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1. Introduction.

While the matter of consistent interactions of massive higher spin fields with gravity has
been fairly well studied in the context of field theory [1], less is known in the case of
string theory. Although for the latter, one may argue that strings must a priori present
a consistent theory of gravity, it is nevertheless instructive to examine the nature of such
interactions and to determine in particular how strings achieve such a consistency.

The simplest recipe for coupling massive fields to gravity (the “minimal coupling”) is
inherently ambiguous. Indeed, by replacing ordinary derivatives with covariant derivatives
one is still free to add to the action terms that vanish on flat space; the commutator of two
covariant derivatives, for instance. In Ref. [2] a prescription was given for fixing some of
the ambiguities. There, by imposing tree-level unitarity up to the Planck scale on forward
“Compton” scattering amplitudes of a single massive high-spin field, many coefficients
in its action were fixed unambiguously. In particular, it was shown that starting from
spin-3/2, tree-level unitarity requires the presence of terms proportional to the Riemann
tensor in the three-point vertex describing single-graviton emission and absorption by the
fermions.

Tree level unitarity is really the statement that an interacting theory is weakly coupled
up to a certain energy scale, MPlanck or (α′)−1/2, for instance. The recipe of Ref. [2]
is not immediately applicable to string theory. The spectrum of string theory, indeed,
contains many particles of ever-increasing spin, some of which degenerate in mass. Thus,
for instance, tree-level unitarity of a massive high-spin particle is achieved in string theory
in part because of the three-point vertex, but also because an infinite number of particles of
ever-increasing mass and spin propagate as intermediate states. To find which one-graviton
vertex is selected by string theory, one must therefore resort to direct calculation.

The computation of the three-point vertex involving one graviton and two spin-7/2
fermions in superstring theory is described in Section 2, which also exhibits the effec-
tive action reproducing the string amplitudes. Section 3 focuses on the “gravitational
quadrupole” term, that is the three-point vertex proportional to the Riemann tensor. In
Section 3 we compare the results obtained from superstring theory with the predictions of
tree-level unitarity. Section 4 extends the computation of the three-point vertex and effec-
tive action to states of arbitrary spin, and contains some comments on the implications of
our results for tree-level unitarity in strings.
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2. Massive three-point functions.

We begin by examining the simplest massive string interactions of the Type II string,
namely three point functions at the first mass level. In this case, the (ten-dimensional)
closed superstring states fall into the SO(9) spin representations1 [44+84+128]L×[44+84+
128]R. Correspondingly, in four dimensions, such states carry spins up to four. Focusing
on spacetime fermions (i.e. the R-NS sector), we now describe the vertex operator for
emission or absorption of states in the 128 × 44 of SO(9) and in the (q, q) = (−1

2 ,−1)
ghost picture.

Massive vertex operators have been discussed previously in [3]. Working in the R-NS
sector, the vertex operator may be written as

V
(− 1

2 ,−1)

F (z, z) = uαµνρ(X)Sαe
−φ2 ∂Xµe−φψ

ν
∂Xρ + υα̇µνρ(X)(γλ)βα̇ψ

µψλSβe
−φ2 e−φψ

ν
∂Xρ.

(1)

In this expression Sα and e−
φ
2 represent the spin fields for the two-dimensional fermions ψµ

and the superconformal ghosts β, γ respectively. The wavefunctions u and v are now con-

strained by demanding that V
(− 1

2 ,−1)

F (z, z) is BRST invariant, i.e. that [Q, V
(− 1

2 ,−1)

F (z, z)]

and similarly [Q, V
(− 1

2 ,−1)
F (z, z)] vanish up to a total derivative. The BRST charge for the

Type II string theory is given by

Q =

∫
dzc(z)(−

1

2
ηµν∂Xµ∂Xν −

1

2
ηµνψµ∂ψν −

3

2
β∂γ −

1

2
∂βγ)(z)

+

∫
dz(bc∂c+

1

2
γηµνψµ∂Xν −

1

4
bγ2)(z),

(2)

and a similar expression for Q. We find that [Q, V
(− 1

2 ,−1)
F (z, z)] = ∂(c(z)V

(− 1
2 ,−1)

F (z, z))

and [Q, V
(− 1

2 ,−1)

F (z, z)] = ∂(c(z)V
(− 1

2 ,−1)

F (z, z)) when the wavefunctions u and υ satisfy:

(γλ)β̇β∂λυ
α̇
µνρ(X)δα̇β̇ +

√
2

(D − 2)
uαµνρ(X)δαβ = 0, ∂µuαµνρ(X) = 0,

(γλ)αβ̇∂λu
α
µνρ(X) + (D − 2)υα̇µνρ(X)δα̇β̇ = 0, (γµ)βα̇υ

α̇
µνρ(X) = 0,

(γµ)αβ̇u
α
µνρ(X)− (D − 2)∂µυα̇µνρ(X)δα̇β̇ = 0, ∂νuαµνρ(X) = ∂νυα̇µνρ(X) = 0,

(3)

where D = 10 is the space-time dimension. Conformal invariance thus provides equa-
tions of motion and gauge conditions for the wavefunctions uαµνρ(X) and υα̇µνρ(X). These

1 Both IIA and IIB theories have identical massive spectra; their interactions, however,
are in general distinct.
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constraints can be written in a compact form if we combine u and υ into a Dirac spinor
ψ =

(
u

(D−2)υ

)
:

γλ∂λψµνρ(X) +
√

2ψµνρ(X) = 0,

γµψµνρ(X) = ∂µψµνρ(X) = ∂νψµνρ(X) = ∂ρψµνρ(X) = 0.
(4)

We observe that ψµνρ(X) obeys a massive Dirac equation and a set of gauge conditions. In
order to extract the couplings of massive spin-7/2 particles to gravity we need to calculate
the three point scattering amplitude of two spin-7/2 fermions and a graviton. To satisfy
the superconformal ghost charge condition we consider the graviton vertex operator in the
(q, q) = (−1, 0) picture

V
(−1,0)
G (z, z) = hµν(X)ψµe−φ∂Xν + ∂λhµν(X)ψµe−φψ

λ
ψ
ν
, (5)

where the graviton wavefunction obeys hµν(X) = ∂µh
µν(X) = 0. We proceed now to

calculate 〈V
(− 1

2 ,−1)
F (z1, z1)V

(−1,0)
G (z2, z2)V

(− 1
2 ,−1)

F (z3, z3)〉.

To calculate superstring three point functions involving spin fields we use the tech-
niques developed in [4]. In particular, we note that three point functions always factorize
into a product of a holomorphic and an antiholomorphic piece. We recall that the closed
string graviton vertex operator, (5), is simply a product of separate left- and right-moving
gauge boson vertices. Starting with the holomorphic Ramond sector, we now calculate
the three point function of two massive fermions with a gauge boson. Dynamical issues of
massive string states in open string theory were discussed in [5].

The vertex operators which describe massive spin-3/2 fermions and massless gauge
bosons in the q = −1

2 and q = −1 ghost pictures respectively are given by

V
(− 1

2 )
F (z, z) = uαµ(X)Sαe

−φ2 ∂Xµ+υα̇µ (X)(γλ)βα̇ψ
µψλSβe

−φ2 , V
(−1)
B (z, z) = Aµ(X)ψµe−φ.

(6)
Conformal invariance implies that Aµ and ψ =

(
u

(D−2)υ

)
satisfy

γλ∂λψµ(X) +
√

2ψµ(X) = 0, γµψµ(X) = ∂µψµ(X) = 0, Aµ(X) = ∂µA
µ(X) = 0.

(7)
The gauge conditions γ · ψ = ∂ · ψ = 0 eliminate the spin-1/2 components and thus the
vector-spinor wavefunction ψαµ describes a pure spin-3/2 massive open string state.

Taking into account momentum conservation and the conditions that different polar-
izations obey, we find

AγFF (ψ1µ, k1;A2σ, k2;ψ3µ, k3) =
1
√

2

[
ψ1µγ

σA2σψ
µ
3 − ψ1µγ

σA2σγ+ψ3νk
µ
2 k

ν
2

]
+i
[
ψ1µγ+ψ

ν
3 − ψ1µγ−ψ

ν
3

]
kµ2A

ν
2 ,

(8)
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where γ+(γ−) projects the Dirac spinor ψ onto its positive (negative) chirality components
(in the ten-dimensional sense).

While this is meant to be viewed as the holomorphic component of the closed string
amplitude, it also has the interpretation as an open string calculation of a single photon
emission from a spin-3/2 particle. To this linear order in the gauge field, the corresponding
effective field theoretic Lagrangian reproducing the three point function (8) is given by

L(3/2) = −
i

2
ψµ(γλDλ +m)ψµ −

1

2m
ψµF

µνψν +
1

m2
ψµ∂

µFνλγ
λγ+ψ

ν + · · · , (9)

where m =
√

2 and Dµ = ∂µ + iAµ. The · · · represent both terms that possibly vanish on-
shell and terms which are necessary to implement the physical state constraints (including
the introduction of non-physical degrees of freedom). In the present letter we are mainly
interested only in the form of the interaction between massive higher-spin string states
and external gravitational or electromagnetic fields and not in the details of the additional
terms necessary for the consistency of the effective Lagrangian2.

Completing the spin-7/2 calculation, we now examine the antiholomorphic sector,
corresponding to gauge boson emission from a massive spin-2 boson. The calculation is
straightforward, especially for the NS sector in the covariant formalism. The corresponding
vertex operators in the ghost picture q = 0 and q = −1 read

V
(0)
B (z, z) = Aµ(X)∂Xµ, V

(−1)
B (z, z) = φµν(X)e−φψ

µ
∂Xν , (10)

while the resulting amplitude is given by

AγBB(φ1µν , k1;A2σ, k2;φ3µν , k3) = φ1µνφ3λσ

[
ηµληνσA2 · k3 + 4ηµλk

[ν
2 A

σ]
2

− ηµλkν2k
σ
2A2 · k3 − 2kµ2 k

λ
2 k

[ν
2 A

σ]
2

]
,

(11)

with corresponding (open string) effective Lagrangian

L(2) = −1
2DρφµνD

ρφµν − 1
2m

2φµνφ
µν + 2iφµνF

νσφµσ

−
2i

m2
(φµν∂

νFρσ∂
ρφµσ − φµν∂

µ∂λFνσφ
σ
λ).

(12)

2 See e.g. [6] for a discussion about the need to introduce non-physical degrees of freedom
for higher spin string states.
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The three point function for the closed string states, AhFF , follows by combining
the holomorphic and antiholomorphic three point functions for the open string states,
Eqns. (8), and (11). We find

AhFF (ψ1µνλ, k1; hµν , k2;ψ3µνλ, k3) = Aγ(left)
FF ×Aγ(right)

BB

=ψ1µνλγ
σψµνλ3 hσρk

ρ
3 + 2ψ1µνλγ

σψµνρ3 (hρσk
λ
2 − h

λ
σk2ρ) + i

√
2(ψ1µνλγ+ψ3σ

νλ

− ψ1σνλγ−ψ3µ
νλ)hµρkσ2 k3ρ + 2i

√
2(ψ1µνλγ+ψ3σ

νρ − ψ1σνλγ−ψ3µ
νρ)(hµρk

σ
2 k

λ
2 − h

µλkσ2 k2ρ)

− ψ1µνλγ
σ(1 + γ+)ψ3ρ

νλhσδk
δ
3k
µ
2 k

ρ
2 − ψ1µνλγ

σ(1 + 2γ+)ψµρδ3 (hσδk
ν
2k2ρk

λ
2 − hσ

λkν2k2ρk2δ)

− i
√

2(ψ1µνλγ+ψ3σ
νρ − ψ1σνλγ−ψ3µ

νρ)hµδkσ2 k3δk
λ
2 k2ρ

− i
√

2(ψ1µνλγ+ψ3σρδ − ψ1σνλγ−ψ3µρδ)(h
µδkσ2 k

ν
2k

λ
2k

ρ
2 − h

µλkσ2 k
ν
2k

δ
2k
ρ
2)

+ ψ1µνλγ
σγ+ψ3ρ

νδhσεk
ε
3k
µ
2 k

λ
2k2δk

ρ
2 + ψ1µνλγ

σγ+ψ3ρδε(hσ
εkν2k

µ
2 k

λ
2k

δ
2k
ρ
2 − hσ

λkν2k
µ
2 k

ε
2k
δ
2k
ρ
2).

(13)
As a result the effective Lagrangian that reproduces this particular three point function
contains terms up to five derivatives. Up to terms that vanish on-shell (but that are
nevertheless crucial for the consistency of such a massive higher-spin Lagrangian), we find

Leff =
√
−g[

1

2
ψµνλ(γρ∇ρ +m)ψµνλ −

1

m
ψµνλ(Rµανβ −

1

8
Rµαρσγρση

νβ)ψαβ
λ

−
1

m2
(ψµνλR

σ(µα)ργσ(1 + γ+)∂ρψα
νλ − ψµνλ∂

(µRα)σνβγσ(1 + 2γ+)ψαβ
λ)

−
1

m3
(ψµνλ∂

(νRβ)σµα∂σψαβ
λ + ψµνλ∂

µ∂αRνβλγψαβγ)

−
2

m4
(ψµνλ∂

µ∂αRσ(βν)δγσγ+∂δψαβ
λ − ψµνλ∂

ν∂δ∂(λRγ)σµργσγ+ψρδγ)].

(14)
Several points are in order here. First of all, working with the three point function, we
only obtain information up to linearized order in the graviton, hµν . For this reason, at
this order there is no distinction between bare and covariant derivatives of the Riemann
tensor that appear in (14). Secondly, this effective Lagrangian is by no means unique, as
we are always allowed to shift it by terms vanishing on-shell. In particular, we note that
the γ-transverse condition γ · ψ = 0 allows use of the on-shell identity

ψµνλR
µαρσγρση

νβψαβ
λ = 2ψµνλR

µανβψαβ
λ − ψµνλR

µαρσγρσ
νβψαβ

λ, (15)

indicating that even the leading two-derivative term is by no means unique. Furthermore,
note that the presence of the ten-dimensional chirality projection γ+ for spacetime fermions
indicates that, even while massive, such states maintain chiral interactions with gravity.
It is at this point where the difference between massive IIA and IIB string states shows
up. The complete Type II spectrum includes in fact a pair of spin-7/2 states at the first
mass level, one each from the R-NS and the NS-R sectors. In our conventions, Eqn. (14)
corresponds to the state from the R-NS sector, while a similar equation with either γ−
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or γ+ would describe the state from the NS-R sector for the Type IIA or IIB theory
respectively.

Finally, the effective gravitational interactions of string states at higher mass levels
have correspondingly higher derivative couplings. Physically, this corresponds to the intu-
itive notion that highly excited strings are spread out, and hence feel tidal effects arising
from the curvature of spacetime. This departure from the minimal coupling prescription
leads to violation of the strong equivalence principle [7]. This is just a fact of life; in rel-
ativistic quantum field theory particles have an intrinsic size: their Compton wavelength.
This makes them behave in some respect as extended objects, sensitive to tidal forces.

3. Non-minimal coupling and the gravitational quadrupole.

Non-minimal couplings to the Riemann tensor were discussed in Ref. [2] in the context
of point particle field theory, where it was shown that tree-level unitarity for particles of
spin > 2 demands the presence of just such a non-minimal term. The authors of [2] give
a general expression for the required non-minimal addition to the action for both integer
and half-integer spins. For the former, the on-shell Lagrangian (also ignoring auxiliary
fields)3 for a boson of spin s takes the form

L = 1
2φ

(s)(∇µ∇
µ −m2)φ(s) +

s(s− 1)

2
φ(s)
µν...R

µανβφ
(s)
αβ

... + · · · . (16)

The resulting equation of motion for φ(s) may then be expressed as

(∇µ∇
µ −m2)φ(s) + [Rµνλσ

1
2Σµν 1

2Σλσ]φ(s) + · · · = 0, (17)

where · · · indicate terms vanishing on-shell, and Σµν are the Lorentz generators in the
spin-s representation,

(Σµν){α}
{β} = 2sδ[µ

[α1
ην][β1δ

β2...βs]
α2...αs]

, (18)

where all symbols are antisymmetric with weight one.

On the other hand, for spin-(n + 1
2) fermions in four dimensions, the non-minimal

Lagrangian is

L = ψ
(n)

(γµ∇µ −m)ψ(n) +
n(n− 1)

2m
ψ

(n)

µν...R
+µανβψ

(n)
αβ

... + · · · (19)

3 See e.g. [8] for an explicit form of the massive higher spin Lagrangian.
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(again only up to terms vanishing on-shell). Here R+
µνλσ = Rµνλσ + 1

2Rµναβγ
αβ
λσ is a

feature of the four-dimensional theory. Taking the first order equation of motion from (19)
and multiplying by (γµ∇µ +m), we obtain the second order equation

(∇µ∇
µ −m2)ψ(n) + [Rµνλσ

1
2Σµν 1

2Σλσ]ψ(n) + · · · = 0, (20)

where this time

(Σµν){α}
{β} = 1

2γ
µνδ

[β1...βn]
[α1...αn] + 2nδ[µ

[α1
ην][β1δ

β2...βn]
α2...αn] (21)

is the Lorentz generator in the spin-(n+ 1
2 ) representation.

We now see from (17) and (20) that both integer and half-integer spin fields have
identical forms for the preferred non-minimal coupling resulting from tree-level unitar-
ity concerns. Furthermore, since the Riemann coupling has the form of a gravitational
quadrupole moment, these results of Ref. [2] are suggestive of a gravitational version of
the corresponding statement of “g=2” as a natural value for the gyromagnetic ratio for
electromagnetic couplings [9].

The above discussion suggests the definition of a gravitational quadrupole “h-factor”
that may be determined from the equations of motion according to

(∇µ∇
µ −m2)ϕ+ h[Rµνλσ

1
2Σµν 1

2Σλσ]ϕ+ · · · = 0. (22)

While the h-factor may equally well be defined in terms of the non-minimal coupling of
ϕ to the Riemann tensor in the Lagrangian, such a definition is complicated by the fact
that there is an inherent ambiguity in the minimal coupling prescription itself (which is
not present for the equations of motion). Using this definition, the results of Ref. [2] may
be concisely summarized by the statement that h = 1 is the preferred value of the h-factor
based on the above field theory considerations.

Turning to the spin-7/2 Lagrangian, (14), it is clear that it cannot be written in the
“preferred” form of (19), even through the use of the on-shell manipulation (15)4. As a
result this provides evidence that h 6= 1 for massive string states in general. In order to
determine the spin-7/2 h-factor, we first make use of (15) and work in four dimensions to
note that the second order equation of motion arising from (14) has the form

(∇ρ∇
ρ −m2)ψµνλ + 3(Rµανβ + 1

2R
µαρσγρση

νβ)ψαβ
λ + · · · = 0. (23)

On the other hand, for spin 7/2, (22) gives instead

(∇ρ∇
ρ −m2)ψµνλ + 6h(Rµανβ + 1

4R
µαρσγρση

νβ)ψαβ
λ + · · · = 0, (24)

4 The factor of 1
2 arises in (14) because there ψµνλ is a Majorana spinor, while in (19)

ψ(n) is a Dirac spinor.
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which clearly has a different Lorentz structure. What this indicates is that, even when
restricted to on-shell interactions, there are in fact two possible distinct Lorentz-invariant
and parity conserving interactions that may be written in terms of the Riemann coupling.
Thus a single “h-factor” is insufficient, and in fact two parameters are necessary to fully
characterize this lowest order non-minimal interaction.

On the other hand, working in the Newtonian limit, we find that both Rµανβψαβ... and
(Rµαρσγρση

νβ)ψαβ... reduce to the same form, related to the (non-relativistic) quadrupole
moment Qij . In particular, in four dimensions, the components of the Riemann tensor are
given in terms of the Newtonian potential φ as

R0i0j = ∂i∂jφ,

Rijkl = δik∂j∂lφ+ δjl∂i∂kφ− δil∂j∂kφ− δjk∂i∂lφ.
(25)

Furthermore, non-relativistically, the transverse and γ-transverse conditions on ψµν... give
both ψ0... = O(p/M)ψi... � 1 and γiψi... � 1. Thus we find

Rµανβψαβ... → Rikjlψ
kl... = −2∂(i∂

kφψj)
k... + δij∂k∂lφψ

kl..., (26)

where the last term, having a trace form, does not contribute diagonally to the leading
spin-7/2 quadrupole interaction, but instead gives an off-diagonal interaction between spins
7/2 and 3/2. For the other possibility, we find instead

(Rµαρσγρση
νβ)ψαβ... → Riklmγ

lmψk... = −4∂i∂kφψ
k... + 2γi(∂k∂lφγ

kψl...). (27)

This time the last term (having a γ-trace form) corresponds to an off-diagonal interaction
between spins 7/2 and 5/2.

With the above in mind, in practice we define the “h-factor” of (22) only in the New-
tonian limit (in other words focusing on angular momentum and not Lorentz generators).
As a result, the diagonal spin-7/2 equation of motion, (23), reduces to

(∇ρ∇
ρ −m2)ψijk − 6∂(i∂lφψl

jk) + · · · = 0, (28)

where · · · now also include off-diagonal interactions with lower-spin states (that are always
present and fall on the sub-leading Regge trajectories). Contrasting this with

(∇ρ∇
ρ −m2)ψijk − 9h∂(i∂lφψl

jk) + · · · = 0, (29)

which follows from (24), finally allows us to determine that h = 2/3 for this particular
massive spin-7/2 string state.

At this point we must clarify an apparent paradox. The non-relativistic formula for
the quadrupole moment is, in space-time dimension D:

Qij =

∫
dD−1x

[
(D − 1)xixj − δijx2

]
T 00, i, j = 1, .., D− 1. (30)

9
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The action of particles of spin s > 1/2 can have a non-minimal coupling proportional to
the Einstein tensor:

∆S =

∫
dDxBµνGµν , (31)

where Bµν is a bilinear in the spin-s field. To linear order in the gravitational field, this
induces the following change in the stress energy tensor:

T 00 = ∂i∂jB
ij + · · · , T ii = (3−D)∂i∂jB

ij + · · · . (32)

Here · · · stands for terms that do not contribute to the gravitational quadrupole. Sub-
stituting this equation into formula (30) we obtain a non-zero change of the quadrupole,
induced by terms that vanish on the Einstein shell!5 The solution to this paradox is that
equation (30) is a good definition of the quadrupole only for non-relativistic matter. In
more general cases this definition is wrong, even in the Newtonian limit. The correct
definition is obtained by computing the energy of the particle in a static, slowly-varying
external Newtonian potential φ. The change in energy due to the quadrupole is:

∆H =
1

2(D − 1)
Qij∂i∂jφ. (33)

This formula is insensitive by construction to all terms that vanish on the Einstein shell.
In the Newtonian limit, the metric is g00 = −1− 2φ, gij = (1− 2

D−3φ)δij , all other terms
vanish. This induces the following change in the Energy:

∆H =

∫
dD−1xφ

(
T 00 +

1

D − 3
T ii
)
. (34)

Thus, the correct expression for the quadrupole is obtained by replacing T 00 with T 00 +
(D − 3)−1T ii in Eqn. (30). By substituting Eqn. (32) into this new expression we find
that the contribution to the quadrupole due to non-minimal coupling to the Ricci tensor
vanishes, as it should. Eqn. (30) can be used in the Newtonian limit only when T ii ≈ 0, as
it holds, for instance, in macroscopic non-relativistic matter.

4. Generalization to higher-spin.

The results for the massive spin-7/2 state are easily generalized to arbitrary massive higher
spin string states interacting with a graviton. As usual, the three point function factorizes
into separate holomorphic and antiholomorphic parts. For simplicity we focus on states
on the leading Regge trajectory, namely states of spin n+ 1

2 and n+ 1 respectively for the
R and NS sectors at mass level n.

5 Terms proportional to the scalar curvature tensor do not contribute to the quadrupole.
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In the Ramond sector, the spin-(n+ 1
2 ) vertex operator is given by

V
(− 1

2 )

F (z, z) = uαµ1...µn
(X)Sαe

−φ2 ∂Xµ1 · · ·∂Xµn

+ υα̇µ1...µn
(X)(γλ)βα̇ψ

µ1ψλSβe
−φ2 ∂Xµ2 · · ·∂Xµn .

(35)

The resulting three point function, AγFF , contains terms up to O((α′k2)n). To lowest
order, we find

AγFF (ψ1, k1;A2σ,k2;ψ3, k3) =
n!
√

2

[
ψ1µ1...µn

A2σγ
σψµ1...µn

3

− i
2n

m
(ψ1αµ2...µn

γ−ψ3β
µ2...µn − ψ1βµ2...µn

γ+ψ3α
µ2...µn)kα2 k

β
2 + · · ·

]
,

(36)
where m =

√
2n is the mass of the nth excited level.

Prior to examining the closed string graviton amplitude, we note that the effective
field theoretic Lagrangian which reproduces this three point function for the open string
may be written as

L(open)

n+ 1
2

= −
i

2
ψµ1···µn(γσDσ +m)ψµ1···µn −

1

2m

n∑
i=1

ψµ1···µnF
µiνiψµ1...µi/ ...µn

νi
+ · · · . (37)

From the form of the Lagrangian we can verify that the the gyromagnetic ratio g for all
such massive fermionic open string states on the leading Regge trajectory is equal to 2 [9].

For the spin-(n + 1) state in the NS sector, we find on the other hand the leading
behavior for the three point function

AγBB(ξ1, k1; ζ2, k2; ξ3, k3) = n!ξ1αµ1µ2...µnξ3βν1

µ2...µnζ2λ
[
(ηαβkλ3 − η

αλkβ2 + ηβλkα2 )ηµ1ν1

+ n(ην1λkµ1

2 − η
µ1λkν1

2 )ηαβ + · · ·
]
,

(38)
where once again m =

√
2n. In general, as for the fermions, the complete expression

contains terms up to O((α′k2)n). Viewed as an open string amplitude, the corresponding
effective Lagrangian has the form

L(open)
n+1 = −1

2Dλφµ0...µnD
λφµ0...µn − 1

2m
2φµ0...µnφ

µ0...µn

+ i

n∑
i=0

φµ0...µnF
µiνiφµ0...µi/ ...µn

νi
+ · · · .

(39)

As expected, this indicates that the non-minimal electromagnetic coupling to Fµν gives
precisely g = 2 for the open string.

11
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Turning now to the closed string, combining (36) and (38) and symmetrizing on the
vector indices (corresponding to the maximal spin state at mass level n) gives the following
on-shell form of the effective Lagrangian:

L2n+ 3
2

=
√
−g
[

1
2ψ

(2n+1)
(γµ∇µ +m)ψ(2n+1)

−
n(n+ 1)

2m
ψµ0µ1...µ2n

(Rµ0ν0µ1ν1 −
1

4(n+ 1)
Rµ0ν0λσγλση

µ1ν1)ψν0ν1

µ2...µ2n + · · ·].

(40)
The resulting second order equation for ψ takes the form

(∇ρ∇
ρ −m2)ψµ0µ1... +

[
2(SL −

1
2)(SR −

1
2 )Rµ0ν0µ1ν1

+ 1
2 (S − 1

2 )Rµ0ν0λσγλση
µ1ν1

]
ψν0ν1... + · · · = 0,

(41)

where SL = n + 1 and SR = n + 1
2 are the components of the spin contributed by left-

and right-movers on the worldsheet respectively, and S = SL + SR (= 2n+ 3
2 ) is the total

(spacetime) spin. Using this suggestive form of the non-minimal interaction, we find the
corresponding h-factor to be

h =
2SLSR

(S − 1
2 )2

(half-integer spins). (42)

A similar calculation in the NS-NS sector (also on the leading Regge trajectory) gives
similarly

h =
2SLSR
S(S − 1)

(integer spins). (43)

Note the resemblance to the string g-factor result[10]

gL = 2
〈SRz 〉

Sz
, gR = 2

〈SLz 〉

Sz
. (44)

Based on the factorization of the graviton three point function in terms of holomorphic
and antiholomorphic gauge boson amplitudes and the g = 1 result for all massive open
string states, it is now apparent that the h-factor result, (42) and (43), is equally valid for
all massive string states and is not restricted to those on the leading Regge trajectory.

5. Conclusions.

In this letter we have examined the three-point couplings of massive higher-spin string
states with gravity. Focusing on the spin-7/2 state at the first mass level of the Type II
string, we have obtained an effective Lagrangian reproducing all on-shell interactions to
linearized order in the graviton. In particular, this effective Lagrangian contains a non-
minimal two-derivative coupling of the form (ψRψ), which was examined by the authors
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of [2] in the context of tree-level unitarity. Since this has the form of a gravitational
quadrupole interaction, we have defined the gravitational “h-factor” (in analogy with the
electromagnetic g-factor) and demonstrated that Ref. [2] gives h = 1 as a preferred value
of the h-factor in field theory.

On the other hand, in a string theory, h is determined from a combination of left- and
right-moving components of the spin for massive closed string states. Although generically
h 6= 1 in string theory in contrast to the field theoretic result, this is certainly not a disaster
for string theory. In field theory the tree-level unitarity results hold for a single massive
higher spin particle interacting with gravity, while in string theory tree-level unitarity is
achieved not only by the three-point interaction but also because a whole tower of states
of arbitrarily large masses and spins propagate as intermediate states.
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