X

N\
A

\\\

\4

N

N

N \
AN

N
NN \

N\

N

N

A
\

N

)

N\

N

N

N\
\

Y

N

N\

N

N\

\

\\

N\

N

&
\i\"\\

AN

N “\\\\

Div. DG/PU

SIS8/H/346

L
NN \\\\\\\H A A A R, TN AR \\\\‘ NN

N,

Y NN N N
A

.

CERN LIBRARIES, GENEVA

HIIANMI Cours/Lecture Series

ATO00000309

NN

N
NN
N

\

A\

W

N

N

\\

s

N

\\\\E NN

1990-1991 ACADEMIC TRAINING PROGRAMME
LECTURE SERIES FOR POSTGRADUATE STUDENTS

SPEAKER . B. DE WIT / Institute for Theoretical Physics, Utrecht

TITLE : Quantum field theory Do
CEKYy
DATES : 15,17, 19, 23 & 25 October T
TIME : 10.30 to 12.00 hrs - Auditorium % Gk
PLACE - Auditorium Loy g
ABSTRACT

" After a brief and practical introduction to field theory and the use of Feynman diagrams,
we discuss the main concepts in gauge theories and their application in elementary
particle physics. We present all the ingredients necessary for the construction of the
standard model.

Secretariat : tel. 2844 - 3674

Distr. int. & ext.

N

AN

\\

AN

N\

N\

N

Rnnmuae

\

\

D

S\

\

NN

N
N\

\\\ N
\\k\\\\

N\

N\

A\

N
NN

N

N\

N

N\

V2

NN N N\ naakt N



GAUGE THEORIES AND APPLICATIONS

B. de Wit

‘Institute for Theoretical Physics
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The purpose of these lectures is to give a practical introduction to field theory, in particular

gauge theory, and the use of Feynman diagrams. Of course, it is really not possible to give you

a self-contained and thorough treatment of these topics in just six lectures, but the hope is that.

also with the help of the discussion sessions, you will get acquainted with the basic principles

and ideas of gauge fields and acquire some experience in Feynman diagram calculations. The

~ latter will be put to a test in Hollik’s lectures on precision tests of the electroweak theory later
on in this school.

As you can see from the above table of contents, we will start with generic field theories
and discuss the rules needed for the calculation of Feynman diagrams. After some applications
we proceed to introduce simple abelian gauge theories and explain their properties. Then we

consider the nonabeliar version of these theories and discuss the ingredients that are necessary
for the standard model.



1. The action

Field theories are usuallv defined in terms of a Lagrangian. or an action. The action. which has
the dimension of Planck’s constant A. and the Lagrangian are well-known concepts in classical

mechanics. For instance. for a point-particle subject to a conservative force

avi(r)
F=- 5 (1.1)
the Lagrangian is defined as the difference of the kinetic and the potential energy,
L(r,£) = imi? - V(r). (1.2)

Consider now some particle trajectory r{t), which does not necessarily satisfy the equation of

motion, with fixed endpoints given by

r; = r(t;), r2 = r(ty). (1.3)

The action corresponding to this trajectory is then defined as

t2

5[:(:)]:/ dt L(x(2). (1)) (1.4)
t

For each trajectory satisfving the boundary conditions (1.3) the action defines a number. Ac-

cording to Hamilton's principle, the extremum of (1.4) (usually 2 minimum) is acquired for those

trajectories that satisfy the equation of motion,

aV{(r)
or

. (1.5)

This is precisely Newton’s law.

Let us now generalize to a field theory. The system is now described in terms of fields, say,

&(z), which are functions of the four-vector of space-time.
z* = (zg,X), (1.6)

where 7o = ct and c is the velocity of light (henceforth. we will use units such that ¢ = 1).
Fields such as @ may be used to describe the degrees of freedom of certain physical systems. For
instance, they could describe the local displacement in a continuous medium like a violin string
or the surface of a drum, or some force field such as an electric or a magnetic field.

Again one can define the action. which can now be written as the integral over space-time

of the Lagrangian density (which is also commonly referred to as the Lagrangian).

S(8(z)] = / 'z £(6(z), 0,8(2)), (1.7)

where the values of the fields at the boundary of the integration domain are fixed just as we did
for the particle trajectory in (1.3). As indicated in (1.7), the Lagrangian is usually a function

of the fields and their first-order derivatives. The action thus assigns a number to every field
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configuration. and it is again possible to invoke Hamilton's principle and verify that the action
aas an extremum for fields that satisfv the classical equations of motion.

Let us now discuss a few examples of field theories that one encounters in particle physics.
The simplest theory is that of a single scalar field @(z). This field is called a scaiar field because it
transforms trivially under Lorentz transformatiouns: ¢'(z') = @(z), where z’ and z are related by

a Lorentz transformation. It can be used to describe spinless particles. A standard Lagrangian
1s

L=-1(8,0)" - tm2e? - Ao - g 6", (1.8)
where ' 2 2
2 _ do 00
00’ = (52) - (52) e

The quadratic part of (1.8) is called the Klein-Gordon Lagrangian. and the corresponding field

equation the Klein-Gordon equation. Equation (1.9) shows that the time-derivatives appear

with positive sign in the Lagrangian, just as in (1.2). Observe that we have introduced the
™ orentz-invariant inner product of two four-vectors, defined by

Iry=z,y" =2y, =Xy - Zoyo. (1.10)

where four-vector indices are lowered (raised) with a metric n,, (7#¥), with p,v = 0.1,2,3.
which is a diagonal matrix with eigenvalues (—,+,+,+). In the literature also a metric with
opposite sign is used. Alternatively, we may use indices u,» = 1.2,3,4 and define z, = i z¢. In
that case there is no difference between upper and lower indices and we do not need a metric in
order to contract four-vectors. This convention is convenient when dealing with gamma matrices.

to be introduced shortly.

Later we will consider the fields in the momentum representation. defined by the Fourier
transform

(k) = /d‘:c et o(z). (1.11)

”_The inverse of this relation is

o) = (27r)‘*/d‘ke-"‘"¢(k). (1.12)

-

For real fields. as in (1.8), the fields in the momentum representation satisfy the condition
¢"(k) = a(=k). (1.13)

For complex fields there is no such condition. Complex fields are convenient if the theory is
invariant under phase transformations. For instance, the Lagrangian

£=-0,8]" - m*|e)* - glol* (1.14)

is invariant under

¢ — o =e'tg, (1.15)

with £ an arbitrary parameter. Of course, it is only a matter of convenience to use complex

fields. One always has the option to decompose a complex field into its real and its imaginary
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part. and to write the Lagrangian (1.14) in terms of two real fields. The invariance 11.13) then
takes the form of a rotation between these two real fields. Observe the normalization factors in
11.14) which differ from those in (1.8). ,

In principle. it is only a small step to consider Lagrangians for fields that transform nontriv-
iallv under the Lorentz group. For instance. one has spinor fields (which transform as spinors
under the Lorentz transformation), which describe the fermions. In spite of the fact that they
are extremely important. we will largely ignore the spinor fields due to lack of time. However.
in the tutorial sessions we will discuss several applications with fermions. Here we give a tvpical
Lagrangian for spin-’i fermions interacting with a scalar and a pseudoscalar field. o, and @,,
respectively,

L=-vpyY - mpv+G,d, %% +iGpdpursv, (1.16)

Such couplings of the (pseudo)scalar fields to fermions are called Yukawa couplings. The
quadratic terms in (1.16) constitute the Dirac Lagrangian. The corresponding field equation
is the Dirac equation. The spinor fields have 4 independent components.* An important ingre-
dient are the Dirac gamma matrices v#, which are 4 x 4 matrices satisfying the anticommutation

relations
VY yYyE = % 1. (v = 0.1,2,3) (1.17)
We should caution you that that exist many different conventions for gamma matrices and

spinors in the literature. Adopting (1.17) as a starting point. it is convenient to define y* = iv°.

so that all gamma matrices can be chosen hermitean,

(™)'=  (#=1.2,3,4) (1.18)

In this notation there is no difference between upper and lower four-vector indices. The conjugate
spinor field ¥ is then defined by

v =1v'q, or.incomponents. v, = u; (74 )80- (1.19)
Another Lagrangian which is relevant is based on vector fields (i.e.. fields that transform as

vectors under Lorentz transformations). For the description of massive spin-1 particles one uses
the Proca Lagrangian,

L=-1(0V -0 V,) - iMPV2 (1.20)

Modulo a total divergence, which we can drop because it contributes only a boundary term to

the action (this follows from applying Gauss’ law), this Lagrangian can be written as
L= -}(0,)" + 3(8.V#) - IMIV2, (121)

The first and the last term in (1.21) are obvious generalization of the first two terms of (1.8). The

second term is required, with precisely the coefficient %. in order that the Lagrangian describes

* The fact that in a four-dimensional space-time, spinors have also four components. should
be regarded as a coincidence. In a d-dimensional space-time spinors have in general 21e/2

components.
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pure spin-1 particles. and no additional spinless particles. From a simpie counting argument one
an already see that some care is required here. Massive particles with spin s have in general
25 + 1 independent polarizations. So a Lagrangian for spin-1 particles should give rise to 3
independent polarization states. whereas the field V, on which the Proca Lagrangian is based
has 4 independent components. It is this discrepancy which forces us to include the second term
in (1.21). We have implicitly assumed that V, is a real field. i.e. V7 = V7, but it is perfectly
possible to extend (1.20-21) to complex fields, analogous to what we did previously for scalar
fields.

The M — 0 limit of (1.20) describes massless spin-1 particles such as photons. and will

play an important role in these lectures. The Lagrangian is called the Maxwell Lagrangian. and
reads

[
]

-}(0u4, - 8.4,)"
-1(8.4.)° + 1(8,4%)°, (1.22)

]

here we have again suppressed a total divergence in the second line. Massless partices with
>pin have precisely 2 independent polarizations, irrespective of the value of the spin. We will
discuss this in section 3. An important ingredient in the proof of this is the invariance of (1.22)

under so-called gauge transformations,

Aulz) — AL (z) = Au(z) + 9,4(2). (1.23)
where £(z) is an arbitrary function of z.

In relativistic quantum field theory it is convenient to use units such that the velocity of
light in vacuum and Planck’s constant are dimensionless and equal to unity: ¢ = h = 1. With
this convention there is only one dimensional unit; for example, one may choose length, in which
case mass parameters have dimension [length]™!, or mass can be adopted as the basic unit
so that length and time have dimension [mass]~!. The action is then dimensionless. so that
Lagrangians have dimension [mass]'. It is then easy to see that scalar and vector fields have -
dimension {mass]. whereas spinor fields have dimension {mass]*/2. Observe that all parameters
that we have introduced in the above Lagrangians have positive mass dimension. This fact is
- important for the quantum mechanical properties of these theories. If quantum field theories
have parameters with negative mass dimension, then the theory is not renormalizable. Usually
this implies that the theory does not lead to sensible predictions. An example of such a theory
is Einstein’s theory of gravitation, general relativity, which is very succesful as a classical field
theory, but cannot be quantized consistently.

Let us end this section by defining the field equations corresponding to a given Lagrangian.
As we have alreadv mentioned above. Hamiiton’s principie implies that the field configurations
for which the action has an extremum, must satisfv the equations of motion. These field equa-
tions are the so-called Euler-Lagrange equations. For a general Lagrangian £. defined in terms
of fields © and first-order derivatives of fields d,¢ only, these equations read

oc oL
—_— - Z= . 1.24
o (a(am)) 56 =0 (1.24)



Problem 1:

Verify that the field equations corresponding to the Lagrangians (1.8). (1.14). (1.16) and (1.20-
21} are given by ‘

(8 — m*)o = 32 ¢? + 49 0°, (1.25)

(8* = m*)o = 2g|¢|° 6. (1.26a)

(0° — m*)¢" = 2g|¢|*0". (1.26b)

(P+m)t =G0, ¥ +1G,0p 5%, (1.27a)

(P +m) = G,¢, % +iGyp b, ¥, (1.27b)

8v(8,v, -d,V,) + M*V, =0, (1.28)

where 0% = 9%9,,.

Problem 2:

Add an extra source term J* 4, to the Lagrangian (1.22) and show that the corresponding field

equations coincide with the inhomogeneous Maxwell equations (in the relativistic formulation)
o, F* = J*, (1.29)

where the electromagnetic fields F,,, are defined by F,, = 3,4, — J.A,,.

Problem 3:

Consider plane wave solutions. i.e., solutions proportional to exp(ik-z), for the free field equations
found in problem 1. Find the conditions for the momentum k,. Verify that the Proca Lagrangian
gives rise to only three independent polarizations.

2. Feynman rules

In the previous section we have presented field theories in terms of an action or a Lagrangian.
Such theories can be studied as classical field theories. and this is often done in perturbation
theorv. Ultimately we are interested in the quantum mechanical scattering amplitudes for el-
ementary particles. Those amplitudes can also be evaluated in perturbation theory, for which
there exists a convenient graphical representation in terms of so-called Feynman diagrams. Some
of these Feynman diagrams will correspond to the same contributions that one would find for a
classical field theory. Such diagrams have the structure of tree diagrams. This in contradistinc-
tion with diagrams that contain closed loops. Their contributions do not follow from classical
field theory, but can only be understood within the context of guantum field theory.

In these lectures there will be no time to give a detailed derivation of the Feynman dia-
grams. We shall just define the Feynman rules, which tell you how to evaluate the complicated
mathematical expressions corresponding to a Feynman diagram. We refer to the literature for
explicit derivations. The rules are presented in a number of steps:

e The theory: Begin with a field theory defined in terms of an action, which is expressed as an

integral over space-time of a Lagrangian.



Fig. 1. Propagator line

¢ Propagators: Calculate the propagators of the theory, which follow from the terms in the action
that are quadratic in the fields. The quadratic terms define a matrix in momentum space which

is diagonal in the momentum variables. Suppose we take the Lagrangian (1.8) as an example.

The action is
S = /d‘xﬁ

- / @'z [~1(8,8)? ~ m?6* + O(¢°)] (2.1)

-

‘ow express the action in terms of the Fourier transforms of the fields The terms quadratic in
the fields are then equal to

S = -Ll(2r) /d‘k & (k) [K? + m?]8(k), (2.2)

where we have made use of the fact that we are dealing with real fields (i.e. 0"(k) = o{—k)}.
Hence the elements of the diagonal matrix are just equal to —3(27)*[k* + m?]. For real fields

the propagator is defined as a factor %i times the inverse of this matrix. For the case at hand

we thus find
1 1

Ak = T o

(2.3)

Its graphical representation is a line. with an arrow indicating the momentum flow. while the
endpoints refer to two space-time points (see Fig. 1). The ic-term defines how to deal with the
. pole at k* = —m?: the limit ¢ | 0 should only be taken at the end of the calculations. This
prescription for dealing with the propagator poles is crucial for the causality and the unitarity
{i.e. probability conservation) of the resulting theory.

We have already pointed out that the normalization factors are different for complex fields.
In that case the kinetic terms in the action are

5::/d‘::£

= [atz (- 10,01 -m? |61 +0( 611, (2.4)
which. in terms of the Fourier transforms of the fields. leads to (we no longer have ¢*(—k) =
o(—k))

S = —(2n)t /d‘k 6" (k) [K? + m?]é(k). (2.5)

The propagator is now defined by the inverse of —(27)*[k? + m?®] multiplied by a factor ¢. This
leads to the same diagram as for real fields. but now the arrow also indicates that the propagator
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P
1S

) kP +me —ac

1(27) 84 (ky + Ay + k3) (= A)

1(27) 63 (k) + kg + k3 + ky)(—9g)

Table 1. Feynman rules for the Lagrangian (1.8)

is oriented in the sense that the endpoints of the propagator lines refer to independent fields.
namelv o and @": the standard convention is that incoming arrows refer to o. and outgoing ones
to ©°. Of course. complex fields can alwayvs be regarded as a linear combination of two real

fields, and by decomposing @ = %—ﬁ(d)l + i@+ ) one makes contact with the description given for
real fields.

o Vertices: The next step is to define the vertices of the graphs. We associate a vertex with
n lines with every term in the Lagrangian that contains n field. A Lagrangian with a o’-term
thus vields a vertex with three lines. Translational invariance ensures that the Fourier transform

vields a delta-function in momentum space, thus guaranteeing energy-momentum conservation.
Each vertex therefore has the structure

vertex = 1{2r)44* k;) x (coefficient of ™ in the Lagrangian). (2.6)
7 J) g

where our conventions are such that the k; denote incoming momenta associated with each of
the fields. For example, the Fevnman rules for the theory described by the Lagrangian (1.8) are
summarized in Table 1.

If the vertices in the Lagrangian contain derivatives then each differentiation of the fields
contributes a factor ik, to the vertex where k; is the incoming momentum of the jth line. These
momentum factors are part of the coefficient indicated in the generic definition (2.6). Thus
the terms go® and g¢(9,¢)* both correspond to three-point vertices, but yield different factors:
i(27)4g 64 (ky + ko + ki) and i(27)4g (=K, - k3) 6%(k1 + k2 + kq), respectively. In the latter case,
choosing the second and the third momentum as those corresponding to the differentiated fields,
is arbitrary. A complete calculation must also include other possible line attachments, so that
also factors (—ky- k3) and (—k,- k7) will contribute. The way in which these contributions must
be summed will be discussed next, but it is rather obvious in this case that the total contribution
of the second interaction becomes proportional to (ky-k2 + ka-ky + k3-ky).

In the Feynman diagrams for complex fields the lines at the vertices carry an orientation:

recall that fields correspond to lines with incoming arrows and their complex conjugates to lines

8



with outgoing arrows. A formulation in terms of complex rather than real fields is useiul if the

*heorv i1s invariant under phase transformations. i.e.
o— o0 =e%.

In that case every interaction must contain an equal number of fields @ and their complex
conjugates ©", so that each vertex has an equal number of incoming and outgoing lines. The
lines coming from the vertices can now only be joined if their orientational arrows match (the
orientation often corresponds to the flow of electric charge; obviously, charge will be conserved

if the number of incoming and outgoing arrows is the same at each vertex).

e Diagrams: One now joins all the lines emanating from the vertices via propagators in order to
form the various diagrams. The momentum flow through the various lines is determined by the
momentum-conserving é6-functions at the vertices, and for real fields one may readjust the arrows
in order to reflect this fact. If the arrow denotes more than just the momentum assignment of
the line. but also the orientation (e.g. charge flow) then the lines cannot always be joined. and
the number of possible diagrams will be reduced.

» Summing and combinatorics: Finally one sums over all possible diagrams with the same
configuration of external lines. In order to do so one must determine the combinatorial weight
factor associated with each of the diagrams. In principle this weight factor counts the number of
ways in which a diagram can be formed by connecting vertices to propagators and external lines.
but diagrams that only differ in the position of the vertices are counted as identical (because we
ultimately integrate over all vertex positions in space-time). '

There is only one exception to the above counting argument. If identical vertices occur
in an indistinguishable way, i.e. not distinguished by their attachments to external lines. then

one must avoid overcounting by dividing by n!, where n is the number of such indistinguishable

vertices.

These rules also apply to diagrams with closed loops. However. in this case not all the
momenta of the internal lines are fixed by momentum conservation, and one is left with one or
more unrestricted momenta over which one should integrate. Likewise. we must also sum over
all types of internal lines that are possible. Therefore, we have to sum over all components of
vector and spinor fields that are possible.

From these rules it is in principle straightforward to write down Feynman diagrams and
their corresponding mathematical expressions. To get acquainted with their use, I recommend

that you start from a simple Lagrangian, such as (1.8), and calculate some diagrams. The
following problems contain a few suggestions.
Problem 4:

Consider the tree diagrams with four external lines that follow from the Lagrangian (1.8), and
calculate the corresponding expressions. There are four Feynman diagrams, each giving rise to

a characteristic dependence on the momenta associated with the external lines.

9



Problem 5:

Determine the three possible one-loop diagrams following from the Lagrangian (1.8) with two

external lines. Write down the corresponding expressions and verify whether the momentum
integrals are well defined.

3. Photons

We would now like to derive the Feynman rules for theories that involve masless spin-1 fields. In
this section we refer to the particles described by these fields as photons. As it turns out there
are a number of technical complications for theories with photons. Let us start by recalling the
Lagrangian for massless spin-1 fields,

L=-Y8,A,-0,A.), (3.1)

which is invariant under local gauge transformations

Au(z) — Au(z) + 9,6(2). (3.2)

This transformation is familiar from Maxwell’s theory of electromagnetism where the vector

potential is subject to the same transformations. The electromagnetic field strength is then

equal to
Fu=0,A, -0.A, (3.3)

The main consequence of an invariance under local gauge transformations is that the theory
depends on a smaller number of fields. Correspondingly the number of plane wave solutions is

also reduced in comparison to the massive case. To see this explicitly consider the field equation
following from (3.1),

0"(0,4, - 0,A,)=0. (3.4)
In order to examine plane wave solutions of this equation we take the Fourier transform of 4,(z)
Ay(k) = (277)"‘/d4x A (z)e T, (3.5)
Under gauge transformations A,(k) changes by a vector proportional to k,
Au(k) — AL(K) = AL(K) + &) k. (3.6)
The field equation (3.4) now takes the form
kAL (k)= k kYA (k) = 0. (3.7

which is manifestly invariant under the transformation (3.6). Decomposing A,(k) into four
independent vectors, €,(k, A),k, and Eu, defined by

kue (k.A) = ¢o(k,A) =0, (A=1,2)
k, = (kok), K, =(—ko. k). (3.8)

10



we may write

Au(k) = aMk) e (k. A) + b(kVE, + (k) k.. (3.9)

The field equation (3.7) then implies
k2a (k) e (k. A) + blk) [k?E“—(k-E)ku] = 0. (3.10)
from which we infer for the coefficient functions (note that k-kis positive)
k®a*(k)=0 and  b(k)=0. (3.11)

The field equation does not lead to any restriction on ¢(k). This should not come as a surprise
because c(k) can be changed arbitrarily by a gauge transformation, whereas the field equation
is gauge invariant. Cohsequently the field equation cannot fix the value of ¢(k). By means
of a gauge transformation we may adjust c(k) to zero. which shows that c(k) has no physical
_ meaning. We thus find that there are only two independent plane wave solutions characterized
by lightlike momenta (k* = 0) and transverse polartizations.

The fact that massiess particles have fewer polarization states than massive ones. can also
be understood as follows. For a massive spin-s particle one can always choose to work in the
rest frame. where the four momentum of the particle remains unchanged under ordinary spatial
rotations. so that its spin degrees of freedom transform according to a (2s+1)-dimensional repre-
sentation of the rotation group SO(3). In other words. there are 2s+ 1 polarization states. which
transform among themselves under rotations, and which can be distinguished in the standard
way by specifving the value of the spin projected along a certain axis. However, for massiess
particles it is not possible to go to the rest frame and one is forced to restrict oneself to two-
dimensional rotations around the direction of motion of the particle. These rotations constitute
the group SO(2) (actually, the group of transformations that leave the particle momentum
k, = {(w(k).k) invariant is somewhat larger, but the extra (noncompact) symmetries must act
trivially on the particle states in order to avoid infinite-dimensional representations). The group
50(2) has only one-dimensional complex representations. For spin s these representations just
involve the states with spin (i.e. helicity) £s in the direction of motion of the particle. Con-
sequently massless particles have only two polarization states, irrespective of the value of their
spin.

There is a further difficulty when one attempts to calculate Feynman diagrams for massless
spin-1 particles, which is again related to the invariance under gauge transformations. To show

this we rewrite (3.1) in the momentum representation,

S5[A.] = -%(2n)? /d“k AL (k) (K204 — k*kY) Autk). (3.12)

According to the general prescription given in section 2, the propagator is proportional to the
inverse of (kzn“,, — k, k). In this case, however, the inverse does not exist because this matrix
has a zero eigenvalue. as we see from

(kznuv - kuku)ku =0. (313)
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[he presence of the zero eigenvalue is a direct consequence of the gauge invariance of the theory.
(Jauge invariance implies that the theory contains fewer degrees of freedom: this fact reflects
itself in the presence of zero eigenvalues in the quadratic part of the Lagrangian. Indeed. the
null vector associated with the zero eigenvalue is proportional to k,. which according to (3.6)
characterizes gauge transformations in momentum space. Obviously. the degree of freedom that
is absent in (3.12) should not reappear through the interactions. One can show that this is
ensured provided that the photon couples to a conserved current.

The standard way to circumvent the singular propagator problem is to make use of a so-
called gauge condition. A convenient procedure amounts to explicitly introducing the missing
{gauge) degrees of freedom. which formally spoils the gauge invariance. However. the degrees of
{freedom are introduced only in order to make the propagator well-defined and they will not affect
the interactions of the theory. Therefore. the effect of this procedure can still be separated from
the true gauge invariant part of the theory, and the physical consequences remain unchanged. It
is a rather subtle matter to prove that this is indeed the case. In this section we only present the
prescription for defining the propagator. To do that one introduces a so-called "gauge-fixing”

term to the Lagrangian. The most convenient choice is to add (3.1)
Leg. = -3(A8,A%), (3.14)

where A is an arbitrary parameter. Because of this term the Fourier transform of the action

corresponding to the combined Lagrangian becomes
S{d,.] = -%(211')‘ /d‘k AL(k) [k"’r;“" — k*kY + A2k“k“] A (&), (3.15)

so that for A # 0 the propagator is equal to

1 , -
A k) = PR (K27, - (1= Ak,k,] 7
_ 11 kb,

Clearly the propagator has more poles at k* = 0 than there are physical photons (characterized
by transversal polarizations). However, one must realize that by making the above modification
we have somewhat obscured the relation between propagator poles and physical particles. In
order to extract the physical content of the theory one should only consider transversal polar-
izations. This requirement forms an essential ingredient of the proof that physical results do not
depend on the parameter A.

Using the propagator (3.16) one can now construct Feynman diagrams and correspond-
ing scattering and decay amplitudes for photons in the standard fashion. The A-dependent
k,k,-term of the propagator residue vanishes when contracting the invariant amplitude with
transversal polarization vectors. In order to sum over photon polarizations one may use (for
orthonormal polarization vectors)

uv k“kz for p,v =1,2,3
3 ek Nelk,A) = Ik | (3.17)

A=1.2

0 for pand/orv =0
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An alternative form i1s

k sk
> culk M) ek A) = p,, - STy (3.18)
A=1.2 k-k

Obviously (3.17) and (3.18) are not manifestly Lorentz covariant. which is related to the fact
that the transversality condition k-e(k.A) = 0 is not Lorentz invariant. However. if the photons

couple to conserved currents. such that the amplitude vanishes when contracted with the photon
momentum.

kM, = 0. (3.19)

the noncovariant terms in (3.18) may be dropped. Consequently, when summing | M e#(k.A) |

over the transverse polarizations. one has
Y IMue(k,A) = MEM,,, (3.19)
Az=1,2
which is manifestlv Lorentz invariant. We will return to this aspect in section 6.
Problem 6:
To demonstrate that the gauge-fixing term onlv introduces an extra degree of freedom into the
theory that does not interfere witk the interactions, consider the Maxwell theory coupled to
some conserved current. After addition of the gauge-fixing term (3.14), show that J - A satisfies
the free massless Klein-Gordon equation. so that the effect of the gauge-fixing term decouples
from the rest of the theory.
Problem 7:

To prove the result (3.16) parametrize the propagator as A,.(k) = A(k)n,, + B(k)k,k,, and
solve the equation

[k'znuu — L4k 4 Azk“k"] AYP(k) = 88, (3.20)

4. Annihilation of spinless particles by electromagnetic interaction

To get acquainted with the use of Fevnman diagrams we will consider the annihilation reaction
Pt 4+ P~ —=S*+S” (4.1)

mediated by a virtual photon in tree approximation. The particle P¥ and §% are hypothetical
pointlike particles with no spin. A more relevant reaction is e¥e~ — u*p~, but considering the
reaction (4.1) enables us to discuss the characteristic features of such process without having to
discuss some of the technical complications related to spin-% particles.

As a first step we consider the coupling of a complex spinless field ¢ to photons. This is done
by performing the so-called minimal substitution 8,¢ — 9,6 — teA, ¢ in the free Klein-Gordon
Lagrangian (cf. (1.14)), where & is a complex scalar field and e is the electric charge of the
particle associated with ¢. Combining this with Maxwell’s Lagrangian gives

L=-LF F*» — (8, - ied, )¢’ - m*|¢|
= -1F, F* - 9,¢"0%0 - m*¢ ¢
- ieA* [07(D,8) - (0,¢°)8) - e* A% 0" 6. (4.2)
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1 1
1(27)% p? + m?

1 1 k. k
VAAAAAANAAAA AAAAS -_— v - — ATk ¥
u v i(2m)s K2 (’7“ (2 )2 )
u
Py Al P 1(27)* 64(p1 + k — p2) (—ie)(ipr + ip2)y
u v

i(27) 84(py — p2 + k1 + k2) (=€)

Table 2. Feynman rules for the Lagrangian (4.2)

An important property of the Lagrangian (4.2) is its invariance under the combined gauge
transformations

Au(z) = Au(z) +0,6(z),  (z) — *F(z). (4.3)

This aspect will be extensively discussed in subsequent sections.

The propagators and vertices implied by (4.2) are shown in Table 2. The arrow on the pion
line indicates the flow of (positive) charge rather than the momentum. We choose conventions
such that an outgoing arrow on an external line indicates the emission of a positively charged
particle absorption of its negatively-charged antiparticle. Combinatorial factors have not been
included in the expressions for the vertices.

Assume that the particles P¥ are associated with the field ¢ introduced above. For the -
particle S we introduce a separate field x, which has the same interactions with the photon
(and thus the same electric charge) as ¢, but a different mass denoted by M. Observe that x is
now subject to the same gauge transformation as ¢.

Consider now the diagram shown in Fig. 2, which describes the reaction (4.1) in lowest
order. Observe that p; and p; refer to the momenta of the incoming particles P* and P~, while
¢1 and g2 refer to the outgoing particles S* and S, respectively. Extracting overall factor of
i(2r)* and a momentum-conserving é-function, the invariant amplitude is given by

n 1 v
M= & = prp o (5 - (1 - BE PRI g, aa)

where we have set the photon momentum equal to k, = (p1+p2). = (q1+¢2).- A first important
observation is that the gauge-dependent part of the photon propagator vanishes when the pions
are taken on the mass shell, because (p; +p2)-(p1 - p2) = pi - p3 =0and (py —p)- (M1 +p2) =
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Fig. 2. Lowest-order Feynman diagram for the reaction (4.1)

pi — p3 = 0. This confirms that the physical consequences of the theory have not been affected
by introducing the gauge-ﬁxing term into the Lagrangian.
Introducing Mandelstam variables

s==m+p)P.  t=-(pr-a): u=-(p-q), (4.5)

which satisfy

s+t+u=2m?+2M?, (4.6)

the amplitude can be written in a simple form

‘)u_t

M=e (4.7)

S

In the centre-of-mass frame ¢t and u are expressed in terms of s and the scattering angle 6
between p; and q;:

t=-Is+m?+ M+ 1\/(s—4mé)(s = 4M?)cosé,

u=-ls+m?+ M- 1/[s=am?)(s = 4M?)cos b, (4.8)

—— . ! . . . . -
\We now use the general formula for the differential cross section for a quasi-elastic scattering

eaction 1 + 2 — 3 + 4,
do 11 /A(.s,m:f.mf) )
= - — |M]|*, 4.9
dQcm 64r2 s | A(s,my,m5) M| (4.9)

where m,-m, denote the masses of the particles 1-4, and the function A is defined by

Mz y,2) =2 + y* + 2% = 22y - 222 - 2yz. (4.10)
Application of the above formulae gives rise to
do a? [s=-4aM? 4m? 4M? 2
dOom - asV s —am? (1— s)(l-— . )cos 8. (4.11)

Here. a denotes the fine structure constant a = e?/4x. Integration over the angles gives the
total cross section

3s 8 —4m?

2 - 2 2 4 a2 242
o’ [s—4M {1_4(m + M )+16va } (4.12)

8 s?
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For s > m=*.)M?. these results become

do a- .
= —cos° 8. 4.13)
dQcar s !
and
o= (4.14)
~ 3s )
For comparison we give the corresponding expression for ete™ — putu~,

2 — 7 24 a2 2 2
_‘L'_z.c.'..,/i___ﬂ; 1+M+ 1-&) (1—4M cos? 6} . (4.15)
dQc,‘M is s —dm- S S S

where we have averaged over the (incoming) electron and summed over the (outgoing) muon
spins. Observe that the cosé dependent terms coincide with (4.11). After integration over the

angles. one obtains the total cross-section

2 YYE 2 2 M2
, o dre [s A7 {1+2(m + M) | dm?M } (4.16)
3s V s—dm? s s

where m is the electron mass and Af the muon mass. When £ > M.m. as is usually the case.

one finds the well-known results

do a’ a
e T — < . 417
ETo P 45(1 + cos- 6) ( )
and
4ra’
o= . (4.18)
3ds
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5. Gauge theory of U(1)

I the previous section we have considered scaiar electrodyvnamics. the theorv of photons coupied
"o charged spinless fields. This is one of the simplest exampies of an interacting ficid theory
hased on gauge invariance. Such theories are called gauge theories. In this section we will
present the main ingredients of these theories. For simplicity we will first consider the case of
abelian gauge transformations. i.e. gauge transformations that commute. In later sections we
shall also discuss theories based on nonabelian gauge groups.

As a first example let us construct a field theory which is invariant under local phase

transformations. Qur starting point is the free Dirac Lagrangian
Ly = —vPy — m¥vw, (5.1)

which is obviously invariant under rigid phase transformations. i.e. phase transformations which
are the same at each point in space-time. This is so because
-

b — v = e, (5.2)

implies
T — = ey (5.3)

Here we have introduced a parameter ¢ that measures the strength of the phase transforma-
tions. because eventually we want to simuitaneously consider fields transforming with different
strengths. Phase transformations generate the group of 1 x 1 unitary matrices called U(1).

Let us now consider local phase transformations, and verify whether (5.1) remains invariant.
Of course. the local aspect of the transformation is not important for the invariance of the mass
term. since the variation of that term ouly involves the transformation of fields taken at the
same point in space-time. But as soon as we compare fields at different points in space-time the
local character of the transformation is crucial. A derivative. which depends on the variation
of the fields in an infinitesimally small neighbourhood. will be subject to transformations at

neighbouring space-time points. To see the effect of this. let us evaluate the effect of a local

transformation on 0, ¥:

8u¥(z) = (0u¥(2)) = 0, (e y(2))
= 962 (9, 9(z) + gD, E(z)¥(z)). (5.4)

Clearly 0,1 does not have the same transformation rule as v itself. There is an extra term
induced by the transformations at neighbouring space-time points which is proportional to the
derivative of the transformation parameter. This term is responsible for the lack of invariance
of the Lagrangian (5.1).

In order to make (5.1) invariant under local phase transformations, one may consider the
addition of new terms whose variation will compensate for the 9, term in (5.4). As a first step

one could attempt to construct a modified derivative D, transforming according to

D,¥(z) — (D)) = e (Dyv(z)). (5.5)
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[fsuch a derivative exists we can then simply repiace the ordinary derivative ¢, in the Lagrangian
i5.1) by D, and preserve invariance under local phase transformations.

Since the transformation of D, is entirely determined by the transformation parameter
at the same space-time coordinate as v, D, is called a covariant derivative. To appreciate this
definition one should realize that a local phase transformation may be regarded as a product of
independent phase transformations each acting at a separate space-time point. It is possible that
local quantities transform only under the gauge transformation taken at the same space-time
point. Such quantities are then said to transform covariantly. For instance. according to this
nomenclature. the field ¥ transforms in a covariant fashion under local phase transformations.
whereas the transformation behaviour of ordinary derivatives ( cf.(5.4)), although correctly
representing the action of the full local group., is clearly noncovariant. It is obviously convenient
to have local quantities that transform covariantly, and this is an extra motivation for introducing
the covariant derivative.

Let us now turn to an explicit construction of the covariant derivative. Comparing (5.4)
and (5.5) we note that the modified derivative D, must contain a quantity whose transformation

can compensate for the second term in (5.4). If we define

Dy¥(z) = (0, — igAL(z))¥(2). (5.6)

we obtain

Duw - (Duw)l (aﬂb)' - tq(Jqulr,")l

e'%(8,y + g0,y — igALY). (5.7)

Comparing this to (5.5) shows that the new quantity A, must have the following transformation
rule

Ay — A, = A, + 0,6 (5.8)
Hence the requirement of local gauge invariance has led us to introduce a new field A,, whose

transformation is given by (5.8). This new field is called a gauge field. Note that the gauge field

does not transform in a covariant fashion.
Introducing the covariant derivative (5.6) into the Lagrangian (5.1) shows that the theory

is no longer free, but describes interactions of the fermions with the gauge field

£\l' = -Q)-Dw - mzw’
—VPY — mPY + igAYTHY (5.9)

Usually one assumes that A, describes some new and independent degrees of freedom of the
system. although this can sometimes be avoided. But in any case it is clear that the requirement
of local gauge invariance leads to interacting field theories of a particular structure.

Covariant derivatives play an important role in theories with local gauge invariance, so
we discuss them here in more detail. First we note that D, consists of two terms which are
both related to an infinitesimal transformation. The derivative 8, generates an infinitesimal

displacement of the coordinates. z# — r* + a*, whereas the second term —iqA, ¢ represents the
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variation under an infinitesimal gauge transformation év = 19+, with parameter £ = — 4. The
combination of an infinitesimal transiormation over a distance a,, and 2 field-dependent gauge

transformation with parameter £ = —a, A, is sometimes called a covarwant transiation. Under
such a translation a field transforms as

6w = a“D, ¢. (5.10)

The observation that D, corresponds to an infinitesimal variation shows that covariant deriva-

tives must satisfy the Leibnitz rule. just as ordinary derivatives do
Du($1¥2) = (Dyh1)¥2 + wi(Duyn). (5.11)

To appreciate this result one should realize that the precise form of the covariant derivative is
tied to the transformation character of the quantity on which it acts. For instance. if ¥4 and ¥,

transform under local phase transformations with strength ¢, and g,, respectively, then we have

——

Du(wlw’.’) = (61.4 - i(q + 02)/1“)(11’111)2),
Dy = (0, = iq1 AL ),
D“‘d)z = (au — i AL )Yn. (5.12)

With these definitions it is straightforward to verify the validity of (5.11).
Of course, repeated application of covariant derivatives will always vield covariant quan-
tities. This fact may be used to construct a new covariant object which depends only on the

gauge fields. Namely, we apply the antisymmetric product of two derivatives on ¥

[DuvDu]wz'- Du(Duw)_Dv(Duw) (513)
Writing explicitly
Dy (D,¥) = 0,0, = 1qAL0,% - ig(8,A )0 — igA, 0, v — " A A, v, (5.14)
one easily establishes
(Duy DY = —igF ¢, (5.15)
where
F.,.=08,A,-0,A,. (5.16)

However. since ¥ transforms covariantly and the left-hand side of (5.15) is covariant. we may
conclude that F,, is itself a covariant object. In fact, application of the gauge transformation
(5.8) shows that F,, is even gauge invariant,

§F,, = 0,8,6 ~ 3,0,€ = 0. (5.17)

but. as we will see later. this is a coincidence related to the fact that U(1) transformations are
abelian.
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The result (5.13) is called the Ricctidentity. It specifies that the comutator of two covariant
derivatives is an infinitesimal gauge transiormation with parameter £ = —F,,. where F,, is
called the field strength. This field strength F,, is sometimes called the curvature tensor. The
reason for this nomenclature is not difficult to see: if the left-hand side of (5.15) were zero then
two successive infinitesimal covariant translations. one in the 4 and the other in the & direction.
would lead to the same result when applied in the opposite order. According to the Ricci
identity this is not the case for finite F,,. One encounters the same situation when considering
translations on a curved surface. which do not commute for finite curvature. As the tensor £,
on the right-hand side of (5.15) measures the lack of commutativity, its effect is analogous to
that of curvature.

We can use covariant derivatives to obtain vet another important identity. Consider the
double commutators of covariant derivatives (D, [D,, D,]]. According to the Jacobi identity the

cyclic combination vanishes identically,
{Dus[Dv. Dpl) + [Dus[Dyy Do)} + [Dy, [Dy, D)) = 0. (5.18)

as can be verified by writing all the terms. To see the consequence of (5.18) let us write the first

term acting explicitly on w(z),

[D“,[D.,,Dp]]d) Du([DmDn]w)—{Dpr]Du¢

= —iq(DuFup)u’s (‘5'19)
where we used (5.11) and (5.15). Therefore the Jacobi identity implies
D,F,,+DF,,+D,F,, =0. (5.20)

In this case the field strength is invariant under gauge transformations so we may replace co-
variant by ordinary derivatives and obtain

0,F,, + 0,F,, + 0,F,, = 0. (5.21)

This result is called the Bianchi identity; it implies that F,, can be expressed in terms of a vector
field. precisely in accord with (5.16). The identity (5.21) is well known in electrodvnamics as

the homogeneous Maxwell equations.

The field strength tensor can now be used to write a gauge invariant Lagrangian for the
gauge field itself

L=-1F2, (5.22)
This Lagrangian can now be combined with (5.9),
L=La+Ly
= -1(8,4, - 0,A4,) - ¥Pv — mYY + igA, Yr4e, (5.23)

so that we have obtained an interacting theory of a vector field and a fermion field invariant under
the combined local gauge transformations (5.2) and (5.8). It is not difficult to see that this theory
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coincides with electrodvnamics: the gauge field A, is just the vector potentiai (subject to its
familiar zauge transformationi. which couples to the fermion field via the minimai substitution.
and F,, is the electromagnetic field strength.

To derive the field equations corresponding to (5.23) is straightforward. Thev read

0“F,, = J,, (5.24)
(P +m)v =iqhy, (5.25)
UP —-m) = —~iqud, (5.26)

where the right-hand side of (5.24) is equal to

Ju = 1quy, 9. (5.27)

Clearly (5.24) corresponds to the inhomogeneous Maxweil equation (1.29), while, as was men-
tioned above, the Bianchi identity (5.21) coincides with the homogeneous Maxwell equations.
~Lhe field equations (5.25) and (5.26) describe the dynamics of the charged fermion. and are

cictly speaking not part of Maxwell’s equations.
It is easv to repeat the above construction for other fields. For example. a complex scalar

field © may transform under local phase transformations according to
¢(z) — ¢'(z) = 9P g(z). (5.28)
As before. the requirement of local gauge invariance forces one to replace the ordinaryv derivative
by a covariant derivative.
D, = (0, - iqA,)¢, (5.29)
so that one obtains a gauge invariant version of the Klein-Gordon Lagraﬁgian
£¢ = "lDu¢lz - m2’¢|2
= ~[0.0* — m*|@|® ~ iqA, 0" 0, ¢ — " A% (5.30)

~This is the Lagrangian for scalar electrodynamics. which we have been using in section 4. Ob-
erve that the effect of the covariant derivative coincides with that of the minimal substitution
procedure. Unlike in spinor electrodynamics, which is defined by the Lagrangian (5.9), there are
interaction terms in (5.30) that are quadratic in A,. Therefore the corresponding expression for
the current (5.28) now depends also on the gauge field A,; it reads

Ju = fq((D“(ﬁ' )¢ - ¢"(D“¢)), (531)

and appears on the right-hand side of the Maxwell equation (5.24). The field equation of the
scalar field can be written as

D*D,¢ - m¥¢ = 0. (5.32)

The parameter g that we have been using to indicate the relative magnitude of the change
of phase caused by the gauge transformation. also determines the strength of the interaction
with the gauge field A,. Hence in electromagnetism the particles described by the various fields

carry electric charges £q. We shall give a more precise definition of the electric charge in section
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6. Current conservation

The four-vector current J,, that appears on the right-hand side of the inhomogeneous Maxwell
equation must satisfy an obvious restriction. To see this contract (5.24) with d* and use the

fact that F,, is antisymmetric in g and v. It then follows that J, must be conserved. i.e.
d,J% = 0. (6.1)

Another way to derive the same result is to make use of the matter field equations. Forinstance.
for a fermion field one has

0, J* = 5;‘(1@%“1#’)
= igp(Pv) + iq(¥ D)
=0, (6.2)

by virtue of (5.25) and (5.26). Similarly on can show that the current (5.31) is conserved by
virtue of the field equation (5.32) and its complex conjugate.

The fact that photons must couple to a conserved current has direct consequences for
invariant amplitudes that involve external photon lines. Such an amplitude with one photon

and several other incoming and outgoing lines takes the form
M(ka"') =Ey(k)M“(kw”')1 (6'3)

where k£ and £(k) denote the momentum and polarization vector of the photon. Current con-
servation now implies that

kyMP(k,--) =0, (6.4)

provided that all external lines other than that of the photon are on the mass shell. The latter
condition can be understood as a consequence of the fact that we had to impose the matter field
equation in (6.2).

Actually, the mass-shell condition for the external lines can be somewhat relaxed: it is
sufficient to require that only the external lines associated with charged particles are on the
mass shell. Therefore it is possible to exploit (6.4) for amplitudes with several off-shell photons,
but we should already caution the reader that this result does not hold for nonabelian gauge
theories. If all external lines are taken off shell one obtains relations between Green's functions,
which have a more complicated structure than (6.4). Such identities are called Ward identities.
In the context of quantum electrodynamics these identities are usually called Ward-Takahashi
identities.

The fact that A, couples to a conserved current is essential in order to establish that
interactions of the massless spin-1 particle associated with A, are Lorentz invariant. We have
already observed this in one particular example in section 3. To explain this aspect in more
detail, we recall that massless particles have fewer polarization states than massive ones. The
spin of massless spin-s particles must be parallel or anti-parallel to the direction of motion of

the particle. so that the helicity is equal to +s. Consequently massless particles have only
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1wo polarization states. irrespective of the vaiue of their spin. Phvsical photons have therefore

helicity =1. and are described by transverse poiarization vectors et k) that satisfv the condition
koe(k)=0 . <co(k)=0. (6.5)

corresponding to two linearly independent polarization vectors.

The second condition in (6.3) is obviously not Lorentz invariant. and one may question
whether the interactions of massless spin-1 particles will be relativistically invariant. To make
this more precise, consider a physical process involving a photon. for which the invariant ampli-

tude takes the form

M = ¢ (K)MH(k, ...), (6.6)

where ¢(k) is the photon polarization vector. k, the photon momentum (k> = 0) and the dots
indicate the other particle momenta that are relevant. Obviously. (6.6) has a Lorentz invariant

form. but since £(k) will not remain transverse after a Lorentz transformation. the amplitude

“will in general no longer coincide with the expression (6.6) when calculated directly in the new

o

[rame.

To examine this question in more detail let us first derive how a transverse polarization
vector transforms under Lorentz transformations. What we intend to prove is that ¢,(k), sat-
isfving (6.5) with k* = 0, transforms into a linear combination of a transverse vector E’(k’)
and the transformed photon momentum &', where ¢'(k') is transverse with respect to the new

momentum k'. More precisely,

£u(k) — e (K') + a k., (6.7}

with a some unknown coefficient which depends on the Lorentz transformation. To derive (6.7}
it is sufficient to note that the condition k-£(k) = 0 is Lorentz invariant, so that the right-hand
side of (6.7) should vanish when contracted with k’; therefore it follows that this vector can
be decomposed into a transverse vector satisfving (6.5) (but now in the new frame) and the
momentum A'. What remains to be shown is that the transverse vector ¢'(k’) has the same

normalization as £(k). Tlis is indeed the case. since

e*(k)eu(k)

(e"™(K') + ak™)((K') + ak})
e'“(k")el, (k"), (6.8)

where we have used (6.5) and k"2 = 0. Using (6.7) one easily establishes that the amplitude
(6.3) transforms under Lorentz transformations as

eu(kY MUk, -} — el (KYM™(E' -y + akl, MK, ). (6.9)
The first term on the right-hand side corresponds precisely to the amplitude that one would

calculate in the new frame. Therefore relativistic invariance is ensured provided that the photons
couple to a conserved amplitude.
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Fig. 3. The absorption of a virtual photon by a spinless particle

7. Conserved charges

In classical field theory current conservation implies that the charge associated with the current
is locally conserved. For scattering and decay reactions of elementary particles it seems obvious
that charge conservation should imply that the total charge of the incoming particles is equal
to the total charge of the outgoing particles. It is the purpose of this section to prove that this
is indeed the case and to establish that the charge of a particle can be defined in terms of the
invariant amplitude for a particle to emit or absorb a zero-frequency photon. To elucidate this
definition consider the amplitude for the absorption of a virtual photon with momentum & by a
spinless particle. The corresponding diagram is shown in Fig. 3. The momenta of the incoming
and outgoing particles are denoted by p and p’, respectively, so that k = p’ — p. Both p and p’
refer to physical particles of the same mass. so that p* = p'? = —m?. The invariant amplitude

can generally be decomposed into two terms

Mu(p'.p) = R(K)P, + pu) + iFa(kD)k, (7.1)

where F} and F, are called form factors. Current conservation implies that k,M*(p’, p) should
vanish. so

F(K)(p? - p*) + iR (k*)k* = 0. (7.2)

Since the incoming and outgoing particles have the same mass, F; drops out from (7.2) and we
are left with

Fy(k?) = 0. (7.3)

In order to obtain (7.3) it is essential that we assume current conservation for off-shell photons.
The simplification resulting from this assumption will not imply a loss of generality in what
follows. as we will mainly be dealing with physical photons. The function Fj(k?) is called the
charge form factor, and as, we have been alluding to above, its value at k* = 0 defines the
electric charge of the particle in question. For a pointlike particle this is easily verified, and
one finds F>(k?) = 0 and Fy(k?) = e, where e is the coupling constant in the Lagrangian that
measures the strength of the photon coupling. Experimentally it is not possible to measure the
probability for absorbing or emitting a zero-frequency photon, so that the charge of a particle is
not measured in this way. It is more feasible to use low-energy Compton scattering (also called

Thomson scattering) for this purpose. Another process is the elastic scattering of a particle by
a Coulomb field.
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Fig. 4. Born approximation diagrams corresponding to (7.6)

We will now show that. with the above definition of charge, one has charge conservation in
any possible elementary particle reaction. The derivation starts from considering a process in

which a soft photon is being emitted or absorbed; for instance

A— B+ (7.4)

" where A and B denote an arbitrary configuration of incoming and outgoing particles. It is
possible to divide the amplitude for this process into two terms

M(A—B+7y)= MB(A=B+9)+ MRA— B+7), (7.5)

where MPB consists of all the Born approximation diagrams in which the photon is attached
to one of the external lines, as shown in Fig. 4, and MP® represents the remainder. The Born

approximation diagrams have the form

= s“(k){ZM Ali] — B) E__?.Z’_*_)_‘LJ:__F(i&)

Qm+k) 2 .
+Z(p T F(k M(A — [1)}, (7.6)
where M(A[i] — B) and M(A — B|j]) denote the invariant amplitude for the process A — B
~ in which one of the external lines is shifted from its mass shell by an amount k&,. The index ?
labels the off-shell incoming line with momentum p; = k and p; = —m?, whereas j labels the
outgoing line with momentum p; + k and p} = —m?. The reason why we consider the Born
approximation diagrams of Fig. 4 separately is that they become singular when the photon
momentum k tends to zero because the propagator of the virtual particle diverges in that limit.
Therefore we are entitled to restrict ourselves to the charge form factors Fi(k?) or F;(k?) as they
are measured for rea! particles, since the deviation from their on-shell value leads to terms in
which the propagator pole cancels, and which are therefore regular if k£ approaches zero. Those
terms are thus contained in the second part of (7.5) which is assumed to exhibit no singularities

in the soft-photon limit.
We now use current conservation on the full amplitude (7.5), i.e.. we require that the
amplitude vanishes when the photon polarization vector €,(k) is replaced by k,. Contracting

the momentum factors in the Born approximation amplitude with k, leads to the following
factors a
(2pi = k)* —(pi = k)? + p;

ku 2 T = p] ™ = "]n
(pi= k)2 +mi  (pi-q)f+m;

(1.7)
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= +1. (7.8)

Using the fact that the remaining diagrams in (7.5) are regular for vanishing &. we thus find

=Y M(A[i] = BYFR(k) + Y Fi(k*) M(A — BIj]) = O(k). (7.9)
' J
or. in the soft-photon limit

(Y Fi(0)= 3" F(0)) M(A — B) =0. (7.10)

J

where M(A — B) is now the full on-shell amplitude for the process A — B. The implication
of (7.10) should be obvious. In every possible process the sum of the charges of the incoming
particles should equal the sum of the charges of the outgoing particles. This result justifies the

definition of electric charge as the charge form factor taken at zero momentum transfer.

8. Nonabelian gauge fields

[n the previous chapter we have introduced theories with local gauge invariance. In order to
demonstrate the essential ingredients we staved primarily within the context of theories such
as electrodynamics that are invariant under local phase transformations. However. the same
framework can be applied to theories that are invariant under more complicated gauge trans-
formations. One distinctive feature of the latter is that they depend on several parameters and
also that they are not always commuting. Groups of noncommuting transformations are called
nonabelian. This in contradistinction with phase transformations. which depend on a single
parameter £ and are obviously commuting (and therefore called abelian). The fact that the
gauge transformations depend on several parameters forces us to introduce several independent
gauge fields. Also the matter fields must have a certain multiplicity in order that the gauge
transformations can act on them. In more mathematical terms. the fields should transform
according to representations of the gauge group. Each representation consists of a set of fields
which transform among themselves, just as the components of a three-dimensions vector trans- .
form among themselves under the group of rotations. The coupling of the gauge fields to matter
will involve certain matrices, which will appear in the expressions for the charges. Charges can
be defined along the same lines as in section 7. If the gauge transformations do not commute,.
these matrices will not commute either. This requires that the nonabelian gauge fields exhibit
selfinteractions (in other words, they are not neutral as the photon), so that the Lagrangian
for the gauge fields will be considerably more complicated than the Lagrangian (5.14). One
way to discover the need for selfinteractions of nonabelian gauge fields follows from analyzing
Feynman diagrams with several external lines associated with nonabelian gauge fields. One can
then establish that the corresponding amplitudes are only conserved if the gauge fields have
direct interactions with themselves. However, we will proceed differently and start in the same
vein as in section 5, assuming invariance under nonabelian transformations.

The relevant gauge groups consist of transformations, usually represented by matrices, that

can be parametrized in an analytic fashion in terms of a finite number of parameters. Such
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sroups are cailed Lie groups. The number of independent parameters defines the dimension
o1 the group.™ For instance. phase transiormations constitute the group U/(1). which is clearly
of dimension one. As mentioned above. this group is abelian because phase transformations
commute. Twoimportant classes of nonabelian groups are the groups SO(.V) of real rotations in
N dimensions (N > 2), and the groups SU(N ) of N x N unitary matrices with unit determinant
{.V > 1). As we shall see in a moment the dimension of these groups is £.V(N - 1) and N? - 1.
respectively.

Let us generally consider fields that transform according to a representation of a certain
Lie group G. This means that. for every element of the group G, we have a matrix U; these
matrices U satisfy the same multiplication rules as the corresponding elements of G. Under a
group transformation the fields rotate as follows

¥(z) — ¥'(z) = U v(z), (8.1)

where v denotes an arrav of different fields written as a column vector. More explicitlv. we may
write

vilz) — vi(z) = Uij vi(z). (8.1

For most groups the matrices U can generally be written in exponential form

U = exp(£°t,), (8.2)

where the matrices t, are called the generators of the group defined in the representation appro-
priate to ¥, and the £° constitute a set of real parameters in terms of which the group elements
can be described. The number of generators, which is obviously equal to the number of inde-
pendent parameters £ and therefore to dimension of the group. is unrelated to the dimension
of the matrices / and t,. It is usually straightforward to determine the generators for a given
group. For exampie, the generators of the SO(N) group must consist of the & x N real and
antisvmmetric matrices. in order that (8.2) dgﬁnes an orthogonal matrix: UT = U~ As there
are %_\’(;’V — 1} independent real and antisymmetric matrices the dimension of the SO{N ) group
is equal to 2 N(N ~ 1). For the SU(N) group. the defining relation U' = U~! requires the gen-
erators t, to be antihermitean N x N matrices. Furthermore. to have a matrix (8.2) with unit
determinant it is necessary that these antihermitean matrices t, are traceless. There are N2 -1
independent antihermitean traceless matrices so that the dimension of SU(N ) is equal to N? -1.
To verify these properties it is usually sufficient to consider infinitesimal transformations, where
the parameters £ are small. so that U = 1 + £°¢, + O(£?).

Because the matrices U defined in (8.2) constitute a representation of the group, products
of these matrices must be of the same exponential form. This leads to an important condition

on the matrices t,, which can already be derived by considering a product of two infinitesimal

* Mathematically. a set of transformations forms a group if the product of every two trans-
formations. the identity and the inverse of each transformation is contained in the set. and if
the product of transformations is associative. It is usually rather obvious that the complete set

of transformations that leave a theory invariant. forms a group.
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transformations: the matrices t, generate a group representation if and only if their commutators
can be decomposed into the same set of generators. These commutation reiations define the Lic
ulgebra g corresponding to the Lie group G.

[tasts] = fas“Lc. (8.3)

where the proportionality constants f,,¢ are called the structure constants. because they define
the multiplication properties of the Lie group. As we shall see the Lie algebra relation (8.3)
plays a central role in what follows.

Let us now follow the same approach as in section 5 and consider the extension of the group
G to a group of local gauge transformations. This means that the parameters of G will become
functions of the space-time coordinates z#. As long as one considers variations of the field at a
single point in space-time this extension is trivial. but the local character of the transformations
becomes important when comparing changes at different space-time points. In particular this is

relevant when considering the effect of local transformations on derivatives of the fields. i.e.,
Wiz) — v'(z) = Ulz)v(z). (8.4)

Ou¥(z) — (0u¥(2)) = U(z) 0utb(z) + (9, U(z)) wiz). (8.5)

Just as in section 5 local quantities such as the vector ¥, which transform according to a
representation of the group G at the same space-time point. are called covariant. Due to the
presence of the second term on the right-hand side of (8.5), 8, does not transform covariantly.
Although the action of the space-time dependent extension of G is still correctly realized by
(8.5) this type of behaviour under symmetry variations is difficult to work with. Therefore one
attempts to replace 0, by a so-called covariant derivative D,, which constitutes a covariant
quantity when applied on w,

Dy¥(z) — (Du¥(z)) = U(z) Dyu¥(z). (8.6)

The construction of a covariant derivative has been discussed in the previous chapter for
abelian transformations, where it was noted that a covariant derivative can be viewed as the
result of a particular combination of an infinitesimal displacement generated by the ordinary
derivative and a field-dependent infinitesimal gauge transformation. Such an infinitesimal dis-
placement was called a covariant translation. Its form suggests an immediate generalization
to the covariant derivative for an arbitrary group. Namely, we take the linear combination of
an ordinary derivative and an infinitesimal gauge transformation, where the parameters of the
latter define the nonabelian gauge fields. Hence

Dy =08,0-W,¢, (8.7)

where W, is a matrix of the type generated by an infinitesimal gauge transformation. This
means that W, takes values in the Lie-algebra corresponding to the group G, i.e.,I¥, can be
decomposed into the generators t,,

W, =Wit,. (8.8)
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Indeed W', has the characteristic feature of a gauge field. as it can carry information regarding

the group {rom one space-time point to another.

Let us now examine the consequences of (8.7). Combining (8.5) and (8.6} shows that W, v

must transform under gauge transformations as

(Wo¥) = 9,9 — (D)
= U(0,¥) + (8,U)¥ - U(D,¥)
= {UW, U + (38, U)U""} ¢ (8.9)

This implies the following transformation rule for W,
W, - W, =UW, U +(8,U)U"". (8.10)

Clearly the gauge fields do not transform covariantly. Tle first term in (8.10) indicates that the
~gauge fields W2 transform according to the so-called adjoint representation of the group: the
econd noncovariant term is a modification that is characteristic for gauge fields. [t is easy to

evaluate (8.10) for infinitesimal transformations by using (8.3) and we find
Wi — (W2 = WS+ f,0We 4+ 9,6° + 0o(€?). (8.11)

This result differs from the transformation law of abelian gauge fields by the presence of the
term [y 2E°WE.

We have already made use of the observation that the D, can be viewed as the generators
of covariant translations. which consist of infinitesimal space-time translations combined with
infinitesimal field-dependent gauge transformations in order to restore the covariant character of
the translated quantity. Since both these infinitesimal transformations satisfv 6(oy) = (§¢)¥ +
o(6v), we have Leibnitz’ rule for covariant derivatives,

Du(ev) = (Duo)v + o(D,0). (8.12)

Note that the covariant derivative always depends on the representation of the fields on which
it acts through the choice of the generators t,. Hence each of the three terms in (8.12) may
contain a different representation for the generators (see the simple abelian example in (5.12)).

Unlike ordinary differentiations, two covariant differentiations do not necessarily commute.

[t is easy to see that the commutator of two covariant derivatives D, and D,, which is obviously
a covariant quantity, is given by

IDﬂ’DV]w = Du(Duw) - Dv(Duw)

= —(a,W, -3 W, - [W,, W .. (8.13)
This result leads to the definition of a covariant antisymmetric tensor G, ,
Gy =90,W, =0, W, - [W,,11], (8.14)
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which is called the field strength. As v and D,D,v transiorm identically under the gauge
transformations the field strength must transform covariantly according to

Guw — G, =UG, U (8.15)

Because W, is Lie-algebra valued and the quadratic term in (8.14) is a commutator. the field

strength is also Lie-algebra valued. i.e.. G, can also be decomposed in terms of the group
generators ,,

Guv = G:ytas (8.16)
with
Gy, = 0,W; - QW] - fo "W W, (8.17)

Note that(8.17) differs from the abelian field strength derived in section 5 by the presence of the
term quadratic in the gauge fields.

Under an infinitesimal transformation G, transforms as

Guv - G:“, = Guu + [fatas Guu]v (818)

or, equivalently, as
G3, — (G2,) = G2, + fuc*€°GS,. (8.19)

For abelian groups the structure constants vanish (i.e., the adjoint representation is trivial for
an abelian group), so that the field strengths are invariant in that case.

The result (8.13) can now be expressed in a representation independent form

[Du! Dv] = "Guu» : (8.20)

implying that the commutator of two covariant derivatives is equal to an infinitesimal gauge
transformation with —G%, as parameters. This is the Ricci identity. Precisely as for the abelian

case we may apply further covariant derivatives to (8.20). In particular we consider
[DulDv. Do)l + [Du[D,. D)l + (Do D, D.])
which vanishes identically because of the Jacobi identity. Inserting (8.20) we obtain the resulit
D.G,,+D.G,,+D,G,, =0, (8.21)
where, acording to (8.18), the covariant derivative of G, equals
D.G,,=08,G,, - [W, G.,l, (8.22)

or, in components,
D,G;, = 8,G:, - fo"W G5, (8.23)

The reiation (8.21) is called the Bianchi identity; in the abelian case the Bianchi identity corre-
sponds to the homogeneous Maxwell equations.
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9. Gauge invariant Lagrangians for spin-0 and spin-% fields

Bv making use of the covariant derivatives constructed in the previous section it is rather
<traightforward to construct gauge invariant Lagrangians for spin-0 and spin- % fields. To demon-

strate this. consider a set of XV’ spinor fields v, transforming under transformations I’ belonging

to a certain group G according to (1.7 =1.--+,.V)
Y — w,’« =U,'jwj. (9.1)
or. suppressing indices :. j, and writing v as an /N-dimensional column vector.
P = = Uy (9.2)
Conjugate spinors v, then transform as
~ Ei—-J::Ui-jEjs (9.3)
or. regarding © as a row vector and again suppressing indices. as
- =pU. (9.4)
Obviously. if U is unitary. i.e., if T = U'~!, the massive Dirac Lagrangian.
L= -v iy ~ mb¥y, (9.5)

is invariant under G. This Lagrangian thus describes N spin-% (anti)particles of equal mass m.
We now require that the Lagrangian be invariant under local G transformations. To achieve

this we simply replace the ordinary derivative in (9.5) by a covariant derivative (here and hence-

forth we will suppress indices 1, j, etc.),

L=~uDy— myy
G0 - MY + T, (9.6)

where W, = WSt, is the Lie-algebra valued gauge field introduced in the previous section.
Hence the gauge field interactions are given by

Liny = WPy, 0, (9.7)

where t, are the parameters of the gauge group G in the representation appropriate to ¥.
Observe that the matrices t, are antihermitean in order that the gauge transformations be
unitary. The reader will have noticed that there is no obvious coupling constant in (9.7), but we
shall see in the next section how this coupling constant can be extracted from the fields W3. The
matrices (1,);; can be regarded as nonabelian charges (up to a proportionality factor i). The
commutation relation for these charges is a consequence of the Lie algebra relation (9.3) which

is necessary and sufficient in order that the nonabelian gauge transformations form a group.
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To illustrate the above construction. let us explicitly construct a gauge invariant Lagrangian
for fermions transiorming as doublets under the group SU(2). This group consists of all 2 x 2

unitary matrices with unit determinant. Such matrices can be written in exponentiated form

U(€) = exp(£°t,), (a=1.2.3) (9.8)

where the three generators of SU(2) are expressed in terms of the isotopic spin matrices 7,,

to = Lir,, (9.9)

which coincide with the Pauli matrices used in the context of ordinary spin.

1 .
rlz(? O), 72=(? 01>’ r;:((ll _01) (9.10)

As can be explicitlv verified the generators t, satisfy the commutation relations

[tuvtb] = —€qbe Le (911)

ensuring that the matrices (9.8) form a group.
Historically the first construction of a nonabelian gauge field theory was based on SU(2)
and was motivated by the existence of the approximate isospin invariance in Nature. According

to the notion of isospin (or isobaric spin) invariance the proton and the neutron can be regarded
as an isospin doublet. Therefore one introduces a doublet field

- w,) 9.12
¥ (w", (9.12)

analogous to the s = ! doublet of ordinary spin. Conservation of isospin is just the requirement

of invariance under isospin rotations
Y — o' = Ui, (9.13).

where {/ is an SU(2) matrix as defined in (9.8). I{ isospin invariance would be an exact symmetry
then it is a matter of convention which component of ¥ would correspond to the proton and
which one to the neutron. If one insists on being able to define this convention at any space-time
point separately, then one is led to the construction of a gauge field theory based on local isospin
transformations (this is the heuristic argument that motivated Yang and Mills to attempt the

construction of the gauge theory of SU(2))

Starting from (9.13) it is straightforward to construct the covariant derivative on v,

3u¢p 1 ¥y
D,y = - ZiWer,
ot (auwn) 2" (wn

- Aty L w3 Wi—iw2\ [ ¥p | (0.14)
Q) 2 \Wlgiw?2 w3 "
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A locally SU°(2) invariant Lagrangian is then obtained by repiacing the ordinarv derivative by

. covariant one in the Lagrangian of a degenerate doublet of spin-% fields.

L=-uvPv-myy
= —vdv — muw + LW vy (9.15)

The field strength tensors follow straightforwardly from the SU(2) structure constants exhibited
in (9.11)

G, = 0 W2 =0, W2 + eqp W, (9.16)

while under infinitesimal SU(2) transformations the gauge fields transform according to
We — (W) = W2+ €qnc W2 +0,6°. (9.17)

However, contrary to initial expectations, local SU(2) transformations have no role to play

in the strong interactions. Instead these forces are governed by an SU(3) gauge theory called

~antum chromodynamics because one has introduced the term colourfor the degrees of freedom
.ransforming under S{7(3). The corresponding gauge fields are called gluon fields because they

are assumed to bind the elementary hadronic constituents. called quarks. into hadrons. The

quarks transform as triplets under SU(3) and can thus be viewed as a straightforward extension

of the SU(2) doublet (9.12). Theories based on SU7(2) gauge transformations are relevant for
the weak interactions.

Gauge invariant Lagrangians with spin-0 fields are constructed in the same way. For in-
stance. consider an array of complex scalar fields transforming under transformations (' as in
(9.1). If we regard ¢ as a column vector and the complex conjugate fields as a row vector 0",

we may write

op—¢ =Ud
" —(¢") =0 U, (9.18)

—

‘ovariant derivatives read

Dy = 0,0 - W20,
D,¢™ =9,¢" - ¢7th W2, (9.19)

Provided that the transformation matrices U in (9.18) are unitary ( so that t} = —t,) the

following Lagrangian is gauge invariant
L = -|D,¢l* - m*|e|* - Alg|* (9.20)
where we have used a complex inner product {¢{> = ¢]¢,. Substituting (9.19) leads to

L=~-(8,0"+0"t.W2)(0,0 - Wt,0) = m*|¢|* - A|gl*
= = |0,¢° — m*|¢* — Als|*
- Wi 10,0 = (0,8").0) + WIW (O™ taty0), (9.21)
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where in the gauge field interaction terms o and o are written as row and column vectors. This
resuit once more exhibits the role plaved by the generators ¢, as matrix generalizations of the
charge. Using (9.9) it is easy to give the corresponding Lagrangian invariant under SU(2). In
that case (9.21) reads

L =-10,8" - m*|8|* - Alg|*
- Liwg (¢'ra 6u¢) -1 (wa) el (9.22)

where we have used 7,7 + T57a = 1 8qb.

10. The gauge field Lagrangian

In the preceding section we discussed how to construct locally invariant Lagrangians for matter
fields. Starting from a Lagrangian that is invariant under the corresponding rigid transforma-
tions, one replaces ordinary derivatives by covariant ones. Until that point the gauge fields are
not yet treated as new dynamical degrees of freedom. For that purpose one must also specify a
Lagrangian for the gauge fields, which must be separately locally gauge invariant. A transparent
construction of such invariants make use of the field strength tensor G,,. Let us recall that G,
transforms according to (cf. (8.15)),

Gu — G, =UG, U (10.1)
so that for any product of these tensors we have
GuvGoo Grr — G,Gly Gy = U(GuGpo - Gar)U™. (10.2)
Consequently the trace of arbitrary products of the form (10.2) is gauge invariant, i.e..
Tr(Guy - Gre) = Tr (UG, - Gar U™ ) = T (Gy - Grs ). (10.3)

by virtue of the cyclicity of the trace operation. The simplest Lorentz invariant and parity

conserving Lagrangian can therefore be expressed as a quadratic form in G, ,

1
Lw = mTr(GWG‘“’), (10.4)
where we have introduced (4g%)~! as an arbitrary normalization constant. Notice that two
alternative forms G, and G, G s¢€,,,, are excluded: the first one vanishes by antisymmetry

of G,,, and the second one is not parity conserving (in fact one can show that the second term
is equal to a total divergence).

After rescaling W, to gli,, the gauge field Lagrangian (10.4) acquires the form
Lw = Tr(tats) {%(a“w: — 8,W2)(8,W? - 0,W?)
- feWEWSOWE + L2 Lt [ WoWEWEWS ), (105)

where one may distinguish a kinetic term. which resembles the abelian Lagrangian (5.12), and

1¥3. and W*-interaction terms. which depend on the structure constants of the gauge group.
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For the Lie groups that we will be interested in. we have t} = —f, and the generators can

he defined such that Tr(t,ty) becomes equal to —é,,. In that case the Lagrangian reads

Lw == 2O, W = 0, W2 + gfancIVS W0,
- :-ngubcfade ”'5 ”’S ”’: H: (106)

In this particular case there is no need to distinguish between upper and lower indices a.b....
and fope = fou© is totally antisymmetric.

One mav combine the gauge field Lagrangian (10.6) with a gauge invariant Lagrangian
for the matter fields. and derive the corresponding Euler-Lagrange equations from Hamilton’s

principle. To be specific let us choose the gauge invariant Lagrangian (9.6) for fermions and
combine it with (10.6),

C=£W+£u.

_ = j?mcwcw) - WPY - mow (10.7)

[he field equations for the fermions are obviously a covariant version of the Dirac equation. i.e..

D+ mjy =0, w(P -m) = 0. (10.8)

or explicitly ( using t} = —t,)
(P + m)y = Wt v, (10.9)
PP +m) = =t IV, (10.10)

where we have not vet extracted the gauge coupling constant g from 11",. These equations are
the nonabelian generalizations of (5.12) and (5.13).

To derive the field equations for the gauge fields requires more work and we give the result
without proof.

b

D*Ge, = J°. (10.11)

which is obviously a nonabelian extension of (5.24). The explicit form of this equation is rather
complicated,

BY(BW2 = 0, W2) + foc(WH O, WS + WEO, W — 2W* 9, W)
+fbcafdcc“r:”7:‘,‘reu = J:, (10_12)
where
JE = wyuta¥. (10.13)

To examine whether J2 is conserved. we apply a covariant derivative D, to (10.11). On the
left-hand side this leads to

D,D, G = %[Dus Du] Genv
= 1GY, fot G, (10.14)
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where we have used the Ricci identity (10.28). Because f,.% is antisvmmetricin b and c. (10.14)

vanishes. Therefore the current satisfies a covariant divergence equation

D,J®* = 0. (10.15)

or. explicitly.

BuJ ~ foc® Wi J = 0. (10.16)

This resuit implies that gauge fields can only couple consistently to currents that are covariantly
constant. According to (10.15) the charges associated with the current are not quite conserved.
The reason is obviously that the gauge fields are not neutral. Their contributions must be

included in order to define charges that are conserved.

11. Spontaneously broken symmetries

[t is possible for a theory to be exactly invariant under a symmetry, while its ground-state
solution does not exhibit this symmetry. In itself it is not surprising that a symmetric theory
can give rise to nonsymmetric states: take. for instance, the hydrogen atom which is described
by a hamiltonian that is rotationally invariant, while its eigenstates with nonvanishing angu-
lar momentum are not inert under rotations. Nevertheless its ground state has zero angular
momentum. and is thus rotationally symmetric.

An example of a rotationally invariant svstem which is realized in such a way that the ground
state is not symmetric. is the ferromagnet. Nonferromagnetic materials have a rotationally
symmetric ground state in which the atomic spins are randomly oriented. Therefore the gross
magnetization is zero. However. in a ferromagnet the spin-spin interactions are such that in the
state of lowest energy all spins are aligned. This gives rise to a finite magnetization which breaks
the manifest rotational symmetry; thus the rotational symmetry is realized in a spontaneously
broken way. This does not mean that rotational symmetry has no consequences anymore. but
the most obvious implications of having a symmetric theory are absent. One important aspect
of a2 spontaneously broken realization is that the ground state must be infinitelv degenerate.
From a nonsymmetric ground state one may construct an infinite number of states by applying
the symmetry transformations on the ground state. All these different states must have the
same energy as the original one, because of the symmetry of the theory; the hamiltonian of the
system still commutes with all symmetry transformations. Indeed for the ferromagnet with all
spins aligned in a given direction, one obtains an infinite set of ground states by rotations of the
magnet.

We now discuss these phenomena in the context of a field-theoretic model based on a
complex spinless field ¢ :

L =-10,0° - V(igl). (11.1)

This Lagrangian is invariant under constant phase transformations of ¢
#(z) — ¢'(z) = e'%¢9(z). (11.2)

Such U(1) transformations can also be represented as two-dimensional rotations of the real and
imaginary parts of é. Hence the groups U(1) and O(2) are equivalent.
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In theories such as (11.1) the fields are usually expanded about some constant vaiue for
:vnich the potenuial (and thus the energy) has an absolute minimum. This vaiue characterizes
the ground state of the system. in the same wav as the magnetization of the ferromagnet specifies
‘its ground state. Of course. the actual value changes when quantum corrections are included. but
such effects will not concern us here. The field ¢ will have fluctuations about this classical value
corresponding to dvnamical degrees of freedom. Such degrees of freedom can be associated
with particles: the constant field value which represents the field configuration with minimal
energy is called the vacuum expectation value. The nature of the fluctuations about this value
is determined by the Lagrangian. Expanding the field about its vacuum expectation value v. we
obtain a Lagrangian of the Klein-Gordon type for the two field components contained in ¢, which
describe particles with a mass determined by the second derivative of V(|¢|) at @ = v. Rather
than working this out in detail, we give a systematic description of the various possibilities.

The first possibility is that the potential acquires its minimum at @ = 0. In that case
expanding the Lagrangian about © = 0 gives rise to

-~ L=-0.0 - 110" +.... (11.3)
: his shows that the excitations described bv @ correspond to particles with mass u: note that
1° must be positive because we have expanded the potential about a minimum. We may thus
distinguish two kinds of particles. corresponding to the real and imaginary part of ©. Both have
the same mass. which can be understood on the basis of the symmetry (11.2) which rotates the
real and imaginary parts of the field. Such a symmetric realization of the theory is called the
Wigner- Weyl mode.

We now consider the case where the minimum is acquired for a non-zero field value. In
that case one immediatelv realizes that there must be an infinite set of minima because of the
svmmetry (11.2). In the plane of real and imaginary components of @ these minima are located on
a circle (see Fig. 5), and each of them represents a possible ground state. This situation describes
a spontaneously broken realization of the symmetry (11.2), because the fact that we are {orced
to consider the theory for nonvanishing vacuum expectation value means that the symmetry is

~~0 longer manifest. However, further inspection shows that the symmetry still has an important
mplication. Because of the degeneracy there is one direction in which the potential remains
constant when expanding about the minimum. Consequently, one of the excitations about
the ground state value of @ is massless. This is in accordance with the Goldstone theorem.
which states that to every generator of the symmetry group that is spontaneously broken.
there corresponds a massless particle. This particle is called the Goldstone particle. and the
spontaneously broken realization is called the Goldstone mode. One recognizes that the massless
degrees of freedom are related to the symmetry that is broken. since it is this symmetry that
causes the degeneracy of the potential. Because the symmetry in this case is generated by
a scalar parameter, which shifts the phase of @ . the particle is a scalar particle. But more
complicated examples of spontaneously broken symmetries are possible.

We now consider the Goldstone mode in somewhat more detail. Since we are expanding

the field about some nonvanishing value. it is convenient to make a decomposition

e'¥(7) (11.4)
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This leads to
1, .

0.0 = ﬁe""’ (Oup + 10 3,9), (11.5)

which is inserted into the Lagrangian (11.1)
1 1,
L= -5(3up)’ - 50°(8.6)° = V(p/V2) (11.6)

Clearly the radial degrees of freedom describe a particle with a mass given by
, 07
u= =V(p/V2)| = 4V"(p/V2). (11.7)
Bp p=v .
But the angular degrees of freedom related to # do not have a mass, and we find a standard

kinetic term for a massless scalar field with some additional derivative interactions. This confirms
the result of our heuristic considerations. and is in agreement with Goldstone’s theorem.
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12. The Brout-Englert-Higgs mechanism

[he existence of two possibie reaiizations of a symmetry naturally raises the question whether
_a similar phenomenon exists for local gauge symmetries. We wiil see that this is indeed the
case: there exists a second realization of theories with local gauge invariance. which causes the
generation of a mass term for the gauge fields. To analyse this in detail we extend the model of
the previous section by introducing an abelian gauge field A, and by requiring invariance under

local U(1) transformations. The combined transformation rules thus read

o(z) — o'(z) = %I g(z),

Agz) — AL(z) = Au(z) + 3,.6(2). (12.1)

Following the rules of the previous sections. it is easy to write down a Lagrangian invariant
under these transformations. We add a kinetic term for the gauge field to (12.1), and replace
the derivatives of @ by covariant derivatives

—

L= ~F3,(4) - 1Dl = V(14D

FUV(A) = auAu - OUA[J9
D¢ = 0,6 - iqA,0. (12.2)

We assume that the potential acquires an absolute minimum for nonvanishing field values:

therefore we adopt the decomposition (11.4). In this parametrization the phase transformation
is expressed by

8(z) — 0'(z) = 6(z) + q&(z). ‘ (12.3)

and the covariant derivative takes the form

D,é= %e" (8,0 - igp(A, — 710,6)) . (12.4)

.. We now define a new field B, by

B,=A,-q714,8, (12.5)
which is inert under the gauge transformations. The covariant derivative can then be written as

D= % ¢ (8,p - igpB,). (12.6)

Since the relation between B, and A, takes the form of a (field-dependent) gauge transformation.
we can simply replace the field strength F,,(A) by the corresponding tensor F,,(B). Therefore

the Lagrangian can be expressed entirely in terms of the fields p and B,,, which are both gauge
invariant,

L==-LF2(B)-1(8.p) - 1¢*°0*B% - V(p/V2). (12.7)

If we now expand the field p about its vacuum expectation value v, we find that the Lagrangian

(12.7) describes a massive spin-1 field B, with a mass given by

Mg = |qu|. (12.8)
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The massless field that corresponds to the Goldstone particle in the model of the previous section
has simply disappeared. while the massive spiniess field remains.

At this point we realize that we couid have derived (12.7) directly. by expioiting the gauge
invariance in order to put 8(z) = 0 from the beginning. This amounts to choosing a gauge
condition © = p/+/2. which is called the unitary gauge. The advantage of this gauge is that the
physical content of the model is immediately clear. However, this gauge is extremely inconvenient
for calculating quatum corrections, because it leads to many more ultraviolet divergences than
the so-called renormalizable gauge conditions.

It is important to realize that the degeneracy of the ground state that was present in the
case without local gauge invariance, has disappeared. The degeneracy is related to the fictitious
degrees of freedom that are affected by the gauge transformations: these degrees of freedom
have no physical content. Hence the phase of ¢ becomes irrelevant and only the radial degree
of freedom, which is gauge invariant. has physical significance. The same remark applies to the
vacuum expectation of ¢. Actually the term vacuum expectation value is somewhat misleading in
this context. Since the physicalstates are gauge invariant it is not possible to have nonvanishing
expectation values for quantities that are not gauge invariant. Strictly speaking the only relevant
quantity is the expectation value of |¢|, while the phase of ¢ is not relevant. This represents
a crucial difference with the situation described in the previous section where the phase of &
does represent a physical degree of freedom. In that case the physical states are not required to
be invariant under the symmetry, which leads to the connection between a nonzero expectation
value and the infinite degeneracy of the ground state. '

Hence we have discovered that in the spontaneously broken mode the gauge-dependent
degrees of freedom. which effectively reside in the phase 8, decouple from the theory. The reason
for this decoupling is rather obvious, since a gauge invariant theory does not depend on gauge
degrees of freedom. Unlike in the realization where the potential acquires a minimum at ¢ = 0
and the gauge field remains massless, the decoupling takes place in a purelv algebraic manner
without the necessity of making nonlocal field redefinitions. The number of field components has
not been changed in this way. Previously we had a complex field and a gauge field representing
2+ 3 = 5 degrees of freedom: in this realization we have only one spinless field and a vector __
field. but no gauge invariance. Hence we still count 1 + 4 = 5 degrees of freedom. Also the
number of physical degrees of freedom has not changed. Originally we had two scalar particles
and a massless spin-1 particle: since the latter has two physical degrees of freedom, the total
number of physical degrees of freedom is four. In the spontaneously broken realization we have
one scalar and one massive spin-1 particle. Massive spin-1 particles have three polarizations, so
that we count again four physical degrees of freedom. .

It is possible to understand the above phenomenon in more physical terms. The gauge field
A, mediates a force between charged particles which is of long range. However. when this field is
generated in a medium, it is not obvious that it will still manifest itself as a long-range force. The
medium may polarize under the influence of an electromagnetic field, so that the electromagnetic
forces will be screened. The characteristic screening length is then inversely proportional to the
mass of the gauge field. In fact this phenomenon is well known in superconductivity.
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13. Massive SU(2) gauge fields

We will now appiy the Brout-Englert-Higgs mechanism to an SU(2) gauge theorv. Consider
SU(2) gauge fields W'} coupled to a doublet of spinless fields denoted by @. The relevant

Lagrangians were already given in the previous sections (cf. (10.6) and (9.22)) and we find

L=-LoWe - W2)? - gean W WEO,WE
— t9%€apctade WOWIWEW?
- |0u01* + 1161 ~ Alel*
- 4igWz (¢77 8.6) - Lo® (W2)7 6l (13.1)

With g*. X > 0 the potential acquires a minimum for a nonzero value of the field ¢. Following

the example of the previous section we decompose ¢ according to

d1(z) 1 0
= = — &(z) \ 13.2
o) (mm) VA (pm) (132)

where ¢(z)is an z-dependent SU(2) matrix. which is a generalization of the phase factor exp 6
iwhich is a U(1) "matrix”) used in the previous sections. Here we make use of the fact that the
doublet o can be brought into the form (0, p/v/2) by a suitable gauge transformation. The field
p is gauge invariant and represents the invariant length of the doublet field &.

In principle, we could now substitute the parametrization (13.2) into the Lagrangian. re-
define the gauge fields in a way analogous to (12.5), and observe that the generalized phase
factor ¢ disappears from the Lagrangian. However, it is more convenient to adopt the unitary
gauge: owing to the local SU(2) invariance we can simply ignore the matrix ¢ and replace ¢ by
(0,p/v2). The Lagrangian then takes the form

E = - :‘(6“‘{7: — (')UMI:)'.’ - Q(abcH’: ‘173 au‘,‘;s
- %ggcabc(nde “,S H’: W;’ “':

= 3(0up)’ + 1itp? - 10t = Bt (W2)° (13.3)

Let us now determine the values p = *v for which the potential V(p) = —’5;12p2 + -:-/\p‘
acquires a minimum. The derivative of V(p) vanishes whenever p = 0 or —u? + Ap? = 0. At

p = 0 we have a local maximum, while the minima are at p = v with

v=\/7‘—;i-. (13.4)

The mass of the so-called Higgs particle, which is associated with p, equals

= 2Av?, (13.5)

© e

while the '-masses follow from substituting p° = v® into the last term in the Lagrangian (13.3).

M = Lg%t (13.6)
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The field p seems to play a minor role. It only interacts with the gauge fields through the
pW? interaction. In the limit A — oo. keeping v fixed. the degrees of freedom associated with
» are suppressed. and one is left with the standard Lagrangian for SU(2) gauge fields with an
extra mass term. At the classicallevel this procedure is harmiess and there is no reason why one
cannot drop the Higgs field. However. for the quantum theorv. the situation is quite different.
at least for the nonabelian case. With an explicit mass term the theory is not renormalizable.
so that there is no way to obtain sensible predictions. As it turns out the presence of the extra
scalar field has a smoothening effect on the the quantum corrections and makes the theory
renormalizable. This aspect. and not so much the gauge invariance of the original theory which
is no longer manifest in (13.3) anyway, forms the prime motivation for constructing theories
according to the Brout-Englert-Higgs recipe.

14. The prototype model for SU(2)® U(1) electroweak interactions

We will now extend the model of the previous section in two respects. First weintroduce an extra
U(1) gauge group. so that the resulting gauge group is SU(2) ® U(1). Secondly we introduce
two fermions denoted by p and n, which will also transform under the combined gauge gfoup in
a way that we will specify shortly. Our goal is to exhibit the essential features of the standard
model for electroweak interactions. which is based on this gauge group. As the gauge group is
of dimension 4. there will be four gauge fields: the three gauge fields of SU(2) will be denoted
by W2 and the U(1) gauge field by B,. However, the Brout-Englert-Higgs mechanism now
introduces a novel feature. Initially the three gauge fields of SU(2) and the gauge field of U(1)
are massless and have no direct interactions. After the emergence of a mass term, however, it
turns out that there is one nontrivial mixture of the gauge fields which remains massless. This
field is associated with a nontrivial subgroup of SU(2) ® U(1) and will describe the photon.
Let us first comment on the way in which the fermions transform under the gauge trans-
formations. To that order we decompose the fields in chiral components with the help of the
projection operators %(1 % vs5). Their left-handed components are assigned to a doublet repre-

sentation of SU(2); their right-handed counterparts are singiets:

YL =(pL,nL); PR; NR-. (14.1)

In the original leptonic version of this model p and n correspond to the neutrino and the electron.
respectively. The right-handed neutrino was chosen to decouple in that case, and only occurs
as a free field. For hadrons, p and n may for instance correspond to the "up” and the "down”

quark. respectively.

Under the additional U(1) group the doublet fields transform as

¢ — o' = elitt g, (14.2)
YL — Y = etinby, (14.3)
and the singlets as
PR — pr = el pp, (14.4)
np— nlp = et wnp, (14.5)
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where £ is the parameter of the U/(1) transformations and. for the moment. q. q;, ¢ and g3 are
arbitrarv numbers.
We now assume that the potential is such that the potential acquires a minimum for @ # 0.

In that case we can decompose @ according to (13.2). Ignoring the matrix ¢. which amounts to

choosing the unitary gauge, gives

d(z) = (0,p(z)/V2). (14.6)

with p(z) a real scalar field. The form of (14.6) is left invariant under a nontrivial U(1) subgroup
of SU(2) ® U(1). To identify this subgroup, consider first a somewhat larger subgroup of
SU(2) ® U(1) consisting of the diagonal matrices. They are parametrized as

e5(967+46) 0
Uu(ee,¢) = ( ) (14.7)

0 e3(=9€2+q€)
where we have rescaled the SU(2) parameter £* with the SU(2) gauge coupling constant g in
accordance with the procedure outlined for the gauge fields in section 10. In order that (14.6)
be left invariant under the transformations (14.7), we must obviously have —g€3 + g€ = 0. This

motivates the following decomposition of £° and £,

53 = Cosewfz + sin 6w EEM,

{14.8)
€ = cos 0w EEM — sinfw €7,
where the weak mizing angle 6w satisfies the condition
tanfw = I, (14.9)

g
such that the U(1) subgroup generated by the parameter £ leaves (14.6) invariant. To see this,
substitute (14.8) into (14.7). Using (14.9) it is then obvious that (14.6) is left invariant under
transformations (14.7) with £ = 0. The group generated by ££*_ which we denote by U(1)EM
henceforth. thus remains a manifest local gauge symmetry and is not affected by the nonzero
value of the field 6. Hence U(1)EM corresponds to the electromagnetic gauge transformations in
this model. and the weak mixing angle 6w characterizes the embedding of U(1)E* into the full
gauge group SU(2)®@U(1). Observe that. although we have not vet considered a Lagrangian. the
symmetry structure of the model is already to a large extent determined by the representation
content of the scalar fields. The fact that the model of this section has precisely one massless
gauge field is a consequence of choosing a doublet field. For other scalar field configurations one
would obtain a different mass spectrum for the gauge fields.
We now redefine the gauge fields W: and B, in accordance with the decomposition (14.8),
w3
B,
Let us now examine how the various gauge fields transform under the two U(1) transformations
parametrized by £EM and €2, Using the infinitesimal gauge transformations of W; and B, in
terms of the original parameters of SU(2)® U(1),

WS = 3,6° + geg £W°,
6BL‘ = auf'

cosfw Z, 4+ sinfw A,, (14.10)

cosfw A, —sinfw Z,,.

(14.11)
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it follows that the fields A, and Z, transform according to

6A, = O,6EM
62, = 0,67 (14.12)
B = Ypu [}

which identifies A, as the physical photon field. The other field Z, corresponds to a neutral
massive vector boson. whose mass will be different from that of the fields 11"} because of the
electroweak-mixing effects. The fields 1! are electrically charged since they transform under

electromagnetic gauge transformations. It is convenient to decompose them according to
W = L/2(W) 5iWd). (14.13)
Under infinitesimal electromagnetic gauge transformations W3 transform as
§WZ = ti(gsinfw) EEMWE, (14.14)

which shows that the W bosons associated with Wui carry an electric charge equal to £(gsin 6w ).

This charge will be denoted by e, so that we have
e=gsinfw = gcosbw. (14.15)

The electric charge Q&M , measured in units of e, is defined by the lowest-order coupling
of the photon field A,. From (14.10) we can determine the photon coupling in terms of the
lowest-order coupling of the fields B, and WS. The former is determined by the constants g,
defined in (14.2-5), and the latter is given by the SU(2) generator associated with £3. We will
denote this generator by 1 times the hermitean matrix T3. Since we are only dealing with singlets

or doublets, T3 is equal to zero or to the matrix %'rg. The charge Q&M is thus given by

eQEM = .}qu cosbw + gsinfw T3

e(Ts + 14i/q)
e(Ts + 1Y). (14.16)

The operator Y, which is often called the "weak hypercharge”, measures the U(1) "charges” ¢,
in units of the coupling constant ¢ of the field ¢. Hence ¢ has Y = 1 by definition. According to
(14.16) charge differences within SU(2) multiplets are necessarily multiples of e. Using (14.10)
we can also derive a similar expression for the lowest-order coupling of the neutral vector boson
Z, to the other fields, which we denote by QZ,

QZ

-1qisinfw + gcosOw T,

_%qsinﬂwy + gCOSGWT:h
(T3 — sin? owQEM>_ (14.17)

cos 0w

The Lagrangian for the gauge fields can now be presented. We define the Lie algebra valued
form

(14.18)

gecoswZ, + eA, gﬂWj
W, = gWi(}ita) = Li ,

gv2IW;: —gcosfw Z, — eA,
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and its corresponding field strength
Guv = 0,W, = 0 W, = g(W,_,11,). (14.19)

or. in component form.

Go, = 0 W2 = 9, W2 + geanc WIWE. (14.20)

It is convenient to decompose the SU(2) field strengths according to

G, = 3V2(G), 7 GL,)
= JEME — 9EMWZE & igcosdw(WE2Z, - WZ2Z,), (14.21)
G, = cosbw(8,Z, — 8,Z,) + sinbw (9, A, - 0,A,) — igWIW - WIWT), (14.22)

where dEMW2E = (9, F 1eA,)W2*. The U(1) field strength becomes

G?“’ EauBu - aI/Bu
=cos O (9, A, — 0,A,) — sin 0w (8,2, — ,Z,.). (14.23)

In terms of the above field strengths the gauge field Lagrangian is equal to
Lg = -3G},G;, - 1G3.G3, - 1GY.GY,. (14.24)

The quadratic terms in (14.24) read
Lo = -3(OWF ~ WO = 0W]) - 102, - 8,2, = HBuds - DALY (14:25)

Note that the normalization factor for the W-fields is different, because. WZ is complex. The
normalization convention for real and complex fields was already discussed in sections 1 and 2.
In addition there are cubic and quartic gauge field interactions. The electromagnetic interactions
follow from replacing the derivatives on the charged fields I/Vf by the covariant derivatives 35“
- defined above. In addition there is an interactipn with the photon field wich is separately gauge
invariant and follows from (14.22). It gives rise to a magnetic moment for the W, and is equal

to
L8 = ie(0,A, - O, A, )WHH WY, (14.26)
To find the masses of the W* and Z, bosons we examine the Lagrangian for the scalar
field @,
Ly =~|D,¢%, (14.27)

where the explicit form for the covariant derivative on & is equal to
8, — ieA, — Ligcos™! B (1 —sin’ 6w )Z,, -1V2igWr &
Du¢ = )

-3V2igW 3, + igeos~' 6w Z,, ?2
—%igl‘V:p
= , (14.28)

. g
%\/i ((9,,,0 * %lcosé?w Z“p)
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Substituting this result into (14.27) we find
Lo=—1(0up) — g7 cos 2 0wp 22 - Lg*p{WH|e. (14.29)

We can now read off the masses of the W and the Z bosons after combining (14.25) with (14.29)
and substituting p = v.

Mw = Lgv, Mz=1% A .
w =39V 1z T cosbu (14.30)
This leads to the well-known relation
Mw
i cos fw . (14.31)

The gauge boson couplings to the fermions follow directly from substituting covariant deriva-
tives into the free massless Dirac Lagrangians.

Ly=-%PYL - PpPpr — TrRPnr

=- 51,5101. - f’RﬁPR - ﬁnﬁnn

. (14.32)
+ 3V2ig(W] mLy#pL + Wi py#ne)
mzu(%h‘r“m - %ﬁ'n“nz.),
where we have used (14.17) and the definition
5,=0,- z(eA“ - 92— )Q . (14.33)

The Fermi coupling constant G is defined by the strength of the four-fermion coupling
caused by the exchange of a charged intermediate W-boson in the limit of zero momentum

transfer. In this model its value is given by

Gr _ 1(3V2g)
V2 4 My,

_ 1
T 22
e?
= (14.34)
8M3, sin” 6w

We now discuss the generation of fermion masses in this model. Mass terms are constructed
from the product of a right-handed and a left-handed fermion field. However, the right- and left-
handed fermions belong to different SU(2) representations, so that a direct construction of an
invariant mass term is excluded. Therefore the only way for the fermions have to acquire masses
is via a Yukawa coupling of the scalar doublet @ to products of a right- and a left-handed fermion
fleld. Expanding ¢ about v will then lead to fermionic mass terms. In order to construct the
necessary Yukawa couplings we first form two left-handed SU(2) singlets, ¥, and ¢, by taking
the invariant products of ¥y with ¢,

Y1 =0 %, = ¢ pL + ¢ nL,

, (14.35)
Y2 = =@, = ~O1nL + P2pL.
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Using the parametrization ( 14.6) these singiets take the following form

' —_
[

vilz) = —=plz)npiz).
V2.
L (14.36)
v(z) = —=p(z (T ).
2(z) \/QP( )pLiz)
Under U(1) ¥, and v, transform as
¥y — L”; - c%i(‘h"ﬂf ¥,
(14.37)

vy — Uh = ed i1+ 4,

We can now construct two invariant Yukawa couplings. if we assume the following relations

among the U(1) coupling constants.

G2=q +4q, (14.38a)
@B =0-—q. (14.39a)

The corresponding invariants are. respectively,

L, = —V2G,Pgvn + h.c.. (14.38b)

3
]

~V2G, Tiptr + h.c.. (14.39b)

which. using (14.6), can be written as

f

L, =-G,pPrpL + h.c.. (14.38¢)
Lon=-Gnopuapng + h.c. (14.39¢)

The coupling constants G, and G, can be chosen real by absorbing possible phases into the
definition of pg and ng. Expanding p(z) about the constant v then gives rise to the following .

expression for the masses

my = Gpv, my = Gno. (14.40)

Combining (14.3) and (14.40) it follows that,

Gpm = \/\/§Gp My n, (14.41)

which shows that the Higgs field p couples weakly to the fermions and also that its coupling
is proportional to the fermion mass. Consequently Higgs bosons are expected to couple more
strongly to heavy flavours.

Let us now briefly discuss the two versions of this prototype model. In its leptonic version p
and n correspond to the neutrino and its corresponding lepton. respectively. The right-handed
neutrino is assumed to decouple from the other particles as a free massless field. Therefore
one ignores the Yukawa coupling £, and the corresponding restriction (14.38a), and chooses
g2 = 0. The model then depends on three independent gauge coupling constants ¢;, 6w, and g.

As follows from (14.17) the requirement that the (left-handed) neutrino is electrically neutral
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forces one to choose qy = —~q. The condition (14.39a) then leads to g3 = —2q. Consequently.
the left-handed leptons have }' = —~1 and the right-haded lepton has }* = 2.

The hadronic version of the model requires the presence of both Yukawa couplings in order
to generate masses for both the quarks corresponding to p and n. Because of the two restrictions
(14.38a) and (14.39a) we have again three independent gauge coupling constants. sav. q;,fw.
and ¢g. Since the mass terms (14.40) and (14.41) are invariant under electromagnetic gauge
transformations the coupling of the photon must be purely vectorlike. This can be verified
explicitly by using (14.16). (14.38a) and (14.39a). The charges of the two quarks are equal to
‘Ee(ql/q + 1) and %e(ql/q — 1). The choice q; = %q leads to the desired quark charges %e and

—-156, and also implies ¢» = %q,qs = —%q. Therefore the left-handed quarks have Y =
4 2

the right-handed quarks have Y = 3 and Y = —-¢

Let us now consider this model coupled to a full generation. i.e. to a lepton pair and
three (because of colour) quark pairs. An important property of this fermion configuration is
that. provided we make the weak-hypercharge assignments for leptons and quarks that we found

above. this model is anomalv-free. By anomaly-free we mean that certain divergent Fevnman

1
3 and

diagrams. consisting of fermion loops with external gauge fields. that are known to spoil the
renormalizability of the theory. are absent (or. at least. their leading divergence cancels). For
the model at hand. it is only the /(1) gauge field coupling that may lead to difficulties. In order
to eliminate the anomaly, we must satisfy two conditions. According to the first one, the sum
of the hypercharges of the left-handed fermion doublets must equal the sum of the hypercharges

of the right-handed doublets. Since there are only left-handed doublets. we must have

> v=o. (14.42)
{ermion
doublets
According to the discussion above, a lepton doublet has ¥ = -1, and a quark doublet has

Y = % Since a generation contains three quark doublets, the hypercharges add up to zero in
agreement with {(14.42).

The second condition states that the sum of Y3 for all the left-handed fermions must equal

the sum of Y3 for all right-handed fermions.

Z = Y v (14.43)

left=handed right=handed
fermions fermions

According to the hypercharge assignments. the leptons contribute 2(—1)° to the left-hand side
and (-2)° to the right-hand side of (14.43). For each quark colour, the corresponding contribu-

tions are 2(3)® and (%)% + (—2)?, respectively. With these values it is easy to verify that also
(14.43) is satisfied,

2(=1)°+2(4)° = (- 2" +3((§)" + (-

who

)'). (14.44)
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