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A Finite Element a-h-Formulation for the Reduced
Order Hysteretic Magnetization Model for

Composite Superconductors
Julien Dular , Arjan Verweij , and Mariusz Wozniak

Abstract—The simulation of transient effects in large-scale su-
perconducting systems with the finite element method is compu-
tationally expensive. A Reduced Order Hysteretic Magnetization
(ROHM) model has been recently proposed for the computation
of the magnetization and loss of composite superconductors. It
accounts for the interplay between hysteresis, eddy, and coupling
effects, without a need to model the detailed current density distri-
bution, leading to a substantial reduction of simulation time. The
ROHM model naturally fits in finite element formulations written
in terms of the magnetic field such as the h-φ- or φ-formulation,
but these formulations are not always the optimal choice. For
example, in the presence of ferromagnetic materials, one may
prefer formulations written in terms of the magnetic flux density. In
this context, we introduce in this paper a mixed a-h-formulation
that implements the ROHM model. The main advantage of this
formulation is the direct use of the constitutive relation defined by
the ROHM model, without the need for its inversion. We discuss
the computational efficiency of the new formulation compared to
a conventional φ-formulation, based on a model of a composite
superconducting strand.

Index Terms—AC loss, finite element formulations, hysteresis
model, magnetization, reduced order method.

I. INTRODUCTION

SUPERCONDUCTING strands and cables under time-
varying magnetic field or current generate loss that results

from an interplay between hysteresis, eddy, inter-filament cou-
pling, and inter-strand coupling currents. Correctly simulating
this loss at the conductor level is important in the design phase
of a magnet to assess the cryogenic heat load as well as the
temperature and stability margins [1], [2], [3], [4]. The finite
element (FE) method is a powerful tool for this purpose. How-
ever, simulating these effects in magnet models with a fully
detailed conductor description leads to prohibitive simulation
times which are completely unrealistic in practice [5], [6], [7].

Homogenization techniques [8] are promising candidates for
reducing the computational effort without oversimplifying the
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problem. They consist in describing the system in terms of
the average fields [9] and were mainly developed for non-
superconducting applications [10], [11], [12], or for super-
conducting applications, but without including rate-dependent
effects [13], [14], such as coupling currents and eddy currents.
The Reduced Order Hysteretic Magnetization (ROHM) model
accounts for these rate-dependent effects [15]. Once its param-
eters are fixed based on reference solutions, this model repro-
duces the magnetization and loss of composite superconducting
strands without requiring the computation of the current density
distribution, and hence with a very low computational effort [15].

The ROHM model defines a constitutive relationship between
the magnetic field h and the magnetic flux density b = B(h),
and therefore fits naturally in FE formulations written in terms of
the magnetic field, such as the h-φ or the φ-formulation, as was
introduced in [15]. But in some circumstances, it is preferable
to use FE formulations written in terms of the magnetic flux
density [16], [17], [18], such as the a-formulation. Such formu-
lations are interesting for models with nonlinear ferromagnetic
materials [19], for models featuring rotating parts [17], or to
simplify the implementation of source currents [20]. However,
implementing the ROHM model in the standard a-formulation
would require the inversion of the constitutive relationship
b = B(h) [21]. In order to avoid the inversion, we propose in this
paper a mixed a-h-formulation, which has the advantages of the
a-formulation and is written in terms of the direct constitutive
relationship.

In Section II, we briefly recall the basics of the ROHM model.
In Section III, we describe its inclusion in two FE formulations:
the standard φ-formulation and the novel a-h-formulation. Fi-
nally, in Section IV, we apply the new formulation on a model
representing a composite superconducting strand and discuss its
computational performance.

II. ROHM MODEL

The ROHM model is presented in [15]. It is inspired by the
energy-based vector hysteresis model for ferromagnetic materi-
als [22], [23], [24] and consists of a chain of N ∈ N0 hysteretic
cells, as depicted in Fig. 1.

Each cell k = 1, . . . , N defines a relationship between the
magnetic field h and a magnetic flux density fraction bk, with
weight αk. The chain of cells defines the total magnetic flux
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Fig. 1. Mechanical analogy of a chain of hysteretic cells of the ROHM model.

density b with

b =

N∑
k=1

αkbk. (1)

Each cell is subject to the same magnetic fieldh, but within each
cell, h is decomposed into four distinct contributions:

h = hrev,k + hirr,k + heddy,k + hcoupling,k. (2)

The field hrev,k is associated with stored magnetic energy and is
proportional to the magnetic flux density fraction bk = μ0hrev,k,
with μ0 = 4π × 10−7 H/m. It is represented by a linear spring
in the mechanical analogy [23] of Fig. 1.

The other three fields, hirr,k, heddy,k, and hcoupling,k, are each
associated with different magnetization and loss mechanisms
in composite superconductors. The irreversible field hirr,k de-
scribes rate-independent hysteresis and obeys

hirr,k =

{
h− gk, if ‖h− gk‖ < κk

κk ḣrev,k/‖ḣrev,k‖, if ‖h− gk‖ = κk
(3)

with gk = hrev,k + heddy,k + hcoupling,k and an irreversibility
parameter κk (A/m). In the mechanical analogy of Fig. 1, it
is represented by a dry-friction element [23].

The eddy field heddy,k describes eddy currents in normal
conducting parts of the superconducting composites and obeys

heddy,k = τe,kḣrev,k, (4)

with a relaxation parameter τe,k (s). It is represented by a viscous-
friction element in Fig. 1 [24].

Finally, the coupling field hcoupling,k describes coupling cur-
rents and coupled filament magnetization. It obeys

hcoupling,k =

{
τc,kḣrev,k, if ‖τc,kḣrev,k‖ < χk

χk
ḣrev,k

‖ḣrev,k‖ , if ‖τc,kḣrev,k‖ ≥ χk
(5)

with irreversibilityχk (A/m) and relaxation τc,k (s) parameters. It
can be represented by a combination of dry-friction and viscous-
friction elements in series, as shown in Fig. 1.

Irreversibility parameters κk and χk are defined as functions
of ‖b‖ to reproduce the effect of the field-dependent critical
current density in superconductors.

The implementation of the ROHM model is described in [15]
and is particularly straightforward. The numerical simulation re-
quires to save the two vectors gk and hrev,k as internal variables.
They constitute the memory of the ROHM model.

The values of the model parameters must be determined
based on reference simulations of the strand response under field
excitations of different amplitudes and rates of change. Once the
parameters are fixed, the ROHM model can be used to predict the
strand response under arbitrary excitations, within the range of
amplitudes and rates of change used to calibrate the parameters.

III. FINITE ELEMENT FORMULATIONS

The ROHM model defines a hysteretic function B for the
constitutive relationship b = B(h), which can be included in a
FE framework. We present here two FE formulations suited for
the implementation of the ROHM model.

Let us consider a numerical domain Ω. It is decomposed
into the domain Ωm containing the superconducting composite,
whose magnetic response is to be described by the ROHM
model, and the complementary domain, denoted as ΩC

m. The
system can be excited by an external magnetic field via bound-
ary conditions, or by a known source current density field js
flowing in a domain Ωs ⊂ Ω, modelled as a stranded conducting
region [20]. Outside of Ωs, js = 0.

For conciseness, we assume that ΩC
m is non-conducting. The

extension to conducting cases brings no additional challenge.
In Ωm, magnetization currents (including eddy and coupling

currents) are not modelled explicitly but their loss and influence
on the surrounding fields are directly described by the ROHM
model. The set of equations to solve is therefore:{

div b = 0
curlh = js

with

{
b = B(h), in Ωm

b = μh, in ΩC
m

(6)

withμ the magnetic permeability inΩC
m, that may be a function of

h ifΩC
m contains ferromagnetic materials. Time-dependence and

induction effects are contained in the ROHM model constitutive
law.

Together with appropriate initial and boundary conditions,
Eqs. (6) define the strong form of the problem. To be solved
numerically with the FE method, a weak form should be de-
fined, and subsequently discretized in space on a FE mesh. The
ROHM model equations are time-dependent and the problem
must therefore also be discretized in time. Time integration is
performed with an implicit Euler scheme.

We propose below two different FE formulations of the strong
form of the problem. We use the notation (v ,w)Ω to represent
the integral over Ω of the dot product of any two vector fields v
and w.

A. φ-formulation

The ROHM model fits naturally in formulations written in
terms of the magnetic field, such as the h-φ-formulation [25].
In a case with no explicit eddy currents, the h-φ-formulation
can be reduced to a φ-formulation [15], [25]. Starting from an
initial condition, it consists of finding a magnetic fieldh = hs +
gradφ with φ ∈ Φ(Ω) such that, at subsequent time instants,
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∀h′ = gradφ′ with φ′ ∈ Φ0(Ω),(
μh ,h′)

ΩC
m
+
(B(h) ,h′)

Ωm
= 0 (7)

with hs a precomputed source field that satisfies curlhs = js
in Ω, obtained and defined as described in [20]. The function
spaceΦ(Ω) is the subset ofH1(Ω) satisfying essential boundary
conditions, and Φ0(Ω) is the same function space but with
homogeneous essential boundary conditions. Elements in Φ(Ω)
and Φ0(Ω) are discretized with node functions [26].

B. a-h-formulation

The standard a-formulation is written in terms of a magnetic
vector potential a related to the magnetic flux density via
curla = b. It involves the inverse laws{

h = B−1(b), in Ωm

h = νb, in ΩC
m

(8)

with B−1 the inverse of the hysteretic function B and ν the
magnetic reluctivity. In a case with no explicit eddy currents,
it reads as follows: starting from an initial condition, find a ∈
A(Ω) such that, at subsequent time instants, ∀a′ ∈ A0(Ω),

(ν curla , curla′)ΩC
m
+
(B−1(curla) , curla′)

Ωm

= − (js ,a
′)Ωs

(9)

with the known source current density js directly integrated [20]
and with A(Ω) and A0(Ω) appropriate function spaces dis-
cretized with perpendicular edge functions in 2D models [27].

In order to avoid the inversion and to maintain a straight-
forward implementation of the ROHM model, one can modify
the standard a-formulation by introducing in Ωm an auxiliary
field h ∈ Ha(Ωm) (defined below), and solve the following
equations, ∀a′ ∈ A0(Ω) and ∀h′ ∈ Ha(Ωm):{

(ν curla , curla′)ΩC
m
+ (h , curla′)Ωm

= − (js ,a
′)Ωs(

curla ,h′)
Ωm

− (B(h) ,h′)
Ωm

= 0.

(10)

This is a mixed formulation with two coupled fields in Ωm. We
call it the a-h-formulation.

Mixed formulations require a careful choice of function
spaces in order to avoid instabilities during the numerical sim-
ulation [28], [29]. We found that stable results and a robust
convergence behavior are obtained with Ha(Ωm) defined as

Ha(Ωm) = {h = ν0 curlu : u ∈ H(curl; Ωm)} (11)

with ν0 = 1/μ0, andu being discretized exactly as the magnetic
vector potential a, i.e., with perpendicular edge functions, but
with a support in Ωm only. It can be gauged in each connected
subdomain of Ωm by being fixed to zero on an arbitrary point in
each subdomain.

C. Implementation Details

The inclusion of the ROHM model in a FE formulation
makes the problem nonlinear. An iterative technique is therefore
necessary to find an approximate solution at each time step. We
use a Newton-Raphson scheme, with a Jacobian matrix ∂B/∂h

Fig. 2. Application of the ROHM model with thea-h-formulation to reproduce
magnetization and loss of a strand without a detailed current density calculation.
Frequency: f = 1 Hz. (a)-(b) FE meshes. (c)-(d) Solutions at t = 0.25 s. (e)-(f)
Solutions at t = 0.5 s. Arrows outside of the strand represent the magnetic flux
density b. Colored elements in (c) and (e) represent the z-component of the
current density j (jc0 = 3× 1010 A/m2). Arrows inside the strand in (d) and
(f) represent the magnetization μ0m = b− μ0h.

defined as in [15], and a convergence criterion based on the
relative change of the total power loss between two successive
iterations, as was done in [19], with a relative tolerance equal to
εrel = 10−6.

The ROHM model also requires to save the fieldsgk andhrev,k

at each time step. These fields are discretized with element-wise
constant vector functions for both formulations.

IV. VERIFICATION AND APPLICATION

In this section, we present a simple application of the ROHM
method in the case of a multifilamentary strand subject to an ex-
ternal field, in order to verify the validity of the a-h-formulation.
The FE models are solved by GetDP [30], using Gmsh [31] to
generate the geometries and meshes.

We consider a multifilamentary strand of diameter d = 1 mm,
containing 54 Nb-Ti filaments of diameter 90 µm twisted with
a twist pitch length of 19 mm inside a copper matrix. A 2D
cross section of the geometry is shown in Fig. 2(a). A magnetic
field happ(t) = hmax sin(2πft) of amplitude μ0hmax = 1 T and
frequency f is applied along êy . We fix js = 0 for simplicity.

Reference solutions are obtained with the CATI model [32],
implemented in FiQuS [33]. The ROHM model parameters are
identified based on reference solutions following the procedure
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TABLE I
PARAMETERS OF A CHAIN OF HYSTERETIC CELLS WITH N = 5

Fig. 3. Average strand magnetization (y-component) forμ0hmax = 1 T at dif-
ferent frequencies. Verification of the a-h-formulation (solid curves) compared
to theφ-formulation (dotted curves) with the ROHM model andN = 5. Dashed
curves are CATI model solutions, given for reference.

described in [15]. We choose N = 5 to describe the strand re-
sponse, with parameters given in Table I and field-dependent ir-
reversibility parametersκk = κ̄kfκ(‖b‖) andχk = χ̄kfχ(‖b‖),
with fκ and fχ decreasing functions of ‖b‖, as defined in [15].

Solution fields are represented in Fig. 2 for f = 1 Hz at t =
0.25 s and t = 0.5 s. The magnetization computed by the ROHM
model is uniform in this case because of the round shape of the
strand. It correctly reproduces the influence of the strand on the
surrounding field.

The average magnetization obtained with the ROHM model
and both φ- and a-h-formulations are compared together, as
well as with those obtained with the reference CATI model
in Fig. 3 at frequencies f of 0.01 Hz, 1 Hz, and 100 Hz. For
the detailed CATI model solution, the average magnetization is
computed as in [15]. For the ROHM model solution, the average
magnetization is computed as

m̄ =
1

a

∫
S

1

μ0
B(h)− h dS (12)

with a = πd2/4 the surface area of the cross section S.
The instantaneous loss P and its distinct contributions are

shown in Fig. 4 for the f = 1 Hz excitation. For the detailed
CATI model solution,P is computed by integrating the Joule loss
density pJ = j · (ρj) over the strand [15]. For the ROHM model
solution, P is obtained by integrating the dissipated magnetic
power density pm over the strand, with

pm =

N∑
k=1

αk(hirr,k + heddy,k + hcoupling,k) · ḃk. (13)

Fig. 4. Instantaneous loss per meterP for f = 1Hz andμ0hmax = 1T and its
different contributions (as defined in [15]). Verification of the a-h-formulation
(solid curves) compared to the φ-formulation (dotted curves) with the ROHM
model andN = 5. Dashed curves are CATI model solutions, given for reference.

TABLE II
PERFORMANCE FIGURES OF THE ROHM METHOD

The results of both formulations are almost identical and
provide good approximations of the reference magnetization and
loss. The cumulative error on the total loss integrated from t = 0
to t = 1.25/f is below 3% for both formulations and the three
frequencies. The curves of the ROHM model are spiky due to
the limited number of cells (N = 5) which are triggered one by
one when the field varies. Smoother curves can be obtained with
a larger number of cells, at the cost of more internal variables to
save.

Performance figures of the two formulations with the ROHM
method are given in Table II, for 1.25 cycles with 75 time steps.
Results for other chains of cells with N = 3 and N = 8 are
also given. The a-h-formulation involves slightly more degrees
of freedom (DOFs) but requires on average fewer iterations
per time step than the φ-formulation to meet the convergence
criterion. This results in a lower computational time than for the
φ-formulation in all tested situations.

Note that in this simple case with uniform magnetization, the
mesh for the ROHM method is finer than necessary and could be
coarsened. In general, the model can be used on more complex
geometries to homogenize a large number of strands, in which
case the magnetization is no longer uniform.

V. CONCLUSION

In this article, we presented the a-h- and φ-formulations
for implementation of the ROHM model. The novel a-h-
formulation is more efficient and extends the applicability of
the ROHM model to FE models containing nonlinear magnetic
materials. This work constitutes a step towards the homogeniza-
tion of full-scale superconducting systems such as accelerator
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magnets, in view of a fast and accurate modelling of their
transient magneto-thermal response.

Next steps include the investigation of proximity effects due
to the magnetization of neighboring conductors in a full-scale
magnet model and coupling with transport current effects.
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