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Abstract
Schottky monitors serve as non-invasive tools for beam

diagnostics, providing insights into crucial bunch charac-
teristics such as tune, chromaticity, bunch profile, or syn-
chrotron frequency distribution. However, octupole magnets
commonly used in circular storage rings to mitigate instabil-
ities through the Landau damping mechanism, can signifi-
cantly affect the Schottky spectrum. Due to the amplitude-
dependent incoherent tune shift of individual particles, the
satellites of the Schottky spectrum are smeared out as the
octupolar field increases. This study investigates the impact
of octupoles and their incorporation into theory, with the
goal of improving beam and machine parameter evaluation
from measured spectra. Theoretical findings are validated
through macro-particle simulations conducted across a range
of octupole strengths, encompassing typical operational con-
ditions at the Large Hadron Collider.

INTRODUCTION
Octupole magnets are commonly used in circular accel-

erators to counteract instabilities via the Landau damping
mechanism [1]. Experimental observations indicate that
octupoles can exert a significant influence on the Schottky
spectra. This prompts a need to investigate their impact on
existing formulas used to extract parameters from Schottky
spectra, and assess their applicability in the presence of oc-
tupolar fields. Moreover, previous experiences also indicate
that octupoles significantly reduce the coherent components
in the spectrum. This reduction is highly beneficial, given
that current theories [2, 3] for parameter extraction only fo-
cus on non-coherent spectra. The following section explores
theoretically how octupoles can modify the transverse spec-
tra while the third section compares numerical simulations
of Schottky spectra against the theoretical predictions.

THEORETICAL SPECTRUM
The transverse Schottky spectrum is defined as the Power

Spectral Density (PSD) of the dipole moment of the beam.
For a single particle 𝑖 defined by a given synchrotron am-
plitude 𝜏𝑖, transverse actions 𝐽𝑥𝑖

and 𝐽𝑦𝑖
, and a transverse

horizontal tune 𝑄 = 𝑄𝐼 + 𝑄𝐹 (with 𝑄𝐼 and 𝑄𝐹, respectively,
the integer and fractional part of the betatron tune), the trans-
verse horizontal1 Schottky spectrum around the harmonic 𝑛
of the revolution frequency is given by [2, 4, 5]:
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1 The derivation focuses on the horizontal plane for clarity but the calcula-

tions can be extended to the vertical plane in a similar manner.

𝑃±
𝑖 (𝜔, 𝜏𝑖, 𝐽𝑥𝑖

, 𝐽𝑦𝑖
) =

𝑞2𝑓0𝛽𝑥𝐽𝑥𝑖

2
∞
∑

𝑝=−∞
𝐽2

𝑝 (𝜒±
𝜏𝑖,𝑛∓𝑄𝐼

)

× 𝛿 (±𝑄𝐹 + 𝑝𝑄𝑠𝑖
− �̃�) , (1)

where ± denotes the upper and lower sidebands, �̃� =
(𝜔 − 𝑛𝜔0)/𝜔0 is the normalised frequency centred around
harmonic 𝑛, and

𝜒±
�̂�,𝑛 = (𝑛 ∓ 𝑄′

𝜂 ) 𝜔0�̂�,

where 𝑞 is the charge of the particle, 𝑓0 = 𝜔0/2𝜋 the rev-
olution frequency, 𝛽𝑥 the beta function at the location of
the Schottky monitor, 𝐽𝑝(⋅) the Bessel function of order 𝑝,
𝛿(⋅) the Dirac delta, 𝑄′ the horizontal chromaticity, 𝜂 the
slippage factor, and Ω𝑠𝑖

the angular synchrotron frequency.
Octupoles are responsible for a transverse, action-

dependent, tune shift given by [1]:

Δ𝑄𝑥 = 𝛼𝑥𝐽𝑥 + 𝛼𝑥𝑦𝐽𝑦,

and the fractional part of the horizontal tune writes

𝑄𝐹(𝐽𝑥, 𝐽𝑦) = 𝑄𝐹0
+ 𝛼𝑥𝐽𝑥 + 𝛼𝑥𝑦𝐽𝑦. (2)

As shown in Refs. [5–7], assuming no coherent motion,
the expected value of the multiparticle PSD for a bunch of
N particles is equal to the sum of the single-particle PSDs.
Considering a given normalised probability density function
𝑓 (�̂�, 𝐽𝑥, 𝐽𝑦), the multiparticle Schottky spectrum writes:

𝑃±(𝜔) = 𝑁 ∭
∞

0
𝑓 (�̂�, 𝐽𝑥, 𝐽𝑦)𝑃±

𝑖 (𝜔, �̂�, 𝐽𝑥, 𝐽𝑦)𝑑�̂�𝑑𝐽𝑥𝑑𝐽𝑦.
(3)

For the following, we consider that the particle distri-
bution along the 𝑥, 𝑦 and 𝑧 directions are independent, i.e.
the distribution function can be factorised. For a Gaussian
transverse bunch profile we have:

𝑓 (�̂�, 𝐽𝑥, 𝐽𝑦) = 𝑓𝑧(�̂�)𝑓𝑥(𝐽𝑥)𝑓𝑦(𝐽𝑦) (4)

= 𝑓𝑧(�̂�) × 𝑒−𝐽𝑥/𝜖𝑥

𝜖𝑥
× 𝑒−𝐽𝑦/𝜖𝑦

𝜖𝑦
(5)

Combining Eqs. (1), (2), and (3) yields:

𝑃±(𝜔) ∝ ∑
𝑝

∬
∞

0
𝑑𝐽𝑥𝑑�̂� 𝑓𝑧(�̂�)𝑓𝑥(𝐽𝑥)𝐽2

𝑝 (𝜒±
�̂�,𝑛∓𝑄𝐼

) 𝐽𝑥

∫
∞

0
𝑑𝐽𝑦𝑓𝑦(𝐽𝑦)𝛿 (±𝑄𝐹0

± 𝛼𝑥𝐽𝑥 ± 𝛼𝑥𝑦𝐽𝑦 + 𝑝𝑄𝑠(�̂�) − �̃�) ,
(6)
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where the dependency on �̂� of 𝑄𝑠(�̂�) has been introduced.
The rightmost integral is given by

1
|𝛼𝑥𝑦| ∫

∞

0
𝑑𝐽𝑦𝑓𝑦(𝐽𝑦)𝛿 (𝐽𝑦 −

±𝑄𝐹0
± 𝛼𝑥𝐽𝑥 + 𝑝𝑄𝑠 − �̃�

∓𝛼𝑥𝑦
)

=
⎧{
⎨{⎩

1
|𝛼𝑥𝑦|𝜖𝑦

𝑒
±𝑄𝐹0

±𝛼𝑥𝐽𝑥+𝑝𝑄𝑠−�̃�
±𝛼𝑥𝑦𝜖𝑦 if

±𝑄𝐹0±𝛼𝑥𝐽𝑥+𝑝𝑄𝑠−�̃�
∓𝛼𝑥𝑦

> 0,
0 otherwise.

(7)

Under the assumption that 𝛼𝑥 and 𝛼𝑥𝑦 are of opposite sign —
which is the case for the LHC octupoles — the first condition
of Eq. (7) can be written 𝐽𝑥 > ±(�̃�∓𝑄𝐹0

−𝑝𝑄𝑠)/𝛼𝑥, which
allows to replace the lower bound of the integral over 𝐽𝑥 by

𝐴±(�̃�, �̂�) = max (0, ± (�̃� ∓ 𝑄𝐹0
− 𝑝𝑄𝑠(�̂�)) /𝛼𝑥) , (8)

and Eq. (6) becomes:

𝑃±(𝜔) = 𝑁𝑞2𝑓0𝛽𝑥
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𝑒
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𝑝
∫

∞

0
𝑑�̂�𝑓𝑧(�̂�)𝐽2

𝑝 (𝜒±
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) 𝑒
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∞
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𝛼𝑥𝑦𝜖𝑦

= 𝑁𝑞2𝑓0𝛽𝑥
2|𝛼𝑥𝑦|𝜖𝑥𝜖𝑦𝑎2 𝑒

±𝑄𝐹0
−�̃�

±𝛼𝑥𝑦𝜖𝑦 ∑
𝑝

∫
∞

0
𝑑�̂�𝑓𝑧(�̂�)𝐽2

𝑝 (𝜒±
�̂�,𝑛∓𝑄𝐼
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𝑝𝑄𝑠(�̂�)
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where
𝑎 = 1

𝜖𝑥
− 𝛼𝑥

𝛼𝑥𝑦𝜖𝑦
,

which is always positive as 𝛼𝑥 and 𝛼𝑥𝑦 are assumed to be
of opposite sign. The second line of Eq. (9) has been ob-
tained by introducing the Gaussian transverse bunch profile
defined in Eq. (4) to solve the second integral over 𝐽𝑥, using
the fact that 𝑎 > 0. The summation over the Bessel satellites
is relatively limited as, for LHC spectra, satellites with order
|𝑝| greater than ∼ 30 have a negligible power [7] and do not
need to be computed. The integral in Eq. (9) can be eval-
uated numerically in order to plot the theoretical Schottky
spectrum and assess the impact of octupoles on the latter.

Parameter Extraction
Beam and machine parameters such as emittance, tune or

chromaticity can be extracted from the standard Schottky
spectra by computing respectively, the zeroth, first, and third
moment of the upper and lower sidebands of the spectrum.
In this section, we assess theoretically how the detuning from
octupoles affects these estimates. The following result for the
emittance holds in general, while for tune and chromaticity
we have assumed a Gaussian transverse bunch profile.

Emittance The cumulative power within each sideband
is given by

𝑃± = 1
2𝜋 ∫

∞

−∞
𝑃±(𝜔)𝑑𝜔

= 𝑁
2𝜋 ∭

∞

0
𝑑�̂�𝑑𝐽𝑥𝑑𝐽𝑦𝑓 (�̂�, 𝐽𝑥, 𝐽𝑦) ∫

∞

−∞
𝑑𝜔𝑃±

𝑖 (𝜔, �̂�, 𝐽𝑥, 𝐽𝑦)

=
𝑁𝑞2𝑓 2

0 𝛽𝑥
2 ∭

∞

0
𝑓 (�̂�, 𝐽𝑥, 𝐽𝑦)𝐽𝑥

=1
⏞⏞⏞⏞⏞⏞⏞⏞⏞∞

∑
𝑝=−∞

𝐽2
𝑝 (𝜒±

𝜏𝑖,𝑛∓𝑄𝐼
)

=
𝑁𝑞2𝑓 2

0 𝛽𝑥𝜖𝑥
2 ,

where we used Eqs. (1) and (3) and the fact that the geomet-
ric emittance is defined as the mean action. The lower and

upper sidebands have the same cumulative power, that is pro-
portional to the emittance and not affected by the octupoles.

Tune If we denote as �̃�±(𝜔) the sideband’s PSD nor-
malised to unity, following a similar approach as for the
cumulative power, the mean frequency of the transverse
sidebands (i.e. its ”centre of mass”) is equal to

𝜇± = ∫
∞

−∞
𝜔�̃�±(𝜔)𝑑𝜔

= 𝜔0(𝑛 ± 𝑄𝐹0
± 2𝛼𝑥𝜖𝑥 ± 𝛼𝑥𝑦𝜖𝑦),

where we used the equality ∑𝑝 𝑝𝐽2
𝑝(𝑥) = 0. The centre of

mass of each sideband will be shifted in opposite directions
by 𝜔0(2𝛼𝑥𝜖𝑥 + 𝛼𝑥𝑦𝜖𝑦) because of the octupolar field.

Chromaticity The variance of the sidebands can be
obtained in a similar fashion, using the property of the Bessel
function ∑𝑝 𝑝2𝐽2

𝑝(𝑥) = 𝑥
2 . One has:

𝜎2
± = ∫

∞

−∞
𝑑𝜔 (𝜔 − 𝜇±)2�̃�±(𝜔)

= 𝜎2
±,0 + 𝜔2

0(2𝛼2
𝑥𝜖2

𝑥 + 𝛼2
𝑥𝑦𝜖2

𝑦),

where 𝜎2
±,0 is the variance of the spectrum without octupoles.

Both sidebands have an increased variance which, in princi-
ple, invalidates the chromaticity formula [3]. However, for
typical LHC conditions, the increase in width is negligible
and does not impact the chromaticity estimate.

SIMULATIONS
To support the theoretical results of the previous section,

macroparticle simulations have been conducted with Py-
HEADTAIL [8, 9] for typical LHC conditions of an ion fill.
The Schottky spectra have been calculated using the method
presented in [10]. The relevant simulation parameters are
summarised in Table 1 and different octupole currents 𝐼𝑜𝑐𝑡
have been included in the simulations, leading to amplitude
detuning according to the formulas of Ref. [11].
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Figure 1 presents the simulated and theoretical spectrum
for a Gaussian longitudinal profile, with a frequency range
corresponding to the surrounding of the 𝑛 = 427725th har-
monic of the revolution frequency — as in the LHC Schottky
Monitor. We observe an excellent agreement between the
theory obtained from Eq. (9) and the simulations. The cen-
tres of gravity of the sidebands are shifted and the Bessel
satellites are smeared out as the octupolar field increases.

CONCLUSION
This study highlighted the significant influence of oc-

tupole magnets on the Schottky spectra of bunched beams
within circular accelerators. Through theoretical analyses
and simulations, we showed how octupoles modify the spec-
trum via amplitude-dependent tune shifts. While their pres-
ence can modify the classical parameter extraction methods,
it also diminishes coherent components, offering potential
advantages. We presented how to adapt the current parame-
ter extraction methods to account for octupole effects, ensur-
ing accurate beam diagnostics from Schottky spectra.

Table 1: PyHEADTAIL Simulation Parameters

LHC circumference 26.659 km
Intensity 1.76 × 108 ions per bunch
Energy per ion 36.9 TeV
Ion charge 82 e
Ion mass 193.687 GeV/c2

Normalised emittance 𝜖𝑥 = 𝜖𝑦 =1.5 µm
Tune 𝑄𝑥 = 64.28, 𝑄𝑦 = 59.30
Chromaticity 𝑄′

𝑥 = 𝑄′
𝑦 = 15

Slippage factor 3.44 × 10−4

RF harmonic 35640
RF voltage 8.22 MV
Bunch length (RMS) 𝜎 = 0.31 ns
Number of macroparticles 100 000
Number of turns 10 000
Number of averaged spectra 200

Figure 1: Comparison of simulated and theoretical Schottky spectrum obtained trough Eq. (9) of the lower (a) and upper
(b) sidebands of the transverse horizontal Schottky spectrum for various octupole currents.
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