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ABSTRACT

We determine the effective prepotential for N=2 supersymmetric SU(N.) gauge theo-
ries with an arbitrary number of flavors Ny < 2N,, from the exact solution constructed out
of spectral curves. The prepotential is the same for the several models of spectral curves
proposed in the literature. It has to all orders the logarithmic singularities of the one-loop
perturbative corrections, thus confirming the non-renormalization theorems from super-
symmetry. In particular, the renormalized order parameters and their duals have all the
correct monodromy transformations prescribed at weak coupling. We evaluate explicitly

the contributions of one- and two-instanton processes.



I. INTRODUCTION

A recurrent feature in many phenomenologically interesting supersymmetric field as
well as string theories is the presence of a flat potential, resulting in a moduli space of
inequivalent vacua. For N=2 supersymmetric SU(2) gauge theories, Seiberg and Witten [1]
have shown in their 1994 seminal work how to extract the physics from a fibration, over the
space of vacua, of spectral curves, i.e., Riemann surfaces equipped with a meromorphic 1-
form d\, whose periods determine the spectrum of BPS states. Rapid progress has led since
then to an almost complete classification [2] of the spectral curves for N=2 supersymmetric
theories with arbitrary gauge groups and number of quark hypermultiplets N¢, and in
particular for SU(N.) theories with Ny < 2N, [3][4]. Although these curves are strongly
suggested, e.g., by consistency requirements in various limits (such as the classical limit or
the infinite mass limit as a quark decouples), or by analogies with singularity theory and
soliton theory, they are often still conjectural. In particular, in most cases, even a direct
verification that the spectral curves do reproduce the known perturbative correction [5] to
the prepotential is lacking. Nor has the predictive power of the spectral curves been put to
effective use, for example in deriving the contributions to the prepotential of d-instanton

processes.

Mathematically, the evaluation of the prepotential presents the unusual feature that
the B-periods of the meromorphic form d\ have to be expressed in terms of its A-periods,
rather than in terms of the moduli parameters which occur explicitly as coefficients in the
defining equation of the Riemann surface. It is well-known that, as functions of moduli pa-
rameters, the vector of both A and B-periods satisfies Picard-Fuchs differential equations.
Picard-Fuchs equations have been applied successfully in the case of SU(3) by Klemm et
al. and Ito and Yang [6], but their complexity increases rapidly with the number of colors,

and makes it difficult to treat the case of general SU(N,), even without hypermultiplets.

In this paper, we develop methods for determining the prepotential from the spectral
curves for an arbitrary number of colors and flavors in the Ny < 2N, asymptotically free
case, in the regime where the dynamically generated scale A of the theory is small. We
show that, in this regime, the full expansion of the A-periods can actually been calculated
by the method of residues. For the B-periods, we provide a simple algorithm to arbitrary
order of multi-instanton processes. This method is based on an analytic continuation in
an auxiliary parameter &, which allows us to expand the form d\ into a series of rational
functions that can thus be integrated in closed form. The method is powerful enough
to let us identify completely all the logarithmic singularities of the prepotential and, in

particular, to confirm the non-renormalization theorems resulting from supersymmetry.
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We have worked out explicitly the perturbative corrections, as well as the contribu-
tions of up to 2-instanton processes, to the prepotential for any gauge group SU(N,) and
arbitrary Ny < 2N.. The perturbative part does coincide with the one calculated from
one-loop effects in field theory [5]. The instanton contributions are in complete agreement
with all known expressions, and in particular, with (a) the 1-instanton contribution for
pure (with Ny = 0) SU(3) obtained in [6] via Picard-Fuchs equations; (b) more generally,
with the 1-instanton contribution for pure SU(V.) obtained in [7] via holomorphicity argu-
ments; and (c), with the 2-instanton contribution for SU(2) with N < 4 hypermultiplets

obtained recently in [8] from first principles.

We note that, although the spectral curves proposed in [3] and [4] differ when Ny >

N, + 2, the corresponding prepotentials are the same.

We observe that the final form of the prepotential is very simple, and results from a
large number of remarkable cancellations. This suggests the presence of a deeper geometric
structure on the moduli space of vacua. Some of it has recently come to light, especially in
connection with Calabi-Yau compactifications in string theory [9], topological field theories
and WDVV equations [10], symplectic geometry [11][4] and integrable models [12][13] (see
especially [13], where a closed form for the prepotential is written in terms of parameters
inherent to Whitham-averaged hierarchies). It seems that further investigation along these

lines is warranted.
II. INTEGRABILITY CONDITIONS AND MODEL INDEPENDENCE

We consider N=2 supersymmetric SU(N.) gauge theories with Ny quark flavors,
Ny < 2N.. The field content is an N=2 chiral multiplet and Ny hypermultiplets of bare
masses m;. The N=2 chiral multiplet contains a complex scalar field ¢ in the adjoint
representation. The flat directions in the potential correspond to [¢, #T] = 0, so that the
classical moduli space of vacua is N. — 1 dimensional, and can be parametrized by the

eigenvalues
Ne
ar, 1<k<Ne, Y ax=0
k=1

Ne=l 1n the

N=1 formalism, the Wilson effective Lagrangian of the quantum theory to leading order

of ¢. For generic ay, the SU(N,) gauge symmetry is broken down to U(1)

in the low momentum expansion is of the form

B 1 48.7:(A)—i 1 0 O2F(A)__. y
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where the A%’s are N=1 chiral superfields whose scalar components correspond to the a;’s,
and F is the holomorphic prepotential. For SU(N.) gauge theories with Ny < 2N, fla-
vors, general arguments, based on holomorphicity of F, perturbative non-renormalization
beyond 1-loop order, the nature of instanton corrections and the restrictions of U(1)r

invariance, suggest that F should have the following form

1
F(A) = 5 —(2N. — Ny) E:A2
=1
N. N. Ny
A — Ap)? A +m;)?
87m Z A ZZ A

k=1 k=1j=1

+§ Fa(Ag)ACNe=N)d (2.1)

d=1

The terms on the right hand side are respectively the classical prepotential, the contri-
bution of perturbative one-loop effects (higher loops do not contribute in view of non-

renormalization theorems), and the contributions of d-instantons processes.

a) The spectral curves of the effective theory

The Seiberg-Witten Ansatz for determining the full prepotential F (as well as the
spectrum of BPS states) is based on the choice of a fibration of spectral curves over
the space of vacua, and of a meromorphic 1-form d\ over each of these curves. The
renormalized order parameters ay’s of the theory, their duals ap x’s, and the prepotential

JF are then given by

OF

2Tt ag :7{ d\, 2miap :7{ d\, apk = D (2.2)
A, By ak

with Ay, By a canonical basis of homology cycles on the spectral curves.

For SU(N,) theories with N; hypermultiplets, the following candidate spectral curves
([3][4]) and meromorphic forms dA have been proposed

y* = A*(z) - B(x)
dd==(A"--(A—y)=)dz (2.3)
where A(x) and B(x) are polynomials in z of respective degrees N, and Ny, whose coef-

ficients vary with the physical parameters of the theory. More specifically, let A be the
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dynamically generated scale of the theory, s;, 0 < i < N, and t,(m), 1 < p < Ny, be the
t-th and p-th symmetric polynomials in a; and m;
8; = (_1)Z Z Qky -k, tP(m) = Z My, =My (24)
k1 <---<k; J1<--<Jp
and let &;, 0 <4 < N,, and t,, be defined by 59 = 1, &1 = 0, and
61)70 = Z §i6j7 0 <p< N,
i+j=p
tg= > tp(m)a; (2.5)
pti=q

Then the polynomials A(z) and B(x) are given by

Ale) = Oa) + *— 1)
B(z) = A*Ne— Ny H(m + my) (2.6)
where N N
C(z) = H(m—ak) = gl +Z§mNﬂ_i (2.7)
k=1 =2

and T'(z) is a polynomial of degree Ny — N, when Ny — N, > 0, and is zero when Ny — N, <
0.

N;—N. N;—N
T(z) = Z tpeNtNe=P or  T(z) = Z tpaNt—Nemp, (2.8)
p=0 p=0

depending on whether we consider the model of [3] or of [4] respectively. Notice that
T'(x) is independent of §; for the model of [3], but does depend on §; for the model of [4].
Evidently, the two choices for T'(x) agree when Ny < N, + 1.

It has become customary to describe the moduli space of supersymmetric vacua in
terms of SU(N,) invariant polynomials in ay, such as the symmetric polynomials 3; or &;
of (2.4) and (2.5). In particular, the approaches to calculating the prepotential using the
Picard-Fuchs equations [6] as well as the calculations of strong coupling monodromies make
use of such variables. Within the context of our own calculations, which are performed for
arbitrary N. and Ny < 2N, the use of the polynomials 5; and &; does not appear to be as
fruitful. Instead, we shall parametrize supersymmetric vacua by ax at the classical level

and by aj at the quantum level. In doing so, we keep in mind that
=Y e =0,
k k

6



and that the space of all such a; must be coseted out by the permutation group (i.e. the
Weyl group of SU(N.)). Our final result for the prepotential will be expressed in terms
of invariant functions as well, but their translation into §; variables is cumbersome and
unnecessary. This is perhaps not so surprising, since even the one-loop answer is not simply

rewritten in terms of the functions 5;.

b) Integrability conditions for the prepotential

The key features of the meromorphic 1-form dA are the following
(i) The residue of d\ at the pole x = —m; (and the lower sheet of the Riemann surface)
is clearly equal to —mj, as required by the linearity of the BPS mass formula in terms of

the quark masses.

(ii) The derivatives of d\ with respect to the moduli parameters a; are holomorphic.
Actually, as discussed in [4], there are two natural connections with which d\ can be
differentiated along the @ directions. With respect to the first, V(¥), the values of the
abelian integral log (y + A(z)) are kept fixed, and V(#)d\ is the holomorphic 1-form
16B
VB (dN) = (6A — 55 A= y))dz (2.9)
With respect to the second, V(*), the values of x are kept fixed, and V(*)d\ differs from
the above holomorphic form by the differential of a meromorphic function
16B 16B
@A\ = —= (64— > = (A —y))dz +d §A — ~— (A~ 2.1
VO = (A= 3 Z U)o+ d(- S04 3F A=) (@210
Since exact differentials do not contribute to the periods (2.2), we can ignore this ambiguity
and adopt the right hand side of (2.9) for the derivatives of dA. We also note that we
may simplify (2.9) to ——(6A — 128 4), since the term 224 is y-independent and does
not contribute to the periods. Similarly, the corresponding term x=- A in (2.3) may be

ignored.

It follows from (ii) that the derivatives Vg, dX of dA with respect to ag, say for k =
2,---, N, form a basis wy of holomorphic 1-forms on the spectral curve, at least for A small
(This is evident if we differentiate with respect to the s;’s. The derivatives with respect to
the a; amount then to a change of basis). An important observation is that this implies
that the dual periods ap i, given by integrals over the By cycles, do form a gradient, i.e.,
that the Ansatz (2.2) does guarantee the existence of a prepotential. In fact, for each fixed

A, we can view (ax) — (ax) as a change of variables. Thus the dual variables ap ;, which

7



depend originally on ax, m;, and A, can be thought of as functions ap ;(a, m, A) of ax, m;,
and A. By the chain rule,

Oap dap, Oay Ne dap da. _1
Oam, Z Ody, Oam ;(%)lk(%)km

) ; and ( ) ;, are respectively the matrices of periods of the Abelian differen-

aaD
oa

tials wy over the cycles B; and A; of the canonical homology basis, we recognize the matrix

Since (

ratio above as just the period matrix 7y, of the spectral curve. In view of the symmetry

of period matrices, we have then established the integrability condition

aapvl aG/D,m
=Tim = Tml = da
l

(2.11)

oa,

and thus the existence of a prepotential function F.

¢) Model independence of the prepotential

The functional form of the renormalized order parameters a; and their duals ap x
as functions of the classical parameters ay, is different for the two models listed in (2.8).
Both aj and ap i, as functions of ai, depend non-trivially upon the parameters ¢, or fp
that specify the function T'(z). This dependence will be exhibited explicitly in sect. IIL.a,
where an exact expression for ay (@, t,, m;;A) will be given. We shall now establish that
the prepotential F, as well as the renormalized dual order parameters ap ., expressed as
functions of the renormalized order parameters ay, are independent of t, or fp. Thus, the
prepotential F, expressed in terms of ay is independent of the models in (2.8), and both
models yield the same prepotential F, and thus the same low energy physics.

To establish independence of T'(x), we notice that all ag-dependence of d\, and thus
of ar and ap , resides in the function A(z) of (2.3) and (2.6). Also, A(z) is the only place
where the dependence on T'(z) enters. Now, all dependence on T'(z) may be absorbed in
a redefinition of the classical order parameters ag, since the addition of T'(x) just modifies

the bare parameters §; in (2.7) to parameters §;, as follows

N. Ne
Ax) = 2V + ) " 5ia™ T = [[ (= — ax)
1=2 k=1

1
S; =58; + ZA2NC_thi

(2.12)

Thus, the addition of T'(x) may be absorbed by defining new classical order parameters

ak, as shown above, and we have
ar = ag(ai, tp, mj; A) = ar(ar, 0,my; A)

ap,k = ap,k(a;,ty,mj; A) = ap x(ar,0,m;; A)
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Eliminating a; between ay, and ap , or F precisely amounts to eliminating a; when T'(x) =

0, which demonstrates that ap r(a;) and F(a;) are independent of T'(x).

In view of this model independence of F, we may set ax = ar and T' = 0 when

calculating F, or when calculating ap ; as functions of ay.
III. LOGARITHMS AND NON-RENORMALIZATION

In this section, we shall describe an algorithm for calculating the renormalized order
parameters a; and their duals ap , to any order of perturbation theory, in the regime
where A is small, and the variables aj (equivalently, their classical counterparts ay) are
well-separated. In particular, we establish a general non-renormalization theorem of the
prepotential F, expressed in terms of the renormalized a; : F contains only those loga-

rithmic terms appearing in the expression (2.1).

We begin by describing more precisely the representation of the Riemann surface (2.3)
as a double cover of the complex plane, and our choice of homology cycles. It is convenient

to set
A = ANe=N1/2 (3.1)

The branch points mf, 1 <k < N, of the surface are defined then by
A(z)? = B(a) = 0.

For A small, mf are just perturbations of the ax’s. We view the Riemann surface as
two copies of the complex plane, cut and joined along slits from x, to ack A canonical
homology basis Ag, Bi, 2 < k < N,, is obtained by choosing A to be a simple contour

enclosing the slit from z, to m;, and Bj, to consist of the curves going from z, to x; on
each sheet. With this choice, we do have #(A;NA;) = #(B;NBy) = 0, #(A;NBg) = dji.

a) Expansion of the order parameters ay

First, we recall that the renormalized order parameters a; are given by combining
(2.2) and (2.3)

<

A_ _ 13;
21t ap = 7{ d\ = 7{ dm A 2 B (3.2)
Ag Ap 1 _

We can now reduce the evaluation of this integral to a set of residue calculations in the
following way. We fix the location of the contour Ay, such that its distance away from the
branch cut between x, and m;: is much larger than A. This can always be achieved since

we assumed that the points ai are well separated. Having fixed Ax, we consider ax in a
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power series in A2, i.e. this allows us to expand the denominator in a convergent power

series in B(x)

: = A m
271 akzyik dmw—+ Z 1 )]{‘k dmm(z— QE)(E) (3.3)

2

Similarly, powers and derivatives of A(z) may be expanded in a series in powers of A2T'(x),
leaving integrals of rational functions in x, which can be evaluated using residue methods.

It is very convenient to introduce the residue functions Ry (z) and Si(z), defined by

B(z) = A? .
C(z)2 - (z — ag) Sk () (3.4)
and () .
c@) = =5 Ri(z) (3.5)

/

The first term on the right hand side of (3.3) is evaluated by expressing -

= +ilog(1+ﬁ2%)

A(x) C(z) dzx

and expanding the logarithm in a power series in A2

A’ ) n T(m) n
ﬁkdmz—szak—FZ ~——A ﬁkdm(C(m)) (3.6)

These line integrals can be easily evaluated by the method of residues, since the cycle A

is a contour enclosing the pole a;, and we obtain at once

7{ dmmél 2ria +Z —L" ~— A (— 0 )" Ry(ax)" (3.7)
N i k Dar k(0 .

The second term on the right hand side of (3.3) is evaluated using the identity

A 1B B d .z B 1 B

T3 T e @ (@) (38)

and the following Taylor expansion in powers of T'(z) :
oo

(x) Z I( 2m +n B(x)™T ()™ (_E)”
A2m (x) rem)f'(n+1) C(x)?mtn 4
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In terms of the functions Ry (x) and Sk(x), we readily get

B(m)m )nA2m+2n O < omin_1 . -
qudmA(w)m o ZF?m)F(n—Fl)(aak) T Br(@)rska@)™) o (39)

Assembling (3.7) and (3.9), and using the I'-function identity

D(3)T(@m +1) = 22" T(m + 2)0(m + 1)

we obtain the following expansion to all orders in A for the renormalized order parameter

ar
- -1 nAZm—l—Zn o omtn—1 Cn o
a=at+ Y ((m)!)2n!22m (55-) (Rio(@)"S(@x)™) (3.10)
m‘i”r:bioo

As we already noted above, the special case T'(x) = 0 is of particular interest, since it
suffices for us to determine the prepotential in all generality. For later reference, we list

here the corresponding expansion for ay

=a E ag)™. .
ak = Qg 22m e 8ak k(Qk
Notice that this expansion is analytic in powers of A2, as expected from general arguments.

b) Expansion of the branch points mf in powers of A

We shall now solve the branch point equation A(xi¥)? — B(zi) = 0 in a power series
in A, around a solution aj, of C'(z) = 0. The problem is conveniently reformulated in terms
of the functions Ry and Sy introduced in (3.4-5) :

ot =ar £AS(a7)? — ARy (z) (3.12)

1
Since S} and Ry are analytic for ar — @; and @, + m; away from 0, it follows that mf is

an analytic function in A, and admits a Taylor series expansion of the form
of =ap+ Y (F)" A" (3.13)
m=1

We begin by deriving an explicit formula for 6,(€m) in the special case where Ry (z) = 0, i.e.
T(x) = 0, first. Then, viewing z; as a function of z(A), and using the defining equation
(3.12), we find

0" = %aimm Mz = ((;zl)_ml_)! a((j‘\mw:_lsk(w(ﬁ))%hzo

11



The last expression can be put under the form of a contour integral

VORGSR

271

where Cj is a small contour in the A plane, enclosing the point A = 0 once. Making the
change of variables A — = = x(A) and using A(z) = —(z — ax)Sk(x)~ 2, the above contour

integral becomes

5’(“m):_%]{ dw{(s’“(m)%)’sk(w) = Su@)%

(m — C_Lk)m_l (m — C_Lk)m

where Cj5, is now a contour enclosing z = aj once. Integrating by parts gives at once the

following key formula for ¢ ,(em)

(my_ 1,0
6k ml! (8ak

V3

)" S (ax) (3.14)

The expression for the general case, where Ry (z) # 0, is easily read off from (3.14) by
performing the substitution Sy (z)2 — Sk ()2 T ARy (), which gives for (3.13)

oo

+ 2 A" m, 8ak )" [£Sk(@r)? — ARy(ar)] ™ (3.15)

m=1

Identifying powers in A yields the coefficients 6,(!”) for general non-zero S, and Ry

6Igm) _ Z_ (=)™ (agk)m—n—l(sk(ak)%—an(ak)n) (3.16)

— In!
= (m — 2n)!n!

¢) Method of analytic continuation
The complete determination of both the quantum order parameters a; and the branch

: +
points x;,

in terms of exact Taylor series expansions in A was possible with the use of
residue calculations. Clearly, it would be desirable to carry over these methods, as much as
possible, to the calculation of the dual order parameters ap , (and thus to the prepotential

F) given by

<

o p(A 18
2 ap k :7{ d) = 2/ deNA 2B Gr —2%) (3.17)
By .

\/1_7

(Note that v A2 = —A for = on the path from z] to z, .) Evaluation of these integrals is

more delicate than for the A-periods, since the end point z, of the integration is within a
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distance of order A from the points @ and as. Thus, naively expanding the denominator
square root in a power series may run into convergence problems.
This difficulty may be circumvented with the use of the following analytic continuation

prescription. We introduce an auxiliary complex parameter &, with || < 1, and we define

_’ _ 1B
2mi ap 1 (€) :7{ d\ = 2/ de A 2B) B) (3.18)
By B
A
We consider this expression throughout the unit disc |{| < 1, and use analyticity at the
origin to expand the denominator square root in a power series in £2.
= T(m+3) k A" 1B B
i ap 4(€) = 2 Do [ s - 3"
mZ::O L(3)T(m+1) - A 2BA?
The original quantity ap j is then obtained by analytic continuation of the function ap x

(3.19)

to £ = 1. (In practice, we shall find that singularities may occur at £ = 1 at intermediate
stages of the calculations, but cancel out in the final form for ap x; thus, the final analytic

continuations are trivial.)

d) Non-renormalization theorems

We are now in a position to prove that the only logarithmic contributions, both in the
dynamical scale A and in the differences aj —a; are those generated by 1-loop perturbation
theory, as given by the second line in (2.1). As our starting point, we use the expansion
(3.19) for ap k, and further expand the denominators in A(x) in a power series in T'(x).
As a result, each term in this double series is now a rational function in z : a polynomial
in B and in T, divided by a power of C(z), and for m = 0, a single term of the form B’/B.
Again, from residue calculus, we have a general expression for the residues at the simple

poles : they are given by contour integrals around that pole

(& -18) A _ 1B
5 ZZm—Fm m—a 27m 2Z
Vime ’ | V1_525 (3.20)
M(P)
+ (Ne +ZZ & a)

=1 p=2
Letting £ — 1, we recognize the residues of the simple poles at a; as the quantum order

parameters a;, so that

Ny N.
2miap k —ij log (z,; + m;) +22al log (z;, — @)
=1 Nl ! o (3.21)
1 N | M;P (1)
+2(N. — = Nyj)z, —2 ——
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Here, as in the remainder of the paper, we have written explicitly in the expression for
2miap, only the contributions of the upper integration bound z, in the integral (3.19).
Evidently, the lower bound z; contributes a similar term with k replaced by 1, and the
opposite sign. In particular, we observe that we are free to add k-independent constants
to (3.21), since such constants will cancel between the two bounds of integration.

Using the exact result for z, — ax, from (3.12), and the fact that =, and aj are
analytic functions of A, with Taylor series coefficients that are rational functions of the

parameters ag, it is clear that

Ny N.
2miap  =2log A aj, + Z(ak +m;)log (ar +m;) — Z(ak —ay)log (ax, — al)2
=1 1#k
+ power series in A with coefficients rational in a;. (3.22)

The first three terms on the right hand side arise from the 1-loop contribution to the
effective prepotential.

To see this, we need to clarify the implications of the constraint Zé\f:cl ar = 0. The
prepotential F of (2.1) is a function F(a1,---,an,) of all variables ax, whose restriction

to the constraint hyperplane fo;l ar, = 0 is the prepotential appearing in (2.2). Written

in terms of F(aq,---,an,), the condition (2.2) becomes
a —i}'(a a )—i]—'(a an,), 2 <k <N, (3.23)
D,k — 8ak 1, y WN . 3@1 1, sy UN¢ )y = >~ iV¢ .

Conveniently, such differences occur automatically in expressions of the form (3.17), if we
take into account the contributions of the lower integration bound x; . Thus, it suffices to
identify the gradient of the prepotential function F, with all variables a1, - -, ax, viewed

as independent. Doing so, the first line of (3.22) is readily recognized as a gradient

N. N. Ny

8iak[ Z (a1 — am)? log @1727“ - Z Z(al +m;)?log (alzi;nj)] (3.24)

l,m=1 =1 j=1

e

up to power series in A with coefficients rational in ax. These are exactly the logarithmic
singularities indicated in (2.1), due to perturbative corrections. As for the instanton con-
tributions themselves, the d-instanton contribution F; is homogeneous of degree d in the

a;’s, and thus the Euler relation implies
Nc

0T,
dFy = —<
d ;al 8al
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Since %—Zi is logarithm-free, so is F4. This completes the proof of the non-renormalization

theorem.

As we worked it out above, the dual order parameters ap ; and thus the prepotential
F are a sum of the classical and 1-loop perturbative contributions, plus a power series
expansion in powers of A. Actually, general arguments suggest that the power series should
involve only even powers of A. This fact is not completely obvious from the construction
of ap i, in (3.17) : while the integrand is even in A, the integration limit z, is not even.
However, it is clear from the form of the integral in (3.17), that the part of ap  which is

odd in A is obtained by taking the following difference

Ty A _ 1B xT A 1B
2mi (ap k(M) — ap(—A)) =2 /f do™ a2 F) —2/ 'L 2 E)
VR B

= —2mi(ar — ay)

This linear addition is merely a modification of the classical value of the prepotential,
and is innocuous. Thus, we see that the instanton contributions are purely even in A, as

required by general arguments.

e) Expansion of the dual order parameter ap j

In this subsection, we shall work out an explicit formula for the dual order parameters
ap.k, in a series expansion in powers of A. In view of the general arguments * advanced
in sect. Il.c, the dual order parameters ap ; and the prepotential 7, when expressed as
functions of the renormalized order parameters ay, are independent of the function 7T'(z).
Thus, henceforth, we shall set T'(z) = 0 without loss of generality.

When T'(z) = 0, the function A(z) simplifies and is given by

Our starting point for the calculation of the dual order parameters ap j is then the series

expansion of (3.19), which for T'(z) = 0 becomes

e / dr (G- 3N (3.25)

* We have checked the validity of these general arguments by explicit calculation to 1-

and 2-instanton orders; these calculations will not be presented here.
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The m = 0 terms in (3.25) can be easily integrated, and we find

T, Nc

K ¢’ 1B _ _ _
2/931 dz m(E - 55) (2N — Ny)z,, +2;allog(wk —ay)
Ny (3.26)
+ Z mjlog (z,, + m;)
m=1

As for the remaining m > 0 terms, it is convenient to perform an initial integration by

parts using the identity (3.8), and rewrite them as

2m

T C’ 1B’Bm 1 1 (™ _ B,

The contribution of the first term on the right hand side of (3.27) can be summed explicitly,
and we find (c.f. Appendix A)

N. Ny
2miap r =(2N. — Ny — 2log 2)x, + 2 Z aylog (z,, —ay) + ij log (z,; + m;)
=1 j=1
+ l) &m [ Bym
+ 2 2 dx (3.28)
Z % ) 2m - (02)

Next, we expand the rational function B™/C?™ into partial fractions. Since Ny < 2N,
the function B™/C?™ vanishes as x — oo, so that, with suitable coefficients Q(Zm), we

have the expansion
N. 2m

2m ~(2m)
=) > A"Qy m_al) (3.29)

=1 p=1
We now make us of the observation of sect. III.d on the structure of the logarithmic terms
: for p = 1 in (3.29), the coefficient Ql(?lm) is just the residue at the pole a; of B™/A?*™,
and can thus be expressed as a contour integral around a;, so that
2m C’ 1 B' B

dza( G = 55 (=)

A2m (2m)
Q 27'('2 A C

The contributions of these terms to ap , are now easily recognizable




Substituting in (3.28), and carrying out the dx integrations, we arrive at the following

formula, basic for our subsequent calculations

N. Ny
2miap r =(2N. — Ny — 2log 2)x, + 2 Z aylog (z,, —ay) + ij log (z,; + m;)
=1 j=1

N. 2m (2m)

00 F _|_ l §2m AZm
_ Z . 2) = Z g (3.31)

l
2 =1p=2 P

The coefficients Ql(?pm) can be obtained from a Taylor expansion of the function Si(x)
combined with (3.4), and we obtain the simple expressions

(2m) _ 1 0

Lp ~ (2m —p)! (aal)Zm_pSl(al)m (3.32)

It remains to express the quantities z; and a;, as well as the coefficients Ql(?pm) in terms
of the renormalized order parameters a;. The relevant formulas were already derived in
(3.11), (3.13) and (3.14). Carrying out these substitutions in practice is rather cumbersome
however, and will be done in sect. IV for 1- and 2-instanton contributions, i.e. up to and

including corrections of order A*.
IV. THE 1- and 2- INSTANTON CONTRIBUTIONS

In this section, we derive explicit expressions for the prepotential, including pertur-
bative (1-loop), 1- and 2- instanton contributions (i.e. up to and including order A*). As
was argued in sect. II.c, without loss of generality, the prepotential can be evaluated from
the curve with T'(x) = 0, which we assume from now on. Thus, our starting point is the
expansion of (3.31), which we now wish to express in terms of a;, up to and including order
A%. To avoid any confusion of orders of expansion, it is most systematic (though perhaps
somewhat lengthier) to first express all quantities in terms of the parameters a;, and then

convert the expression into a function solely of the renormalized order parameters a;.

a) Expansion of the branch points z,

Our calculations can be carried out either in terms of the derivatives at ag of the
functions Si(z), or, equivalently, in terms of the quantities 6,(€m), defined in (3.13) and
expressed in terms of Si(z) in (3.14). It turns out that the calculations can be presented

most concisely in terms of 6,(€m). From (3.13), we recall that, to order A*, we have
z, =g — A5 + A2 — K36 + A6

3

8

(4.1)

1 _
ax =ax + 5A2<5,(€2) + At
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Also, the expansion up to order A3 of powers of T, — a

~ 5(2) ) 5(3) 1 (5(2) i3 (5(4)

(¢; —ar)~” 1+Ap6(1) + A2 —ph (1) + 52+ 1)( 5(” )} + A% {p (1)
(4.2)

500 | Bt D2 50 rps-

as well as the expansion up to order A2 of powers of x — a;, for k # 1,
5(1) (5(2)
(), —a) P = (ar — @) P |1+ Ap—E— + A*{—p-
ap — ap ar — aj
(4.3)
! ()
+ §p(p + 1) (ak . al)g }:|

will be of particular use.

b) Evaluation of the coefficients Q(2m)
A general expression for the residue functions Ql(?pm) in terms of Sk(x) was given in

(3.32). In terms of the functions 6,(!”), they are easily worked out to low order as follows

o = (07

@am | =2mey? (o)) 2m
em =2msP (57)2m3 fm(2m — 3)(517)2(61)) 2

fom—s =2md(" (3 4 2m(2m — )56 (5]
1
+ gm(2m — 4)(2m - 5)(5) (57> (4.4)
¢) Summation of the series in m

It is convenient to separate the series in m in (3.31) into two terms (I) and (II),

corresponding respectively to the contributions of the poles at a;, [ # k and at a.

o0 (2m) —
T'(m + §2m A2m
(I) =2
2 o100 B2 01 a7

§2m 2m Q(2m) AZm

F'(m+1) 2m ];2 =1 (z, —ag)P!

(4.5)

3

Il

—
N[
~

We concentrate first on (I). In this case z,, —a; ~ A, the contributions up to and including

terms of order A* arise only from m < 2, and so we may set £ = 1 immediately. We obtain

1 (2) 1 l(i) 3 l(‘é) 3 (4)
I) = —A? + At A A
@ l;ézk {2 T, — 16 (z, —a)® 32 (z, —@)? 16 z, —q

(4.6)



We can now substitute in the expression (4.6) for Q(,Z ™) in terms of the & (n), and expand
Lip k
(x, —a;)"P asin (4.3). The result is
1 2 1 1
N S P RO

5 (6(1)) 1_ (6(1))26(1) 1_
(I) Z|:2A 2A (ak — al) §A (ak — C_Ll)2 + §A (C_Lk — C_Ll)3

1%k ak — i
1 . (651))4 3 (5(1))26(2) 3 45(1)6(3) 3_ (6(2))2
+ —A Tt + 4 AL LT L A AL L (4.7)
16 (ar —@)® 8 (ar —ay)? 4 ar — ay 8 ar — ay

We turn next to contribution (II). Here A*™(z; — @) PT1 ~ A?m~P+1 50 that con-
tributions to two-instanton order are received from all terms satisfying 2m — 3 < p < 2m.

(We note that, in particular, all m contribute to any instanton order.) Thus, we have

m+ ) §2m_2m
22 m+1)2mA

(2m) (2m)

ki2m k:2m—1
) ’ b ’ O
|:(2m — 1)(%; — ak)Zm—]_ 1+ (2m — 2)(%,2 — ak)2m_2 2
'(“2;n) 2 IE}Z;n) 3
+ 34m— em_ + 2m— em_ 48
@2m —3)(z, —ap)2m 3 " (2m—4)(z;, —ag)Pmt (4.8)

Here, we have denoted by 6,, the Heaviside function defined by 6,, = 1 for m > 0, and
0, = 0 otherwise. We may now use the values for Qk ™) found earlier (4.4), and the

expansions for (z; — ay)~P of (4.2) to arrive at the following formula, valid to order A%

included.
1) = — 2A5" 2 4482
. ‘ = T(z)L(m +1) 2m(2m — 1) Z (%)F(m + 1) 2m(2m — 2)
6435 2 8R4
* 2 T (m + 1) 2m@m —3) | Z e 25 =3

- %F‘;'(f) + %A?’a,(j") - %[x‘*a,(f) B O T G0y (49
k k
We note that all series in m are now convergent, which is why ¢ has simply been set to 1.
The values of the series that occur in (4.9) have been worked out in Appendix A. Inserting
them in (4.9), we find

% f25(2), 1 . 5 1(67)2
(I1) =AsL (210g2 — 2) + A25,(f>(5 — log2) + A® [5,(;’”(—§ +2log2) — 7 ( ;(1)) ]
k
(2)5(3) @)3
+ A*[6, (16 410g2)—|—4 50 8(5(”) ] (4.10)
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d) Rearranging logarithmic contributions
Our next task is to rewrite the logarithmic terms, which are so far expressed in terms
of z,, — a;, in terms of the renormalized order parameters a;’s. We shall do so in two

stages, first replacing x, by ax, and then replacing both a; and @; by ax and q;.

It is convenient to exploit the fact that x, satisfies the branch point equation (3.3),

and to rewrite the logarithm terms in (3.19) first as

N, Ny
2 “aylog (z; —a)+ Y _mylog(zy +my) — 2(log A)zy = —(IIT) — (IV) — (V)
— j_]-
N. Ny
(III) =2 Z(m; —ay)log (x, — @) Z z, +m;j)log (x, +m;)
1#£k j=1
Nc
=2 Z(C_Ll — al) log (m,; — C_Ll)
1+k
(V) =2(zy, — ax)log (x5 — ax) (4.11)

To evaluate (IIT), we expand the functions log (x, —a;) and log (zx +m;) in power series

around log (ar — a;) and log (ar + m;) respectively. We obtain this way

N, Ny
(IH) :(QNC -2 - Nf)(m,; — C_Lk) + 2 Z(C_Lk — al)log (C_Lk — C_Ll) — Z(C_Lk + mj)log (C_Lk + mj)
I#£k j=1
_ _ 1, = 0
- (mk - ak)log Sk(ak) - §(mk - ) a_ log Sk(ak)
1, 507 1, L0
- g(mk - ) 04 2 logSk(ak) - ﬁ( - ) 04 3 log Sk(ak) (4.12)
As before, the derivatives of Si(ax) can be readily expressed in terms of the 6,(;1)
5>
Pan log Sk (ar) = QW
52 6(3) (6(2))2
2
oay, (5(1))3 (51(c1))4
o3 6(4) (5,&2)(5,&3) (61(3) )3
o4 3 log Sk(ak) 12—~ — (5(1)) (5}5}1))5 (5}5}1))6 (4.13)
Expanding as well the powers of z;, — @, in A, we obtain the following expression for (III)
N, Ny
(IH) :(QNC -2 - Nf)(m,; — C_Lk) + 2 Z(C_Lk — al)log (C_Lk — C_Ll) — Z(C_Lk + mj)log (C_Lk + mj)
I#£k j=1
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: : 3 130
— 2(a; — ax)log 5L — A%6¢ >+3A35( ) 4 A3k 5

(2)\3 (2) <(3)
A46(4)_|_ Z A4 (6 ) 21&46k 6k
G 5,

(4.14)

Similarly, expansions for (IV) and (V) in terms of A are easily determined using the
expansions for a, and z, given in (3.12) and (4.1-2). We find for (IV)
x 2 _ 34 4 _
(IV) = — A? Z 51( ) log (ar —a;) — ZA4 Zél( ) log (ar — ap)
£k l#k
B 5(1)5(2) B 6(2)6(2) 1. 6(2) 6(1) 2
+A32_k l_ _A4Z_l k_ _|__A4Z l_ (k_ )2 (415)
Ak —a %k — 2 l#k(ak—al)
and for (V)

_ 1. _ 5 _
(V) =2(—As) + §A25,(3> — AP 4 gA45(4>)(1og A + logsM)

5(2)5(3) 1[&4 (6I(c2))3
5(1) 6 (51531))2

For computational purposes, we had replaced the coefficients aj in front of the log terms

+ 248201 — 28%0Y) 4 28%6Y + A4TE Tk (4.16)

n (3.19) by ax. Upon assembling the expressions we just obtained for (III)-(V), and

recognizing the combinations making up ax from ax, we obtain

_ N. Ny

A _ _ L _ _
(—2log 5~ 2N.+ Ny)x, +2 Z(mk —ay)log (x, —ay) — Z(mk +m;)log (x, +m;)
I=1 j=1
=2log2z; — 2log A aj, + (Ny — 2N.)ay, — 2(z, — ax)
Ny
+2) (@ —ar)log (@ — @) — Y (@ + my)log (ar + m;)
I#£k j=1

3

_ _ _ 4 _ _
+ 8262 — A% 10g 6L — %A‘*é,(f) log 6t — §A35,(j”> + §A45,§4>

BOP? 1L G 008

+ A + =A?
52 oy 5
B 5(1)6(2) B 6(2)5(2) 1_ 6(1) 25(2)
+A3Z % G _ A4Z Tk Tl _A4Z 7(} ) L > (4.17)
14k ar — ap £k ar — aqp 2 [ (ak - al)
In view of the identity
20(2 3 4 o
—A2<5,(e )log 6,&1) A46( )log 6(1) —2(ag—ak Z log (ay — al)+(ak—ak)z log (ar+m;)
1#£k j=1
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the preceding expression simplifies to

N

A c

(—210g§ — 2N, + Ny)z, +2 E (z),
=1

—ay)log (

=2log2z; — 2log A ax + (Ny — 2N, )ay — 2(z;,

Ny

Ny
T, —a) ka—kmj log (x;; +m;)

\_/ |

+2) (ax —ar)log (@ — @) — Y _(ax + my)log (ay + m;)

1#£k j=1

_ 4 _ _ _
TR0 SR + gA‘*é,(f) + A

5(1)5(2) (5(2)(5(2)

+ABZC_LIZ —lC_Ll _A4Zak—al

I#k l#k

(O

(2))2 . 5}?)&}9)

I

1302
2 (5(1))2

Z (6I(c1) 25(2)
# (

_|_
s

1

5 (4.18)

ak—al

We now replace ay, by ag, using the expansion (3.12). The logarithms expand as

22 Qg —al)log ag —al
l#k

—22 ap — al)log ap — al
14k
1-_
- SA%7 (2N - Np) -
Ly (6
_ ZA Z

£k

-5

ar — ap

Altogether, we have

N,

A c

(=2log o — 2N + Np)z +2 > (=
=1

(—2 IOgI_X + Nf — 2Nc)ak

—ay)log (

=2(log2)z, +

Ny
Z ar +m;)log (ax + m;)
j=1

Ny
Z ar + m;)log (ar + m;)
A45(4> (2N, — Ny)

(4.19)

Z

T, —a) ka—kmj log (x;; +m;)

Ny
+2 Z(ak —ay)log (ar, —a;) — Z(ak + m;)log (ar +m;)
1%k j=1
(2)y3 (2)\2 (2) 5(3)
As(l)  x26(2) 2—3 (3)_1—4 (4) § 4 (0 ) ~3(0,7) _ 140p O
+ 2850 — A% + SR — SR%( + 2R TRE g g
1. 5(2)5(2) 1. (6(2))2 B 6(1)5(2) 1. (5(1))26(2)
__A4 k"~ __A4 l —I—A3 k"~ —I——A4 k l 4.20
2 ;ak—al 4 ;ak—al ;ak—al 2 l;ézk ap — ap ( )
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e) Assembling all contributions
We are now ready to assemble all the components (4.7), (4.10) and (4.20) of ap k.
Several cancellations take place in view of the first group of resummation identities in

Appendix B, and we obtain

2miapk = — (2log2 — 2log A + Ny — 2N,)ay

Ny
- QZ(ak —ay)log (ar —a;) + Z(ak + m;)log (ar +m;)
I#k j=1
(1) (2)
lioc2 1lio (9, - (9,
+2A6k ZAZak—al Azak—al
£k l#k

1A45(4) _ 11&4 (51(3))3 11&4 51(3)51&3)
6k 8 (51(:))2 4 5

1. (5(2)((5(1)) B (5(1)
+ _A4 k. \YL ) 4
4 Z#Zk(ak—al Zak—al
1 2 1 3
8 1=h (C_Lk—C_Ll)2 4 ot ar — Qq

Our penultimate task, before we are in position to identify the prepotential, is to eliminate
the @;’s, and rewrite the whole expression for ap i entirely in terms of the renormalized
6l(p)

a;’s. We observe in the above that the terms are written in terms of the a,,’s. We
temporarily stress this feature by denoting them by 5l(P )(_), while letting the simpler
notation 6(p ) stand rather for their counterparts 6l(p ) (a). The passage from 6(p )( ) to

6l(p )( ) =9, (p ) is easily worked out for p = 1,2, using the explicit expressions (B.10) (B.11)

for 57
- B (5£3) 6(1)
(0 (@) (V) — A2 - 2 3 ) (4.22)

a; — a
— l m

2 2) (3 2) (2 1 2
6(2)(6) =5 4 1—2(51( ))3 _ —251( )‘51( : _ A2 Z ‘51( )5£n) + 1112 (51( ))25&)
: : 2 (51(1))2 51(1) mpl T m 2 m£l (a1 — am)?

Applying (4.22), we can now express ap j in terms of the 5l(P) (a)’s:

2miapk =(2log A — 2log2 + 2N, — N¢)ag, (4.23)
Ny
-2 Z(ak —ay)log (ar —a;) + Z(ak + m;)log (ar +m;)
I#k j=1
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(1)\2 (2)4\3 (2) 5(3)
_ 1A2 Z (6 ) A26(2) + 1A4 (6(1)) + 1A4(5’g4) _ 1[&46k (f;c
2 o ar — a 2 8 (5,7)2 16 4 oy
3 (5(2))2 1_ (5(1))25(2) 1_ 5%3)(5(1))2
+ _A4 YL _A4 N + _A4 l
8 l;ézk a, —a; 8 Z#Zk (ar, —a;)? 2 Z#kazﬂ (a1 — am)(ar — a;)

6I(c2)6l(2) 1 (5(1))26(2) 1

1- _ _
_§A4Zak—al+zz ) l2_16A4l7£Zk(ak—al Azak—al

1%k (ar —a)

As was emphasized after equation (3.21), we recall that (4.23) incorporates implicitly a

similar, opposite, contribution with the index k replaced by the index 1.

f) Integrability conditions and the prepotential

We show now how to use the summation identities in Appendix B and rearrange the
terms so as to exhibit the prepotential. The fact that this can at all be done provides a
powerful check on the final answer. As noted already before, (c.f. (3.22)) the classical part

together with perturbative corrections F(©) is easy to identify

N,
1 c
FO =5 (2N — Ny — log2) > a (4.24)
=1
N, N. Ny 2
(a1 +m;)
87m E: a; — am,) log ZE 1 JE 1 a; +m;)? T)

Next, it follows immediately from the definition of 6,&2) and the summation identity (B.3)
that the one-instanton contribution to the prepotential is given by
N.

1 -
F1) — o A2 2(551))2 (4.25)

=1

We shall identify the two-instanton potential F(®) in several steps. First, we use the

identity (B.8) to rewrite the corresponding terms a(D)k as

(1) (1)\2 (1) (1)\2
-(2>_1—4 (Om (5 ) 1—4 (6, 7)2(6; )
2miaf) =16k e |5 5 (il ary e Lo

14k mALk 1%k
_1zs Z 51(1)51(3) 1]&4 Z (51(2))2 Y Z (51(1))251(2)
4 %k —a 8 7ok —a 8 o (ar — ar)?
1 . 6I(c2)6l(2) 1 ) (5(1))26(2) 1 K4 5(1)
§Azak—al+ZAZ(ak—al Zak—al
1%k 1%k 1%k
(2)\3 (2) <(3)
174 0% (1)) 11‘\45,2 Lpade % (f) (4.26)
8 (6, )2 16 4 oy
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Use now the identities (B.5) and (B.6) to exhibit the terms involving 653) and ((5[(2))2

terms of a derivative with respect to ax. We find

. ., 0 (0))2(0")? 1
omialZ), == Mo Z 3 (675" = 56

(a—am)?
£k m#£Lk 1#£k
Ly OPON | L~ 007 1 g~ 075
4 = (ar —ar)3 4 = (ar —a;)®> 2 Tk~
5(2) B 5(2)5(3)
1@ )" 7 gasa)  1gad (4.27)

1 16 Tk 1
8 (5( 2 16 4 6l(c)
2)

The identities (B.1) and (B.

' 8 5(1) (5(1)
amiaf), — oAl [ 30 UL LS 60a - )

a — Qa
Itk mAlLk m) 1%k

B 5(1) 5(1) (5(2) (5(1)
iy GREE s ol
2 (ak — al ak - al
£k l#k

1 (07 1 _45,g2>5,g3> 3

- + — AW 4.28
8 5y 4 s " 16 (4.28)

now apply to produce

The terms in the second row of (4.28) are just the ones occurring in the identity (B.7).
As for the remaining local terms, they are also integrable, in view of the following simple

local identities, which are a direct consequence of their definition (4.2)

10
0 = e a S [(65)2 + 26,787 (4.29)
s 2(My2 4 0a
We can now write the two-instanton contribution to ap j under the form
(1)y2 (1) Ne
@) _ 14540 (m”)? (4 55 _ L5012
2mi ap), = 76 A T { o —an +; 5, )%) (4.31)

g) Summary of result for the prepotential up to two instanton contributions

We summarize here the main formulas, written in terms of the functions

12 (@ +m;)
Hl;ék(m —a)?

25

Sk(z) = (4.32)



The dual order parameters ap ;’s are given by

0
apk = —F
Dk = o7 (a)
with
F=FO 4 7 4 7@ L O(A3RN=Ns))
and
1 (ak al )2 1 ki (ar +m;)?
2miF) = — 2 Z(ak —a;)? log ~————" Z Z ar, +m;)? log TJ
I#k j=1
Nc
— (log2 — 2N+ Ny) ) _aj (4.33a)
N,
1 c
omiFd) :ZA2NC_Nf > Si(ar) (4.33b)
=1
. 1 _ Si(a;)Sm(am 1 «— d2s;
i@ = L paeN=N) { 3 ﬁ £1308) (@) gz @) ] (4.33¢)
I#m m =1
3Ny

The log 2 terms can be eliminated by a redefinition of the scale &

upon which the prepotential takes the more familiar form

Ny
' 1 2 + )2
27_”?(0) - _ Z Z(ak . al) lOg ( al Z a _|_mj lOg (aijignj)
14k j=1
N.
+ (2N. — Ny) Z (4.34a)
omiF(H) =A2Ne=Ns Z Si(ay) (4.34b)
=1
o F(2) —A2(2Ne—Ny) Z Si(ar)Sm(am) + 1 Z Sz(az)@(az) (4.34c¢)
(@ —am)* 4 daj '

l#m

By construction, these contributions to the effective prepotential are invariant under per-
mutations of the variables ax, and hence are invariant under the Weyl group of SU(N.). It
is of course possible, though in general very cumbersome, to rewrite these results in terms
of symmetric polynomials in the ax, such as s; and o;, defined in (2.4) and (2.5). However,

the above results are perfectly well-defined and invariant as they stand.
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V. SPECIAL CASES AND DISCUSSION

In this section, we evaluate some of our results in various special cases discussed in
the literature either directly from the quantum field theory point of view, using instanton

calculations or from the Seiberg-Witten type approach.

a) Comparisons with quantum field theory instanton calculations

Results directly from instanton calculations in quantum field theory are available as
follows. For the simplest case of two colors, N. = 2, and Ny < 2N, various tests of the
exact results of [1] were performed in [8,14], while 2-instanton results were obtained in [15],
and are found to be in agreement with [1]. For the case of general number of colors, N,
results appears to be available only for contributions involving just a single instanton [7],

and are found to agree with the exact results of [2].

b) N. = 2 results

A useful check on the correctness of the coefficients in (4.33) is provided by a compar-
ison with the exact results for N, = 2 and Ny = 0. We set a =
A = A? and we find from the definition of Sj that

ap = _5127 a=a = —a,

Sl(al) :SQ(GQ) = L

da> 5.1
92S1(a1)  9Si(ar) 3 (5.1)
0a? da?  8aS
Using these results, we find the effective prepotential up to 2 instanton corrections
Fo [2a°log 4a® + (2log2 — 4log A — 4)a® — A oAt +0(A")] (5.2)
27 8a2 21046 '

This result agrees with the expansion of the exact results of [1] in powers of A, as calculated

in [6], provided we make the redefinition A% — A?%/2.

It is not much more difficult to incorporate the effects of Ny matter hypermultiplets.
We shall do this here for Ny = 3; the result for lower values of Ny may then be obtained
by decoupling. We thus find for Ny =3

, A
A2
2miF?) :210—36 [a6 + a4(m% + m% + m%) — 3a” (m%m% + m%m% + mgmf) + 5m%m%m§}
a
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Decoupling the third hypermultiplet, by letting Asms = A3, and sending m3 — oo, we
obtain for Ny =2

A2
2miF™M) :8—22 [a2 + m1m2}
“, (5.4)

A
omiF?) :21026 [a* — 3a®(m? + m3) + 5mim3]

and decoupling also the second hypermultiplet, letting Aomo = A2 as ma — 00, we find
for N f= 1

3
2miF™M) :—Al mq

AS '
27T’Lf(2) :m [—30,2 + 5mﬂ

From the decoupling of the first hypermultiplet, with Aym; = A2, as m; — 0o, we recover
the result of (5.2).

We notice that for N. = 2, the expression for the renormalized order parameter a
in terms of the classical value a is readily worked out to all orders with the help of the

expression for § §m)

I'(m— 1) 1
5™ _ (_ym 2 5.3
! =) L(—3)(m+ 1) a®m~! (53)
which yields, using (3.11)
> r'(2m — 1 AN
=0Y g (5) (5.4)
— 2?"I(—3)'(m +1)*\a

IS

This sum is easily recognized as the hypergeometric function ELF(—%, %; 1; 25), which is

the correct expression, as obtained in [6].

b) N. = 3 results
We can similarly work out the contributions to the prepotential from 1- and 2-
instanton effects for N, = 3. We have a; + a2 + az = 0, and it is customary to express the

results in terms of the symmetric polynomials, © and v and the discriminant A
u = —ajiaz — azas — asai, U = a1a20as; A = 4u? — 2703 (5.5)
The functions Sk(ax) are easily evaluated and we have

[1;2: (ax +my)
Hl;ék(ak — )
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Sk(ar) =




Using (4.33), we find the one instanton results

A
Ny=5 omiFM) = i [—u2v + (2u3 — 91)2)151 — 3uvts + 2uts — Quty + 6ut5}
A2
Ny =4 2miFL) = ﬁ [(2u3 — 91)2) — Buvty + 2u’ts — Yuts + 6ut4}
3
Ny =3 2miFL) = f—A?’ [—311,1) + 20t — vty + 6ut3}
A4
Ny =2 2miFM) = ﬁ [2u2 — vty + 6ut2}
5
Ny=1 2miF) = ﬁ [—9v + 6ut |
6
Ny =0 2miFY) = %

(5.7)
For the case Ny = 0, these results are in agreement with those of [6], derived using Picard-
Fuchs equations.
Two instanton effects may similarly be evaluated. For Ny = 0, we find that
9 A12

omiF 2 = W(17u3 + 189v?) (5.8)

in agreement with [6]. It is possible to express also the two instanton corrections for
Ny > 0 in terms of the the symmetric polynomials u, v and t,; the expressions become

quite cumbersome however, and it is much better to leave the results in the original forms
of (4.33).
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APPENDIX A: SOME USEFUL NUMERICAL SERIES

In this appendix, we derive the values of the series which are needed in the evaluation

of the dual periods ap x’s. Consider the series

> T(m+3) 1

fi) = (4.1)
7nZ:q F(%)F(m +1)2m—n
where ¢ and n are some fixed integers satisfying 2¢ > n > 0. Then we have
(1) = log 2, f = log2 — 1
1
1 2
1( ) _ 1, f( ) _ =3
(2 _ 1 1
=3 log2 + — 1
(2 _ 5
6
@) _ 310504 2 A2
g log + 39 (A.2)
To see this, we note that fy, (@) is the value at & =1 of the corresponding function
. I'(m+3) 1
(q) — 2 2m
Ja(8) 7;1 L(3)T(m +1) 2m — n5
which is easily seen to admit an integral representation. In fact
gn—‘rli (g—nf(q) (5)) _ o0 F(m + %) §2m _ 1 B q—1 F(m + %) §2m
d¢ " = L($)(m+1) V1-¢8 ~— L(3)C(m+1)
It follows that
¢ 4q 1 T T(m+ 1)
n Ui 2 2m
e =-¢ [ k| - ] A3
© o MTHL/1—n? mZ::OF(%)F(erlf7 (4.3)

which is an absolutely convergent integral for 2¢ > n. These integrals for £ = 1 can be

evaluated explicitly by a change of variables to = 2t(1 +t2)~1. We find, e.g.,
1
F2(1) =27 H! / det 32 +3)(1 4 ¢2)" 3
0

which leads easily to the values indicated in (A.2) for 52), 1(2), 2(2), and f:§2) (and hence
fél) and fl(l)). For ff’), it is somewhat faster to make the change of variables n = v/1 — u?2,

which leads to the integral of a rational fraction

@) 1 du 1 2 3. 2o
4>uy_é T——ﬁgb—u—§M1—u)—§ﬂ—u)

1—u

This works out to the value given in (A.2).
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APPENDIX B: SUMMATION IDENTITIES

The identities we need concern the sums over [ # k of expressions involving (ax —a;) 7,
and are of two types. The first leads to local terms involving only the (5,(;1)’5, while the
second leads to total derivatives with respect to ap of expressions which ultimately make

up the prepotential. The identities of the first type of interest to us are the following

(1) (2) (3) (2)
Y A SR L S M (B.1)
(ar — al)2 ar — ay 6(1) 5(1) )
1#£k k k
1 2 4 2) «(3 2
S LR R T LT N
o (ar —a;)®  (ax — a;)? (5(1))2 (5(1))3 (51531))4

To show these identities, we observe that the pole expansion for 02(( )) can be rewritten as

Z|:( Sl(C_l_l) n S{(C_Ll_):| _ ( 1_ 5 (Sk(m) _ Sk(ak) — S;;(C_lk)(m — C_Lk))

= r—)? x—q T — ak)

Letting x — ay gives (B.1). Taking a higher order Taylor expansion for Si(z) and letting

again x — ay, after differentiation gives (B.2).

The identities of the second type depend on the explicit forms for 6,(;1). They are

0?10 e
=— —— ) B.3
l#zkak—al 28akl#zk(l ) (B:3)
= (ar, — ;)3 6 0ay, o (ar, — ay)?

(1)y\25(2) (2)\2
Z {(51 )0, P (6,7) ] _ 10 2(552))2 (B.5)
1%k

(ar — ar)? ar — ay 2 Oay,

1k
6(1) 4 6(1) 25(2) 6(1)5(3) o
L e D BU AL (B.6)
1%k k l k l k l k [

T OO0 OUPO0R 0 g~ () (B

= (ar, — a;)? (ar, —a;)3 Oay, o (ar, — a;)?

5%)(551))2 5(1) (5(1)) 1 (551))2(51(:))2
Ty (a1 — am)(ax — am) 8 Oag ; ;k (a1 — am 2 = (ar — ar)3
5(1)5(3) 1 (5(1)
+) - (B.8)
Zn ar — q 2 o ar — ay
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We begin by establishing (B.4). The left hand side of the identity can be rewritten as

12k (ak — @) [T sy(@r — am)? 12k (ak — ar)” Ty p(@2 — am)

S 1 TLY(a +my)? > 1 T (a+ my)?

4

This is the same as

N
1 Hj—fl(al + mJ (1)\4
_Ea—kzz ak—al 4_ 6Z ak—al 6 )

12k 1k © It (ar — am) [

as claimed. The identity (B.3) is proved in the same way. Next, we note that for [ # k

0 «p_ 1 ot 1 Wy
3—%6l (=)' aar ! al_ak(él ) (B9)

For p = 1, this follows by direct calculation from the explicit formula for 51(1)

N 1
5 1 L +m;)?
= (B.10)
ar — ak [ [y (@1 — am)
The case of general p follows next from the definition (35) for 6l(p ), which expresses 6l(p ) in

terms of 6l(1). The identities (B.5), (B.6), and (B.7) are now easy to establish, simply by
differentiating the right hand side, and applying (B.9).

Finally, we consider (B.8). We may use first the identity to eliminate 52 in favor of

)
Sy U Z > (”) (5(”)2 LY 1~ (372
i (a; — am)(ax — ar) l;ék = (a1 — am)?(ar, — ay) T 2 o~
(B.11)
The double sum in the right hand side can be rewritten as
5(1)) (5(1)) (5(1)) (5(1) 5(1)) (5(1))
ZZ a —am)(ay —a)) = (a — @)% ZZ a; — am)?(ar — ay)

£k m;él 1#£k £k m#l, k

The second term above can now be recognized as a total derivative

5(1)) (5(1)) B (5(1)) (5(1))
2D e ler —an) __Za_akzz .

1#k m;él 1k m#l

where we made use of the symmetry in [ and m of all the expressions involved. The identity
(B.8) follows.
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