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Abstract

We calculate two-loop matching conditions for all the operators that are relevant to
B — X"l decay in the Standard Model. In effect, we are able to remove the +16% uncer-
tainty in the decay spectrum, which was mainly due to the renormalization-scale dependence
of the top-quark mass. We find 1.46 x 1076 for the branching ratio integrated in the domain
mi.,— /mi € [0.05,0.25], for | = e or p. There remains around 13% perturbative uncertainty

in this quantity, while the non-perturbative effects are expected to be smaller.



1 Introduction

The forthcoming measurement of the inclusive decay mode B — X 1l is expected to
provide an important test of possible new physics effects at the electroweak scale. However,
the existing theoretical predictions for the branching ratio in the Standard Model (SM) still
suffer from many uncertainties, some of which are larger than the expected experimental
errors.

The most important theoretical uncertainties are due to intermediate cc states. Because
of the non-perturbative nature of these states, the differential decay spectrum can be only
roughly estimated when the invariant mass of the lepton pair m?,,_ is not significantly below
myy. It Temains questionable whether integrating the decay rate over this domain can
reduce the theoretical uncertainty below £20% [1].

On the contrary, for low § = mj,, /mj . (accessible to [ = e or u), a relatively precise
determination of the decay spectrum is possible using perturbative methods only, up to
calculable HQET corrections. The dominant HQET corrections were evaluated in refs. [2]-
[6] and found to be small (smaller than 6% for 0.05 < § < 0.25). Effects of similar size are
found in this region when purely perturbative expressions for c¢¢ contributions are compared
with the ones obtained via dispersion relations in the factorization approximation (see fig. 1
in section 4). Thus, the B — X [Tl decay rate integrated over this region of § should be
perturbatively predictable as precisely as the B — X,y decay rate, i.e. up to about 10%
uncertainty.

Unfortunately, the presently available perturbative calculations [7, 8] have not yet reached
this precision, even though they are performed at the next-to-leading (NLO) order in QCD.
The formally leading-order term is (quite accidentally) suppressed, which makes it as small
as some of the NLO contributions. Consequently, some of the formally next-to-next-to-
leading (NNLO) terms can have an effect larger than 10% on the differential decay rate. It
can be easily verified by varying the renormalization scale at which the top quark mass is
renormalized in the formulae of refs. [7, §].

The formalism of effective theories, which is conventionally used in the analyses of weak B
decays, allows the identification of three types of NNLO contributions to B — X, *I~. The

first type originates from two-loop matching between the Standard Model and the effective



theory amplitudes, i.e. to two-loop contributions to the Wilson coefficients in the effective
theory at the scale g ~ My,. The second type is due to the three-loop renormalization group
evolution of the Wilson coefficients down to the scale p, ~ my. The third type originates
from two-loop matrix elements of the effective theory operators between the physical states
of interest. One should include one-loop Bremsstrahlung corrections as well. Performing a
complete NNLO calculation is thus a very involved task.

In the present paper, we shall calculate only the first type of corrections, i.e. those
originating from the two-loop matching conditions. Our results will allow us to remove the
significant uncertainty of the former NLO prediction stemming from the dependence on the
scale pp. The remaining uncalculated NNLO effects will be estimated in section 4.

Our paper is organized as follows. In section 2, we introduce the effective theory and
present a complete set of the matching conditions up to two loops. The resulting formulae
for the so-called effective coefficients are given in section 3. Section 4 is devoted to discussing
phenomenological implications of our results for B — X, 1I~. Technical details of the
matching computation are relegated to section 5. There, one can find an extensive description
of the two-loop matching procedure for the photonic penguin diagrams, which has been the
most involved original part of our calculation. Section 5 can serve as a practical guide for
performing any two-loop matching computation, not necessarily in the domain of flavour

physics.

2 Summary of the two-loop matching conditions

The effective theory lagrangian relevant to B — X,ITl™ decay has the following form

Lerr = Looproen(u,d, s, c,b e, p,T)
4G
+ 75 ViValGIPY + C5PY) + VaVa(CLPY + G F5)]
4GF 0 * * c * t

\/§ 1=3

For further convenience, we refrain from using unitarity of the CKM matrix V in all the
analytical formulae here. The first term in eq. (1) consists of kinetic terms of the light SM

particles as well as their QCD and QED interactions. The remaining two terms consist of



AB = —AS =1 local operators of dimension < 6, built out of those light fields:!

Pt = (ST ur)(ury*T7by),

Py = (3pyur)(ury"br),

P = (5py Tcr)(ecy"Ty),

Py = (5pyuce)(crybe),

Py = (5pv.br) X" ),

Py= (807,17br) 20(v*Tq),

Ps = (509 Y Vusbr) Sq (@7 7722 q), @)
P = (507 Yo Yus Tb1) Xg (@292 T ),
P = g%mb(§L0“”bR)Fm,,

Po= lmy(500mTobR)GS,,

Py = ;—i(&%bL) (),

Py = ;—i(ﬁwaL) > (sl

where sums over ¢ and [ denote sums over all the light quarks and all the leptons, respectively.

The Wilson coefficients can be perturbatively expanded as follows

2 4
C? = 0RO 4 (497T)20g(1> n (4€T)4OZQ(2) +O(g%, Q=c or t. (3)

Their values are found in the matching procedure, which amounts to requiring equality of
b — s+(light particles) Green functions calculated in the effective theory and in the full
Standard Model, up to O[(external momenta and light masses)?/M%,]. Contributions of
order g*" to each Wilson coefficient originate from n-loop SM diagrams, which follows from
the particular convention for powers of gauge couplings in the normalization of our operators.

Dimensional regularization with fully anticommuting =5 has been used in our matching
computation. Using this simple scheme could not cause any difficulties, because the choice
of the four-quark operator basis in eq. (2) allowed us to avoid the appearance of Dirac traces
containing s in the effective theory diagrams [9]. No such traces were present in the SM
diagrams, either.

The MS scheme with scale iy ~ My, was used for all the QCD counterterms, both in

!The s-quark mass is neglected here, i.e. it is assumed to be negligibly small when compared to m;. Of
course, no such assumption is made concerning m. or m..



the SM and in the effective theory.? In addition, several non-physical operators had to be
included on the effective theory side, because the calculation was performed off-shell (see
section 5 and the appendix for details).

The 't Hooft—Feynman version of the background field gauge was used for all the gauge
bosons. It allowed us to perform the matching without making use of the CKM-matrix
unitarity.

The only relevant off-shell electroweak counterterm (on the SM side) proportional to 5b
was taken in the MOM scheme, at ¢ = 0 for the §7b term, and at vanishing external
momenta for the terms containing gauge bosons.

The obtained matching conditions are the following. At the tree level, all the CiQ © vanish,

except for
5@ = 1, (4)
The one- and two-loop matching conditions are summarized below:
oM = _15-6L,
026(1) -0,
C«é:(l) - 0, C«;(l) - 0,
iV = I-1r, i = Ej),
056(1) - 0, C’é(l) - 0,
Og(l) -0, C’é(l) - 0,
Gt o= 2 G = —3Ai),
c o= 1 V= —1F(),
GV = -k -E+4L CyV = L5Cl(n) — L Bi(x) - Di(w),
Y = & Y = F[Bi) - Ci@)],
O = T(z)- T8 g2 4571712
Cs® = M _dp2 46742
C5® = 8804 20,2 B8 4 Af2 o = Gi(a),
O = _S0_L;2 1y 1072 i = Eiz),

2The only exceptions were the top-quark-loop contributions to the renormalization of the light-quark and
gluon wave functions on the SM side. The corresponding terms in the propagators were subtracted in the
MOM scheme at ¢ = 0. In consequence, no top-quark loop contribution remained in the (W-boson)—(light
quark) effective vertex after renormalization.
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The integral representations for the functions Liy and Clsy are as follows:

Lis(z) = —/jdt@,

Cly(r) = Im|[Lis(c™)] = - /Oxdeln\Zsin(Q/Z)L

(16)

(17)

(18)

(19)

(20)

(21)

Our matching results for all the C’,? @ are new, except for £ = 7,8 and 10. In the cases

k=7 and k = 8, we agree with the previously published results [10]. The k = 10 case has

already been discussed by us in ref. [11], and the original calculation [12] has been corrected

in ref. [13].

3 The effective coeflficients

Once the matching conditions are found, the Wilson coefficients should be evolved from

fo ~ My to pp ~ my, according to the Renormalization Group Equation (RGE)

d

M@(jQ = (@Q)T (jQ,

which has the following general solution

C ) = Uy, 110) C 110),

where
. a(u) (49(g))"
U9, o) = TeXp/ dg'
( b 0) g 9(po) 5(9/)
. UQ(O)(ILLb IU/O) + Oés(,uO) UQ(l)(IMb ILL(]) + S(/’LO)2 UQ(Q)(,U{) IU/O) +
’ 4 ’ (47)? ’

(22)

(23)



In the intermediate step of the above equation, T, denotes ordering of the coupling constants
such that they increase from right to left.

The anomalous dimension matrices 49 have the following perturbative expansion

0 _ D00, Y son, % 0w (25)

The one- and two-loop anomalous dimension matrices have already been evaluated in refs. [7,
8]. However, transforming them to the “new” operator basis (2) is quite non-trivial (see
ref. [9] for the 6 x 6 submatrix). In the “new” basis (and in the MS scheme with the

evanescent operators specified in the appendix), the matrices 440 and 4 read?

8 2 32
-4 3 0 -5 0 0 0 0 —5 0
12 0 0 3 0 0 0 0 - 0
0O 0 O —% 0 2 0 0 —% 0
40 100 4 5 32
00 -5 =% 3§ & 0 0 0
o 00 0 -=%2% 0 20 0 0 -2 0
~c(0
¥ = 256 56 40 2 512 )
0o - 5 35 -5 0 0 7w 0
32
0O 0 O 0 0 0 =5 —206 0 0 0
32 28
0 0 O 0 0 0 -5 3 — 20 0 0
0 0 O 0 0 O 0 0 —205 0
0 0 O 0 0 0 0 0 0 —23
§C(1) _
_355 _ 502 _ 1412 __ 1369 134 _35 _ 232 167 _ 2272 0
9 27 243 243 243 162 243 162 729
_3 _28 __ 416 1280 56 35 464 76 1952 0
3 3 81 81 81 27 81 27 243
0 0  _M68 31469 400 3373 64 368 _6m2
81 81 81 108 81 27 243
0 0 _ 8158 59399 269 12899 200 1409 _ 2192 0
243 243 486 648 243 162 729
0 0 251680 _ 128648 23836 6106 6464 13052 84032 0
81 81 81 27 81 27 243
0 0 58640 _ 26348 14324 2551 _ 11408 _ 2740 37856 0 ’
243 243 243 162 243 81 729
0 0 0 0 0 0 488253 0 0 0
2192 4063
0 0 0 0 0 0 —5r S — 206 0 0
0 0 0 0 0 0 0 0 —203 0
0 0 0 0 0 0 0 0 0 -2
3Note that the matrices given here correspond to the normalization of operators Pr, ..., Pig as in eq. (2)

and to their ordinary Wilson coefficients, not to the so-called “effective” ones that will be introduced below.
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where 3y = % and 3, = %. The analogous matrices 449 and 4% can be obtained from
the ones above by removing the first two rows and the first two columns.

The complete NNLO prediction for BR[B — X,I*1~| depends on two entries of Ue® (e, f1o),
i.e. on UL (pp, p1o) and U (1, o) that are generated by the three-loop matrix 4. Unfor-

¢(2) that have been calculated so far are the ones corresponding

tunately, the only entries of 4
to the mixing {P1, ..., Ps} — {Ps, Ps} [14]. Therefore, US> (1, pto) is known but US> (ty, 110
is not. Below, we shall include the unknown U§§2) (s, f10) in our analytical formulae. Its po-
tential numerical relevance will be tested in the next section.

After performing the RGE evolution, one evaluates the perturbative expression for
dl'[b — X *17]/ds. Tt amounts to calculating perturbative matrix elements of the oper-

ators P; among the external partonic on-shell states, multiplying them by the appropriate

Wilson coefficients and performing the phase-space integrals. At NLO, one obtains [7, 8]:

dr(b — f(5l+l_) — G%mg,pole"/tzv;bp (aem>2 (1 — §)2 X
ds 4873 47

><{(1+2§) (IC () + 167 (3)] )+4(1+ )(ceff) +120;ffae(égff(§))}. (28)

The quantities C’,if T can be split into top- and light-quark contributions:

ViV ViV 7 ~ ~
Oeff Oteff cs Ve Cceff us ¥ u Oceff 5 Acveff 29
e VisVis ViV ( b TR0 ) (29)

that are related to the evolved coefficients C (1) as follows:

4 1 4 20 80
~Qeff Q 10 % AQ ) 9V @
C7 = as(ub)@ (1) 303 (1) 904 (1) 3 C5 (1) 9 Ce (), (30)
CR(3) = 40P (my) | —— +w(3) +26 C2 ()72 In 2
9 o (Mb Oés(,ub) wis o i b )Yi9 Ly

m2 4 . c
i oh (H ) [(505m) + C5om) ) g + 602 ) + 6002 1)

+ h(1,5) (5O - go%b)—38c§<ub>—§c§<ub>)
+h(0,5) (=508 ) — 5C2(m) = $CL () — 5 C2pw)
v §c§9<ub>+%cﬁ<ub>+27c6 (1) (31)
GRS = 1080 (s 4l (32
aci = (0.9 - n(5.5)| (Gettm) + csm). (3)
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where

4 8 4 2 In | =25 — in for z=4z2/3 < 1
h(z,8) = —=Inz+—=+-o2—=2+2)\/|[1 -2 Vi—z—1 ’ )
(2,4) 9 27 9 9( I ’{ 2 arctan(1/v/z — 1), for z =4z/5 > 1,
4 2 2 5+ 48
w(s) = —gLi2(§)—gln(1—§)1n§—§7r2—ﬁln(l—§)
25(14+3)(1 —2s 54 95 — 652
_BAFHA=28), ,  5H96 68 (34)
3(1—8)%(1+29) 6(1—35)(1+29)

Calculating the differential decay rate with the help of eq. (28), one must retain only terms
linear in w($) and also set w(8) to zero in the interference term proportional to Re(C¢//(8)).

The coefficients multiplying C,..., C& in eqs. (30) and (31) are different from the corre-
sponding ones in refs. [7, 8], because we use a different operator basis here.

Substituting the evolved Wilson coefficients to egs. (30)—(33), we obtain the following

expressions for the “effective coefficients”:

y 8 s h/?(—) . . 1
C'? eff — Z 77(12’ h,LC + o (MO) ( 2 + h/i + h/iLL ’ (35)
= 4 n
~te 1 16 4/ 16 14 O‘S(NO) t a;
el = =5 Ap(z) + 3 (7723 — 7723) Fy(z) + ir Ze’ '
1 4 16 14 18604 7 16
—57]23143(95)4‘5(7]23 —7]23) f(@*‘m(ﬁ 2 —7]23)146(95)
. < 3582208 _% 148832 I 128434 1 N 3349442 %> t( )} (36)
_ 120092 _ 1a0dod 9049342 .
357075 14283 14283 1 T 357075 1) o\
1
Cc eff _ c(+) az—i-l -
0 = (o) i
2 ) | eL(t) my m;
Zvyal e U4y UL+ siIn— + 65 h | —5, 8 | + ufh(1, 8) + wih(0, §)
A 9 re(=)
_aszim))' U (v 10) + g+ S |15 T () + e 05 4075
™ 7] w 1=3 77

2

o) o) 2
3 c C t C A~
| e s L + 5+ UL h<m—§,s>
U i n mj

u/?(—) L w/?(_) I
+ | — 4 +uT L h(1,8) + | —— 4w + Wi L h(0,8)] ¢, (37)
n

rew(=)
+ (T’fL + T'EL(JF)U) L+ Opp2 e Opa2 4 (L e 4 rfL(Jr)L) 4w(8)
n

Ui
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St effa 1—4s? 1 as(po) w(s
C1e) = [Pt - ) - Dio)| (1 )
sz, w T n
Qg 4w(s 9 o
v B+ ) (B + 2D B )| S
T n i=5
as(po) [1—4ds) 1 1 ) agt
el {1t ) - Bl —g) = Dita) + Gl L
9 2
R Y 1 e () i)+ 9] b9
i=5 b
~ . 1 as (o) w(3)
ceff
_ 1 el
G0 = g [14 2 (149
e 1 Qg 4w(8s
G0 = 5 {8 - o) + ) B - ctto) + 24 (o) - cy)| . o
sz, 4m i
~eff . mg . 6 1 ag(pe) [ 15745 iz
ACq = |h(0,8) —h E%,s —2n2 41725 + g {— 158777 23
151 5 6473 o 9371 w ;
B — 4L
T -t A G R 23)”’

14 16

W16 6 12 () 4086, —0.4230, —0.8994, 0.1456, —1

where 7 = a,(po)/as(p) and a; = (53 — 35 )i-
The “magic numbers” entering the above expressions are collected in tables 1, 2 and 3.

It is straightforward to verify that our results for the O(1/a,) and O(1) parts of Cg'/
and {7 are identical to the ones found in refs. [7, 8]. Only the O(«,) parts are new here.
As far as C¢/7 is concerned, we just reproduce the result of ref. [14], where the O(a) part
was already present.

In order to obtain the complete NLO prediction for the B — X I*[~ decay rate, one should

i 1 2 3 4 5 6 7 8
h§ o — -2 | —4; |—0.6494 |—0.0380 [—0.0186 |—0.0057
Wi SRR | SRS SRS MR 2000 0.7476]-0.5385 | 0.0914
Wi | S| aosasnols | S0 | L |-27231 | 0.4083| 01465 | 00205
h/sE 199164 — L1559 —6 2 ]-2.0343| 0.1232| 0.1279 |—0.0064
et e — 518 0 0 |-1.9043 |—0.1008 | 0.1216 | 0.0183

Table 1. “Magic numbers” entering the expressions for CS“/ and C%“//. Three-loop

anomalous dimensions from ref. [14] have been used in their evaluation.
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3 4 5 6 7 8 9
-3 3 0.0433 | 0.1384 | 0.1648 | —0.0073 | —t0-0%8
085 | —28 | —0.1642| 0.0793 | —0.0451 | —0.1638 0
— oS0 | T2 | 0.0454 | —0.3719 | —0.3254 | 0.0066 | LCBT
— o -= 0.0339 | —0.1122 | —0.2841 | —0.0020 | 2551358
=2 55 | —0.0021| 0.0289 | 0.0174 | 0.0010 | —22E20
—So | 22388 | 1.9957 | —0.8153 | 0.1488 | —0.2353 0
155859 | 133139 1 —0.0939 | —0.9763 | 0.0393 | —2.2799 0
—E | 2 | 0.6261 | —3.6869 | 0.2246 | 0.0121 | $289048
e 28 | —0.5145 | —0.2571 | 0.3111 | —0.1829 0
—51850 | 328 1 (0.6618 | —2.2108 | —1.6839 | 0.0472 | 12088
—-2 ~1 0.1833 | —0.2481 | —0.1096 | —0.0090 0
-2 — 0.0611 | —0.0827 | —0.0365 | —0.0030 0
S| —& L | —0.1685 | 0.0323 | —0.0475 | —0.2018 0
2 3 0.2340 | 0.3061 | 0.0636 | —0.0322 0
13802 | 85T | 21605 | 0.3356 | 0.8434 | —0.2456 0
— 20 _EE | 0.9813 | —3.2900 | —0.5020 | 0.1151 0
-0 -3 0.7330 | —0.9925 | —0.4383 | —0.0359 0
2 —2 0.1658 | —0.2407 | —0.0717 |  0.0990 0
23606 | 6046 | _(0.1681 | 1.2986 | —0.3397 | 0.4766 0
o 182 0.6951 | 2.5871| 0.5664 | —0.3540 0
z 8 0.5193 | 0.7805| 0.4945| 0.1106 0
2 0 |—0.2559| 0.0083| 0.0180 | —0.0562 0
= 1 -1.0892 | —1.1627 | —0.2197 | —0.2193 0
78 0 |-1.0733|—0.0897 | —0.1424 | 0.2008 0
E 0 |—0.8018 | —0.0271 | —0.1243 | —0.0627 0
L L1 -0.1731 | —0.1120 | —0.0178 | —0.0067 0
oLt | WIST 111732 | —0.5134 | —0.3895 |  0.0190 0
S| =80 | —0.7257 | 1.2038 | 0.1408 | 0.0238 0
2 —2 | —0.5421| 0.3632| 0.1229 | —0.0074 0
Table 2. “Magic numbers” entering the expression for C§ /7.
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i 5 6 7 8 9
)
q; 0.0318 | 0.0918 | —0.2700 | 0.0059 | x50
i | —0.4817| 0.2104 | 0.2956 | 0.5246 | 0
P 10,2164 | —0.4330 | —0.9126 | 0.0660 | 57259
s 0.6862 | 0.8125|—0.4165| 0.1031| 0
t'; 0.4861 | —0.6389 | 0.4699 | —0.3171| 0
Wi | —0.7505 | 0.0221 | —0.1182 | 0.1799 | 0
w'i | —0.5075 | —0.2973 | 0.1168 | 0.0213| 0O
t(+) 157366
Y1 —0.1242 | —0.0956 | —0.1628 | —0.0176 | 137366

Table 3. “Magic numbers” entering the expression for éé eff,

use eqs. (28)-(33) and neglect the O(e,) contributions to the effective coefficients C2 “//(3)
(i.e. include only the O(1/a;) and O(1) parts of them). On the other hand, in the complete
NNLO calculation, it is not sufficient to take into account the O(c«;) parts of the effective
coefficients. One should also modify eq. (28) by including effects originating e.g. from two-
loop matrix elements of the four-quark operators and the corresponding Bremsstrahlung
corrections.

In the present paper, we are able to include the NNLO effects only partly. We shall simply
use eq. (28), but at the same time we will include the O(ay) contributions to the effective
coefficients. In this way, we will include all the m;-dependent NNLO contributions to the
branching ratio,* as well as the terms enhanced by 1/s2 ~ 4.3. It is important to calculate
the m-dependent terms at the NNLO level, because both C§(uo) and Ct(1o) grow with my
in the formal limit m; — oo. Therefore, m?/M3, ~ 4.8 plays the role of an enhancement
factor, too.

Above, we have presented explicitly all the O(«y) parts of the effective coefficients. How-
ever, the unknown quantity Ugs” (15, p10) occurred in C5 “//(3). In our numerical calculations
described in the next section, it will be assumed that U§§2) (p, pto) vanishes. We shall relax
this assumption below eq. (49), and check that the expected numerical effect of U§§2) (14, 10)

on the decay rate is very small.

4The only exceptions are the m-dependent contributions from the one-loop matrix elements of P; and
Ps. However, they are proportional to the relatively small Wilson coefficients C7(up) and Cs(up) that do not
grow with m; in the formal limit m; — oo.
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4 Phenomenological implications

In the present section, we shall study the numerical importance of the calculated NNLO
effects as well as the uncertainties due to the yet unknown contributions.

As a first step, let us calculate the effective coefficients for several different values of
o and pp. We will vary u, by a factor of 2 around m;, ~ 5 GeV, i.e. we will take
ty = 2.5, 5 and 10 GeV. In the expressions for Cf /7 and ACE | we will vary o by a
factor of 2 around My, ~ 80 GeV, i.e. we will take po = 40, 80 and 160 GeV. In the expres-
sions for CL%' | we will vary jo by a factor of 2 around /My m; ~ 120 GeV, ie. we will
take po = 60, 120 and 240 GeV.

The remaining input parameters will be equal to [15]

ag(Mz) = 0.119, mP' = 173.8 GeV, My, = 80.41 GeV, s2 = 0.23124.
Since we shall keep § arbitrary, our expressions for C¢ /. 2 and ACET will read
2
C¢M = A+ R§w(s)+Ts h <% s> + USR(1,8) + Wh(0, %), (42)
my,
C? = Af+ R w(3), (43)
B 2
ACST =z, [h(o, 8 —h (ﬁg sﬂ . (44)
my,

The coefficients Ag, e WkQ are independent of m., and they only weakly depend on m,, via
the logarithm In(my /). In this logarithm, we shall use m, = 4.8 GeV.
In tables 4 and 5, our results for C’? eff , Ag, o Wk,Q and Zgy are given, both with and

without the O(ay) contributions. They allow the following observations:

e The dominant contributions to the “effective coefficients” and to the decay rate origi-

nate from AS and At,. However, the coefficients C& “// are not much less important,

because of the factor “12” in the last term of eq. (28).

e The inclusion of the O(ay) contributions significantly reduces the po-dependence. It is
especially important in the case of A},, which had varied by more than +10% before
including the O(ay) correction. The dependence on py remains significant only in the
relatively small quantities such as Rf,. (R}, is multiplied by w(8) € [—1.32, —1.24] for
§ € [0.05,0.25)).
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110 [GeV] 40 80 160 80 80

1y [GeV] 5 5 5 2.5 10

oy (o) 0.136 | 0.121 | 0.110 [ 0.121 | 0.121
s (1) 0.215 | 0.215 | 0215 | 0.267 | 0.180
n 0.633 | 0.565 | 0.510 | 0.454 | 0.674
CET with O(a,) 0.567 | 0.567 | 0.566 | 0.554 | 0.579
oeell without O(ay) | 0.631 | 0.631 | 0.632 || 0.634 | 0.631
AS with O(ay) —4.685 | —4.683 | —4.689 || —4.612 | —4.828
AS without O(e,) —4.620 | —4.635 | —4.681 || —4.750 | —4.635
AS only O(1/ ) —1.569 | —1.964 | —2.315 || —2.181 | —1.612
RS with O(av) —0.315 | —0.316 | —0.320 || —0.415 | —0.242
RS without O(a) —0.107 | —0.134 | —0.158 || —0.186 | —0.092
T¢ with O(ay) —0.641 | —0.625 | —0.603 || —0.393 | —0.807
T¢ without O(av,) —0.505 | —0.374 | —0.255 || —0.115 | —0.576
US with O(a) —0.048 | —0.050 | —0.052 | —0.070 | —0.035
U¢ without O(av,) —0.026 | —0.032 | —0.038 || —0.045 | —0.022
We with O(a) —0.045 | —0.046 | —0.047 || —0.062 | —0.033
W¢ without O(a,) | —0.026 | —0.032 | —0.038 || —0.044 | —0.022
A with O(a) 1128 | 1.123 | 1.119 || 1.123 | 1.123
A¢, without O(a,) 1.081 | 1.081 | 1.081 | 1.081 | 1.081
RS, with O(ay) 0.074 | 0.074 | 0.074 | 0.092 | 0.062
RS, without O(ay) 0 0 0 0 0

Zy with O(a) —0.648 | —0.634 | —0.613 || —0.410 | —0.811
Zy without O(ay) —0.506 | —0.376 | —0.257 | —0.118 | —0.577

Table 4. Cf et AS ..., WE and Zy for various values of g and fi.

e The dependence on i, remains rather strong in most of the listed quantities. It follows
mainly from the fact that two-loop matrix elements of the four-quark operators have
not been included. It is relevant especially to the cases of C; eff , T and R, which will

cause considerable p,-dependence of the final prediction for the decay rate.

e The coefficients W§ turn out to be very small, while ACST in eq. (29) is multiplied by

|(VViuw) | (ViEVi)| =~ 0.08. In consequence, the terms containing h(0, §) contribute by
less than 3% to the differential decay rate for § > 0.05, because |h(0, 8)| = |2 —35(In§—
im)| is smaller than 2.2 in this region. This is fortunate, because h(0, ) is expected
to receive huge non-perturbative contributions from intermediate light hadron states.’
The smallness of Wy and V,; allows us to use only the perturbative expression for

h(0, 8) below. We could equivalently just neglect it.

SThese contributions are expected to be of the same size as h(0, 3) itself, after taking an average over a
sufficiently wide region of .
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1o [GeV] 60 120 240 120 120
piy [GeV] 5 5 5 2.5 10
mM5 (p1g) [GeV] 180 170 162 170 170
o (o) 0.127 | 0.114 | 0.104 | 0.114 | 0.114
s (1p) 0.215 | 0215 | 0.215 || 0.267 | 0.180
n 0.591 | 0.531 | 0.483 || 0.427 | 0.635
CLT with O(ay) 0.261 | 0.265 | 0.266 || 0.225 | 0.300
oLelT without O(ay) | 0.325 | 0.310 | 0.297 || 0.274 | 0.344
Al with O(a) —0.547 | —0.541 | —0.544 | —0.541 | —0.542
Al without O(a) —0.425 | —0.506 | —0.579 || —0.509 | —0.504
R with O(ay) —0.029 | —0.035 | —0.040 || —0.043 | —0.029
RE without O(a) 0 0 0 0 0
T¢ with O(ay) 0.0002 | 0.0003 | 0.0004 || 0.0005 | 0.0001
T¢ without O(ay) 0 0 0 0 0
UL with O(a,) —0.002 | —0.002 | —0.002 || —0.002 | —0.002
Ut without O(ay) 0 0 0 0 0
W with O(ay) —0.002 | —0.002 | —0.002 || —0.002 | —0.002
W without O(ay) 0 0 0 0 0
Al with O(ay) —3.051 | —3.115 | —3.107 | —3.115 | —3.115
Al without O(a,) | —3.688 | —3.292 | —2.964 | —3.292 | —3.292
R, with O(ay) —0.252 | —0.225 | —0.203 || —0.280 | —0.189
R, without O(ay) 0 0 0 0 0

Table 5. Ct“/ and AL, ..., W} for various values of iy and 1.

Huge non-perturbative contributions occur in h(m?/m?, §) as well, for § > (2m./my)>.
It is illustrated in fig. 1. Dashed lines show the real and imaginary parts of h(z,$) from
eq. (34), with z = (1.4/4.8)% and with h(z, 0) subtracted. Solid lines present non-perturbative
estimates of the same quantities obtained using the formulae and parameters from ref. [16]
where the factorization approximation and dispersion relations were used.’

While the solid lines in fig. 1 should not be regarded as the true non-perturbative results
(because of the factorization approximation), they give us qualitative information on the
size of expected non-perturbative effects. In particular, we can observe that replacing the
solid lines by the dashed ones in the region § € [0.05,0.25] should have quite a small effect
on the predicted differential decay rate, owing to the relatively small size of TQQ in tables 4
and 5. Actually, the py-dependence of T is numerically more important. Our aim below
will be predicting the decay rate integrated over s from 0.05 to 0.25. We shall use the purely

perturbative expression for h(z, §), keeping in mind that the p,-dependence of our prediction

CHowever 4m? is replaced by 4m2 in eq. (3.4) of ref. [16]. We thank F. Kriiger for confirming that this
was a misprint.
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Figure 1: Perturbative and non-perturbative versions of Re[h(m?/mZ, 8) — h(m2/m2,0)] and
Im[h(m?/m3, 5) — h(m?/mi,0)] as functions of § (see the text).
is expected to be larger than the uncertainty stemming from neglected non-perturbative
effects.”

As far as h(1, §) is concerned, the argument for using the purely perturbative expression
can be the same as for (0, 8) (small coefficients) or the same as for h(m?/m, §) (convergence

of the perturbative and non-perturbative results for small ).

The decay rate given in eq. (28) suffers from large uncertainties due to m; . and the

CKM angles. One can get rid of them by normalizing to the semileptonic decay rate of the

b-quark
GZm3 ., m? m?
Ty Xc _e _ ,pole ‘/c 2 c,pole e 45
[ - - ] 19273 | b‘ I < g,pole ) mg ’ ( )
where
g(z) =1—-82+82" — 2 —122°Inz (46)

is the phase-space factor, and

20 h
K(z) = 1_%& (47)
3r g(2)
is a sizeable next-to-leading order QCD correction to the semileptonic decay [17]. The

function h(z) has been given analytically in ref. [18]:

25 239 25 4 17
h(z) = —(1 — 2%) (Z — 37 + ZZQ) +zlnz (20 + 90z — 522 + §z3> + 221In® 2 (36 + 2?)
17 64 17
+(1 — 2?) (; 57 + 322) In(1—2) —4(1+302* +z)Inz In(1 — 2)

"The non-perturbative effects estimated in fig. 1 are not included in the HQET correction we shall take
into account later.
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1
—(1+162% + 2*)[6Lig(2) — 7% — 322%2(1 + 2) |7? — 4Liy(v/2) + 4Liy(—/2) — 2In 2z In <1

Thus, the final perturbative quantity we consider is the ratio

_ 1 d
RED(8) = =—————T(b— X,I7I). 48
(Iuark(s) F[b—>Xc€lje] ds ( - ) ( )
1.4 Rl“rl; A ‘ 1074 ‘ ‘ ‘ ‘ i 1.4 Rl+l‘7 o ‘ 1074
quark(s) [ ] quark(s) [ ]
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Figure 2: Reduction of yi-dependence of RE'L . (3).
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Figure 3: Remaining yi-dependence of REE (5).

quark

Our results for RY! . (3) in the domain § € [0.05,0.25] are presented in figs. 2 and 3. In

quark

their evaluation, we have used Qem = Qe (mMpv/0.15) = ﬁ and |V;*V,,/Vip| = 0.976. The
quantity Aé’gf 7 that is multiplied by V,; has been neglected. The dashed lines represent the
pure NLO results, i.e. the ones with neglected O(ay) parts of the effective coefficients. The
solid lines are obtained after including the O(a;) terms. Some of them overlap, and look
like thick lines.

In both plots of fig. 2, u, = 5 GeV, and three different values of py are chosen. The left
plot corresponds to varying g by a factor of 2 around /My m; in CpY (as in the first

three columns of table 5) and keeping it fixed to My, in é’,ﬁ /T The right plot corresponds
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to varying o by a factor of 2 around My, in CL“/ (as in the first three columns of table 4)
and keeping it fixed to v/Mymy in CLY.

The importance of including the two-loop matching conditions is clearly seen: the de-
pendence on py decreases from +16% to around £2.5% at the representative point § = 0.2.
Most of the effect is due to the strong m;-dependence of A}, and to the uo-dependence of
miw_s(uo)'

In fig. 3, the scale g is fixed to 120 GeV in Cp/ and to 80 GeV in Cf /Y while the
scale py, takes the values of 2.5, 5 and 10 GeV. One can see that the p,-dependence increases
after taking into account the O(ay) contributions to the effective coefficients. When the
O(as) terms are not included, an accidental cancellation of the p,-dependence occurs among
the four contributions to the differential decay rate in eq. (28). This cancellation becomes
exact at § ~ 0.06. The O(ay) term that plays the major role in changing the p,-dependence
of A§ (see table 4) and in removing this cancellation is proportional to the product of
W (ug) = —15 — 6L from the matching conditions and Inmy/p, from the one-loop
matrix element of Pf. A future calculation of the two-loop b — si*l~ matrix elements of the
four-quark operators is desirable, because it should significantly reduce the p,-dependence
of the prediction for RL L (3).

When the results described by the solid lines in fig. 3 are integrated over §, we obtain

0.25 .
/ ds R (8) = (1.36 % 0.18) x 1075, (49)
0

05 quark

where only the error from p;-dependence is taken into account. Varying U§§2) from —10 to
10 (as promised at the end of the previous section) would increase the uncertainty by only
0.03. Thus, calculating the three-loop anomalous dimensions in the future is not expected

to have an important impact on the numerical prediction.

1+i-
quark

In the end, we relate the integrand of R (8) to the physically measurable quantity

0.25
BRIB — X1 Jscjos025) = BR[B — X.e] /

0.05

d3 [Rhyhi(3) + 012 R(3) + 012 R(3))|
=0.104[(1.36 + 0.18) — 0.02 4+ 0.06] x 10™° = (1.46 £ 0.19) x 107°, (50)

where, again, only the error from the py-dependence of RLL, (3) is included. The non-

perturbative HQET corrections 61,2 R(5) and 0y ,,2 R(S) have been found with the help of

eq. (32) in ref. [5] and eq. (18) in ref. [6], respectively. The O(1/mj}) effects are completely
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negligible for § < 0.25 [19]. The experimental value of 0.104 for the semileptonic branching
ratio is taken from ref. [15].

It is worth indicating that additional non-perturbative corrections due to the motion of
the b-quark inside the B-meson would occur if we wanted to impose additional cuts on the
emitted lepton energies [20]. Such corrections are absent only when the kinematical cut is
imposed on nothing but the invariant mass of the lepton pair.

Of course, translating the restriction § € [0.05,0.25] to bounds in GeV on the lepton
invariant mass introduces an additional uncertainty due to the numerical value of My pose-
Since the §-spectrum is almost flat in the considered domain, this additional uncertainty (in
per cent) will be close t0 20y, . /Mb pole, 1.€. rather small.

Finally let us note that restricting the studied domain of § to [0.05,0.25] makes the
integrated B — X,ITI~ branching ratio smaller, but at the same time more sensitive to the
sign of C<// (1), when compared to the so-called “non-resonant BR” considered for instance
in ref. [21]. If we changed the sign of C<//(u,), the last result in eq. (50) would change
to 2.92 x 107%. Thus, extensions of the SM that predict opposite sign of é?f ! () (like
the MSSM in certain dark-matter-favoured regions of its parameter space) might be tested
with the help of the integrated BR itself, without considering forward-backward or energy
asymmetries.

At this point, we finish our phenomenological discussion, and proceed to describing tech-

nical details of the two-loop matching computation in the next section.

5 Two-loop matching for photonic AB=-AS=1
penguins in the Standard Model

5.1. Preliminaries

For processes taking place at energy scales much lower than My, the Standard Model
can be replaced by an effective theory built out of only light SM fields, i.e. the ones that
are much lighter that the W-boson. Our goal here is to find two-loop QCD contributions
to the Wilson coefficients of certain operators in the effective theory. The operators we are
interested in are the ones giving leading electroweak contributions to the AB = —AS =1

transitions accompanied by either a real photon or a lepton pair emission. In the latter case,
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we restrict ourselves to processes mediated by a virtual photon, i.e. we do not consider in
this section the SM diagrams where the W or Z boson couple directly to the lepton line.

The simplest way to find the Wilson coefficients is to require equality of the off-shell 1PI
amputated Green functions calculated in the full SM and in the effective theory. Up to one
loop, we need to consider the b — sv, b — s gluon and b — sc¢ functions. At two loops,
only the b — s7v function is necessary. In the cases of b — sv and b — s gluon, we work
at the leading order in ., and up to O|(external momenta)?/M3,]. In the b — scé case,
external momenta can be neglected.

We set all the light particle masses to zero in the whole calculation. An exception is the
b-quark mass, which is being included up to linear order. This means that we maintain m,,
only in Yukawa couplings and in the b-quark propagator numerators. The terms of order m;
are neglected. One can justify this procedure by formally treating the b-quark mass term as
an interaction with an external scalar field.

In addition, all the Feynman integrands are expanded in external momenta before per-
forming loop integration. Such an expansion, as well as setting all the light masses to zero,
creates spurious infrared divergences that we regularize dimensionally. As we shall see, all
these divergences cancel out in the matching conditions relating the full and the effective
theory Green functions.

The Feynman integrands for the one- and two-loop Feynman diagrams are generated
with the help of the program FeynArts [22]. After Taylor expansion in external momenta
and factorizing them out, the integrals remain dependent only on loop momenta and two
heavy masses: My, and m;. Subsequent application of the partial fraction decomposition

1 1 1 1 (51)
(> =mi)(¢* —m3)  mi—mj|¢®—mi ¢ —mj

allows a reduction of all the integrals to those in which a single mass parameter occurs in the
propagator denominators together with a given loop momentum. Finally, after reduction of
tensor integrals to scalar ones, the non-vanishing integrals obtained at one and two loops are

respectively as follows:

2\n—2+¢ dd—2e¢
cw (m”) / q_ (52)
2T (14¢€) ) (¢ —m2)"
0(2) _ (m%)n1+n2+n3—4+25 / d4_2€q1 d4_QEQQ (53)
ninons d—2e 1“(1 + 6)2 (q% — m%)"l (q% — m%)m[(% - QQ)Z]M’
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with arbitrary integer powers n, ni, no and ng, and with m, m; # 0. The chosen normal-
ization makes the results free of trivial common factors.

In eq. (53) we have already made use of the fact that our two-loop scalar integrals always
have at least one massless term in their denominators. This turns out to be true in all the
Feynman diagrams we have to consider, provided all the light particle masses are set to zero.
Therefore, all our two-loop integrals are relatively simple.

The result for the one-loop scalar integral is

CW = (;__1):)! (1+ €)n_s, (54)

which vanishes for n < 0. Here, (a); denotes the Pochhammer symbol equal to

ala+1)(a+2)..(a+k—-1), k>1,
(a)e = SOt R) 1, k=0, (55)
L(e) Vlla=1)(a—2).(a— k)], k<1,

for integer k£ and complex a.
The two-loop integrals can easily be found with the help of Feynman parametrization in

the cases when m; = my or my =0

o) . (_1)n1+n2+n3+1 (2 =€) ns (1 + nyng—3(1 + g3 (56)
PAN2NS g =g (ny — D (ng — D)(ny +no +n3 — 4+ 2€),,
0(2) (_1)n1+n2+n3+1 (1 + 26)n1+n2+n3*5(1 + 6)n2+n3*3(1 - 6)17n2(1 - 6)17n3 (57)

MRS my=0 (n1 — Dl(ng — 1) (ng — D1 — €)(1 — 3722 + O(e?))
It remains to discuss the case when m; # ms and none of the two masses vanishes. The
starting point is the integral C’S)l, which equals:
1 14+
2(1 — €)(1 — 2¢) [_ 2

2 1
c® = + Zzlnz + (1—22)In*z + 2(1 — 2)Liy (1 — —> + 0(6)] ;
T

€ €
(58)
where x = m3/m? [23]. All the integrals with three positive indices can be derived from the

above result with the help of the following recurrence relations [23]:

C((Z)lﬂ)mns = n1(117x) {[4 —26—ny —na —nz +z(ny —ng)|CE, .

+ e {C((Zi—l)(mﬂ)ns o 07(121)(712-1-1)(713—1)}} ’
07(121)(7124—1)713 — _m {[,r(4 —2e—ny —ny —ng) +ns —n3]CR,

+ [ nma-tns = Comsnmatmen| - (59)
C sy = i {0+ 2)(—4 4 2¢) + 2na + (14 30)n5]CR), ..,

+ 2z [Cﬁ)(nm)(ng—l) - C((Zi—n(nm)na}

+ (I —x)ny [07(121)(712—1)(713“) - O((Zi—l)ng(ng—i—l)]} :
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All the two-loop integrals defined in eq. (53) vanish when either n; or ny is non-positive.
When these two indices are positive but ns is non-positive, they reduce to products of one-
loop tensor integrals. It is sensible to make this reduction only in the case when the two

masses are different and non-vanishing. Then we obtain
n3

0(2) _f} —ni—:Qk . ok x27n2+k+jfe(_1)n1+n2+n3+1(2k,)! y
Tn2ns - ng<o — 2k j (ny — D)!(ng — 1)EN2 — €)g

J

X(2 = €)j4+k(2 = €)—ng—k—j (1 + )ny—k—j—3(1 + )y tnsthj—3- (60)

Otherwise, one can use eqs. (56) and (57), which apply for non-positive ng, too. Equation

(57) gives zero in such a case, but eq. (56) does not.

5.2. The Standard Model side
Let us start with calculating the b — sy function up to two loops. There is no tree-level
contribution to this function in the Standard Model. The four 1PI diagrams arising at one

loop are presented in fig. 4.

Y 7§
u,C,t u, c,t gt o ont
, N
b W+ S b u,c,t S

Figure 4: One-loop 1PI diagrams for b — svy in the SM. The charged would-be Goldstone
boson is denoted by 7*. There is no W*a ¥+ coupling in the background-field gauge.

We calculate the corresponding unrenormalized amputated Green function off shell, in
the background-field version of the 't Hooft-Feynman gauge. The Feynman integrands are
expanded up to the second order in external momenta and m; (neglecting m? though). As
in section 2, we refrain from using unitarity of the CKM matrix here. The result can be
written in the following form:

13

4GEp eP . . . 13
i~ e N ViV + VaVa) o 0VS; + ViV - [V (@)8; 1 + O, (61)
V2 (4m) ot =

where Pp = 1(1+7;), NV =1—en+ e (5m% + 16?), k=7, — In(4m) + In(ME, /pd) and

€

Sk stand for Dirac structures that depend on the incoming b-quark momentum p and on the
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outgoing photon momentum k

Sio = (ke e 0 ), s Wk P P Kps Kk

mb%%u mb%iléa mb}é%u mb’yu,% Mgv%) (62)

;
As we shall see later, explicit results are needed only for the coefficients at the structures Ss,

Sg and SIO‘ We find

(1 _ 23, 145 1 _ 4 7 59 1 _
hy” = T+ Z7€ hy’ = —5c + 57 T 3546 hig =0,
(1) _ 15z3—162%+4z —823—105z2+141z—46
() = 3z_1)1 Inz + 18(z—1)3
—1523 41622 —4x 7.2 8z441152% 15022 +48z —76x3 —645224-8852—290
+e { 6(z—1)7 In®z 4 18(z—1)1 Inz + 108(a—1)3 )
(1) _ —3z*—1523—622+4+202—8 T1la3+78x%2—111x+34 32415234622 —20248 1..2
fs(x) = 18(z—1)3 Inz+ 108(z—1)3 te 36(z—1)7 In®z
—71z* —79x3 416222 —1442+48 52923 —10222+1952—118
+ 108(z—1)3 Inz+ 648(z—1)° ;
(1) _ —32%+2z 5223z 322-2z 1.2 — 5234222 11225z
0 (2) = 6(z_1)° Inz+ 2(i—2)? T € \12(a-1)° In®z 4 12(z—1)3 Inz 4 24(z—1)2 [
(63)

— 2 /M2
where @ = m7 /My, .

Let us now proceed to an evaluation of the first QCD correction to the considered Green

function. The corresponding two-loop diagrams are shown in fig. 5.

Figure 5: Two-loop 1PI diagrams for b — sy in the SM. The wavy lines denote either the
W-boson or the charged would-be Goldstone boson. The external photon can couple at any
of the places marked by small circles.

In analogy to eq. (61), we write the unrenormalized two-loop result as

AGpeg*Pg

V2 (4w

13 13
Nf){<v;5vub+v;;vcb>2h§”sj - Vtthbef”“)Sj} "o
i=1 j=1
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where g is the QCD gauge coupling and N = 1 — 2ex + €?(in? 4 2x?). The two-loop
analogues of the coefficients given in eq. (63) are found to have the following form:

2 _ 272 3740 (2 _ 128 1088 314 12872 (2 _ 20 , 92
h h —ES 2080 o hlo—g—i-ﬁ,

2 - 8le 243 8 T 8le? 243¢ 729 243 7

(2) 1 [ 8x(—452%—342%+53x—10) 4(z*4-64123 —5012%+83x—8)
2 (ZL’) = < 9(z—1) Inz+ 27(z—1)*
8z (723 —69224-61x—14) 1 . 1 4z (4523 +34x2 —532+10) 7. 2
+ 9(z—1)% Liy (1 2) T 3(z—1)7 In

+4(76x574497x4+2622:t3+811x27638:t+88) Inz+ 2(—71924 43582223 3507322 +114922—1802)
81(z—1)5 243(z—1)4 ’

(2)(x) — L [4(2432"+4862°~4192°+1302-8) | . +2(—185:54—3313x3+369x2+905x—368)
8 e 81(z—1)° 243(z—1)7

4(32x* 428323 —13522 —702+64) T - 1 2(—243z* —486x3+41922—1302+8) 1.2
+ SL(z—1)1 Lip(1=2)+ 27(@—1)5 In®

2(3702°+7933x* —137023 — 68312 +238x—8) 2(—3301z* 2071423 +418222+202x+191)
+ = Inx + 1
243(z—1) 729(z—1) ’

(2) _ 1 [2z(3622+x—10) 1123 —16922+1322—28 22(—1523+822—212+10) 1 - 1
10 () c 9(z—1) Inz + 9(z—1) + 9(z—_1)2 Lip (1 -2
z(—3622—x+10) 1,2 —22x%+39623 —377x2+1422—16 3123 -10712246302—112
oSyt InT e+ 9@—1)3 Inz + 5A(z—1)
(65)

The last two elements we need to know on the SM side are the b — s gluon and b — scc
functions up to one loop. They are used to recover one-loop contributions to certain Wilson

coefficients which take part in the two-loop b — sy matching condition.

Figure 6: One-loop 1PI diagrams for b — s gluon in the SM.

Similarly to the b — s case, there is no tree-level contribution to the b — s gluon Green
function in the SM. The one-loop contribution is given by the two diagrams presented in

fig. 6. In analogy to eq. (61), the result can be written as

V2 (4m)? j=1 j=1

where T denotes the SU(3) generator corresponding to the outgoing gluon. The coefficients

AGp gPrT" | 1) . . S e (1) 2
1—= Ne (VusVUb_'_‘/cs‘/Cb)Zuj Sj + ‘/ts‘/ibzvj ([IZ‘)S] + O(E )’ (66)

at the structures S5, Sy and Spg read

1 1 ;
uf) = 442 w) = —F 4§+ fe g =0, (67)
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1 52 _
()(x) _ 52423 | 00 4 z3+15z2+12z—8

U2 = 1 6(z—1)°
+ {25? 22 12, | @ —16{:;(1—310)33 +243 1) 0 4 —5x3+31<35(?vzvj$§0x—88} :

vél)(flf) _ 3::;(;5% 21 g 4 3= 71182571:'39%10 (68)
+e { 3:E$:?;;+2 2z + —5334—}—17:11383(—;5_413324—3633—1—12 Inz+ 19;53—1%%%22_—1?37:5—22} :

U%)( ) = Z(x 13 1nx+4(m pz T € {4(x 03 s In® + 4:(tx+fx 1HI+8(x 1)2 }

Figure 7: Tree-level b — scc¢ diagram on the SM side.

Contrary to the functions considered so far, the b — scé function does acquire a tree-level
contribution in the SM. It is given by the diagram shown in fig. 7. For vanishing external

momenta, it gives®
AGF

V2

LA

Figure 8: One-loop b — sc¢ diagrams on the SM side, which do not vanish in dimensional
regularization when all the light particle masses are set to zero.

—i—=V Ves(VuPL) ® (V' PL). (69)

The non-vanishing one-loop diagrams for the b — sc¢ functions are shown in fig. 8. When
the external momenta are set to zero, we find the following result for the corresponding
amputated Green function:

Z4GF 9
V2 (am)

. 6 39 . . 1
VaVaNO{ (=2 =15 D) (AT & (Pt + (=2 =5+ 0(9) %

€ € 2

8The tensor product symbol I' ® T is used here to denote the tree-level (sT'c)(el’b) amputated Green
function.
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X [V PLT®) @ (W' P T®) — 16(7,PLT) ® (WP T} + O(€?). (70)

The Dirac structure in the last line of the above equation vanishes in four dimensions.
However, there is no way to express it as ex(simpler structure). The coefficient at this
structure will give us the Wilson coefficient of an evanescent operator in the effective theory
[24]. The necessity of recovering this coefficient (as well as keeping O(e) parts of other one-
loop coefficients) is a price we have to pay for regularizing infrared divergences dimensionally.

The above result is the last one we need to know on the SM side. In the next subsection,

we shall study the same Green functions in the effective theory framework.

5.3. The effective theory side

The lagrangian of the effective theory has been given in eq. (1). At present, we need to

include in addition several non-physical operators. We write

4G
Lesr = Locpxoen(u,d, s, c b, e, p, )+TQF{ S V5 Vau(CE PR + CsPy + C5, PR)
Q=u,c
+Z Vi + VEVL)CS 4+ ViV, CHP, } (71)

The operators PZQ and P; entering the effective lagrangian can be divided into three
classes: physical, evanescent (i.e. algebraically vanishing in four dimensions) and EOM-
vanishing (i.e. vanishing by the QCDxQED equations of motion, up to a total derivative).

The physical operators have already been given in eq. (2). However, for the purpose of

the present section, it is convenient to redefine Py so that it contains a sum over all the light

charged fermions f weighted by their electric charges Q¢

2

Py = _%(EL%[)L) > Qs (fA"f) (72)
f

Such a redefinition of Py does not alter its Wilson coefficient at leading order in electroweak

interactions.

As far as the evanescent operators are concerned, only P from the appendix will be

needed in the present section.

The gauge-invariant EOM-vanishing operators can be chosen as
1 o a v a
P31 = ;(SL’}/NT bL)D GHV + P4,
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1
Py = —megLﬁﬁbRa

g
P33 = gngLEEEbb
Py = é [EL }5 o TGS, — GZV§LT“0“”$bL] + P,
Psy5 = % [EL % oo F,, — FWELUWEbL] + Py,
Py = ;(EW%L)@”FW ~ P, (73)

Our sign convention in the covariant derivative acting on a quark field v is
Dyt = (0 + igGaT" + ieQu Ay, ) v. (74)

The EOM-vanishing operators in eq. (73) can be assumed to contain the background
gluon field only, because nothing but their tree-level matrix elements will be needed for the
off-shell matching in the next subsection. However, a systematic off-shell renormalization of
the effective theory requires introducing EOM-vanishing operators that contain the quantum
gluon field as well. The explicit form of such operators is irrelevant here. Nevertheless, one
should not forget that all of them enter into the sums over operators, such as the one in the
last term of eq. (71).

It is not completely trivial to convince oneself that eq. (73) indeed contains all the gauge-
invariant EOM-vanishing operators that we may encounter. One way to do this is to first
write all the AB = —AS = 1 operators of dimension 5 and 6 containing the left-handed
s-quark field only.” The derivatives acting on the s-quark field can be removed by parts.
One can start from writing down the 6 possible operators that contain the chromomagnetic

and electromagnetic field strength tensors or their duals

(§LTaO'MVbR)GZV, (ELTa’yMbL)DVGZV, (ELTG’}/“DV[)L)@ZV, (75)
(§L O'lwbR) F;wa (§L "}/ubL) 81/ F;w; (§L "}/uDybL) FHV‘

Nothing new is obtained from the first two pairs of operators above, when the field strength
tensors are replaced by their duals, because of the Bianchi identity and 0,375 ~ 50(/@5075.
On the other hand, replacing the dual tensors by ordinary ones in the last pair of operators

would break CP combined with b <> s interchange even for m;, = 0 and real CKM angles.

9Here, the dimension of an operator is understood as the sum of dimensions of the fields and derivatives
it contains. Explicit mass factors in the normalization are not counted.
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The remaining operators (apart from the four-fermion ones) must contain covariant
derivatives. Since commutators of the covariant derivatives give field strength tensors, only
one additional operator with three covariant derivatives (e.g. 5,/ D%b;) and one operator
with two covariant derivatives (e.g. 5, D%br) remains. At this point, one has at hand a com-
plete set of 8 gauge-invariant operators (apart from the four-fermion ones). The “magnetic
moment” operators P;, Py and the EOM-vanishing operators Psy, ..., P3g are just certain
linear combinations of them, P, and Py (up to total derivatives).

Since both the u- and c-quarks are treated as massless in the present calculation, the
lagrangian is symmetric under u <« ¢ exchange. This symmetry has already been taken
into account in eq. (71): the same Wilson coefficients Cf occur both in the u-quark and the
c-quark sectors.

The lagrangian (71) is written in terms of bare fields and parameters. In order to express

it in terms of the QCD-renormalized quantities, we replace
1/2 ( Qy
- Zgg7 my — meln 77Z) - qu; ¢7 z - ZC ji» (76)

for the QCD gauge coupling, b-quark mass, quark fields and the Wilson coefficients, respec-
tively. As far as the background gluon field G/(Lb) is concerned, we only need to remember
that gG/(f) does not get renormalized.

After QCD renormalization, the structure of the effective lagrangian is the same as in
eq. (71), but the Wilson coefficients C’ZQ are replaced by some other constants that we denote
here by A?. Below, we shall need

A9 = ZiZc?Zij for j =1,2,4,11,

AY = 2,7,° [Z > CPZa + ( ZO 2351,

A = 2,27 [Z D CPZis + ( ZO 2341,

A9 = szjzjq Zio. (77)

For simplicity, we shall use the M S scheme in the present section. The M.S results for the
Wilson coefficients will be obtained later from the M.S ones by simply setting v — In(4)
to zero, i.e. replacing k by In(M3,/u3).
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In the MS scheme, the renormalization constants read

2 1 23
Zy = 1+ 9—2 (——ﬂ()) +O(gh) with By = — for 5 active flavours,
(47)2%e 3
_ 9 1 ith ~© —
L = —= th =8,
4@26( %> oy g
2
_ 9 (0) " a0 _ 4
Zy = (4m)e ( Yoy ) g") with 7" = 3
2 01 | g 1 L o9 6
Zij = 2 CLJ (47‘(‘)4 CL + CL + _Qalj + O(g ) (78)
Ok

The finite terms a;;" can be different from zero if and only if P; is an evanescent operator
and P; is not. Values of a?f are fixed by requiring that renormalized matrix elements of
evanescent operators vanish in 4 dimensions [24]. This requirement is just an extension of
the M S-scheme definition to situations where evanescent operators are present.

Our off-shell operator basis is chosen in such a manner that as many operators as possible
are EOM-vanishing. This means that no linear combination of the remaining operators is
EOM-vanishing. In such a case, the EOM-vanishing operators do not mix into the remaining
ones, i.e. Z;; = 0 when P; is EOM-vanishing and P; is not. In consequence, we shall need
to know explicitly only the mixing among the physical and evanescent operators.'®

The powers of coupling constants in front of our operators have been chosen in such a
way that terms of order ¢?” in the renormalization constants originate from n-loop diagrams
in the effective theory. As one can see, the sum of powers of gauge coupling constants in
front of a given operator is always equal to “(number of fields in this operator)—4”. In the
original QCD and QED lagrangians, the powers of coupling constants are equal to “(number
of fields)—2". Here, two powers are traded for G that normalizes the effective lagrangian.

The renormalization constants are found by calculating ultraviolet divergent parts of
Feynman diagrams in the effective theory. When doing this, it is essential to clearly separate
ultraviolet and infrared divergences. In order to do so, one can introduce an auxiliary mass
parameter into all the propagator denominators (including the gluon ones), as explained in
ref. [25]. All the renormalization constants in the effective theory up to two loops are known
from the former anomalous dimension computations [7, 8, 9, 14] (although some of them

need to be transformed to the “new” operator basis (2)). Here, we shall need the one-loop

10Getting rid of Zi(34y and Z;(35), which enter eq. (77), is somewhat tricky — see subsection 5.4.
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renormalization constant matrix a'! for { Py, P, Py, Pr, Py, Py, Py1} only. It reads

16 b

[ % * % 0 0 —5 =
2 4
602 0 0 -% 1
00 0 0 £ 0
a'=1000 ¥-5 0 0 0], (79)
000 % % 0 0
000 0 0 —F 0
L0000 0 0 0 x|

where stars denote non-vanishing entries that are irrelevant for us.

In addition, for the two-loop matching of photonic penguins in the charm sector, we shall

need 12 _ 116 22 01
A7 = g1 > azz =0, Ay = 0, (80)
ql2 — 176 q22 — 148 Ol 64
29 T 243> 29 7 81> (19 — 27-

At this point, we are ready to calculate all the necessary 1PI Green functions on the
effective theory side. This turns out to be very simple, because all the particles in the ef-
fective theory are massless in our approach.!! Consequently, all the loop diagrams vanish
in dimensional regularization, because of the cancellation between ultraviolet and infrared
divergences. In effect, we need to know only the tree-level matrix element of the effective
lagrangian. The ultraviolet counterterms present in this matrix element reproduce precisely
the infrared divergences in the effective theory, which have to be equal to the infrared diver-
gences on the SM side. As we shall see, all the 1/e" poles will indeed cancel in the matching
condition.

External gluons in the Green functions considered on the Standard Model side have been
the background ones. Therefore, we can maintain only the background gluon field in L.,
since only tree-level diagrams are non-vanishing on the effective theory side. This is why we
could omit EOM-vanishing operators proportional to quantum gluons in our operator basis,
even though the calculation is performed off-shell.

We now write down the effective theory counterparts of the Green functions considered
in subsection 5.2. Their structure follows directly from tree-level Feynman rules for the

operators given in egs. (2) and (73).

' Remember that the b-quark mass is formally treated here as a perturbative interaction with an external
scalar field, and we include only terms that are linear in this interaction.
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The b — sv function reads (cf. eq. (61))

4GF GPR
’l/ [
V2 g?

with the coefficients at the structures Ss, Sg and Sy given by

12 12
ViV + VEV) Y hiS; + ViV Y. fjsj} (81)

J=1 J=1

iLz = —4A§5> ils = 2A§5 - AZC%G? illO = A? + A§5> (82)
fo = —4AL, fs = 2AL — AL, fio = AL+ Al
to all orders in QCD. Similarly, for b — s gluon we get
AGp PrT® 2 S
ZTQF K {(V:SVub + ViVa) Y u;S; + ViV > 9;S; (83)
g j=1 j=1
with
Uy = —4A§4, us = 2A§4 - A§1> Uy = Ag + A§4, (84)
by = —4AL,, vy = 244, — AL, vy = Ag+ A%,

In both the b — sy and b — s gluon cases, the coefficients at other structures depend on
A%, and A%, too. In each of these two cases, coefficients at 12 independent Dirac structures
S; are given by linear combinations of only 6 independent quantities. It is just a consequence
of QCDxQED gauge invariance of our effective lagrangian. Therefore, the coefficients at the
structures .S, must satisfy 12 — 6 = 6 linear constraints. This must be the case also for the
SM Green functions, because they must match the effective theory ones. Checking these
constraints on the SM side has been an important cross-check in our calculation.

The last function we have to consider on the effective theory side is the b — scc one. It

takes the form

4G * C a a C
ZTQFVcchb{Al(wPLT ) ® (Y PLT) + AS(v.Pp) ® (7#Pr)
+ AL [, PLT®) @ (V9" PLT®) — 16(y, PLT®) ® (4*PLT)]}

+ [terms proportional to (A4S + A9)]. (85)

5.4. The matching

The Wilson coefficients can be perturbatively expanded as in eq. (3). We shall first recover
the Wilson coefficients at all the EOM-non-vanishing operators up to one loop. Then, two-

loop contributions to the coefficients at P; and Py will be found.
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A careful reader might be surprised that we start the matching without having considered
diagrams with UV counterterms on the SM side. Apart from the electroweak counterterm
proportional to 50b, we should include QCD renormalization of the quark wave functions
and masses.

The electroweak counterterm proportional to 5/b is taken in the MOM scheme, at ¢* =
0 for the 54b term, and at vanishing external momenta for the terms containing gauge
bosons. It is achieved by an appropriate flavour-off-diagonal renormalization of the quark
wave functions. The only effect of such a renormalization in the present case is that the
coefficients at the structure Si3 in egs. (61), (64) and (66) are completely renormalized away.
This is welcome, because the structure S;3 was absent from the effective theory counterparts
of these equations (egs. (81) and (83)).

As far as the QCD renormalization of the quark wave functions in internal lines and in
vertices is concerned, it combines to an overall factor, which could be obtained by renor-
malizing only those terms in the vertices that correspond to external fields in a given Green
function. However, one-loop external quark field renormalization is the same on the full and
effective theory sides. Consequently, we can omit counterterms with 7, on the SM side and
simultaneously set Z, to unity on the effective theory side.

The same refers to the renormalization of the b-quark mass, since my is actually treated
as an external scalar field. We omit the corresponding counterterms on the full theory side
and simultaneously set Z,, to unity on the effective theory side. This is how we get rid of
terms proportional to (Z,, — 1) in eq. (77).

As far as the renormalization of the QCD gauge coupling is concerned, no such counter-
terms occur on the full theory side in our particular calculation. On the effective theory side,
we maintain all the necessary factors of Z,.

The last relevant quantity that acquires QCD renormalization on the full theory side is
the top quark mass. However, contributions from the corresponding counterterm diagrams
can be obtained by differentiating lower order results with respect to m; (see below).

Let us first match the b — scc Green function up to one loop. The first thing to notice
is that terms proportional to A3Ql + A4Q in the last line of eq. (85) are not important at the
considered order, because

A = —AS + O(gY). (86)
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The reason for this relation is that the b — sdd 1PI Green function acquires its leading
contribution only at two loops in the SM. Lower-order tree-level contributions to this function
must vanish in the effective theory, which implies the above relation.

Similarly, from the fact that the b — seTe™ 1PI function vanishes at one loop, we find
AF = +A% +O(gY), (87)

so long as the W-boson boxes and Z-boson penguins are not taken into account on the SM
side (as we have assumed at the very beginning of this section).

Returning to the b — scé function, we compare egs. (69), (70) and (85), and immediately

find

2
¢ _ 9 (1)(_§_ _§> 1
Al (47T)2N€ € 15 9 €] + O(g ) € )7
2
c _ 9 q_ _1 _ §) 4
A = el (L —3) + 0le'a), (55)

which implies that (cf. egs. (77)—(79) with Z,, set to unity)

;¥ = o, o5 = -1, o =0, (89)
and
. 6 30N 1.
i = NO (—— — 15— —e) — - ay + O )
€ 2 €
= —15+ 6k + 6(——+15/€—3/€2——7T2) + O(€), (90)
csV = o, (91)
c(1 1 3 1 c(0
Cé ) = (1 —er) <_E - 5) . 2( )aé%n) + O(e)
3
= —5 5+ 0. (92)

Indeed, all the 1/€ poles have cancelled in the final results for the one-loop Wilson coefficients.
The coefficient C§ is the only one that acquires a tree-level contribution in our calculation.
For all the other coefficients considered below, we have CZQ © — o,

Let us now turn to the b — s gluon matching. Comparing eqs. (66)'? and (83), and

12Without Sis, since it has been renormalized away by the electroweak counterterm mentioned in the
beginning of this subsection.
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solving the trivial set of linear equations {(84),(86)}, one finds

2
¢ g 1 2 <1> 4 2
A — N (
4 (471')2 € 2 + usg +O(g ) € )7
A = g° (1 —er) (1 M+t >+(’)(g ), (93)
8 (47)2 4 10

which implies that (cf. eqs. (77)—(79))

C 1 C
i = NO (508 + o) - Zalics + 0(@)
72 7T 1, 1, ,
= 973 <54 9" 3" 187T>+O(6 )

c 1
C’S(l) = (1—er) (Zug) + u%ﬁ) + O(%)

= % +e (1; %/{) + O(é%). (94)

Similarly,
1
Y = (a0 (2 @)+ ) + 0@

AP = (- (P8 + o) @) + O (95)

Finally, we perform the b — sy matching. Comparing egs. (61), (64) and (81), and solving
the trivial set of linear equations {(82),(87)}, one finds

AS = (49;)2 (1~ en) (%hg”+h§9)+0(e2)]
g Lo o 6
+ iy (120 (ZhQ +h10> +(’)(e)} + O,
AC — 92 —N(l) _lh(l)_h(l) O 2
9_(47r)2_6<22 8>+ (6)]
i
© o e (-1 — ) + 0(0)] + 0(4"), (96)

which implies that (cf. egs. (77)—(80) with Z, and Z,, set to unity)

c 1
G = (1= en) (50 + b)) + O(e)

23 145 23 )
(31 ~ 367) + 0.

36
() _ o (Lo o) Lo 2
Cg = Ne _§h2 — h8 — E 290 + O(E )
38 4 247 38 2 1
= —— —= o — — O(e 97
o7 9/<;—|—6< 162+27R+9R —|—277r)+ (€), (97)
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and

. 1 1 . .
o = (1- 2¢k) (Zh?) + h%)> € [Qé?CQ(O) + (az7 + ) C7 W
112 107\ 116
= (1-2h) (= —55) —a-(—1
(1= 2ex) <81e 243> TP
16<23+1456 236>+16<1+116 €>+O()
(= — —K —\3 T =g — 3K
3¢ \36 ' 216 36 9 \3 18 3 ‘
713 4
N R )
213 T e T O
c(2 ]‘ 2 2 1 0
e :]ﬁmcg%)—%v—?—@w+%&) s
1 c c c ¢
— [aB05 + albei + a5 — o Ci + 0()
2 128 1496 5924 128
= |1-2er+ & —+2 ( 243 2)
[ e <6 - K)] 1 213 T 720 Tam”

128 776 16
S 1
+8162( ) 2436( )+ 5me 27¢

16 [7_+ 2, (77 701, 1 2>]
“K+tel——=-k— K" ——m

“97¢ 19 "3 54 9" 3" T3

52416 128 , 128 ,

= k4 — o
70~ 3R T o™ OO

Again, all the 1/€" poles have cancelled in the final results.

Similarly, in the top sector we find

Y = (=) [0 + @) + o),

1
" = (- [5480@ - @) + o),
£(2) L) @) 1 0,9
AP = (=200 [ 0@) + 1 @) - DO
1 1 0
C? = (1=2em) |5 /7 (2) = [ (a) —g%?x—axc;“’

1
€

39
[ w+ﬁm+eC—§+HM—3ﬁ

+aiCeV] + 0(e)

(98)

1)

2_471 (—g + Ii) + O(e)
(99)
Wwﬂm@” at V] + OCe),

—afyCi + O(e).

(100)

Here, the x-derivative terms stand for contributions from the top-quark mass renormaliza-

tion on the full theory side. Instead of including these terms, we could just calculate the

corresponding one-loop SM diagrams with counterterm insertions. However, derivatives give

us the same results much faster.

It is easy to verify that all the 1/e poles indeed cancel in C’;(

2 and 05(2)

As usual,

the O(e) parts of the one-loop Wilson coefficients have affected the results of the two-loop
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matching.

The results for C5©, c¢®, s @D QW QW 0L ang 2 obtained in the
present section have already been summarized in section 2, after passing to the M .S scheme,
i.e. replacing x by In(M3,/u2). All the other matching conditions summarized there have
been found in an analogous manner. In the two-loop Z-penguin contributions to C’g and
C’l%, the effect of renormalizing the Db term on the SM side was less trivial than in this
section. In the two-loop matching for P{ and Py, some care was required at renormalizing
the top-quark loop contributions in the MOM scheme. In addition, scalar integrals with
three non-vanishing masses were necessary [23]. Nevertheless, the basic algorithm remained

the same as in the P; and Py cases, which we have described in detail here.

Summary

We have evaluated two-loop matching conditions for all the operators relevant to
B — X"l in the SM. Details of this calculation have been presented only for the operator
P> and for the photonic penguin contribution to the operator P,. As far as the remaining
matching conditions are concerned, only the final results have been given. However, the
method of the calculation was very similar in all the considered cases.

Our results allowed to remove an important (~ +16%) uncertainty due to the matching
scale po from the prediction for BR[B — X I*17] for low invariant mass of the emitted
lepton pair (s € [0.05,0.25]). The obtained Standard Model prediction for the branching
ratio integrated over this domain is 1.46 x 107%. This result would change to 2.92 x 1079 if the
Wilson coefficient C’?f f (1p) had an opposite sign, as it might happen in certain extensions
of the SM.

There remains a sizeable (~ +13%) perturbative uncertainty in the above SM result,
which is due to the unknown two-loop matrix elements of the four-quark operators. Calcu-
lable non-perturbative effects which have been included in our result are smaller than this
uncertainty. Estimates of other non-perturbative effects suggest that they are not larger.
Therefore, the next step in improving the accuracy of the theoretical prediction should be
a calculation of the two-loop matrix elements of the four-fermion operators and one-loop

matrix elements of the “magnetic moment” ones.
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Appendix
Here, we give the eight evanescent operators that were used in evaluating the anomalous
dimension matrices given in section 3. Their explicit form defines what the M.S scheme

means in the effective theory. As before, the symbol () stands either for u or for c.

PR = (51%u % msTQr)(Qry" 24" T%,) — 16 P,
PSS = (509 %Y Qr)(Qry" 172 73b,) — 16 P,

Pis = (S1%u Yo Vs Vs YusbL) D (@7 A28 yH4q#5 q) — 20 P5 + 64.P3,
q

Pis = (S1%um Yo Yus Vs Vs L701) D (@ 4243444 T%q) — 20P + 64 Py,
q

PS8 = (Y Yo Vs Vs Vs TOQL) (Q Ly 2 mbayHanbs Tah ) — 20 P — 256 P2, (101)
P3 = (51%u Y Vs Vs Vs TQL) Q™ A2 3y in#5b ) — 20 P — 256 Py,

Pos = (L% Viuo Vaus Viua Yous Yyus Yur OL) D (@1 A28 yaqto o7 ) — 336 Ps + 1280Ps,
q

Pos = (501 Vo Vs Via Vs Yo Yo TO0L) D (@it 2 3 ytantoqkonimTeq) — 336 Py + 1280 P

q
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