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An exanination is made of the quantum scalar field theory
with the interaction depending on devivatives. A covariant
expression is obtained for the S-matrix in the form of the
interaction Lagrangian. It is saown that the theory is invariant

41

ransformation of the field variables., The

Pt
cr

in respect of loca

changes in the results after regularisation are investigated.

1. INTRODUCTICH

The expression for the S-matrix of scattering in the

guantun scalar field theory, with the density of the intersction

Lagrangian L, , depending on derivatives, was, as we know, first
- imnw
investigzated in itiie classical papers by Umezzwa and Takshashi (1).

e

They showed that if the density of the self-action Lagrangian of

one scalar neutral field is I, G? @%) where QL?:5¢VaX; , the
inwg 4

S-matrix of scatiering can be determined by the formula

S==Z“{expffLm&:)$x}. (1)

Here, T* is the chronological derivative after discarding the non-

covariant additions occurring as a result of temporal regularisaiion
N !/ . . N Yer o

of the field operator Yy (7% is sometimes called the "Wick"

derivative to distizzuish it from the "Dyson" T-derivative (2}).

In the present paper we draw attention to the fact that

the expression (1) for the S-matrix of scattering is, strictly

speaking, true only waen L, is linearly dependent on H}Lv
-

nt
Even when there is a gquadratic devpendence of the density of the
interaction Iagrangian on the derivatives, tiie correct determination
of the scattering matrix does not coincide with (1) but is obtained
by the substitution of Lint in (1) by a certain effective

Lagrangian density Leff’ which differs from Lint by a term proportional

to the space volume of the momenta:

Lige = Lue — 16°(0) In¥1 +c(g), (2)



of proportionzliiy in the dependoence

vhere c(‘f) i
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of T, on qu. Az we show, the terms added, which are, as 1% wer
int e
of a non-ilermitilan character., serve to compensate the specific

o]

s

divergences in tie theory with the derivatives snd nmust definitely be

ken into account. In the case of & more complex dependence of

l_.L

o

int on the derivative it is not pogsible to find Leff ; however,
calculations basced on the perturbation theory reveal that the ferms
which are added to Lint are not only non-Hermitian as in (2) but
also non-covariant, Let us note that for the special case of the
interaction of charged vector particles with an electromagnetic
field, Lce and Yang found a formula similar to (2) in which,
however, a non-covariant expression appeared under the sign of a

logarithm (%)

The correct determination of the S-matrix of scattering
for the density of a Tagrangian depending guadratically on the
derivatives has a direct relationship to the study of non-linear
transformations of {the field funciions. As we know, first Chisholm
(4) and then, more strietly, Kamefuchi, O'RPaifecartaigh and Salam (5)
ghowed that the physical substance of the theory, i.e. the canonical
equation of motion, the commutation relations and tie energy-momentun
tensor do not change during arbitrary local transformation of the
field functions. Zrom this also follows the invariance of thne
scatterire mairix, provided tlat in the ftransformation theory, in
which the Lagrangian density is ineviiabtly gquadratically devendent

cn the derivatives, use is made of the co ct determination of the

~ (U

S-mairix of scattering in terms of L ;. (2

However, Kamefuchi et al. in their paper (5) started from
the assumpiion that in the original thecry the density of the
Lagrangian interacition did not contain any temms which were
quadratically dependent on the derivatives. In the present peper,
we show that this resztriciion is superfluous Jor deileormining ihe
equivalence of the theories, This result may be of interest, for
example, for phenomenological non-linear Lagrangians in the theory
of chiral symmetry, where the presence of derivatives in the

interaction is inevitable in any perametrization,
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It should be stressed that the conclusions we express in
this work, are, like indecd the resulis obitained by the auvthors
cited, obtaired in the non-regularised theory and are of a somewvhatl
formal nature on account of ultra-violet divergence., All theories
with Lagrangians dependent on derivatives (with the excepiion of the
linear devpendence) relate to the re-normalised type. e have therefore
carried out a special discussion of the changes which occur when
regularisation is effected. As it happens, the additional terms in
(2) disappear,and formula (1) is correct, for a density of the
interaction Lagrangian Lint(q% %L) which depends arbitrarily on the
derivatives. However, for the regularised theory there is no simple
theorem for Chisholm's equivalence, since regularisation in the
transtormation ftheory should be effected according to a sitirictly
defined non-trivial formula which is determined by the regularisation

method of the initial theory.

2. SCATTERING VATRIY PO TLARTANGIANS

DEPENDING ON DERIVATIVSS

We shall start from the assumption that in any field
theory the correct determination of the S-matrix of scattering
derived from the formal scattering theory is its determination by

the density of the Hamiltonian

S=Texp{——inm(x)d‘x}, (3)

where T is the usual temporal regularisation, whilst the operator

of the density of the interaction Hamiltonian Hi is selected in

nt
the representation of tne interaction. 4s we know, formula (3) cen

be obtained from an adiabatic hypothesis or, more strictly, from the
weak convergence of the field opezators according to Lehman-Symanzik-

PR
u

Zimmermann (with the required number of additional facic:s 2 7).

Let us examine the theory of one scalar neutral field (ﬂ(J¢>
with the density of the interaction Iagrangian depending both on ‘

(¢ and on %uw o In this case, the canonically coupled momentum
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() does not coincide with O, , H,_ . A T, . and tae int

in

ogral

[
3
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whicn fipures in (3) is not relativisticelly invariant. This igs,
however, not the only non-invariance in (3). It is well-known *that
the average of the chronological dexivation, Tor the vecuws, of the
derivatives ({’Iu contains a non-covariant local addilion:

(T{a,s. 6.} Do == KT {0u5. 05} D0 — 18u08ed (7 — ), (4)
! T&' . e . - e .
where . is a covariant expression also for the free fields

T{0ug. 0.4} )0 = 10,0.0.(x — y).

in

M

Taking the § —form term (4) into account will cause a chang
the interaction snovn in the exponent of {1). The formula for the

scattering mairix may therefore be rewritten in tie form

S=1Tr exp{ingx,(x)d‘x}. (5)

Expression (5) is also a determinasion of the density of
- . - . ) .
the effective Lagrangian Leff'> I Lj. & does not contain any
—-—
derivatives then, of course = L. .
voveEh v Logg T Ping

n for L for the case

4]

c
when Lin+ iepends on the derivatives in a fairly simple manner -

v

such as a gquadratic »oiynomial:

i
Luse = a(§)+ b (1) ¢ + e () g™ (6)

$
Then, the caronically coupled pulse W= (I +O¢ +b, and
the density of the interaction Hamiltonian is of the form:
2
bo 1 2 bO ¢ : (7\

Hia(n, ¢ q)= —a -+ oo + b4 + 5— ¢, — T — a2t )
N ER IS a- T b LRt e s

In the representation of tie interaction, ¥ must be replaced by C}?.

It will then be clearly szen that the density of the interaction

* ‘ . T
) Translators Note : L53p in the formulae means Logs
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Haniltonisn is not a rento-invariant exproscion. Horeover, if the
a, b/,, and ¢ coefficients depend on (f in a polynomial manner, then
Hirt will depend on ({/ in a non-polymomial manner
1
Let us remove from the oncrator of the density of the
Hamiltonian (7) the part of Hi/n*' which is not dependent on the

9
temporal derivatives.

I o= Hoy -+ I ()

I/ "O /, +
where H;nt = = Q@ ~ Bp? and the designations a = b,/C1 TC.> and
= c/i(l 1—c> have been introduced.

To find L off V€ shall use the followinz obvious fornula.

For an arbitrary functional
. NLAY
T{(D}-———I'{exp(-—w d‘x—-f—> tD}. (9)
2 foliols :
In our case, @:exP<— {\/\Hint_kx)d"i) and Hint is given by formula (8).
Let us change over to discrete scace, and transform that

part of the Functlonal Q which depends on CP in the Fourier manner

in respect of \,0

. ¢ a":- _1223, -~
D (g) = —oe v TDEY, (10)
where, as can easily be verified
= / r i _ - .
(D(‘éz) == ]/'/ mg—;j‘_\p {——-————((1 Lz ﬁ,“b ((L i ‘C; J S}'Imt( yd (11)

For a correct correspondence of the normal and variational
derivative terms it was necessary to replace f(y by the limit of
non-local interaction h/ ‘f'/ «f( wnen/skﬁ/wa (.-!- ‘Lka Now there is
no difficulty irn computing the wvariational derivative in (9), and

after reverting to czntinuous space we find from (5)

L):\,p == Lmt —_— ’6.(0) 1[1 ] 1 - C(([—)—. (12)
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In ¢isceuocings the result obiaiaed let v nete
that exprossion (12 ) obtained for the density of the effeciive
Tagrengian is clearly relativisltically invariant, n this yay the
two non~covariances, - one in the density of the Hamiltonian and the

ovher in the T-derivation, fully compensate esch other.

I
i

17 in (12) we assume that ¢ = 0, i.e. that the density of

the interaction Lagrangian depends in only a linear maonner on 6&4 ,

|
we obtain the intuitively anticipated result L =L, ,. If,

- eff int
however, ¢ # 0, then Leff differs from Li“t by a term which, at
first sight, is cquite sirange, and even meaningzless., On a closer

xamination, however, the sense of the additional fterm in Leff
is fairly apparent. The fact is that afier expansion of the T*-
derivation in expression (5) closead rings appear from the couvling
of BFAP with 3rkw> . Any such ring diverges as the fourth power
of the momentum. It can easily be checked that t
is, in accuracy, of equal magnitude, and is opposite
corresponding term in the scattering matrix resulting from expansion
of ihe logarithmn,
In fact, let us first exemine a ring of n couplings of

<T*£‘P/4,LFV} >.: with uncoupled operators C(L{J) If there iz a large
virsual momenium of the ring we can disregard, in comparison with it,

external momenta., Then, all the internal lines have *he sam~ momentum
k, and in eacnh vertex the factor k2 will appear, which for large

values of k, cancels out one of the denoninators ma - 2", There
appears, therefore, a divergence of the fourtan order, of the form
S*(COCI/Qn)(“I)? where the factor J/QI? appears owing to the equivalence
of all the external linss of the rirg and the two %h in each

vertex., Let us compare this contribution with that from the first

term of the expansion of the scattering matrix (5) irn mwers of the
logorithm in (12), prorortional to 84<O> . If vweo expand the
logarithm into a series, we obtnin in the ntn rder of the periurbation
theory exactly the same expression with the opposite sign. In this
way, the divergence concerned disappears. Diagrams with the

additional courlings can be obtained by replacing, as above, the

pair of free operators by their coupling. This replacement can



be effected at the samce time also in the corresponding term arising
from the logaritnn., 1% is clear thsl the resuli will differ only
in simm, and conseguently cuch diversences will also Zisappear,
FPinally, in the diagrams with two or more rings Trom the couplings
<r*{q}h9é}>% will appesar divergences proportional to Q§ (Ul ’
where € is the number of such rings which in precisely this manner
S

. - . . ; »th

will be cancelled with the coniribution from the »° term .of the

expansion of the scattering matrix in powers of the logarithm,.

In this way, the additional term in (12) serves to
remove the divergence in the closed circles duve to the singular
nature of T°,

3, IQUIVAIZHCT OF THE TEEORY WITH RUGARD 70

(AR PSR

LOCAL NMON-LINEADR PINLY TRANSTOSNMATIONS

The result obtained enables a correct approach to be used
when examining the following protlem, which in recent years has
become popular owing to the study of the non-linear interaction
Lagrangians, Let us pose an interaciion Lagrangian Lint(qo which
contains no derivatives. Det ug effect an arbitrary local
replacement of the field function (p:.{(y?; the total Lagrangian
LfCV):L—Oﬁcan then be broken down into a free part L o) and

, : free
. . s - : ) i o e »
the field interaction I, . (\yj \4H ) which, however, will now
depend on the derivatives. As can easily be found, Lint will have

the form of (6), while

¢ == L+ 5= = ),

bu:O’
c=f*—1.

The question is raised as to whether it is permissible

to write in new variables the S-matrix in the stendard form (5) with
Leff = Lint' A positive answer to this question is indeed given

by the contents of the above-mentioned theory of Chisholm, Kamefuchi,
Salam and O'Raifeartaigh. It follows from our reasoning that this is

absolutely justified, provided that when the S-matrixis calculzted



- 8 -

(]) the integsrals containing divergences of the type

(51T(0)) are discarded.

The correct proof of the theory of eauivalence in paver (5)
was bosed on the assumption that the 1hLulu1 interaction Tagrangion
does not depend on the derivatives., Ve shall now spow that this
restriction is too strong and that the theorem of cguivalence is
Cdrrect alzo in the particularly important case wien the interaction
yb juadratically dependent on the derivatives., Proof of the
eouivalence of the theory consists in establishing the invariance of
the commutation relations, the caononical eaquations of motion and the
energy-nomentun tensor. In contrast fo the classical theory it is
necessary to ensure the correct arrangement of the non-commutative

values.
Let us poss the lLagrangian
1 . \
L:TC(((,)(;:_}G, (13/

where G depends on q7 and on the space derivatives from & .

It is clear from physical considerations that 77, and, incidentally,
the operator ¢, must be Hermitian, and for %his they must be
expressed by the anticommutators from the ccmuutative values. 7e
shall therefore write the density of the inieraction lagrangien

in the form
1 o )
L= —{c(¢). ¢’} + G, (14)
where {_} denotes an anticommutator, and we shall follow the rules
of differentiation dcfined in (5). To ihis density of the interaciion
Lagrangian corresponds the canonically couvled field rmentum

1 \
o4 ==-E?{c(q),q}. (157

By inverting (15) it can easily be found that

€p=—;—{c(1{”..‘:}. (152)




We onall now efieect transformation of ihe field smriables, so that

the new variable § devends only on the initial varizble LV,
2.
but not on its derivative Cfﬁ,.
q’)—-»q‘i e C'{l(‘},\, (16>
then in the transformation theory
i c
L= ——{e() 1.7 + o (17)

We will note that for the arbitrary value §5(9>expanded into a
power series

A 18
& = () (18)

is fulfilled, in wihich the prime denotes tie derivative for (9.

0y s . . . , L r2
Prom (17) it follows, taking into account (18), that a4, =c,

We shall now calcul=te directily the commutator of the new
canonical variables W and § and find proof that it coincides with

the commutator qﬂ and (P‘ « It follows from the density of the

Tagrangian of (17) that L~ <§{Fwtﬁj‘or, if (18) is taken into
account, that
!
Ty ="4"{Ct 501}
Then, the commutator
1 . i
[.7[1. (F,] == ’Z‘écl(ﬁ,[({,(ﬁi] = C‘(p‘/?-(rp, (P) (19)
Whence, taxing into account the coupling beitween ¢ and 1
and (15a)

[ @] = [, ¢].
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It i3 now necesanry to checlz the invariance ol ihe
equations of moilon. Yhe couation of motion following fron the

initial JTagrangizn is of the form

fe. ¢} = 26" —qe'q, (20)

LS =

where

G’ = 8G | é¢ — 8,{0G | Ig.), s=1, 2, 3
After transformation of the field variables we have

. 1 o
0u(0L/5:) == 0o —{c{3¢/0%, T}},

which, when using t‘r identities proved by Kamefuchi et al. {5 ) aqﬂjé g =
ZZBtP/SQ% and 5k9/5‘9> “'b(ﬁ/dk? and also that the equation of

motion (20>,gives the desired result 3,(3L/d &) =3L /5 &,
The invariance of the energy-monentum tensor ’T.y need

not be proved, since the method proposed in (5) for oroving itz

invariance does not make use of the restriction C(%Uz c-nunber,

4, APPLICATION COF REGULARISATICH

4s has already been stated
argunments have concerned the non-regularisation theory. The
application of regularisation will profoundly change the resulis
obtained and, in particular, gl of the non-covariant S
disappear from the theory. Let us apnply a regularised field
with a negative metric and mass /J « To removal of regularisation
corresponds /4 - o0 . The density of the *otal lLagrangian

of the system of the interacting ( and X  ficlds

N
S8
b

.~

L=15L,—L,+ [rxr.u(‘l' -+ X)’

where L‘f’ and L')L are free Lagrangians of the fields (P and X

respeciively, This method of regularisation ensures the covariance

of the contraction., Itis convenient 1o change over from the



. . o - Ly . - S F LY
voriables (ﬁ ond }( o the now wvariables (fﬁ‘x—* T} and (F'”/Q—~’{~
The intensity of the interaciion Lagransisn, which devends on tic
derivatives in an arbitrary msnncr, can ithen be written

Lxm == /V/H.t(“r—'.fi: 11.%)»

and the density of the free lagrangian will be

<

1 1 AT
Lo == =5 oy = g (0" = 00) (55 0 -9 = = (0 b w0

The canonically coupled field pulses are of the form

== 0L/0, == ——p_ 4 GL/0% ., (22)

— el N
qJ.==0 )L - -“—— S

The éénsity of the total Hamiltonian of the systen
H== x4, + a1y — L,

t 4 i
where all the temporal derivatives Npk and Vf must be expressed
by the canonically coupled momenta ”ﬂ+ and M. from system (22).

By cancelling such terms, we find that
H=21.7_ — Luw’ — Lt (2,03 ¥, (23)

v P
where‘Vg must te substituted by Qfﬁ~, and Lfree denotes the part of
the free lagrangian which contains no temporal derivatives. If we
/ . . . B . +
subtract from (23) the density of the free Hamiltonian, we find that

the density of the interaction Hamiltonian
Hinw= —Lint (s 4 Po) l froeln—.

It is necessary subsequently to change over to & representation of
the

[N

. 1 . . . ~” -
nteraction to which the substitution 't;7’%i\f¢ corresponds,
In tiis vay we finally find tuat the density of the interaction

Hamiltonian in the interac.ion represenvation

H_lnt = - Lmt(\pf,u; '¢T)'
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ieee it difTers Trom the dersiiy of {he interaclion Lagrongion onl)

anrd convains no non-covariants.

It is remarkatbtle that the courling for \V*. also contains

no non-covariany terms
<T{0;'¢~'~9 avll:< }>3 == <T{()';f[‘? ()rf}>0 -;' <T1” 7 J 4 }\‘»

=00 (A, ) — M, )

ﬁhis being taken into account, the scattering matrix is dete
by the usual formula (1) and now all of the chronological derivatives
of 7% and T coincide, It musi be siressed tiat vhen regularisation

is removed, i.e. dutring the limit transition /A‘5<*% there appear in
the zbove theory, zmong other divergences, also the already-mentionea

divergencies, walch are proportiornal +o (S*(QD and were previously

3
2]
(913
Q0
o
o
ot
l».J
et
8

completely removed by the logarithmic addition in Leff‘ o

»

the removal of the regularisation does noit change our theory into
non-regularised one. It denotes, of course, that the limit Sransition

e
depends subsiantially on the manner in wilch regularisation is effecied.
In itself, tihis occurrence should not cause surprise since
we are dealing with thecries relaling 1o the urn-renormalised iype

when the limit /U‘7<9, as a rule, does nov exist. Nevertieless,

there ig, among our theories, 2 cerzain clazz in which the linis

result of renormalisaftion by a non-linear transformeiion of the
field function, In this case, the scattering maltrix deltermined in

accordance wiin the rules of the present paragraph would, in ihe
limits of y2 20, lead to irrecmovable divergences proportional
to (&*(O))n, which certainly do not exist in the original theory.
This irmcdiately places some doubt over the correctness of the
theorem of Chisholm et al, in the resularised theory., The fact is,
of course, that in a local transformation of the field functions
in the regularised theory it 1z necessary simultaneously to
transform also the regulorising field, Consequently, in the
transfomeation theory, the dependence on the regularised field cannot
be chosen arbitrarily and, in particular, in such a simple manner
as in (21) but ig f2irly complex and do:s not correspond to a

usual simple regularisation.
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v Lo the original theory a

J

Tiet us, for example, apoly
resularisatiorn in accordance with (?!)e et us transform the fields

’\y+ and \P in an arbitrary local manner

— v

o = e (),

Yo =14-(n-,n-),

then, as we can easily check, it is not possible to make the deunsity
of the interaction Lagrangian depend only on N also in the
transformation theory., Generally speaking, there appears a
dependenice both on - and on - The dependence on
- : -Y\. Y)\ M : rl—-,u

can be excepted, but the dependence on 0N . delinitely remains.

In fact, in the terms of the new fiesld variables ﬁ_and -

L 1 0\{'_ 61;_ , 1 0\‘ Cl‘t;,‘_ s
Lfn:=:,—‘< L R TTP*';)_‘(» 'T—""‘l) N+l (2)>

2 on.  Om. 2 \on. on- _

1 - . 2 2

——-é*(m'-uv[ )l )=k = -
1 2 2y T : ! 5\};
—-—,;—(m + 1) [y () ¢-(s, =) — nam-] - Llnl('g‘;; News \Mn‘f)) .

The dependence on q;7u disappears if It is required wuat

I O | &
St e v =t R,
o1 On- oy

Then, however, a term occurs from the first component of (25) wnich
. L. - -~ 2.
depends linearly on rL_ is proportioral to 4 Q*/BYQ. and

therefore disapears only in the trivial case when |, depends linearly
7
on Y+.
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