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Abstract
Ionization cooling stands as the only cooling technique ca-

pable of efficiently reducing the phase space of a muon beam
within a short time frame. The optimal cooling parameters of
a muon collider aim to minimize transverse emittance while
simultaneously limiting longitudinal emittance growth, re-
sulting in optimal luminosities within the collider ring. This
study shows that achieving efficient cooling performance
requires selecting the best initial muon beam parameters.
Because for every transvere emittance there exist an optimal
beam energy for ionization cooling. We present a technique
that enables the determination of these optimal initial pa-
rameters through simulations and compare them with an
improved analytical scattering model.

INTRODUCTION
Muon colliders have multiple advantages over hadron

and 𝑒
−
𝑒
+ colliders with a recent intensification of the inter-

est in such machines [1, 2], including the formation of the
International Muon Collider Collaboration [3]. However,
technology challenges for a muon collider need to be ad-
dressed. One of the most challenging technologies is that
required for ionization cooling. The muon beams are gen-
erated from pion decays and these muons occupy a large
phase space. Ionization cooling is the only technical method
that can reduce a muon beam’s phase space on a time scale
compatible with the muon lifetime. In this paper, we discuss
the modified theoretical description of ionization cooling
and compare it with simulations. In particular, we study the
fundamental choice of initial beam energy when a muon
bunch enters an ionization cooling cell. For this paper, re-
acceleration of the beam is not yet taken into account.

IONIZATION COOLING
In ionization cooling the total momentum of muons is

decreased by passing them through an absorber. This leads
to a decrease of the muon beam’s phase space. The muons
are then re-accelerated subsequently using an RF cavity sys-
tem, so the beam’s phase space can be reduced in an energy
absorbing element. Due to the lifetime of muons (2.2 µs at
rest), the energy loss and re-acceleration must occur rapidly.
The energy loss is achieved by muons depositing their en-
ergy within an absorbing material. One side effect is that
the scattering of muons with the atomic nuclei and electrons
inside the energy absorbing material, acts as a source of
∗ bernd.stechauner@cern.ch

unwanted increase in spread of transverse momentum. The
absorber is therefore placed inside a solenoid with a mag-
netic field strength of 30-40 T in order to suppress the spread
in transverse momentum coming from multiple scattering.
Low-𝑍 materials minimize muon scattering and in particular
liquid hydrogen emerges as the ideal candidate for ioniza-
tion cooling. This is because the ratio between the energy
deposition of muons in hydrogen and its induced spread in
scattering angles per unit length is best for all materials.

Transverse Emittance Cooling
The evolution of the normalized transverse emittance 𝜀⊥,N

in an ionization cooling cell can be expressed analytically by
assuming a few approximations. Excluding any phase space
correlations, D. Neuffer [4] derived the transverse emittance
behavior for ionization cooling along the beam axis 𝑠 by a
first order differential equation
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with the mass of the muon represented as 𝑚𝜇𝑐
2 and its mo-

mentum as 𝑝𝑐. The first term in Eq. (1) represents the re-
duction of the normalized emittance and depends on the
beam energy 𝐸 , the relativistic 𝛽 and the muon stopping
force ⟨𝜕𝐸/𝜕𝑠⟩, as in the Bethe-Bloch formula [5, 6]. In the
final cooling channel of a muon collider design, high val-
ues of ⟨𝜕𝐸/𝜕𝑠⟩ are crucial, leading to a operational beam
energy choice between 5 and 200 MeV. The second term in
Eq. (1) is driven by the scattering variance per unit length
𝑑⟨𝜗2⟩/𝑑𝑠 suppressed by the betatron function 𝛽⊥ of the
solenoid. Transverse emittance heating is minimized by fo-
cusing the beam with the solenoid to decrease the betatron
oscillation 𝛽⊥ ∝ 𝑝/𝐵 within the low-Z material.

Lynch-Dahl Sattering Approximation B. Rossi and
K. Greisen [7] derived the average scattering width per
unit length for multiple Coulomb scatterings, based on the
Rutherford cross section, by assuming several approxima-
tions. V. Highland observed experimental inconsistencies
with the analytical scattering prediction for materials with
𝑍 < 20. He modified Rossi and Greisen’s equation, incorpo-
rating fitting parameters and a logarithmic term [8]. Later,
Highland’s correction was further adjusted by the formula
of G. Lynch and O. Dahl [9], which remains the reference
formula for multiple Coulomb scattering in the particle data
group book [10]. In past ionization cooling studies [11, 12],
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Figure 1: The equilibrium emittance of liquid hydrogen in a longitudinal static field of 30, 40 and 50 T is evaluated with
ICOOL. A comparison with the analytical model shows excellent agreement when the Bethe-Wentzel scattering assumption
was taken into account.

the Lynch-Dahl formula is approximated by neglecting the
logarithmic term which yields the following:

𝑑⟨𝜃2⟩
𝑑𝑠

=

(
13.6[MeV]

𝛽𝑝𝑐

)2 1
𝐿R

. (2)

where 𝐿R represents the radiation length. However, if one
uses Eq. (2) within Eq. (1) the cooling equation leads to
inconsistent results with hydrogen compared with simula-
tions [13].

Bethe-Wentzel Scattering Angle G. Wentzel and
H. Bethe proposed modifying the Rutherford cross section
by introducing a minimum cut-off angle, 𝜗min, and consid-
ered the scattering from constituent electrons within the
material’s atoms [14,15]. The scattering variance per unit
length can be derived by separating the calculation of the
nuclear and electronic deflection content [16] which results
in
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where 𝐴 is the atomic mass, 𝜌 the density of the material and
𝑘 ≈ 0.157 MeV2cm2mol−1. The minimum and maximum
nuclear scattering angles in Eq. (3) are 𝜗min and 𝜗max, while
those for electron scattering are 𝜗e

min and 𝜗
e
max. These values

are referenced in [16–18]. The function in Eq. (3) results
form the integration of the modefied Rutherford cross section
and is defined as

𝐹 (𝑥) = 1
1 + 𝑥

2 + ln
(
1 + 𝑥

2
)
. (4)

Transverse Equilibrium Emittance
In order to test the Lynch-Dahl and Bethe-Wentzel scatter-

ing models with particle tracking simulations, we consider

the transverse equilibrium emittance. According to Eq. (1)
for a given energy, material, and solenoid field strength, the
minimum transverse emittance that can be achieved is

𝜀
eq
⊥,N = 𝛽

2
𝐸
𝑑⟨𝜗2⟩/𝑑𝑠
⟨𝜕𝐸/𝜕𝑠⟩

𝛽⊥𝑝𝑐

2𝑚𝜇𝑐
2 . (5)

We compare Eq. (5) using different models of 𝑑⟨𝜗2⟩/𝑑𝑠
with results generated from ICOOL v331.1 [19]. ICOOL is
a program specifically used for simulating ionization cool-
ing and has been validated with experimental data [16]. For
the simulations, we use solenoid field strengths of 30, 40
and 50 T inside a liquid hydrogen target with a density of
0.0708 g cm−3. For every initial beam energy, we performed
a scan over multiple initial transverse beam emittances and
analyzed the emittance change Δ𝜀⊥,N. For the ICOOL sim-
ulations, we use the Fano-model and extracted 𝜀

eq
⊥,N by in-

terpolating Δ𝜀⊥,N. The data from ICOOL in Fig. 1 show a
clear agreement with the Bethe-Wentzel model of Eq. (3),
while the Lynch-Dahl scattering approximation shows an
explicit overestimation of between 20 and 30%.

Longitudinal Emittance Change
The longitudinal phase space of a muon bunch in an ab-

sorber is proportional to the change in the square of its energy
spread

𝑑𝜎
2
𝐸

𝑑𝑠
= −2

𝑑⟨𝜕𝐸/𝜕𝑠⟩
𝑑𝐸

𝜎
2
𝐸 +

𝑑 (Δ𝐸2
Stoch)

𝑑𝑠
. (6)

The first term in Eq. (6) depends on the slope of the Bethe-
Bloch curve [20], which is negative for the final cooling.
Therefore, the normalized longitudinal emittance 𝜀L,N grows
as the bunch propagates through the cooling cell. The second
term in Eq. (6) describes the stochastic energy fluctuation of
the penetrating muons in the absorber which increases 𝜀L,N
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further and can be approximated as

𝑑 (Δ𝐸2
Stoch)

𝑑𝑠
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where 𝛾 represents the Lorentz factor. To minimize the
longitudinal emittance growth, an optimized choice of the
energy spread is needed.

BEST INITIAL ENERGY
In muon colliders, achieving high collision rates requires

minimizing the transverse emittance, while simultaneously
suppressing longitudinal emittance growth during muon
cooling. This is because the luminosity scales as [3]

L ∝ 1
𝜀⊥,N · 𝜀L,N

. (8)

Recipe for Finding the Optimal Parameters
For a given solenoid field strength and absorber, an op-

timum initial kinetic energy must be found for the beam
entering the cooling cell. In beam cooling systems the pa-
rameters 𝜀⊥,N and 𝜀L,N are always constant, since they are
normalized. When entering the cooling cell with a specific
energy spread, we execute a scan over the initial kinetic
beam energies and consider the minimum of the trade-off
function −Δ𝜀L,N/Δ𝜀⊥,N in order to achieve maximum lumi-
nosity according to Eq. (8). Particle loss is neglected, as
it primarily appears in the re-acceleration phase, which is
beyond the scope of this analysis. To illustrate this with an
example, we start with an energy scan in liquid hydrogen
for 𝜀⊥,N = 200 µm, 𝜀L,N = 1 mm, and 𝐵 = 40 T by solving
Eq. (1) and Eq. (6) with a fourth order Runge-Kutta algo-
rithm, in order to achieve a high accuracy. We present the
results in Fig. 2 for different initial 𝜎𝐸 . It can be observed
that the optimal initial kinetic energy, illustrated as the min-
imum of the curves, increases as the energy spread rises.
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Figure 2: For given beam and machine parameters the best
initial beam energy can be estimated by observing the mini-
mum of the trade-off function −Δ𝜀L,N/Δ𝜀⊥,N.

Comparison with ICOOL Simulations
The next step involves determining the optimal starting

energy for muon cooling for each initial transverse emittance.
We perform a kinetic energy scan at 𝜀L,N = 1 mm and a rela-
tive momentum spread 𝛿𝑝𝑧

= 2%, and reduce the energy to
90% of its initial value. A static magnetic field of 𝐵 = 40 T
was applied within liquid hydrogen using ICOOL, and the
simulation yields the minimum trade-off function to deter-
mine the optimal energy for the initial transverse emittance.
The results are illustrated in Fig. 3 and compared with the
analytic model using the Bethe-Wentzel assumption. Fig. 3
shows a satisfactory agreement despite potential fluctuations
in the evaluated beam parameters, since we used only 105

macro particles in the ICOOL simulations.
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Figure 3: Best initial kinetic beam energy for ionization
cooling for different initial normalized transverse emittances,
for cooling with liquid hydrogen in a magnetic field of 40 T,
simulated with ICOOL and calculated from the analytical
model.

CONCLUSION
We searched analytically for the optimal initial muon en-

ergy for every ionizaton cooling stages. In this study, we re-
fined Neuffer’s transverse cooling equation using the Bethe-
Wentzel scattering approach, showing better agreement with
simulation than with the Lynch-Dahl model previously used
in ionization cooling studies. An equilibrium emittance com-
parison of both approaches with ICOOL proofs the accuracy
of Bethe-Wentzel. This enabled the determination of the
optimal initial beam energy for ionization cooling, aligning
well with ICOOL simulations. Our findings facilitate the
selection of beam parameters for achieving highly efficient
muon ionization cooling.
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