ��? I ×� H

¹
(58)

� � �!� j � H I � j H I ×� H < *
H;ù�ú�ûì

­ �
ûýü � ?

¹
�

where þ'K ¹H � � K ¹ H � K ¹ � and - ß V
is the distance between the neutrino source and the neutrino de-

tector. Thus the neutrino transition probability depends on the ratio - à é , the range of values of which is
determined by the conditions of an experiment.

It follows from Eq. (58) that the transition probability usually depends on
9³² � ? > the neutrino

mass squared differences, and parameters that characterize the mixing matrix I . The
² t ² matrix I

is characterized by
²=ÿ � ²¬9³² � ? > à 	 angles. The number of phases for Dirac and Majorana cases is

different. If the neutrino with definite masses
: H

are Dirac particles the number of phases is equal to
² q� �9³² � ? > 9�² � 	 > à 	 . If the

: H
are Majorana particles the number of phases is equal to

² Ö��� � ²¬9³² � ? > à 	 .
It should be noted that from (58) it follows that the transition probability is invariant under the

transformation I � H v < *
H � ï I � H <

H � ì �
(59)

where L � and z H are arbitrary real phases. From (59) it follows that the number of phases that enter into
the transition probability is equal to

² � � 9³² � ? > 9�² � 	 > à 	 in both the Dirac and Majorana cases. We
come to the conclusion that additional Majorana phases do not enter into the transition probability. Thus,
by investigating neutrino oscillations it is impossible to distinguish between Dirac neutrinos and Majorana
neutrinos.

Let us now consider oscillations of antineutrinos. For the vector of the state of the antineutrino with
momentum ç½ from (51) we have

Ô : �+è � HæI � H Ô : H è 9�� Ë Ç Ð��@�EÐ^ �� > � (60)

Ô : �Pè � HæI � H Ô : H è 9�� Ð
	³� Ç Ð^3/Ð ��Ð° �� > � (61)

where Ô : H è ( Ô : H è ) is the state of the antineutrino (neutrino) with momentum ç½ , energy
é H � ½ ¹ � K ¹ H ß½ � K ¹ H à 	°½ , and helicity equal to +1 ( up to K ¹ H à ½ ¹ terms).

In analogy with (57), for the amplitude of the transition
: � v : � j in both the Dirac and Majorana

cases we have í î ï j ð î ï 9 V > � HæI ×� j H < *
H�ë=ì g I � H � (62)

If we compare (57) and (62) we come to the conclusion that

í î ï j ð î ï 9 V > � í î ï ð î ï j 9 V > � (63)

Thus for the transition probabilities we have the following relation� 9;: � v�: � j > � � 9 : � j v : � > � (64)

This relation is the consequence of CPT invariance. If CP invariance in the lepton sector takes
place, then for Dirac neutrinos we have I ×� H ��I � H � (65)

195



  

whilst for Majorana neutrinos, from CP invariance, we have

I � H Ò H �}I ×� H � (66)

where
ÒÓH �
� � is the CP parity of the Majorana neutrino with mass K H . From (57), (63), (65), and (66)

it follows that in the case of CP invariance we have� 9;: � v�: S�P> � � 9 : � v : S �P> � (67)

Let us go back to Eq. (58). It is obvious from this equation that if the conditions of an experiment
are such that þ�K ¹H � F ¿ Ý ?

for all
�
, then neutrino oscillations cannot be observed. To observe neutrino

oscillations it is necessary for at least one neutrino mass squared difference the condition þ'K ¹ F ¿ �� ?
to

be satisfied. We will discuss this condition later.

3.1 Two neutrino oscillations

Let us consider in detail the simplest case of oscillations between two neutrinos
: ��� : � j ( z S Ø� z Û z � z S

are equal to
A

, e or
C

,
A

,...). The index
�

in Eq. (58) takes the values 1 and 2, and for the transition prob-
ability we have � 95: � vñ: S�P> �·Ô � � j � � I � j û I ×� û 9 < *

HlùÕú�ûû
­ �
û©ü � ? > Ô ¹ � (68)

For z S Ø� z we have from (68)

� 95: � vñ: S�P> � � 95: � j v�: � > � ?	�� � j � 9 ? � �2�� þ'K ¹ -	°½ > � (69)

Here the amplitude of oscillations is equal to

� � jýð � � Î Ô I � j®¹ Ô ¹ Ô I � ¹ Ô ¹ (70)

and þ'K ¹ � K ¹¹ � K ¹ � . Owing to the unitarity of the mixing matrix

Ô I � ¹ Ô ¹ � Ô I � j®¹ Ô ¹ � ? 9 z S Ø� z > � (71)

Let us introduce the mixing angle
"

Ô I � ¹ Ô ¹ �  cË 3 ¹ " Ô I � j®¹ Ô ¹ � �2�� ¹ " �
(72)

Thus the oscillation amplitude � � jýð � is equal to

� � j ð � �  cË 3 ¹ 	 " � (73)

The survival probabilities
� 95: � vñ: � > and

� 95: � j vñ: � j > can be obtained from (68) or from (the condi-
tion of) the conservation of the total probability

� 9;: � v�: � > � � 9;: � v�: � j > � ?
. We have

� 9;: � v�: � > � � 95: � j vñ: � j > � ? � ?	  cË 3 ¹ 	 " 9 ? � �2�� þ'K ¹ -	^½ > � (74)

Thus in the case of two neutrinos the transition probabilities are characterized by two parameters,
 cË 3 ¹ 	 "

and þ'K ¹ .
It should be noted that in the case of transitions between two neutrinos only moduli of the elements

of the mixing matrix enter into the expressions for the transition probabilities. This means that in this
case the CP relation (64) is satisfied automatically. Thus, in order to observe effects of CP violation in
the lepton sector transitions between three neutrinos must take place (this is similar to the quark case: for
two families of quarks CP is conserved because of unitarity of the mixing matrix).
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We also note that the expression (69) for the transition probability can be written in the form

� 95: � vñ: � j > � ?	  cË 3 ¹ 	 " ? � �2�� 	^» -- ,
�

(75)

where - , � Î »
é
þ'K (76)

is the oscillation length. The expression (69) is written in the units � T � ?
. We can write it in the form

� 9;: � v�: � j > � ?	  cË 3 ¹ 	 " ? � �2�� 	 ���°Î þ'K ¹ é - �
(77)

where þ�K ¹ is the neutrino mass squared difference in eV
¹
, - is the distance in m (km), and

é
is the

neutrino energy in MeV (GeV). For the oscillation length we have

- , � 	 � Î�� é 9�� ��� >
þ'K ¹ 9 ��� ¹ > � �

(78)

Equations (69) and (74) describe periodical transitions (oscillations) between different types of
neutrinos due to the difference of neutrino masses and neutrino mixing. The transition probability
depends periodically on - à é . At the values of - à é at which the condition

	 ���°Î þ'K ¹ 9 - à é > �» 9 	 ² �x? > 9³² � � ��?!�����p� > is satisfied, the transition probability is equal to the maximal value
 cË 3 ¹ 	 "

. If
the condition

	 ���°Î þ'K ¹ 9 - à é > � 	^» ²
is satisfied, the transition probability is equal to zero.

In order to see neutrino oscillations the parameter þ'K ¹ must be large enough for the conditionþ'K ¹ 9 - à é >�� ?
to be satisfied. This condition allows us to estimate the minimal value of the param-

eter þ'K ¹ which can be revealed in an experiment when searching for neutrino oscillations. For short
and long baseline experiments with accelerator (reactor) neutrinos for þ'K ¹���! we have, respectively,? � *

�
eV
¹
,
? � * ¹ –10 * � eV

¹
(10 *

�
–10 * ¹ eV

¹
, 10 * ¹ –10 * � eV

¹ > . For atmospheric and solar neutrinos forþ'K ¹�"�! we have 10 * ¹ –10 * � eV
¹

and 10 *
�
, –10 *

�;�
eV
¹
, respectively. It should be noted that in the case

of þ'K ¹ 9 - à é > Ý ?
, due to averaging over the neutrino spectrum and over distances between neutrino

production and detection points, the term
�2�� þ'K ¹ 9 - à 	^½ > in the transition probability disappears, and the

averaged transition probabilities are given by
� 9;: � v�: � j > �

�¹  cË 3 ¹ 	 "
and

� 95: � vñ: � > � ? �
�¹  cË 3 ¹ 	 "

.

3.2 Three neutrino oscillations in the case of neutrino
mass hierarchy

Two neutrino transition probabilities (69) and (74) are usually used for the analysis of experimental data.
Let us now consider the case of the transitions between three flavour neutrinos.

General expressions for transition probabilities between three neutrino types are characterized by
six parameters and have a rather complicated form. We will consider the case of the hierarchy of neutrino
masses K � Ý K ¹ Ý K � �
which corresponds to the oscillations of solar and atmospheric neutrinos [bearing in mind that þ'K ¹¹ � can
be relevant for oscillations of solar neutrinos and þ'K ¹� � can be relevant for oscillations of atmospheric
neutrinos, from the analysis of the experimental data it follows that þ�K ¹#%$�& '�( ß ? � **) eV

¹
(or

? � *
�
, eV

¹
)

and þ'K ¹'�+,� ß ? � * � eV
¹

(described later)]. We will see that transition probabilities have, in this case,
the rather simple two-neutrino form.

Let us consider neutrino oscillations in experiments for which the largest neutrino mass squared
difference þ'K ¹� � is relevant. For such experiments

þ'K ¹ � ¹ -	^½ Ý ?��
(79)
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and for the probability of the transition
: � v�: � j , from (58) we obtain the following expression

� 9;: � v�: � j > � � � j � � I � j � I ×� � < *
HkùÕú û- ­ �û©ü � ? ¹ �

(80)

For the transition probability
: � vñ: � j 9 z S Ø� z > from (80) we have

� 95: � v�: S�+> � ?	*� � jýð � ? � ���! þ'K ¹� � -	^½ �
(81)

where the amplititude of oscillations is given by

� � j©ð � � Î Ô I � j � Ô ¹ Ô I � � Ô ¹ � (82)

Using unitarity of the mixing matrix, for the survival probability we obtain, from (81) and (82),

� 95: � vñ: � > � ? � � j,.Y � �
9;: � v�: � j > � ? � ?	0/ � ð � ? � ���! þ�K ¹� � -	°½ �

(83)

where / � ð � � Î Ô I � � Ô ¹ 9 ? �æÔ I � � Ô ¹ > � (84)

It is natural that Eqs. (81) and (82) have the same dependence on the parameter - à é as the standard
two-neutrino formulae (68) and (74): only the largest þ'K ¹ is relevant for the oscillations. The oscilla-
tion amplitudes � � ð � and / � ð � depend on the moduli squared of the mixing matrix elements that connect
neutrino flavours with the heaviest neutrino

: � . Furthermore, from the unitarity of the mixing matrix it
follows that Ô I . � Ô ¹ � Ô I 0 � Ô ¹ � Ô I 1 � Ô ¹ � ?��

(85)

Thus, in the three-neutrino case with hierarchy of the neutrino masses, the transition probabilities in ex-
periments for which þ'K ¹� � is relevant are described by three parameters: þ'K ¹� � , Ô I . � Ô ¹ , and Ô I 0 � Ô ¹ (re-
member that in the two-neutrino case there are two parameters, þ'K ¹ and

 cË 3 ¹ 	 "
).

Since only the moduli of the elements of the mixing matrix enter into the transition probabilities,
the relation � 95: � vñ: � j > � � 9 : � v : � j > (86)

holds (as in the two-neutrino case). Thus the violation of the CP invariance in the lepton sector cannot be
revealed in the case of three neutrinos with mass hierarchy. Notice that the relation� 9;: � v�: � > � � 9;: � j vñ: � j > � (87)

which takes place in the case of two-neutrino oscillations, is not valid in the three-neutrino case.

Let us now consider neutrino oscillations in the case of experiments for which þ'K ¹¹ � is relevant
( þ'K ¹¹ � F¹ ¿ �� ?

). From (57) for the survival probability we obtain, in this case, the following expression

� 95: � vñ: � > � H Y+� \ ¹ Ô I �
H Ô ¹ < *

HkùÕú�ûì
­ �
û©ü � Ô I � � Ô ¹ < *

Hkù�ú�û- ­ �ûýü
¹
�

(88)

Due to averaging over neutrino spectra and source–detector distances, the interference term�2�� þ'K ¹� � 9 - à 	^½ > in Eq. (88) disappears and for the probability we have

� 9;: � v�: � > �·Ô H YP� \ ¹ Ô I �
H Ô ¹ < *

Hkù�ú�ûì
­ �
ûýü Ô ¹ � Ô I � � Ô 1 � (89)
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Furthermore, from the unitarity relation
� H Y+� Ô I � H Ô ¹ � ?

we have

H Y+� \ ¹ Ô I �
H Ô 1�� 9 ? �æÔ I � � Ô ¹ > ¹ � 	 Ô I � � Ô ¹ Ô I � ¹ Ô ¹ � (90)

Using (90) we can present the survival probability in the form� 9;: � v�: � > � 9 ? �æÔ I � � Ô ¹ > ¹ �
÷ � \ ¹ ø 9;: � v�: � > � Ô I � � Ô 1 � (91)

Here � ÷ � \ ¹ ø 9;: � v�: � > � ? � ?	  cË 3 ¹ 	 " � ¹ 9 ? � ���! ¹ þ'K ¹¹ � -	^½ > (92)

and the angle
" � ¹

is determined by the relations

���! ¹ " � ¹ � Ô I � � Ô ¹H Y+� \ ¹ Ô I �
H Ô ¹ �  cË 3 ¹ " � ¹ � Ô I � ¹ Ô ¹H Y+� \ ¹ Ô I �

H Ô ¹ � (93)

The probability
� ÷ � \ ¹ ø 95: . v : . > has the two-neutrino form and it is characterized by two parameters:þ'K ¹� � and

 cË 3 ¹ 	 " � ¹
. We have derived the expression (92) for the case of oscillations in vacuum. It should

be noted that a similar expression is valid for the case of neutrino transitions in matter.

The expressions (81), (83), and (92) can be used to describe neutrino oscillations in atmospheric
and long baseline neutrino experiments (LBL), as well as in solar neutrino experiments. In the frame-
work of neutrino mass hierarchy, the transition of atmospheric (LBL) and solar neutrinos are defined by
different þ'K ¹ s ( þ'K ¹� � and þ'K ¹¹ \ � , respectively) and the only element that connects oscillations of atmo-
spheric (LBL) and solar neutrinos is Ô I . � Ô ¹ . From the LBL reactor experiment CHOOZ and the Super-
Kamiokande experiment it follows that this element is small (described later). This means that oscilla-
tions of atmospheric (LBL) and solar neutrinos are described by different elements of the neutrino mixing
matrix.

4. NEUTRINO IN MATTER

So far we have considered oscillations of neutrinos in vacuum. If there is neutrino mixing the effects of
the matter can significantly enhance the probability of the transitions between different types of neutrinos
(MSW effect). We will consider here this effect in some detail.

Let us consider neutrinos with momentum ç½ . The equation of the motion for a free neutrino has
the form �*2 Ô 3 9 V > è2 V �54 , Ô 3 9 V > è � (94)

Let us develop the state Ô 3 9 V > è over states of neutrinos with definite flavour Ô : �+è ( z � <c�2A¬��C
). We have

Ô 3 9 V > è � � Ô : � è ò � 9 V > � (95)

where ò � 9 V > is the wave function of the neutrino in the flavour representation. From (94) for ò � 9 V > we
obtain the equation �62 ò � 9 V >2 V � � j87

: � Ô 4 , Ô : � j è ò � j 9 V > � (96)

Now we will develop the state Ô : � è over the eigenstates Ô : H è of the free Hamiltonian H, :4 , Ô :
H è � é H Ô : H è � (97)é H � ½ ¹ � K ¹ H ß ½ � K ¹ H	°½ �

(98)
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We have: Ô : �+è � H Ô : H è 7 : H Ô : �Pè � (99)

If we compare (99) and (52) we find

7 : H Ô : �Pè ��I ×� H 7 : � Ô : H è �}I � H � (100)

Furthermore, we have

7 : � Ô 4 , Ô : � j è � H 7 : � Ô : H è 7 : H Ô 4 , Ô :
H è 7 : H Ô : � j è � HæI � H K

¹ H
	°½ I {H � j � ½ � �!� j � (101)

The last term of 101, which is proportional to the unit matrix, cannot change the flavour state of the neu-
trino. This term can be excluded from the equation of motion by redefining the phase of the function ò 9 V > .
We obtain: �*2 ò 9 V >2 V ��I K

¹
	^½ I�{ ò 9 V > � (102)

This equation can be easily solved. Let us multiply (102) by the matrix I { on the left. Taking into account
unitarity of the mixing matrix we have:

� 2 ò S 9 V >2 V � K ¹	°½ ò S 9 V > � (103)

where ò S 9 V > ��I { ò 9 V > . The solution of equation (103) has the form

ò S 9 V > � < *
H:9�; ûûýü g ò S 9 � > � (104)

For the function ò 9 V > in the flavour representation, from (103) and (104), we find

ò 9 V > �}I < *
H 9�; ûûýü g I�{ ò 9 � > � (105)

and for the amplitude of the
: � v�: � j transition in vacuum from (105) we obtain the expression

í î ï j ð î ï 9 V > � HæI � j H < *
H 9�; ûìû©ü I ×� H � (106)

which (up to the irrelevant factor
< *
H�¿ g

) coincides with (57).

Let us now introduce the effective Hamiltonian of the interaction of the flavour neutrino with mat-
ter. Due to coherent scattering of the neutrino in matter, the refraction index of the neutrino is given by
the following classical expression:

²¬9³º > � ?8� 	^»½ ¹=< 9 � >?> 9�º > � (107)

Here < 9 � > is the amplitude of elastic neutrino scattering in the forward direction, and > 9³º > is the number
density of matter (the axis

º
is the direction of ç½ ). The effective interaction of neutrinos with matter is

determined by the second term of Eq. (107):

4 � 9³º > � ½ Á ² 9³º > � ? Ã � 	°»½ < 9 � >%> 9³º > � (108)

NC scattering of neutrinos on electrons and nucleons (due to the Z-exchange) cannot change the
flavour state of neutrinos. This is connected with

: . � : 0 � : 1 universality of NC: the corresponding effec-
tive Hamiltonian is proportional to the unit matrix2.

2It should be noted that if there are flavour and sterile neutrinos, NC interactions with matter must be taken into account.
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CC interaction (due to the W-exchange) only contributes to the amplitude of the elastic
: . -

<
scat-

tering : . ��< vñ: . ��<8�
(109)

For the corresponding effective Hamiltonian we have

@ � 9�º > �BADC
 	 	 : . F7Q � : . F < Q � 9 ? � Q ) > <���������� (110)

The amplitude of process (109) is given by

< î�E . � ?

 	°» ADC ½ (111)

and, from (108) and (111), for the effective Hamiltonian in flavour representation we have

4 � 9�º > � 
 	 AFC > . 9�º > L � (112)

where
9 L > îGE ð îGE � ?

, whilst all the other elements of the matrix L are equal to zero and > . 9³º > is the electron
number density at the point

º
.

The effective Hamiltonian of the neutrino interaction with matter can also be obtained by calcu-
lating the average value of the Hamiltonian (110) in the state which describes matter and neutrino with
momentum ç½ and negative helicity. Taking into account that for non-polarized media

7 � Ð°4 Ô < 9 çº > Q �P< 9 çº > Ô � Ð^4 è � > . 9 çº > � � , � (113)

7 � Ð°4 Ô < 9 çº > Q � Q ) < 9 çº > Ô � Ð°4 è �
� �

(114)

from (110) we obtain (112).

The evolution equation of neutrino in matter can be written, from (102) and (112), in the following
form (

V � º ): � 2 ò 9³º >2 º � 9 I K
¹
	^½ I|{ � 
 	 ADC > . 9³º > L > ò 9³º > � (115)

Let consider in detail the simplest case of two-flavour neutrinos (say,
: . and

: 0 ). In this case we
have I}� �2�� �Ê  cË 38Ê

�  cË 3ÌÊ ���! �Ê �
(116)

where
"

is the mixing angle. Furthermore it is convenient to write the Hamiltonian in the form

4 � ?	+Æ¢Ç 4 � 4 ú �
(117)

where Tr 4 �
�¹ ¿ 9 K ¹ � � K ¹¹ > � 
 	 ADC > . . The first term of (117), which is proportional to the unit matrix,

can be omitted. For the Hamiltonian we then have

4 ú 9�º > � ?Î ½ � þ'K ¹ �2�� 	 Ê � ��9³º > þ'K ¹  cË 3 	 Êþ'K ¹  cË 3 	 Ê þ'K ¹ ���! 	 Ê � ��9³º > �
(118)

where þ'K ¹ � K ¹¹ � K ¹ � and
��9³º > � 	 
 	 A C > . 9³º > ½ . The effect of matter is described by the quantity��9³º > . Notice that this quantity enters only into the diagonal elements of the Hamiltonian and has the

dimensions of
n ¹

.

Let us first consider the case of constant density. In order to solve the equation of motion we will
diagonalize the Hamiltonian. We have:

4 ú ��I
ú é ú I

ú
{ � (119)
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where
é úH

is the eigenvalue of the matrix 4
ú

and

I
ú
� �2�� �Ê ú  cË 38Ê ú

�  cË 3ÌÊ
ú ���! �Ê ú �

(120)

It is easy to see that é ú � \ ¹ ��Í ?Î ½ 9 þ'K ¹ ���! 	 " � � > ¹ � 9 þ'K ¹  cË 3 	 " > ¹ � (121)

Now, with the help of Eqs. (119)–(121), for the angle
" ú

we have

4cÐ°3 	 " ú � þ'K ¹  cË 3 	 "þ'K ¹ ���� 	 " � � Û �2�� 	 " ú � þ'K ¹ ���! 	 " � �
9 þ'K ¹ �2�� 	 " � � > ¹ � 9 þ'K ¹  hË 3 	 " > ¹

�
(122)

The states of the flavour neutrinos are given by

Ô : . è � �2�� �" ú Ô : � ú è �� cË 3�"
ú
Ô :^¹ ú è Û Ô : 0 è ���  cË 3�"

ú
Ô : � ú è �����! #" ú Ô :^¹ ú è � (123)

where Ô : H�ú è (
� � ?�� 	

) are eigenvectors of the Hamiltonian of the neutrino in matter and
" ú

is the mixing
angle of the neutrino in matter.

The solution of the evolution equation

� 2 ò 9�º >2 º �54 ú ò 9�º > (124)

can now easily be found. With the help of (119) we have

�*2 ò S 9�º >2 º � é ú ò S 9�º > � (125)

where ò S 9�º > � 9 I
ú
> { ò 9�º > � (126)

Equation (125) has the following solution:

ò S 9�º > � < *
H�ë ; ÷GÀ

*
ÀIH
ø ò S 9³º , > � (127)

where
º , is the point where the neutrino was produced. Finally, from (126) and (127), we have

ò 9�º > ��I
ú < *

H�ë ; ÷GÀ
*
ÀIH
ø 9 I

ú
> { ò 9³º , > � (128)

The amplitude of the
: � vñ: � j transition in matter turns out to be

í î ï j ð î ï � H YP� \ ¹ I
ú
� j H < *

H�ë ;ì ÷GÀ
*
ÀIH
ø I ×� H (129)

and, from (129) and (120), we obtain the following transition probabilities, in full analogy with the two-
neutrino vacuum case:

õ ú 9;: . v�: 0 > � õ ú 9;: 0 vñ: . > � ?	  cË 3 ¹ 	 "
ú 9 ? � �2�� þ é

ú
- > � (130)õ ú 9;: . v�: . > � õ ú 9;: 0 v�: 0 > � 9 ? � õ ú 9;: . v�: 0 > � (131)

Here þ é
ú
� é ú¹ � é ú � �

�¹ ¿ 9 þ'K ¹ ���� 	 " � � > ¹ � 9 þ'K ¹  cË 3 	 " > ¹ and - � º � º , is the distance
that the neutrino passes in matter.

For the oscillation length of the neutrino in matter with constant density we have

-
ú
, � Î » ½9 þ'K ¹ �2�� 	 " � � > ¹ � 9 þ'K ¹  cË 3 	 " > ¹

�
(132)
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The mixing angle and oscillation length in matter can differ significantly from the vacuum values. It fol-
lows from (122) that if the condition3

þ'K ¹ ���! 	 " � � � 	 
 	 ADC > . ½ (133)

is satisfied, the mixing in matter is maximal (
" ú � » à Î ), independent of the value of the vacuum mix-

ing angle
"
. Notice also that if the condition (133) is satisfied, the distance between the energy levels of

neutrinos in matter is minimal and the oscillation length in matter is maximal. We have

-
ú
, � - , cË 3 	 " � (134)

where - , � Î »+½ à 9 þ'K > is the oscillation length in vacuum. If the distance - in the transition probabilities
(131) is large (as with the Sun), the effect of

: . vñ: 0 transitions is large even in the case of a small vacuum
mixing angle

"
. The relation (133) is called the resonance condition.

The density of electrons in the Sun is not constant. It is maximal in the centre of the Sun and de-
creases practically exponentially to its periphery. Studying the dependence of > . on

º
made it possible to

discover the effects that the transitions of solar
: . ’s into other states had on matter (MSW effect).

Let us consider the evolution equation when the Hamiltonian depends on the distance
º

that the
neutrino passes in matter �62 ò 9³º >2 º �KJ ú 9�º > ò 9�º > � (135)

The Hermitian Hamiltonian J
ú 9�º > can be diagonalized by a unitary transformation

J ú 9�º > ��I
ú 9�º > é

ú 9�º > I
ú
{ 9�º > � (136)

where I
ú 9³º > I

ú
{ 9�º > � ?

and
é úH

(x) are eigenvalues of J
ú 9�º > . From (135) and (136) we have

I
ú
{ 9³º > �62 ò 9³º >2 V � é ú 9�º > ò S 9³º > � (137)

where ò S 9³º > �}I
ú
{ 9�º > ò 9�º > � (138)

Furthermore, by taking into account that

I
ú
{ 9³º > �62 ò 9�º >2 º � �62 ò S 9³º >2 º � � I

ú
{ 9³º > 2 I

ú 9�º >2 º ò S 9³º > � (139)

we have the following equation for ò S 9³º > :
�62 ò S 9³º >2 º � é ú 9�º > � � I

ú
{ 9�º > 2 I

ú 9³º >2 º ò S 9³º > � (140)

When > . = const Eq. (140) coincides with (125).

Let us now assume that the function > . 9³º > depends weakly on
º

and the second term in Eq. (138)
can be dropped (adiabatic approximation). It is evident that the solution of the equation

� 2 ò S H 9³º >2 º � é úH 9³º > ò S H 9³º > (141)

has the form

ò S H 9�º > � < � �
À
ÀIH é úH 9³º > R º ò S H 9³º , > (142)

3Equation (131) is the condition at which the diagonal elements of the Hamiltonian of neutrino in matter vanish. It is evident
that in such a case the mixing is maximal.
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(
º , being the initial point).

It follows from (141) and (142) that, in the adiabatic approximation, a neutrino on the way from the
point

º , to the point
º

remains at the same energy level. From (138) and (142) we obtain the following
solution of the evolution equation in the flavour representation:

ò 9³º > ��I
ú 9³º > < *

H�L�MM H ë ; ÷GÀ ø
Z À
I
ú
{ 9³º , > ��9%N , > � (143)

Moreover, the amplitude of the
: � v�: � j transition in the adiabatic approximation is given by

í î ï j ð î ï � I
ú
� j H 9�º > < *

H LOMM H ë ;ì ÷GÀ ø
Z À
I
ú
×� H 9³º , > � (144)

The latter is similar to expressions (106) and (129) for the amplitudes of transition in vacuum and in matter
with > . = const.

For the two-flavour neutrinos

I
ú 9�º > � �2�� �Ê ú 9³º >  cË 3ÌÊ ú 9�º >�  cË 3ÌÊ

ú 9³º > �2�� �Ê ú 9�º > (145)

and
46Ð^3 	 " ú 9�º > and

�2�� 	 " ú 9�º > are given by Eq. (122) in which

� 9�º > � 	 
 	 ADC > . 9³º > ½ � (146)

The eigenvalues of the Hamiltonian 4
ú 9³º > are given by Eq. (121). From (145) we have

I
ú
{ 9�º > 2 I

ú 9³º >2 º �
� 2 "

ú 9³º >2 º� 2 "
ú 9³º >2 º

� (147)

and the exact equation (140) takes the form

��22 º ò S �ò S¹ � é ú � � �62 "
ú

2 º�62 "
ú

2 º é ú¹ ò S �ò S¹ �
(148)

The Hamiltonian 4
ú

on the right-hand side of this equation can be written in the form

4 ú � ?	 9 é
ú � � é ú¹ > � �

�¹ þ é
ú

� � 2 "
ú

2 º�62 "
ú

2 º
�¹ þ é

ú �
(149)

where þ é
ú
� é ú¹ � é

ú�
. As we have already stressed several times, the term of the Hamiltonian which

is proportional to the unit matrix is not important for flavour evolution.

From Eq. (149) it follows that the adiabatic approximation is valid if the condition

2 "
ú

2 º Ý ?	 þ é
ú

(150)

is satisfied. With the help of (122) it is easy to show that (150) can be written in the form

Î 
 	 ADC ½
¹ þ'K ¹  cË 3 	 " 2P> .2 º Ý 9 þ'K ¹ �2�� 	 " � � > ¹ � 9 þ'K ¹  cË 3 	 " > ¹ �5¼

¹ �
(151)

If the resonance condition þ'K ¹ ���! 	 " � ��9³ºPm > (152)
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is satisfied at the point
º � º m , the condition of validity of the adiabatic approximation can be written in

the form 	°½ �2�� 	 " QQ À�R 3 > . 9³ºPm >
þ'K ¹  cË 3 ¹ 	 " Ý ? �

(153)

From Eq. (144) we obtain the following probability for the
: � v : � j transition in the adiabatic

approximation:

õ 9;: � v�: � j > � H Ô I
ú
� j H 9³º > Ô ¹ Ô I

ú
� H 9�º , > Ô

¹ �
(154)

� 	TS < HVUB~ I ú� j H 9³º > I
ú
� j ~ × < *

H L MM H ÷Gë ;ì *
ë ;W ø

Z À
I
ú
� H × 9�º , > I

ú
� ~ 9³º , > �

For solar neutrinos the second term on the r.h.s. of this expression disappears due to averaging over the
energy and the region in which the neutrinos are produced. Hence for the averaged transition probability
we have õ 95: � vñ: � j > � H Ô I

ú
� j H 9�º > Ô ¹ Ô I

ú
� H 9³º , > Ô

¹ �
(155)

Thus, in the adiabatic approximation, the averaged transition probability is determined by the elements of
the mixing matrix in matter at the initial and final points. For two-neutrino flavours we have the following
simple expression for the

: . survival probabilityõ 9;: . v�: . > � ���! ¹ " ú 9³º > ���! ¹ "
ú 9�º , > �� cË 3

¹ " ú 9³º >  cË 3 ¹ "
ú 9�º , >� ?	 Á ?Ì�����! 	 " ú 9³º > ���! 	 "

ú 9�º , >�Ã � (156)

From Eq. (156) it is easy to see that if the neutrino passes the point
º � ºPm

where the resonance con-
dition is satisfied, a large effect of the disappearance of

: . will be observed. In fact, the condition (152)
is fulfilled if

�2�� 	 " � �
(neutrino masses are labelled in such a way that þ'K ¹ � �

). At the produc-
tion point

º , the density is larger than at point
º m

and
��9³º , >

� þ'K ¹ �2�� 	 " . From (122) it follows that�2�� 	 " 9³º , > Ú
�
. Thus, if the resonance condition is fulfilled, we see from Eq. (156) that

õ 9;: . vñ: . > Ú
�¹
.

If the condition ��9³º , > ê þ'K ¹ (157)

is satisfied for neutrinos produced in the centre of the Sun,then
�2�� 	 " ú 9³º , >

ß � ? and, for neutrinos
passing through the Sun, the survival probability is equal to:

õ 95: . vñ: . > ß ?	 9 ? � ���! 	 " > � (158)

It is obvious from this expression that the
: . survival probability at small

"
is close to zero: all

: . ’s are
transformed into

: 0 ’s.

Let us consider the evolution of neutrino states in such a case. From Eq. (122) it follows that, at
the production point,

" ú 9³º , >
ß » à 	 . From (123) we then have

Ô : . è ß Ô :^¹ ú è Û Ô : 0 è ���oÔ : � ú è 9³º � º , > � (159)

Thus at the production point the flavour states are states with definite energy. In the adiabatic approxima-
tion there are no transitions between energy levels. In the final point > . = 0 and at small

"
we have

Ô :^¹ è ß Ô : 0 è � Ô : � è ß Ô : . è 9³º � º , > � (160)

Thus, all
: . ’s transfer to

: 0 ’s. The resonance condition (152) was written in units � T � ?
. We can

rewrite it in the following form

þ'K ¹ ���! 	 " ß � ��� t ? � *YX é > ��� ¹
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where > is the density of matter in g Z cm * � and
é

is the neutrino energy in MeV. In the central region of
the Sun > ß ? � ¹"[ Z � � * � and the energy of the solar neutrinos is

ß
1 MeV. Thus the resonance condition

is satisfied at þ'K ¹ ß ? � **) eV
¹
.

The expression (155) gives the averaged survival probability in the adiabatic approximation. In the
general case we have õ 95: � vñ: � j > � Ô I

ú
� j H 9�º > Ô ¹ õ H�~ Ô I

ú
� ~ 9³º , > Ô

¹ �
(161)

where
õ H�~

is the probabilty of the transition from the state with energy
é ú~

to the state with energy
é úH

.
Let us consider the simplest case of the transition between two types of neutrinos. From the conservation
of the total probability we haveõ �;� � ? � õ ¹ � � õ ¹;¹ � ? � õ � ¹ � õ � ¹ � õ ¹ � �

(162)

Thus in the case of two neutrinos all transition probabilities
õ H�~

are expressed through
õ � ¹

. With the help
of (145), (161), and (162), for the

: . survival probability we have:

õ 95: . vñ: . > � ?	 � ?	 � õ � ¹ �2�� 	 " ú 9³º > ���! 	 "
ú 9³º , > � (163)

In the literature different approximate expressions for the transition probability
õ � ¹

exist. In the
Landau–Zenner approximation, based on the assumption that the transition occurs mainly in the resonance
region, õ � ¹ � < *]\ û_^ � C � (164)

where QBm �
�¹ þ é

ú
Ô 2 "
ú
à 2 º Ô � þ'K ¹  cË 3 ¹ 	 "	°½ ���! 	 " Ô QQ À R 3 > . 9�º m > Ô � (165)

In the above equation ` � ?
for linear density and ` � ? � 4cÐ°3 ¹ " for exponential density. The adiabatic

approximation is valid if
QBm ê ?

[see (150)]. In this case
õ � ¹ ß �

.

This concludes the discussion on the phenomenological theory of neutrino mixing and on the theory
of neutrino oscillations in vacuum and in matter. We shall now turn to the experimental data. There are
three methods to search for the effects of neutrino masses and mixing:

I. The precise measurement of the high-energy part of the L –spectrum;

II. The search for the neutrinoless double L –decay;

III. The investigation of neutrino oscillations.

We shall now discuss the results obtained in some of the most recent experiments.

5. SEARCH FOR EFFECTS OF THE NEUTRINO MASS IN EXPERIMENTS ON THE MEA-
SUREMENT OF THE L -SPECTRUM OF

�
H

We will discuss here briefly the results of searching for effects of neutrino masses in experiments on the
measurement of the high-energy part of the L –spectrum in the decay�Ta v �Ta � ��< * � : . � (166)

The process (166) is a superallowed L –decay: the nuclear matrix element is constant and the L –spectrum
is determined by the phase–space factor and the Coulomb interaction of the final

< * and
�
He. For theL –spectrum we have RPbR�c ��� ½ é 9�d � c > 9�d � c > ¹ � K ¹ î ` 9 é > � (167)

Here
½

is the electron momentum,
é � Kô. � c is the total electron energy,

d � K -%e � K -?eOf �
K . ß ?Tg!� ´ keV is the energy release, � � const and ` 9 é > is the Fermi function which describes the
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Coulomb interaction of the final particles. In Eq. (167) the term
9�d � c > is the neutrino energy (the

recoil energy of
�
He can be neglected) and the neutrino mass enters through the neutrino momentum

½ î �9�d � c > ¹ � K ¹ î . Notice that in the derivation of Eq. (167) the simplest assumption was made that
: .

is the particle with mass K î .

The Kurie function is then determined as follows

h 9 c > � R6bR V
?½ é ` 9 é > � 
 � 9�d � c > 9�d � c > ¹ � K ¹ î � (168)

If K î = 0, the Kurie function is the straight line
h 9 c > � 
 � 9�d � c > , and ci��'�j � �

. If K î Ø� �
thencY�"'�j � d � K î and at small K î the Kurie function deviates from the straight line in the region close to

the maximum allowed energy. Thus, if K î Ø� �
in the end-point part of the spectrum, a deficit of observed

events must be measured (with respect to the number of events expected at K î � �
).

In experiments on the search for effects of the neutrino mass by the
�
H–method, no positive indi-

cations in favour of K î Ø� �
were found. In these experiments some anomalies were observed. Firstly,

practically in all of the experiments the best-fit values of K ¹ î are negative. This means that instead of a
deficit of events, an excess is observed. Secondly, in the Troitsk experiment a peak in the electron spec-
trum is observed at the distance of a few eV from the end. The position of the peak changes periodically
with time. There is no doubt that new, more precise experiments are necessary. The results of two running
experiments are presented in Table 2.

Table 2: Neutrino masses from
-
H experiments.

Experiment K ¹ î K î
Troitsk � ?!� � � s � � � 	 � � �G� ¹ Ú 	 ���k���
Mainz � � ��? � s ��g � ?���gk�G� ¹ Ú 	 ��gk���

6. NEUTRINOLESS DOUBLE L -DECAY

The decay 9;� � &'> vñ9;� � & � 	 > ��< * ��< * (169)

is possible only if the total lepton number - is not conserved, i.e. if neutrinos with definite masses are
Majorana particles. There are many experiments in which neutrinoless double L -decay [

9 L=L > , î –decay]
of X ¸ Ge,

� �;¸
Xe,

� � , Te, l ¹ Se,

�
,;, Mo and other even–even nuclei are searched for.

Let consider the process (169) in the framework of neutrino mixing. The standard CC Hamiltonian
of the weak interaction has the form

4 � �BADC
 	 	 < F7Q � : . F � � � �/����� (170)

Here � � is the weak hadronic current and

: . F � I . H : H F � (171)

where
: H

is the Majorana neutrino field with mass K H .
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The (L/L > , î decay is a process of second order in ADC with an intermediate virtual neutrino. Neu-
trino masses and mixing enter into the neutrino propagator4

: . Fnm^9³º � > : �. F m 9�º ¹ > � HæI ¹. H : H Fnm^9³º � > : �H F m 9³º ¹ > ��� I ¹. H
9 ? � Q ) >	 : H m^9³º � > : H m°9³º ¹ > 9 ? � Q ) >	 �

��� I ¹. H
9 ? � Q ) >	 �9 	°» > 1

< *
H�¿6÷GÀ

­ *
À û
ø 9 /½ � K H >½ ¹ � K ¹ H R 1 ½ 9 ? � Q ) >	 � �

(172)

Taking into account that 9 ? � Q ) >	 9
/
½ � K H > 9 ? � Q ) >	 � K H 9 ? � Q ) >	 �

(173)

we come to the conclusion that the matrix element of
9 L=L > , î –decay is proportional to5

7 K è � I ¹. H K H � (174)

From (173) it is evident that the proportionality of the matrix element of
9 L=L > , î –decay to 7 K è is due to the

fact that the standard CC interaction is the left-handed one. If neutrino masses are equal to zero
9 L/L > , î –

decay is forbidden (conservation of helicity). Notice that, if there is some small admixture of right-handed
currents in the interaction Hamiltonian, the - � S

interference gives a contribution proportional to the
/
½

term in the neutrino propagator. Other mechanisms of
9 L/L > , î –decay are also possible (SUSY with

violation of R-parity, etc.).

In the experiments on the search for
9 L=L > , î -decay, very strong bounds on the life-time of this pro-

cess were obtained. The results of some of the latest experiments are presented in Table 3. From these
data upper bounds for Ô 7 K è Ô can be obtained. The upper bounds depend on the values of the nuclear matrix
elements, the calculation of which is a complicated problem. From the X ¸ Ge data it follows that

Ô 7 K è ÔNÚ 9 � ��� � ? > �G�)�
(175)

Table 3: Lower bounds of the life-time o ­?p û of the ¡rq6q £ H s –decay.

Experiment Element Lower bound of c � ¼ ¹
Heidelberg–Moscow X ¸Tt � � ?�� ´�t ? � ¹ ) y

Caltech–PSI–Neuchatel

� �;¸:u � � Î � Î t ? � ¹ � y

Milano

� � , Æ � � ����� t ? � ¹;¹ y

In future experiments on the search for
9 L=L > , î –decay (Heidelberg–Moscow, NEMO, CUORE and

others) the sensitivity Ô 7 K è Ô#Ú � ��?
eV will be achieved.

7. NEUTRINO OSCILLATION EXPERIMENTS

We will now discuss the existing experimental data on the search for neutrino oscillations. At present
there is convincing evidence in favour of neutrino oscillations, which has been obtained in atmospheric
neutrino experiments, first of all in the Super-Kamiokande experiment. Strong indications in favour of

4We have used the relation � ¨ì � � �
ì ª that follows from the Majorana condition � ¯ì � ª � ¨ì � �

ì
. It is obvious that in

the case of Dirac neutrinos the propagator is equal to zero.
5The term v ûì in the denominator is small with respect to characteristic w in nuclei ( x 10 MeV) and can be neglected.
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neutrino masses and mixing have been obtained in all solar neutrino experiments. Finally, some indica-
tions in favour of

: 0 v�: . transitions have been obtained in the LSND accelerator experiment. In many
reactor and accelerator short baseline experiments, and in the reactor long baseline experiments CHOOZ,
no indication in favour of neutrino oscillations has been found. We will start with a discussion of the re-
sults of solar neutrino experiments.

7.1 Solar neutrinos

The energy of the Sun is generated in the reactions of the thermonuclear pp and CNO cycles. The main
pp cycle is illustrated in Fig. 1.

The energy of the sun is produced in the transition

Î ½ � 	 < * v 1 a � � 	 : . � (176)

If we assume that solar
: . ’s do not transfer into other neutrino types [

õ 9;: . v : . > � ?
] we can

obtain a relation between the luminosity of the Sun, -]y and the flux of solar neutrinos. Let us consider a
neutrino with energy

é
. From (176) it follows that?	 9�d � 	 é > (177)

is the luminous energy corresponding to the emission of one neutrino. Hered � Î K ¿ � 	 Kô. � K{z eOf ß 	 ´ ��� � ��� (178)

is the energy release in the transition (176). If we multiply (177) by the total flux of solar
: . ’s from dif-

ferent reactions and integrate over the neutrino energy
é

we will obtain the flux of luminous energy from
the Sun ?	 9�d � 	 é > H}| H 9 é > R é � -]yÎ »kS ¹ � (179)

Here -=y ß s ��g ´Ìt ? � �;� erg/s is the luminosity of the Sun,
S

is the Sun–Earth distance, and | ,H 9 é >
is the flux of neutrinos from the source

�
(
�

= pp, ...). Notice that in the derivation of the relation (179) we
have assumed that the Sun is in a stationary state.

The luminosity relation (179) is the solar model independent constraint on the solar neutrino fluxes.
The flux | H 9 é > can be written in the form

| H 9 é > � N H 9 é >�~ H � (180)

where ~ H is the total flux, and the function
N H 9 é > describes the form of the spectrum (

N H 9 é > R é � ?
).

The functions
N H 9 é > are known functions, determined by the weak interaction. The luminosity relation

(179) can be written in the form

d H ? � 	 é Hd ~ H � -]y	^»kS ¹ � (181)

where
é H � é N H 9 é > R é is the average energy of neutrinos from the source

�
. The main sources of

solar neutrinos are listed in Table 4.

209



  

���T��� �����8���V�������=���I�
���G� �_��� � � � � � � � � � � �

���*������������=���]�5�?�����I�
�G� �G���������������V�����8��� �0¡��£¢

������������������¤�¥_� ��¦�0¡O�§� �Y¡¨��©V�0¡i��ªI�

� � � � � � � � � � � � � � � � � � ª=«§¬ � �:­ ���¦�0¡����8�®©¦�0¡������¯���I�
�V°*������ ¬ ¥±��¦�0¡O�§© �0¡¨�5²%³�¡Y�§¢

´´´´´´´´´���G� ¤_µ�� �²¶³�¡������8��²¦·¹¸º���I��?»�¼¾½G�
�² ·¹¸����8��ªP©��0¡

¿ ¿ ¿ ¿ ¿ ¿ ¿ ¿ ¿ �G� ¬ À ��²V³�¡O�Á�F��Â¦³��§¢
�Â¦³��ÃÂ ³�¡�Ä������]���I� �%Å�¼=�
�Â ³�¡�ÄY�5ªP© �Y¡

Fig. 1: The w:w cycle (the figure is taken from Ref. [17]).

Table 4: Main sources of solar � E ’s.

Reaction Maximal energy Standard Solar Model flux
9 � � * ¹  *

�
>½ ½ v R < ( : . Æ � � Î 	 � ��� ´ � � t ? �

�
,< *�X / � v�: . X:Ç Ë � ��g ´ � ��� Î ��È t ? �GÉ

l / v l / ��< ( : . Æ ?T� � �G� ��� � t ? � ¸
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As can be seen from the Table, the main source of solar neutrinos is the reaction
½ � ½ v R �Ü< ( �: . . This reaction is the source of low-energy neutrinos. The source of monochromatic medium-energy

neutrinos is the process < * � X / � v�: . � X Ç ËB� (182)

The reaction l / v l / �w��< ( � : . is the source of high-energy neutrinos. The results of solar neutrino
experiments are presented in Table 5.

Homestake, GALLEX and SAGE are radiochemical experiments. In the Kamiokande and the
Super-Kamiokande experiments, recoil electrons (angle and energy) in elastic neutrino–electron scatter-
ing are detected. In these experiments the direction of the neutrinos is determined, and it is confirmed that
the detected events are from solar neutrinos.

In the Homestake experiment, because of the high threshold (
é +,Ê � � ��g!?

MeV), mainly l B neu-
trinos are detected:

ß �T�
% of the events are due to l B neutrinos and

ß ?Ë�
% of the events are due to X Be

neutrinos. In the GALLEX and SAGE experiments (
é +,Ê � � � 	 s MeV) neutrinos are detected from all

the reactions:
ß �^Î

% of the events are due to
½�½

neutrinos,
ß 	 �

% of the events are due to X Be neu-
trinos, and

ß ? �
% of the events are due to l B neutrinos. In the Kamiokande and Super-Kamiokande

experiments, due to the high threshold (
é +,Ê � �

MeV for Kamiokande and
é +,Ê � �����

MeV for the
Super-Kamiokande), only high-energy l B neutrinos are detected.

The results of the solar neutrino experiments are presented in Table 5. As can be seen from the
Table, the detected event rates in all the solar neutrino experiments are significantly smaller than the pre-
dicted ones.6 The most natural explanation of the data of the solar neutrino experiments can be obtained
in the framework of neutrino mixing. In fact, if neutrinos are massive and mixed, solar

: . ’s on the way to
the earth can transfer into neutrinos of other types that are not detected in the radiochemical Homestake,
GALLEX, and SAGE experiments. In the Kamiokande and Super-Kamiokande experiments, all flavour
neutrinos

: . , : 0 , and
: 1 are detected. However, the cross section of

: 0 (
: 1 ) � <

scattering is about six
times smaller than the cross section of

: . � <
scattering.

All existing solar neutrino data can be explained if we assume that solar neutrino fluxes are given
by the Standard Solar Model (SSM) and that there are transitions between two neutrino types determined
by the two parameters: mass squared difference þ'K ¹ and mixing parameter

 cË 3 ¹ 	 "
. We will present the

results of the analysis of the data later on.

Now we shall make some remarks about a model-independent analysis of the data. First of all, from
the luminosity relation (179) for the total flux of solar neutrinos, we have the following lower bound

~ � H ~ H � - y	^»kS ¹ d �
(183)

Furthermore, for the counting rate in the gallium experiments we have

d â0Ì � ë0Í�Î¨Ï 9 é > | H 9 é > R é � H Ï H ~ H � Ï ¿;¿ ~ � 9 � ´ � 	 >ÑÐÑÒÁÓ �
(184)

By comparing this lower bound with the results of the GALLEX and SAGE experiments (see Table 5),
we come to the conclusion that there is no contradiction between the experimental data and luminosity
constraint if we assume that there are no transitions of solar neutrinos into other states [

õ 9;: . v�: . > � ?
].

6Note that in the framework of neutrino oscillations, the possibility of a deficit of the solar � E ’s was discussed by B. Pon-
tecorvo in 1968, before the results of the Homestake experiment were obtained.
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Table 5: Results of solar neutrino experiments.

[

�
SNU =

� � « -VÔ events/(atoms Õ sec) ]

Experiment Observed rate Expected rateÖn×_Ø¯ÙÛÚVÜ�Ý¦Þ_Ù
� E -¦ßÛà*á�âäã « -¶ß,ånæç Í�Î ���� éè �¨ê ÙÛë

�  éì_íïî���  � í¨î'��  � í SNU ð   ð î �   � SNU

ñ ånò*ò6óOô
� E ß ­ ñ Ý âäã « ß ­ ñ Ùç Í�Î ����  �_õ ê ÙÛë ð_ð  éìïîöí^  �_÷ z�ø -« zÛø ß SNU

� �_ù î�è SNU

ú å ñ ó
� E ß ­ ñ Ý âäã « ß ­ ñ Ùç Í�Î ����  �_õ ê ÙÛë í_í^ éíïî ÷ Ô ø û ÷ - ø û« ß ø ­[« zÛø

H
SNU — Õ —

üDÝ¦Ø¯ýé×_Þ
Ý¦þ¹ÿ¹Ù
� ã¯â � ãç Í�Î � ð   � ê ÙÛë ¡ �  éè§�]î'��  � ù î'��  õ_õ £ � � Ô�� Ø « û Ú «B­ ¡ ì^  � ì ÷ ­ ø

H¶H
«
H ø ß û £ � � Ô�� Ø «

û Ú «B­
ú���� Ù æ � üDÝ¦Ø¯ýé×_Þ
Ý¦þ¹ÿ¹Ù

� ã¯â � ãç Í�Î � ì^ éì ê ÙÛë ¡ �   ���=î���  �Ëì ÷
H ø H �«
H ø H ß £ � � Ô � Ø «

û Ú «B­ — Õ —

It is possible, however, to show in a model-independent way that the results of different solar neu-
trino experiments are not compatible if we assume

õ 9;: . v : . > � ?
. In fact, let us compare the results

of the Homestake and Super-Kamiokande experiments. We will consider the total neutrino fluxes ~ H to
be free parameters. From the results of the Super-Kamiokande experiment we can determine the flux ofl B neutrinos, ~ û
	 (see Table 5). If we now calculate the contribution of l B neutrinos into the counting
rate of the Homestake experiment we obtaind û 	M D � 9 	 ���Tg � � � 	 � >ÑÐÑÒ Ó �

(185)

The difference between the measured event rate and
d û 	M D gives the contribution to the Chlorine event rate

of X Be and other neutrinos. We haved ß 	 . (�� �
�M D � d . ÀM D � d û 	M D � 9 � � � 	!	 � � � s � >ÑÐ�ÒÁÓ �
(186)

All existing solar models predict a much larger contribution of X Be neutrinos to the Chlorine event
rate: d ß 	 .M D

9���� n > � 9 ?!�p?Ë� � � ��? >nÐÑÒÁÓ �
(187)

The large suppression of the flux of X Be neutrinos (together with the observation of l B neutrinos) is a
problem for all solar models. The l B nuclei are produced in the reaction

½ � X / � v l / � Q
, and in

order to observe neutrinos from l B decay, enough X Be nuclei must exist in the Sun’s interior. We can
come to the same conclusion about the suppression of the flux of X Be neutrinos if we compare the results
of the Gallium and Super-Kamiokande experiments.

All existing solar neutrino data can be described if there are oscillations between two neutrino
flavours, the neutrino fluxes being given by the SSM values. If we assume that the oscillation param-
eters þ'K ¹ and

 cË 3 ¹ 	 "
are in the region in which matter MSW effects are important, then from the fit of
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the data two allowed regions of the oscillation parameters can be obtained. For the best fit values it was
found

þ'K ¹ � � t ? � * ¸ �G� ¹  cË 3 ¹ 	 " � � t ? � * � 9 Ð � � > (188)

þ'K ¹ � 	 t ? � **) �G� ¹  cË 3 ¹ 	 " � � ��� ´ 9 Ç � � > � (189)

The data can also be described if we assume that the oscillation parameters are in the region in which
matter effects can be neglected (the case of vacuum oscillations). For the best fit values it was found in
this case þ'K ¹ � Î � s�t ? � *

�
, ��� ¹  cË 3 ¹ 	 " � � ���TÈ 9 ��� > � (190)

In the Super-Kamiokande experiment during 825 days, 11240 solar neutrino events were observed.
Such large statistics allow the Super-Kamiokande collaboration to measure the energy spectrum of the
recoil electrons and day/night asymmetry. No significant deviation from the expected spectrum was ob-
served (perhaps with the exception of the high-energy part of the spectrum). For the day/night asymmetry
the following value was obtained?	 b ���b � � � � � � ´ � � � � � s ? � � � � ? s � (191)

From the analysis of the latest Super-Kamiokande data, the following best-fit values of the oscillation
parameters were found:

þ'K ¹ � � t ? � * ¸ �G� ¹  cË 3 ¹ 	 " � � t ? � * � 9 Ð � � > (192)

þ'K ¹ � s � 	 t ? � **) ��� ¹  cË 3 ¹ 	 " � � ��g 9 Ç � � > (193)

þ'K ¹ � Î¢� sut ? � *
�
, ��� ¹  cË 3 ¹ 	 " � � ���ËÈ 9 ��� > � (194)

These values are compatible with the ones in Eqs. (188), (189), and (190), which were found from the
analysis of the event rates measured in all solar neutrino experiments.

A new solar neutrino experiment SNO started recently in Canada. The target in this experiment is
heavy water (1 kton of D

¹
O) and Cherenkov light is detected by

ß ? � 1 photomultipliers. Neutrinos will
be detected through the observation of the CC reaction: . � R v < * � ½ � ½ �

(195)

as well as the NC reaction : � R v�: � ² � ½ �
(196)

and
: � <

elastic scattering : � < vñ: � <8�
(197)

The detection of neutrinos via the CC process (195) will allow the spectrum of
: . on the Earth to be mea-

sured. The detection of neutrinos via the NC process (196) (neutrons will be detected) will allow the total
flux of flavour neutrinos

: . � : 0 � : 1 to be determined. From the comparison of the NC and CC event rates,
model-independent conclusions on the transition of solar

: . ’s into other flavour states can be made.

The next solar neutrino experiment will be BOREXINO. In this experiment, 300 t of liquid scin-
tillator with very high purity will be used. Solar neutrinos will be detected through the observation of the
recoil electrons in the process : � < v�: � <��

(198)

The energy threshold in the BOREXINO experiment will be very low, about 250 keV. This will allow
monoenergetic X Be neutrinos to be detected. If vacuum oscillations are the origin of the solar neutrino
problem, a seasonal variation of the X Be neutrino signal (due to the excentricity of the Earth’s orbit) will
be observed.
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7.2 Atmospheric neutrinos

Atmospheric neutrinos are produced mainly in the decays of pions and muons

» v Aæ� : 0 � A v <o� : . � : 0 � (199)

pions being produced in the interaction of cosmic rays in the Earth’s atmosphere. Notice that in the ex-
isting detectors neutrino and antineutrino events cannot be distinguished. At small energies, � ?

GeV,
the ratio of fluxes of

: 0 ’s and
: . ’s from the chain (199) is equal to two. At higher energies this ratio is

larger than two (not all muons decay in the atmosphere) but it can be predicted with an accuracy better
than 5% (the absolute fluxes of muon and electron neutrinos are presently predicted with an accuracy not
better than 20–25%). This is the reason why the results of the measurements of total fluxes of atmospheric
neutrinos are presented in the form of a double ratio

S � 9 b 0 à b . >�� '�+ '9 b 0 à b . > ± �
�

(200)

where
9 b 0 à b . > � '�+,' is the ratio of the total number of observed muon and electron events, and9 b 0 à b . > ± � is the ratio predicted from Monte Carlo simulations.

We will discuss the results of the Super-Kamiokande experiment. A large water Cherenkov
detector is used in this experiment. The detector consists of two parts: the inner one of 50 kton
(22.5 kton fiducial volume) is covered with 11146 photomultipliers, and the outer part, 2.75 m
thick, is covered with 1885 photomultipliers. The electrons and muons are detected by observ-
ing the Cherenkov radiation. The efficiency of particle identification is larger than 98%. The ob-
served events are divided into fully contained events (FC) for which Cherenkov light is deposited in
the inner detector, and partially contained events (PC) in which the muon track deposits part of its
Cherenkov radiation in the outer detector. FC events are further divided into sub-GeV events (

é�� H ] �
1.33 GeV), and multi-GeV events

é � H ] � 1.33 GeV). In the Super-Kamiokande experiment for sub-GeV
events and multi-GeV events (FC and PC), the following values of the double ratio

S
were obtained,

respectively (848.3 days): S � � � ´ g � ( ,�� , ¹ �* ,�� , ¹;¹ �
� � � � s

S � � � ´ �Ëg ( ,�� , 1 ¹* ,�� , � É �
� � � g � � (201)

These values are in agreement with the values of
S

obtained in other water Cherenkov experiments (Ka-
miokande and IMB), and in the Soudan2 experiment in which the detector is an iron calorimeter.S � � � ´ � � � � � � � � � � g 9�� Ð � Ë ���7Ð°3��
� > (202)S � � ���°Î � � � � � � � ��?�? 9��:� / > (203)S � � � ´ ? � � ��?Ë� � � � � � 9 Ð �� ��7Ð^3 	 > � (204)

The fact that the double ratio
S

is significantly less than one is an indication in favour of neutrino oscil-
lations.

Important evidence in favour of neutrino oscillations has been obtained by the Super-Kamiokande
Collaboration. These data were first reported at the NEUTRINO98 Conference in Japan, in June 1998.
A significant up–down asymmetry of multi-GeV muon events was discovered in the Super-Kamiokande
experiment.

For atmospheric neutrinos, the distance between the production region and the detector changes
from about 20 km for down-going neutrinos (

" � �
,
"

being the zenith angle), up to about 13,000 km for
up-going neutrinos (

" � »
). In the Super-Kamiokande experiment for the multi-GeV events the zenith

angle
"

can be determined. In fact, charged leptons follow the direction of neutrinos (the averaged angle
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between the charged lepton and the neutrino is
?T��!

–
	 � !

). The possible source of the zenith angle depen-
dence of the neutrino events is the magnetic field of the Earth. However, for neutrinos with energies larger
than 2–3 GeV, within a few % no

"
-dependence of neutrino events is expected.

The Super-Kamiokande Collaboration found a significant zenith angle dependence of the multi-
GeV muon neutrinos. For the integral up–down asymmetry of multi-GeV muon neutrinos (FC and PC)
the following value was obtained � 0 � � � s ?!? � � � � Î s � � � � ? � �

(205)

Here � � Ir���I � �
�

(206)

where " is the number of up-going neutrinos (
�2�� �" � � � � 	 ), and # is the number of down-going neu-

trinos (
���! �" � � � 	

). No asymmetry of the electron neutrinos was found:� . � � � � s�´ � � � � ´ � � � � � 	 �
(207)

The Super-Kamiokande data can be described if we assume that there are
: 0 v : 1 oscillations.

The following best-fit values of the oscillation parameters were found from the analysis of the FC events

þ'K ¹ � s � � � t ? � * � ��� ¹ �  cË 3 ¹ 	 " � � ��ÈËÈT�
(208)

($
¹�"�! � �T�!� Î

at 67 d.o.f.). It should be noted that if we assume that there are no oscillations, then in this
case $

¹ � ?T�Ë�
at 69 d.o.f. From the combined analysis of all the data it was found that

þ'K ¹@ß 9 	 � ´ > t ? � * � ��� ¹ �  cË 3 ¹ 	 " ��� ��g^Î��
(209)

If
: 0 v : ] oscillations are assumed, at large energies matter effects must be important. From the

investigation of the high-energy events (PC and upward-going muon events, muons being produced by
neutrinos in the rock under the detector) the Super-Kamiokande Collaboration came to the conclusion that: 0 vñ: ] oscillations are disfavoured at 95% C.L.

The range of oscillation parameters obtained from the analysis of the atmospheric neutrino data
will be investigated in detail in long baseline experiments. The results of the first LBL reactor experiment,
CHOOZ, were recently published (in this experiment the distance between the reactors and the detector
is
ß ?

km). No indication in favour of the transition of
: . into other states was found in this experiment.

For the ratio
S

of the number of measured and expected events it was found thatS � ?!� � ? � 	 ��g&% 9  546Ð^4 > � 	 ���&% 9  �'  d4 > � (210)

These data allow þ'K ¹ � � t ? � * 1 ��� ¹ at
 cË 3 ¹ 	 " � ?

(90% C.L.) to be excluded.

In the LBL Kam-Land experiment
: . ’s from reactors at a distance of 150–200 km from the detector

will be detected. Neutrino oscillations
: .)( : À

with þ'K ¹ �� ? � **) �G� ¹ and large values of
 cË 3 ¹ 	 "

will be
explored. The BOREXINO Collaboration plans to detect

: . from reactors at a distance of about 800 km
from the detector.

The first LBL accelerator experiment K2K is now running. In this experiment
: 0 ’s with an aver-

age energy of
?!� Î

GeV, produced at the KEK accelerator, will be detected in the Super-Kamiokande de-
tector (at a distance of about

	 � �
km). The disappearance channel

: 0 v : 0 and the appearance channel: 0 v : . will be investigated in detail. This experiment will be sensitive to þ'K ¹ � 	 t ? � * � �G� ¹ at
large

 cË 3 ¹ 	 "
.

The LBL MINOS experiment between Fermilab and Soudan (the distance is about 730 km), is
under construction. In this experiment all the possible channels of

: 0 transitions will be investigated in
the atmospheric neutrino range of þ'K ¹ .

The LBL CERN–Gran Sasso experiments (the distance is about
� s � km), ICARUS, NOE, and oth-

ers, are under construction at CERN and Gran Sasso. The direct detection of
C

’s from the
: 0 v�: 1 tran-

sition will be one of the major goals of these experiments.
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7.3 LSND experiment

Some indications in favour of
: 0 ( : . oscillations were found in the short baseline LSND accelera-

tor experiment. This experiment was carried out at the Los Alamos linear accelerator (with protons of
800 MeV energy). This is a beam-stop experiment: most of the

» ( ’s in the beam, produced by protons,
come to rest in the target and decay (mainly by

» ( v A ( : 0 );
A ( ’s also come to rest in the target and

decay by
A ( v < ( : . : 0 . Thus, the beam-stop target is the source of

: 0 � : . , and
: 0 (no

: . are produced
in the decays).

The large scintillator neutrino detector LSND was located at a distance of about 30 m from the
neutrino source. In the detector

: . ’s were searched for through the observation of the process

: . � ½ v < ( � ² � (211)

Both
< ( and delayed 2.2 MeV

Q
’s from the capture

² ½ v R Q were detected.

In the LSND experiment s�s ��È � g�� � events were observed in the interval of
< ( energies s � Ú é Ú

´ � MeV. Assuming that these events are due to
: 0 v : . transitions, for the transition probability it was

found that õ 9 : 0 v : . > � 9 � � s ? � � � � È � � � � ´ > t ? � * � � (212)

From the analysis of the LSND data the allowed region in the
 cË 3 ¹ 	 " � þ'K ¹ plot was obtained. If the

results of the SBL reactor experiments and the SBL accelerator experiments on the search for
: 0 v : .

transitions are taken into account, for the allowed values of the oscillation parameters it was found� � 	 Ú� þ'K ¹ Ú� 	 �G� ¹ 	 t ? � * � Ú�  cË 3 ¹ 	 " Ú� Î t ? � * ¹ � (213)

The indications in favour of
: 0 v : . oscillations obtained in the LSND experiment will be checked by

the BOONE experiment at Fermilab, scheduled for 2001–2002.

8. CONCLUSIONS

The problem of neutrino masses and mixing is the central problem of today’s neutrino physics. More than
40 different experiments all over the world are dedicated to the investigation of this problem, and many
new experiments are in preparation. The investigation of the properties of neutrinos is one of the most
important directions in the search for a new scale in physics. These investigations will be very important
for understanding the origin of tiny neutrino masses and neutrino mixing which, according to the existing
data, is very different from CKM quark mixing.

If all the existing data are confirmed by the future experiments it will mean that at least four mas-
sive neutrinos exist in nature (in order to to provide three independent neutrino mass squared differences:þ'K ¹#,$�&!'�( ß ? � **) ��� ¹ (or

? � *
�
, eV

¹
), þ'K ¹'�+,� ß ? � * � ��� ¹ , and þ'K ¹*,+ � i ß ?8�G� ¹

). From the phe-
nomenological analysis of all the existing data it follows that in the spectrum of the masses of four mas-
sive neutrinos there are two close masses separated by the ‘large’ one, by about 1 eV LSND gap. Taking
into account the big-bang nucleosynthesis constraint on the number of neutrinos, it can be shown that
the dominant transition of the solar neutrinos is the

: . v : #%+ f (,�!& f one, and the dominant transition of the
atmospheric neutrinos is

: 0 v�: 1 .

If the LSND indication in favour of
: 0 v : . oscillations is not confirmed by the future experi-

ments, the mixing of three massive neutrinos with mass hierarchy is a plausible scenario.

The nature of massive neutrinos (Dirac or Majorana?) can be determined from the experiments on
the search for neutrinoless double L - decay. It can be shown that from the existing neutrino oscillation
data it follows that effective Majorana mass 7 K è in the case of three massive Majorana neutrinos with
mass hierarchy is not larger than

? � * ¹ eV (the present bound is Ô 7 K è Ô ß � ���
eV and the sensitivity of the

next generation of experiments will be Ô 7 K è Ô ß � ��?
eV).

216



   

The sensitivity Ô 7 K è Ô ß ? � * ¹ eV is a very important problem of experiments related to the search
for neutrinoless double L -decay.

I would like to express my deepest gratitude to R. Bernabei, W.M. Alberico and
S. Bilenkaia for their great help in the preparation of these lecture notes.
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