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Abstract: New analytical formulas are derived for the rank and the local discrepancy of
Farey fractions. The new rank formula is applicable to all Farey fractions and involves
sums of a lower order compared to the searched one. This serves to establish a new
unconditional estimate for the local discrepancy of Farey fractions that decrease with the
order of the Farey sequence. This estimate improves the currently known estimates. A new
recursive expression for the local discrepancy of Farey fractions is also given. A second
new unconditional estimate of the local discrepancy of any Farey fraction is derived from a
sum of the Mertens function, again, improving the currently known estimates.

Keywords: Farey sequence; Riemann Hypothesis

MSC: 11B57

1. Introduction and Statement of Main Results

The Farey sequence F,; of order n € Nis an ascending sequence of irreducible fractions
between 0 and 1 whose denominators do not exceed n. These fractions are referred to as
Farey fractions. An introduction and thorough reviews of the theory of Farey sequences
can be found in [1-4], along with a few applications in [5,6]. Throughout this paper, we
exclude the fraction 0/1 from F,. For given n € N and x €]0,1], I,(x) is defined as the
number of elements in F, within |0, x]. We define F; as a subsequence of F, given by

Fi =F,N]0,x],

and, therefore,
In(x) = |Fy]-

The local discrepancy #,(h/k) of the Farey fraction /1/k in F, is defined as [7,8]
) h
Pu(h/k) = %|Fn| —L,(h/k).

We also introduce the discrepancy ?g’ (h/k), at the level of the Euler Totient function ¢(x),
such that the number of Farey fractions in F; lower than /k and with denominators equal
to g is given by

and, therefore,
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Note that /1/k is not necessarily an element of F,;. The absolute discrepancy of the Farey
sequence F, is generally defined as

[Pn(a)]
D, = sup .
" aeF, |Ffl‘

It is important to recall an equivalent formulation of the Riemann Hypothesis (RH).
The Franel-Landau formulation [9,10] is expressed as

1

TP w(1/k)| = O(n37¢) Ve >0 & RH.

| h/keF,

This direct connection between local discrepancies and RH shows the importance of pro-
gressing in computing estimates of 7, (h/k). The unconditional estimate of 7, (h/k) is not
generally addressed in the literature, while D,, has been evaluated to be O(1/n) in [7] and,
therefore, using |F,| = O(n?), we can write

Pu(h/k) = O(n). (1)

The absolute discrepancy of the Farey sequence was derived in [11] and found to be
D, = 1/n by finding an upper bound of an integral of the Mertens function. This result has
been qualified as “most remarkable” in [12]. Figure 1 shows an illustration of the different
bounds for the local discrepancies versus the corresponding Farey fraction « for different
ranges of n, as derived in [11].
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Figure 1. Illustration of the results in [11], showing the upper bounds of the local discrepancy of
Farey fractions, |#,(a)|/|F,|, versus the Farey fractions « in [0,1/2] (without respecting the actual
separation ratios in the horizontal axis). Note that the red curve for « < 15/n has been plotted using
expression (2), while in [11] (page 361) tabulated values are given.

The following approximations are derived in [11] (page 361) for n > 10%%,
Lna]
I(a) “= n 2 "’ o(|nal),

@) < 'F'( 2“" <meJ)) @

where @(x) is the Totient summatory function and “% =" and “* <” are introduced in [11] to
imply that the terms with relative influence below 1071 are neglected. Neither the validity
range of these approximations for a nor the estimates of the neglected terms are given in [11].
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These approximations are only used for « < 15/n in [11] and, indeed, above this value of «,
the quantity in parenthesis in (2) can take negative values. For example, for « = 33.6/n, we
would have |?,(33.6/n)| ¥ < —0.001|F,|/n, which does not hold.

Knowing the missing terms that complete the above approximations for any n and «
could lead to new bounds or estimates for the local discrepancies of Farey fractions. Partial
developments in this direction are found in [13,14] for unit fractions. In Theorem 1 and
Corollary 1, we develop new general expressions for I,,(«) and 7, («), obtaining, for 7, («),

Pu(a) = [Fula— Lflj §]) T ((nal) 3)
=1 :

GTE ﬁdz {2},

where 1(d) is the Mdbius funtion and {x} represents the fractional part of x. This identity
unexpectedly connects the discrepancy of a in F, with the discrepancy of {1/a} in F,,,.
Furthermore, the new general identity (3) can be applied iteratively to ,,,| ({1/a}) fora
finite number of steps, as {1/a} is always a Farey fraction of a lower order than «. This
identity is used in Theorem 2 to derive a new unconditional estimate of 7, («) for any
a =< O(n—¢), with € €]0,1], given by

Pu(a) = O(n&A(nl_e)), fora < 0O(n™¢), € €]0,1],

where the function d4 (x) is a monotonic decreasing function defined as

dalx) = exp( ( log”®

This new unconditional estimate of 7, («) improves the existing one, O(n), from [7,11]
for a values that decrease with n.

In this work, we derive another unconditional estimate of 7,,(1/k). For later conve-
nience, we define the local discrepancy with an offset as

ra(h/K) = Pu(h/K) — szl

In Theorem 3, we demonstrate that
n b ih
Y Tinga)(h/k) = Z<k> , (4)
d=1 i=1 k

with b = n mod k and (-);, the fractional part with an offset defined as

() = {x} - 1

Note that for /1/k being a Farey fraction and for any positive integers a and p, we have

a+pk—1 dh
) <k> =0. (5)
d=a k
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Expression (4) can be used iteratively for an efficient calculation of 7, (h/k) as done,
e.g., in [15], to compute I, (1/k). Applying the Mobius inversion formula to (4) and making
further developments, the following two identities are also demonstrated in Theorem 3,

o)
- B,

with b = |n/d] mod k and M(n) representing the Mertens function defined as M(n) =
Y.i_q #(d). Expression (6) is new and can be used to demonstrate again that r,(h/k) = O(n)
as the sum over i is bounded by k/8, as it is shown in Lemma 3 given below. Expression (7) is

I
1=

rn(h/k)

s

not new, as it already has been given in similar forms in [3,7,11], but here, it adopts a simpler
form thanks to the introduction of (-), and the local discrepancy with an offset.

Theorem 4 establishes a second new unconditional estimate of the local discrepancy
for a Farey fraction, h/k, such that k = O(nl’e), with1 > € > 0, as

ra(h/k) = O(n log™* n1og"? logn(SA(ne)) , for A > 0.

It is important to note that this estimate includes the general case of /1/k being constant.
Again, this unconditional estimate improves the existing one, O(n), from [7,11] for Farey
fractions with denominators that can grow sublinearly with the order of the Farey sequence
and complements the estimate given in Theorem 2.

2. Results

Lemma 1. The number N}*/¥(q) of Farey fractions in FM* with numerators equal to g fork <mn
is given by

e S ORI C0) -Tra{g}

Proof. Using Corollary 5 in [14], we determine the number of Farey fractions with numera-

tors equal to g in F, AL

NV () ¢y) k/h]g(q) — Y u(d { },ifM/h]<n/q
dlq

To determine N;/* (q) from N, 7} /Lk/h) ), we need to compute the number of Farey fractions

(q
with numerators equal to g in F,; N {% %} To this end, we define F), as

,_Ju 1 1 )
i {7 <m0 [ ) sl

and a bijective map M between F, and F, as

!/

q
q'(|k/h]+1) —
W(|k/h] +1) — K

n '

M : F—F, -~

M F—F,

=R~
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This implies that the number of Farey fractions with numerators equal to g in F;, is the
same as the number of Farey fractions with denominators equal to g in F;, that is ¢(q).
Furthermore, the image of 1/k under M~! is given by

h h o

h(Lk/hJ—i—l)—k:l_{k} :1_kmodh
h

and the number of Farey fractions in F; with denominators equal to g and larger than
1— {k/h} is given by
k
o {5} =k,

Therefore,
N = N ) = gl { | 7tk )

O

Lemma 2. The largest numerator among the Farey fractions in F, with a € [0, 1], is equal to or
below |nu .

Proof. This is immediate from the fact that the largest denominator in Fyy is n and |na| is
the largest integer that fulfills |na|/n <a. O

Theorem 1. The rank I,(h/k) of the Farey fraction h/k in F, is given by

|nh/k| ) k
Ii(h/k) = n Z E (|nh/k])
Lnh/k|
s (/M) = L T {5},
j=1 dlj

Proof. Per Lemma 2, we obtain I,(//k) by adding N7/*(q) for all g < |nh/k|,
\nh /K|
Li(h/k) =Y NiH@).

q=1

The desired result is achieved by using Lemma 1 in this relation. [J

Corollary 1. The local discrepancy of the Farey fraction h/k in Fy is given by

h |nh/k|
Pulli/k) = |Fulg —n 2 20) | CDLh/kJ
|nh/k|
P (/B + 1 T { %}
j=1 djj

Proof. This follows from the definition of the local discrepancy and Theorem 1. [

Theorem 2. The unconditional estimate of the local discrepancy of the Farey fraction h/k is

given by
X 3 k(hn)? h h h
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For h/k < O(n=¢), with € €]0, 1], the estimate simplifies to the following expression,
Pa(h/k) = o(msA(nlfe)), for h/k =< O(n~*).
Proof. Recalling Theorem 1,
Pn(h/k) = |Fn|f— Z ®(|nh/k|)
Lnh /K]
Plansk) ({K/BY) + ) ) p(d { } ®)
j=1 dlj

we proceed to provide estimates for the different terms in the right hand side of the above
expression, assuming h/k = O(n~¢) with € € [0,1] and using known estimates from,
e.g., [11,16,17] as follows:

h 3 zh h
Rl = SwliEm),
|nh/k|
go() 6 h 6 [hn
n Z = - Zk 2n{k}+nH(nh/k),
_ 3 oh 6 [hn) 3 k(hn z k
E(x) = O(xlogz/3 x(loglog x)4/3),
E(x) = xH(x)4+O0(xé4(x)),

Plansk)({k/h}) = O(nh/k),

with A > 0. Combining the above results we obtain the following relation,

oy = S !
wo(wa (i) somm + T Tu@{l) @

=1 dlj

For the sum with the Mobius function we establish the following estimate,

E o) E w2} o)

j=1 djj

Combining the above estimates the desired result is obtained. For the case
h/k = O(n~'), we directly evaluate identity (8), obtaining

fn(h/k) = O(n),

which is compatible with the formulation of the theorem and with the main result
in[11]. O

~

Lemma 3. For b, h, and k integers fulfilling 0 < b < k, ged(h, k) = 1and 1 < h < k — 1 we have

L, = ({35

k
< -.
-8




Mathematics 2025, 13, 140

7 of 12

Proof. Since gcd(h, k) = 1, the fractional part {il/k} takes different values for all i € [1, 5]
and, therefore, we can establish the following bounds

_2)2 bk —b — ] bk —b
(k=2 b(k—b 2)SZ i\ _b(k—b) _
8k 2k A%/, 2k

x| =

O

Theorem 3. For n € N, h/k being a Farey fraction and b defined as b = n mod k, we have

n b ih
Y Tinga)(h/k) = Z<Ik>k, (10)

d=1 i=1

and, by Mobius inversion, we also have

n b
niw) = L () an
d=1 i=1 k
withb = |n/d] mod k. Furthermore,
1 n\ /dh
mi/k) = Y m(Z <> (12)

where M(x) is the Mertens function.

Proof. I),,4)(h/k) represents the number of simple fractions of the form p/qand 0 < p <
g < n below or equal h/k with ged(p, q) = d. Therefore the sum over d,

n n lh

Y Dnay (h/K) =} {kJ
d=1 i=1

gives the total number of fractions below or equal i1/k. This argument is commonly used,

see, e.g., [15]. Developing the right hand side of the above expression, using the definition
b = n mod k, we obtain
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xlel = B )

in the above derivation gives
" h & k—1 k=1 &fin
dgi insa|(h/k) = % )3 |Fln/a T +b7 - ;{k}
Since 1, (h/k) is defined as

k—1

rn(h/k) = |Fn|_1n(h/k)——2k ,

we retrieve the desired result as follows:

n b ih
Fronin - B3,
k

d=1 i=1

Identity (11) is directly obtained by Mobius inversion and (12) is derived as follows,
n b /i
nin) = Va3 ()
d mod k / ;
n n ih
L@ (ain)) & ()
d_l( (d) d+1 = \k /g
h Z ny /dh & ny /dh
- ) - G, £
£, EM@(F), = oM@ (F),

with b = |n/d| mod k. Identity (12) is very similar to Formula (1) of [11] and to its further
derivations within the proof of Lemma 4 in [11]. O

Corollary 2. For any constant « €0, 1], we have
Z Y u(d { } = O(nlog®® n(loglogn)*/?).
j=1 dlj

Proof. By inspecting estimate (9) for the case with constant 1/k = &, we realize that the
largest growing term, the sum with the Mobius function, must have the same asymptotic
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behavior as the second largest term, E(n)a, so that their sum can result in the known
estimate, 7, (h/k) = O(n), on the left hand side. O

Theorem 4. The unconditional estimate of the local discrepancy of the Farey fraction h/k is
given by
ra(h/k) = O (n log® 1110g%? log 1 5A(né)) +0 (kn@) )
forl>é>0.
For the case k = O(nl_e/), with € > €&, the second O term can be neglected and the estimate
is given by
rm(h/k) =0 (n log®*nlog®?logn s, (né)) .

Proof. Let us start from the expression (12) of the local discrepancy of the Farey fraction
h/k given in Theorem 3

ny /dh
ru(h/k) = d;M(d)<k>k. (13)

Splitting the sum in (13) in two parts at f(n) = [n!7¢| for any & such that 1 > & > 0 gives

Cu() (%) = Y

d<n d=1

CEAO®. e

d=f(n)+1

For any monotonically increasing function g(x) in the range [n/a,n|, witha > 1, we

have
a

a4
Y- g(n/d) < gln) + [ gln/x)dx
d=1
for any n > a. Since M(x) = O(xd4(x)) for A > 0, see [17], we establish the following
estimate for the first sum in the right hand side of inequality (14) as

fn) )
Y [M(n/d)| = O(nlog“nlogo'zlogn(SA(nE)),
d=1

where we have used that

f(n) n 3
/ %(5A(n/x)dx = / géA(u)du = O(n log®4 n1og"? lognéA(ne))
1 . n
fln)

as demonstrated in Lemma 4.
The second sum in the r.h.s of (14) can be bounded as

n n dh
() -2 (a7))(F),

& ny /dh
M(3) <k >k
where we have used the fact that for every d < n — k + 1 there exists one a; < k such that

(F), = (),

< )

dej

+
d=n—k+1

(15)
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The set ] is a subset of [f(n) 4+ 1,n — k] such that the map A
A J=[fm)+Ln—k]—] d—d+ay

is bijective. The second sum in the r.h.s of Expression (15) includes the elements that cannot
be paired when d 4+ a; > 1 and accepts the following bound,

HOISIAE=

“2n—k+1)

n

)3

d=n—k+1

where we have used that |[M(x)| < x, for all x.
To derive a bound for the first sum in the r.h.s of Expression (15) we use the fact that

n n agn _ kn
i )< A«
’M(d) M(d—i—zxd)‘_ az — 4%’

where we have used that |[M(x) — M(y)| < |x — y|. Furthermore,

kn <dh> 1 "k kn kn kn
—_|{ = < = — < — .
%dz k /4 —2d:f%)+1d2 = 2(f(n)+1) 2(n—k+1)

Combining the above bounds and recalling that f(n) = [n'~¢|, we conclude that

S om(E) (%)

d=f(n)+1

é N
< k% = O(kn®).

Inserting the above estimates into inequality (14), we obtain the wanted result. [

Lemma 4. For any a > x, we have
a
/ Mdu =0 (logo‘4 xlog®? log x (SA(x)) :
x u

Proof. This is demonstrated using the following derivative,

d ilogo'zlxlogo'2 logx§ )| =
dx \ 34 (1_ _1 S
( 3loglog x

da(x) log®?log x (61og?log x + loglog x — 6)
1+ 0.6 —1)2 -
x Alog™° x (3loglogx —1)

da(x) 140 log®? log x
x log®® x ’

/” oa(u) du—0O ( log®* ulog®? logu(sA(u)
x U

u=x
1 .
(1 B W) u=a )

The factor in the denominator inside the O term can be neglected for large x. O

and therefore,

3. Discussion

We have developed new exact formulas for the rank and discrepancy of Farey fractions
using an interesting technique based on a bijection between Farey subsequences. These
formulas complete an approximation presented in the classical paper [11]. It is remarkable



Mathematics 2025, 13, 140

11 of 12

References

that this formula, see Corollary 1, connects the local discrepancy of two different Farey
fractions, namely « and {1/a}. As a curiosity, the largest solution of the equationa = {1/a}
is the fractional part of the Golden ratio, <\/§ — 1) /2, which is not a Farey fraction. These
new formulas are used to compute a new estimate of the local discrepancy in Theorem 2
that improves the currently known estimates.

The new notation introduced in this work, namely the discrepancy with an offset
tn(h/k) = #n(h/k) — (k —1)/(2k) and the fractional part with the same offset (-}, simpli-
fies the known formula and has helped in the development of the new formulas for 7, (h/k)
in Theorem 3. These are the basis for the development of the second new estimate of
rn(h/k) in Theorem 4. The new and previous estimates of r, (h/k), or equivalently 7,,(h/k),
are put together in the following expression:

O(nd4(n~¢)), for h/k < O(n¢), Theorem 2
fn(h/k) =< O (n log®* n10g%2 log n (SA(né)), for k = O(n'=¢), Theorem 4
O(n), otherwise,

with e €]0,1],é €]0,1[,and A > 0. The cases where k < O(n) or h/k = O(n~!) remain with
the known estimate #,,(h/k) = O(n) from [7]. For the cases h/k < O(n=€) or k = O(n'~¢),
the new unconditional estimates of #,(/1/k) are sublinear in n. Theorem 4 applies to h/k
being constant.

The Fanel-Landau formulation of the Riemann Hypothesis is expressed as

1

] Y [ra(h/k)| = O(n37¢) Ve >0 & RH.
n

h/keF,
The known estimate 7, (h/k) = O(n), for all h/k in F,, implies that

! Pu(/K)] = O(n) ,

|Fn | h/keF,
which is far from O (n%”). For the RH to be true, 7, (h/k) would need to be #,(h/k) =
O (n%Jre) for most of the Farey fractions in F,. The new sublinear estimates of #,(11/k) in
Theorems 2 and 4 go in the direction of the RH, but further developments would be needed
for a significant improvement.
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