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Geometric Killing spinors which exist on Ag¢S,X S9~P~2 sometimes may be identified with supersym-
metric Killing spinors. This explains the enhancement of unbroken supersymmetry ngabtaee horizon in
d dimensions. The correspondir@brane interpolates between two maximally supersymmetric vacua, at
infinity and at the horizon. A new case is studied hgre:0, d=5. The details of the supersymmetric version
of the very special geometry are presented. We find the area-entropy formula of the supersymmetric 5D black
holes via the volume o8® which depends on charges and the intersection magi8556-282(97)00406-7

PACS numbsg(s): 04.70.Dy, 04.50th, 11.30.Pb

I. INTRODUCTION Remarkably, the supersymmetry near the five-
dimensional(5D) black hole horizon has not yet been stud-
The enhancement of supersymmetry neargh®ane ho- ied. Moreover, the unbroken supersymmetry of the 5D black
rizon is an interesting phenomenon. The correspondindioles was established ib] only for black holes of pure
p-branes interpolate between two maximally supersymmetridN=2, d=5 supergravity without vector multiplets. In par-
vacua: M? at infinity and AdS,, X s9-P=2 near the hori- fticular, the Strominger-Vafa 5D black holg§] and the ro-
zon[1-3)]. The generic reason for the enhancement of supertating generalization of thefi] have not yet been embedded
symmetry is the following. Any anti—de Sitter space as wellinto a particular 5D supersymmetric theory and the unbroken
as any sphere admit Killing spinors which we will call geo- supersymmetry of either solution has not been checked di-
metric Killing spinors. The relation of this geometric Killing rectly. An analogous situation holds with the more general
spinor, which has a dimension of a Dirac spinor, to the Kill-5D static and rotating black holes found [il]. There are
ing spinor of unbroken supersymmetry requires furthervarious indications, however, that these solutions have un-
investigation. In theories wittN=2 supersymmetry the broken supersymmetry.
unbroken supersymmetry of thp-brane has dimension  The purpose of this paper is to find out whether the five-
of one-half of the Dirac Spinor_ If near the horizon the dimensional black holes near the horizon show the enhance-
dimension of the supersymmetric Killing spinor becomesment of the supersymmetry. Specifically, we will try to iden-
that of the Dirac spinor, we have an enhancement of supefify the supersymmetric Killing spinors admitted by black
symmetry. In some cases it has already been established ttles near the horizon with the geometric Killing spinors of
the Killing spinor defined by the zero mode of the gravitino AdS,x S*. We will also derive the area formula for generic
transformation at the near horizon geometry of fhbrane ~ solutions inN=2 theory interacting with an arbitrary num-
solutions coincides with the geometric spinors. These casé2er of vector multiplets as the volume of t62 and express
included=4, p=0 with AdS,x S? [1,2], d=10, p=3 with it as the function of charges and the intersection matrix.
AdS:x S°, d=11, p=2 with AdS;xS’, andd=11, p=5 For thed-dimensional manifold which is a product space
with AdS,xS® [3]. The near horizon geometry of these AdS, X S*~P~2 the geometric Killing spinors are given by
p-branes is known to be maximally supersymmetric. Inthe product of Killing spinors on Ad$ , andS’~P~2. On
d=4 the integrability condition for the Bertotti-Robinson ge- AdSp., and onS?~P~2 the Killing spinor equations are
ometry near the black hole horizon Ag® S? was proved in R
[4,2] using the fact that this geometry is conformally flatand ~ Va7(X)=(V,+c1y,) n(x)=0, a=0,1,...p+1,
that the graviphoton field strength is covariantly constant. 1)

Vas(V=(Vo+Coy)s(y)=0, a=p+2,...d-1.
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—[¥a:¥] wWhere v, is the vy matrix of the Il. SUPERSYMMETRIC VERY SPECIAL GEOMETRY
(p+2)-dimensional Minkowski space. IN d=5
The integrability conditions for the geometric Killing

spinors defined above are The action ford=5, N=2 supergravity coupled to

N=2 vector multiplets has been constructed byn&ydin,
Sierra, and TownsenflL1]. The bosonic part of the action
[Va,Viln(X)=0=R,,%=4(cy) (8,58, 8,956,°), has been adapted to the very special geon{dt?y and the
(3 compactification of 11D supergravity down to five dimen-
sions on Calabi-Yau threefoldd3] with Hodge numbers
PO (h¢1.1y,h(21)) and topological intersection forr@, ;. For
[Va:VEls(Y)=0=Rpp "= —4(C2)%(8,785° = 8,°85), ou(r p;urp()oée, it will be extremely useful to adapt the full
(4) action and the supersymmetry transformation lawglaf to
that of very special geometry. In what follows we will give
and it is satisfied by the geometries of the anti-de Sittethe detailed derivation of some formulae reported9h
space and sphere. The full Killing spinor is The fields of the theory areﬂm,AM',(p',z//M, \,', where
1=0,1,... h(l,l)_lv i:]., ey h(l,l)_lv andr:1,2. The
(5) indexr on the spinors is raised and lowered with the sym-
plectic metrice,s and will be omitted.

The N=2, d=5 supersymmetric Lagrangian describing
and it forms a Dirac spinor in a given dimensidnOn the  the coupling of vector multiplets to supergravity is deter-
other hand, the Killing spinor of unbroken supersymmetry ofmined by one function which is given by the intersection
the p-brane solution near the horizon is defined by the corform on a CY threefold:
responding supersymmetry transformation of the gravitino. If

€(X,y)=n(X)s(y)

supersymmetric Killing spinor near the horizon can be iden- 1 Lo IuK
tified with the geometric one of the maximally supersymmet- V= gCIJKX XX @)
ric product space, we have an enhancement of supersymme-
try: The action is
V,1n(x)=0 e’lL’:—ER— }IFWD W —EG,JF 'Fard
SV y=0=Vye(x,y)=0=| . ° . (6 2 27" DA
Vas(y)=0

I e .
- E)\I(gijr'uD,u"' FM<9M¢>kF|kjg|i))\J
To study this issue we will work out some details of
d=5, N=2 supergravity coupled tbl=2 vector multiplets

= 4
in the framework of very special geometry, see Sec. II. This - §9ij3#¢'9"¢1 - EMF“FV&VQS'
formulation of thed=5 theory is particularly adapted to
d=11 supergravity compactified on Calabi-Yau manifold 13\ — | i
characterized by the intersection numi@fgc. In Sec. llI +Z Z) L NT AT PRy, + 16.-61°

we will identify the supersymmetric Killing spinors admitted

by black holes near the horizon with the geometric Killing JuKel + K

spinors of AdS X S%. We will also perform a detailed deri- X (gt = 9Cktitjtiti) — 15 5wt
vation of the area formula of the five-dimensional black
holes[9] in terms of the volume 083 which we evaluate in
terms of the charges and intersection number matrix. In Sec.
IV we will consider a special case of tid=2 theory inter- Lo K
acting with one vector multiplet, which comes from the trun- XCpkFpFpeAt o, ®
cation of N=4, d=5 supergravity. This will allow us to . |
embed some of the known black holes into supersymmetri¥here we use dots for four-fermionic terms. Hd?'rgt ()
theories and study the enhancement of supersymmetry ne@f€ the special coordinates subject to the conditions
the horizon. We also study tié=4 theory interacting with =1  Ciottitk=1 )
arbitrary numben of N=4 vector multiplets as a particular I 1IK T
example ofN=2 theory interacting witm+1, N=2 vector
multiplets and intersection matri€y;; = »;;, where »;; is
the Lorenzian metric on (&). The dl_JaI|ty invariant area- t,=Cttk=C,,t), t'=CPt,. (10)
entropy formula for theN=4 theory is truncated ttN=2

theory as it was done before in four-dimensional theory inwe have introduced a notation

[10]. In this way one describes the theory with very special

geometry O(1,1XO(1n)/O(n). In the discussion section C;=Cytf, CcYC=6'%. (11
we explain the relation between the enhancement of super-

symmetries and finiteness of the area of the horizon andhe metric is derived from the prepotenti@) through the
speculate about other cases as yet not known. relation (@,=a/dX")

-1

— — e
X (Y R0 F ot 2009 F, ) + 7P

andt, are the “dual coordinates”
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Gy=- %5|§J(|nv)|v=1 (12
andX' is related tot' by
X'=6Y3'|,_;. (13
Finally, the metricg;; is given by
0ij=GiX? XN j= =3C 5 t't? t" ;. (14

We can expres§,; in terms oft' through the equations
61/3 3
- 7<CIJ_ EtltJ>

and the inverse metric acting on vectors is

Giy= (15

2
GV=—m(CV-3t"), G*G=0). (16

3649

Ill. NEAR HORIZON GEOMETRY
AND SUPERSYMMETRY

Double-extreme black holdgsvhich have 1/2 of unbroken
supersymmetry and have constant moddH]) in five di-
mensions have the geometry of the extreme Tangherlini so-
lution [15]. It is a 5D analogue of the extreme Reissner-
Nordstrom metric:

r 212
d52=—{1—(70) } dt?+

ro 21-2
1—(—” dr+r2d03
r
(20

and

2J-9gG,;F}=q,, ¢'=const. (22)
The horizon is at =ry where the parameteg defining the
horizon as well as the constant values of moduli depend on
charges of the vector fields and on the topological intersec-

tion form C,;« . Our study of the near horizon geometry will

We will need, in what follows, the relation between the de-allow us to determine this dependence.

rivative of the special coordinatet'][,i and that of the dual
coordinatet, ;. Using the fact thaC,,x is a symmetric nu-
merical tensor we have

ti=2C k(1)) it“=2C5(t)) ;, (tJ),i:%CIJtI,i :
(17)
Differentiating Egs.(9) we get
Cit't(t9) =0,

ti(t), =t it'=0. (18)

The supersymmetry transformation laws are

1
5eﬂm=§6r'ml///u

- i .
5lﬁ,u= D,u(w)e-l— mt|(rﬂyp—45uyrp)[:’uvlé

1 1 — : -
* 159 ZF,W,JG)\'FV”A' —I,,eNT"\

—1""6)\'1"#,,)\’+26)\'FM)\J),
Al 613 Zp T \ikiget
no o€l et |,

iTha, ple

213 -
i
O\ = 5¢krkil)\l+z Z) ty F#"eF),,— 50

3i are ey
+ 1_6t|,itJ,jtK,k( _36}\1)\k+ FMG)\JF'M)\k

1 NiTavy K
+§FMVE7\F A

5¢' ='§§U. (19

Note that the area of the horizon of the black hole is given
by the volume of the three-dimensional sphere

A=272r3.

The area formula of 5D black holes was found[#] from

the observation that the unbroken supersymmetry near the
black hole horizon requires that the central chaFget'q,

has to be extremized in the moduli space, i.e., near the hori-
zon ¢;Z=0. This leads to the area formula in the form
A~(q,qJC'J|ﬁiZ:0)3’4, where CY is the inverse of

C,;=C,;«t". In the derivation of this area formula it was
assumed that the unbroken supersymmetry of the black hole
solution is enhanced near the horizon. This will be proved
now. It will be also explained why the enhancement of su-
persymmetry near the horizon requires the extremization of
the central charge for describing the area formula. By exactly
solving the Killing equations for the near horizon geometry
we will be able to justify the area formula suggested9h
and find the explicit area formula including the numerical
factor in front of it.

Near the horizon atr—ry and one can exhibit the

AdS,x S® geometry using = (r —ry)—0
~\ 2 A\ =2
2r 2r A
ds?= —(—) dt2+(—> dri+rid03. (22
) )
Since we deal with the product space we may aisé,1 for
the coordinates of the AdSspace andr=2,3,4 for the co-
ordinates of the three-sphetm tangent spage The vector
field ansatz near the horizon becomes
2(r0)%G sFap= €ard - (23
Let us use this ansatz in the fermionic part of supersymmetry

transformations with all vanishing fermions and constant
moduli. We start with gaugino and keep only relevant terms

1/3 2/3
5M=—(— t; T#eF),,=0.

7\ 7 (24
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We study the possibility that the zero mode of this equation What remains to be done to make the extremization of the
is given by the full size spino¢ without linear constraints on central charge consistent is to check what happens with the
it, i.e., that the unbroken supersymmetry is indeed enhancegtavitino: does the gravitino transformation rule admit the
near the horizon. This is possible, provided that Killing spinor of the full supersymmetry in our background?
And what are the conditions of that? Using the ansatz for the
vector fields near the horizof23) and taking into account
t;iG"q;=0. (25  that we have a product space we get the following form of

the gravitino transformation&6):
The enhancement of unbroken supersymmetry near the hori-

zon which can be deduced from the gaugino part of super- U= (T ) n=(V.+cv.)n=0 a=01
symmetry, can be represented as the condition of the mini- Va=(Va)7=(Vat+cya) n=0, o
mization of the central charge, as found &]. Let us derive A c

this here in a more detailed way. The gravitino transforma- 5¢a=(va)gz(va_ §7a>g:o, =234, (33
tion

where

i . .
oY, =D (w)e+ mt|(FMVP—46M”FP)FW'e=0 Ya=i€ap?”, =y*0l, T,=i%71®%a, (39

(260 and
shows that the graviphoton field strength is given by the 1 t'g
linear combination of vector fields and modwfF ,,', and C=—gm T (35)
therefore the central charge is proportionat'ty . From Eq. 0
(25) we get and they matrices satisfy
t, ;(CY-3t't%)q;=0. (27) a7} =270, 7a6=(=. %), Vian)= ~ Vi) '3

Using Eqs.(17) and (18) we can conclude that

g Egs.(17) and(18) {Ya 78} =28, @=23,4. (37

tl,i(CIJ_gtltJ)qJ:Z(tJ)’qu:():)aiZ:O. (28) This is a special example of the general case presented in

the Introduction. We have identified the supersymmetric
Thus we have derived the condition of minimization of theKilling spinor with the geometric Killing spinor. The inte-
central Charg@:thl in the moduli space from the require_ grablllty conditions for the geometric KI”Ing spinors defined
ment that the gaugino supersymmetry transformation fopbove are
constant moduli has the full size spineras a zero mode,
i.e., from the condition of enhancement of supersymmetry r& ¢ ca_ 4 (t'q)? csd dsc
S [Va,Vp]n(X)=0=R,," = (62°0p"— 02"y ),

near the black hole horizon. The central charge has to be 6" re
independent ofp'. Let us consider some useful identities of (38
the real special geometry which are valid only near horizon.
Note that [Va.Vls(y)=0=R,z"°
1 (t'g)? 5 s
99,29;z=g"t' ;t? ;0,0,=11"q,q,=0. (29 G (8a705°— 84°657).
Using Eq.(18) we find that (39
This can be contracted to give us the Ricci tensors on
19t =0 (300 AdS, and onS*:
and we may look for the combination which is orthogonal to 4 (t'g)? 2 (t'g)?
t; in the formII”=1(C"”—t't’). To get the coefficient we Rap=gam — 5 7ab:  Rep™~ gam— 5 dus>
useg;;=62%' ;t?;G,; and contract it withg': 0 0 (40)
- with the result that the radii of AdSandS® are related:
99" =h1y—1=62"1"G;, (3D ®
4
which leads td = — %. Thus we conclude that near the ho- Riy=— §R(3)- (4)
rizon where the central charge is moduli independent we
have an identity This relation restricts the properties of geometric Killing

13 uled B spinors. They would exist without any relation between these
[(C=tt)aa]52-0=0. 32 two product geometries. However, supersymmetric Killing
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spinors require relation between geometries. The curvature

can be calculated also directly from the meii2@): 58Mm=§?—l"mww
- i
4 2 S, =D 4 —| el#E -——e (2/3¢G oy
Rab:r_Z Nab » RaB: — r_2 501[3 . (42) (/l,u-l M(w)6| 6( poij 2\/—
0 0 _
X(I'P7=46, TN e+,
Comparing Eqs(40) with Egs.(42), we can express, via - o R
the values of the moduli near the horizon and electric charges OAL=— ﬁe o ?FMX” + ZQ” €T uxi
as
1 —ie—<¢/3>(zﬁ¢1g+ %Q”?%k) ,
ro=ganl(t'daiz-ol* (43
This gives us the area of the horizon 1 2¢/3(6—|F X'—\/——af_'lﬁ )
1 [
, /L \/g M 2 "
a
A:2772r8:?{(tltJQMJ)aiz:o}sm- (44)
i iz= ite | Sxi=— —=T*#g €§+——=
Near the horizon a#iZ=0 we can rewrite it as Xi 23 n® 23
™ 314 1 .
A= ?{(C Ai195) siz=0} (45) X| e?PF i+ —=e 295G, |TPoe+ - -,
2
using identity(32). Va_
Thus we have combined the supersymmetry analysis with 5¢=7€ Xi - (47)

the analysis of the geometry. In this way we have confirmed
the structure of the area formula of five-dimensional blackHere QIJ is a symplectic matrix. The truncation of=4
holes inN=2 theories obtained if9] and found the exact supergravity tdN=2 supergravity interacting with one vec-

numerical coefficient in front of it for supersymmetric five tor multiplet is carried out by keeping,,; , x; with (i=1,2)
dimensional black holes with finite area of the horizon in theonly and Alu12_ Au34 A, B,, d,, and ¢. By in-

N=2 theory. specting the supersymmetry transformations of the truncated
fields it is not difficult to see that this is a consistent trunca-
IV. TRUNCATION OF N=4 SUPERGRAVITY TO N=2 tion. The bosonic action becontes
In some cases it is useful to consider thdbse 2 theories . 2 1 s
which can be obtained by truncation frdw=4 theories. We L=— ER_ 49( VOF A — 2¢ @G, ,GH
will first study the truncation of purbl=4 supergravity and
later generalize the result to the caseNost 4 supergravity e 1
interacting with arbitrary number of vector multiplets as it - —((9 b)2+ —\/Ee’“”’“F wFpoBa - (48)

was done before in 4D theories [ih0].

We focus @ a a special example of the double extreme
five-dimensional black hole known as the Strominger- Vafa
black hole[6]. The Lagrangian which allows a supersymmet-
ric embedding of this black hole is obtained most easily by i
the truncation oN=4 supergravity ind=5 constructed by 6¢, =D (w)e- fg_(rupg_""sﬂpro)
Awada and Townsend.7]. The bosonic part of the action is

The supersymmetry transformations of the fermionic fields
with vanishing fermion are

1
(l3) _ a2
elPF \/Ee ’G,, | €

11 . 1
—1p_ 2/3 v —(4/3 v
e c——ER—Zd )¢FMV'JFij"—Ze( )9G,,G*

bx=— =T #d, pe-—=T"(eF
2[ 43 "
-1
e _
- —<a ¢)*+ ﬁeW“F IFooiiBr, (46 +12e7%9%G,,)e,
wherei,j=1,...,4 andG,,, is the field strength oB,, and This action is equivalent upon rescalings to the actioNef2

FM,,IJ is the fleld Strength oA 1. The supersymmetry trans- supergravity interacting with one vector multiplet as presented in

formation laws are the Appendix of{16].
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and we have omitted the symplectic index on the spifiars | 323 pa1/3
avoid confusion with the index og' in the previous sec- v =57l 90(d1)°] (56)
tion).

Our action can be compared with the action usefbinf  gng
we rewrite it as follows:

1 1 8(QnQp)?
6_ ~ sl 3 M2 —
el E R Ee(%)"ﬁF’ Eae Ee_<4/3)¢G' o' ro—Gz{(t A1) horf :Zﬂé( do)“d1 2 ,
2 4 wi g wr (57)
1 el and
- 2~ _uvpop! ' 2
5 (9,87 + —— e F L F 1 B, (50) 2 -
7T [ Qo | U1
where A:2W2(ro)3=?<ﬁ 2 ) : (58)
F'=\2F, G'=2G, B'=\2B. (52) Thus we have reproduced the Strominger-Vafa area for-

We observe a discrepancy in the kinetic term for the scalapqUIa as an example of our general area formula

field which is, however, harmless since the solution has a 72 011(0r)2
constant moduli field. Thus the extreme black hole of A=272(r;)3=—1{(C"q,q,)sizot =87 \/ |
Strominger-Vafa can be embedded into e 2 supergrav- 3 2
ity interacting with one constant vector multiplet.

To make contact with the formalism of previous section,, yherefore this black hole solution fits into our consider-
dealing with the general case of the very special geometry,

L e T ation of the very special geometry.
we make the following identifications=1, 1=0,1 and For the general case of, N=4 vector multiplets with

duality group O(1,1X O(5n)/[O(5)x]O(n) the formula for
we the largest eigenvalue of the central charge, extremized in the
moduli space was presented[it0]. This translates into the
N=4 duality invariant area formula

(59

= — 1— 0—
i=1, 1=01, A=A, A/ =B

o

Gu=e*3, Gy=e ¥, Cu=2v2, gy=1,

1 812Q¢ Qu(Qe)?
=g, q=- . G0=2V2Qu. (52 =87\ 5
¢ \/§¢ (o[} - do QH A=8m > (60)
Comparing the supersymmetry transformations we musivhere Q, is the singlet charge andQg)? is the O(5,n)
identify Lorenzian norm of the other-bn chargeQg.

Upon truncation taN=2 theory this gives a very special
gt 1 (4Bt \F LA R geometry with Cj;c intersection of the form
ipt - 313 ' 9et . V3lz) € (1,J=0,1,...,n+1) and (=1,..., n+1)

53
(53) c COij = 7ij 61
To satisfy the relations of special geometry and in particular K710 otherwisd’ (6D

to have (') ;t;=0 we get
o3 o3 where 7;; is the Lorenzian metric of O(h) and the very
N 47 s tlzg 317 s special geometry is O(1,%0(1n)/O(n). Upon truncation
1 e 314 € ' the area has the same form as in Ef),

1 [4\28 B \F 3\283 A=8 QH(QF)2:8 QH(QiWijQ]) 62)
to:ﬁ(§) e 243 0= §(Z e2%3 (54 77\/—2 77\/—2 ,

. . where againQy is the singlet charge andQg)? is the
The enhancement of supersymmetry near the horizon is prox . .
vided by (9t /0$)G ;=0 and we get the fixed value of (b(l,n) Lorenzian norm of the other#tn chargesQ; .

the moduli near the horizon:

V. DISCUSSION

v, 1 271/3 Thus we have given a complete description of 5D static
J2 9o’ 101 = 5131l Qo ) black holes near the horizon which can be embedded into
N=2 andN=4 supergravity with arbitrary number of vector
o 1 multiplets. They all show enhancement of supersymmetry
t qo=§t Q1 (59) near the black hole horizon. In tHé=2 as well as in the
N=4 case, the unbroken supersymme{ty2 in N=2 and
Now we can express the combinatiti, near the horizon 1/4 inN=4) is doubled. As the result in all cases the dimen-
required for the entropy as sion of the Killing spinor of unbroken supersymmetry is the
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dimension of the Dirac spinor admitted by the anti—de SitteiKilling spinors with the geometric ones for the 5D and 6D
space and the sphere. strings.

The significance of the enhancement of supersymmetry From the perspective of this study it would be interest-
near the horizon is related to the fact that in all cases wheig to have a more careful look into configurations with
we have found finite horizon area of supersymmetric soluAdS,x "2 geometries near the horizon. These would have
tions there was also the enhancement of supersymmetfjnite nonvanishing area related to the volume of 8fe?
present. This concerns all four- and five-dimensional statiéPhere. Such configurations of the Reissner-Nordstrom-
black holes where we deal with the near-horizon geometried@ngherlini type are known to solve equations of motion of

AdS,x S? and AdS,xS3, respectively. The area in both Einstein-Maxwell theory in any dimensiGnHowever in
cases is given by the voiume of ti$8 and S® sphere. d>5 they do not seem to have a supersymmetric embedding,

In more general situations when the near horizon geom‘:jlt least such .embeddings have not been found SO far.
etry is given by Ad%+2xsd—p—2, the area of the horizon is In conclusion, we have studied the mechanism of en-
given by the volume of th&?~P~2 sphere times the volume hancem_ent of unbroken supersymmetry near the 5D black
of the torus of dimensiom, which for the supersymmetric hole horizon and we have found the entropy-area formula for

solutions shrinks to zero near the horizon. As the result, inSOIUt'onS OfN=2 supergravity interacting with arbitrary

the class of solutions with AdS ;X S*"P~2 near-horizon humber of vector multiplets.
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describing a 5D magnetic string and A¢i8S°® describing a  Institute of Theoretical Physioc&€TH) in Zurich and CERN

6D self-dual string. It has not been established yet whethewhere part of this work was done.

they have enhancement of supersymmetry near the horizon.

A calculation of the type which we have performed here for

5D black holes is required to identify the supersymmetric *We are grateful to G. Horowitz for this observation.
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