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1 Introduction

Multibody beauty to charmonium decays have played a pivotal role in hadron spec-
troscopy. Two decades ago, the Belle collaboration observed the narrow x.;(3872) state in
BT — xa(3872) K+ — [Jpntn~| KT decays® [1]. This discovery challenged our understand-
ing of the strong interaction and marked the beginning of spectroscopic studies of hadrons
formed by more than three quarks, known as exotic hadrons. Since then, the y.(3872)
meson’s quantum numbers, lineshape and decay modes have been extensively studied [2].
However, its true nature remains unclear, with interpretations ranging from conventional

nclusion of charge-conjugate modes is implied throughout this paper except where explicitly stated.



charmonium (c¢) [3] to exotic states such as D*Y DY molecules [4], tetraquarks (céqq) [5] or
quark-gluon hybrids (cc¢g) [6]. The discovery of the charged charmonium-like T¢z(4430)~
state in B® — T,z (4430)" KT — [¢(2S)7 "] KT decays [7-9] represents another milestone
for the study of exotic-hadron spectroscopy. The charged nature of the T,z (4430)~ state
eliminates the possibility of a conventional charmonium interpretation, making it a potential
tetraquark state with a minimal quark content of céud. Meanwhile, numerous states that
do not conform to the traditional hadron picture have emerged, forming an exotic particle
zoo whose structure largely remains a mystery [2].

To deepen our understanding of exotic states, it is crucial to confirm their exis-
tence in independent decay modes. The decay BT — ¢ (2S)KtnTn~ provides an ex-
cellent laboratory for this purpose as its topology enables a search for 7. resonances,
observed in B — T_Kt — [¢(2S)n"]KT decays [7-9], and T.; resonances, observed

ccs

in BT — T.L.¢ — [JAbK )¢ decays [10]. Unlike these three-body B-meson decay modes,
the decay BT — (2S)K 7t 7~ may also receive contributions from X° — (28)7 7w~
or TS: — ¥(2S)K*7~ states, including the possibility of exotic cascade decays, e.g.
X0 — [T — ¥(2S)7~]x*, which have not yet been established. A better understand-
ing of the rich K77~ resonance structure is also critical for analyses of BT — KTntn ™
and Bt — KTrtr~putu~ decays [11, 12], which are sensitive to phenomena beyond the
Standard Model.

The Belle collaboration conducted the first and (to date) only study of the resonance
structure in BT — ¢(2S)K w7~ decays [13]. Due to the limited sample size, with fewer
than 1000 signal events, a simplified amplitude fit in the three invariant-mass-squared
combinations m?(Ktatax~), m?(K*n~), and m?(nt7n~) was performed that could not
account for contributions from exotic states. The LHCb collaboration studied the 1)2(3823)
and x.1(3872) states in BT — JApKtntr~ decays in one- [14] or two- [15] dimensional
analyses that considered only narrow regions of the phase space. This paper presents the
first four-body amplitude analysis with a vector particle in the final state exploiting the
full seven-dimensional phase space of BT — 1(2S)KTntn~ decays. The data sample was
collected with the LHCb detector in proton-proton (pp) collisions at centre-of-mass energies?
of 7, 8 and 13 TeV, corresponding to an integrated luminosity of 9fb~1.

The paper is structured as follows. After a description of the LHCb detector and the
simulation in section 2, the event reconstruction and candidate selection are described in
section 3. The amplitude analysis formalism is discussed in section 4, followed by the fit
results presented in section 5. Experimental and model-dependent systematic uncertainties
are evaluated in section 5.3 and our conclusions are given in section 6.

2 Detector and simulation

The LHCb detector [16, 17] is a single-arm forward spectrometer covering the pseudorapidity
range 2 < 1 < 5, designed for the study of particles containing b or ¢ quarks. The detector
includes a high-precision tracking system consisting of a silicon-strip vertex detector (VELO)
surrounding the pp interaction region [18], a large-area silicon-strip detector located upstream

2Natural units with 7i = ¢ = 1 are used throughout the paper.



of a dipole magnet with a bending power of about 4T m, and three stations of silicon-strip
detectors and straw drift tubes [19, 20] placed downstream of the magnet. The polarity of
the dipole magnet is reversed periodically throughout the data-taking process to control
systematic asymmetries. The tracking system provides a measurement of the momentum, p,
of charged particles with a relative uncertainty that varies from 0.5% at low momentum to
1.0% at 200 GeV. The minimum distance of a track to a primary vertex (PV), the impact
parameter (IP), is measured with a resolution of (15+29/pr) um, where pr is the component
of the momentum transverse to the beam, in GeV. Different types of charged hadrons are
distinguished using information from two ring-imaging Cherenkov detectors (RICH) [21].

The online event selection is performed by a trigger [22], which consists of a hardware
stage, based on information from the calorimeter and muon systems, followed by a software
stage, which applies a full event reconstruction. At the hardware trigger stage, events are
required to have a muon with high pr or a hadron, photon or electron with high transverse
energy in the calorimeters. For hadrons, the transverse energy threshold is 3.5 GeV. The
software trigger requires a two-, three- or four-track secondary vertex with a significant
displacement from any primary pp interaction vertex. At least one charged particle must
have a transverse momentum pt > 1.6 GeV and be inconsistent with originating from a PV.
A multivariate algorithm [23] is used for the identification of secondary vertices consistent
with the decay of a b hadron.

Simulated events are used to study the detector acceptance and specific background
contributions. In the simulation, pp collisions are generated using PYTHIA [24, 25] with
a specific LHCDb configuration [26]. Decays of hadrons are described by EVTGEN [27], in
which final-state radiation is generated using PHOTOS [28]. The simulated signal decays are
generated according to a simplified amplitude model with an additional pure phase-space
component. The interaction of the generated particles with the detector, and its response,
are implemented using the GEANT4 toolkit [29, 30] as described in ref. [31]. The simulation
is corrected to match the distributions observed in data of the B kinematics and the
number of tracks in an event.

3 Event reconstruction

The selection of BT — (2S)KtnTn~ candidates is performed by first reconstructing
¥(2S) — ptp~ candidates from two oppositely charged particles, identified as muons, that
originate from a common vertex displaced from the PV. Candidate ¢ (2S) mesons with a
reconstructed invariant mass within +50 MeV of the known (2S5) mass [32] are combined
with three additional charged tracks to form a BT vertex, which must be significantly
displaced from any PV. Hadron candidates are required to be positively identified in the
RICH detectors and the hadron candidate most likely to be a kaon is selected as the kaon
candidate. The BT proper decay time is required to exceed 0.3 ps to suppress most of the
prompt combinatorial background. The reconstructed invariant mass of the BT candidate is
required to be between 5200 MeV and 5600 MeV. Its resolution is improved by performing a
kinematic fit [33] in which the Bt candidate is constrained to originate from the associated
PV and the reconstructed 1(2S) invariant mass is constrained to its known value [32]. The
four-momenta of the final-state particles for the amplitude analysis are taken from a kinematic
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Figure 1. Invariant-mass distribution of selected BT — 4 (2S)K w7~ candidates with fit projection
overlaid in (left) linear and (right) logarithmic scale.

fit that additionally constrains the reconstructed B invariant mass to its known value [32].
Kinematic requirements are used to veto BY decays to (25)K T~ or (29)¢(— KTK™),
where the K~ is misidentified as a pion, that are combined with a random pion. Candidates
with an opening angle between any two tracks smaller than 0.5 mrad are removed to exclude
clone tracks, i.e. tracks which share a large fraction of their hits.

A gradient boosted decision tree (BDT) [34, 35] is used to suppress background from
random combinations of charged particles. The multivariate classifier is trained using as signal
proxy a background-subtracted [36] data sample of (732.7 4 1.3) x 103 Bt — JyWpKtntr
signal candidates selected in the same way as the BT — 1(2S)K ™ n "7~ sample. Candidate
Bt — ¢(2S)KTntm~ decays with invariant mass greater than 5400 MeV are used as back-
ground proxy. The features used in the BDT classifier are topological variables related to
the vertex separation, the transverse momentum of the B+ candidate and its flight distance
with respect to the associated PV, as well as several variables quantifying the track quality,
vertex reconstruction and particle identification. The selection on the output of the BDT
classifier is chosen to optimise the significance of the BT — (2S)KTnTn~ signal.

Figure 1 displays the m(¢(2S)K Tn 7 ~) distribution of the selected BT candidates. Only
candidates within the signal region, defined as m(¢(2S)K*tntn~) € [5268,5290] MeV, are
retained for the amplitude analysis. This range corresponds to approximately twice the mass
resolution around the known BT mass. An extended, unbinned maximum-likelihood fit is
performed to the reconstructed m(¢(2S)K w7 ™) distribution to determine the event yields.
The signal component is modelled using a Johnson Sy function [37], while the combinatorial
background is described by a second-order polynomial function. In the signal region, the
signal yield is 30210 + 180 with a background fraction of fg = (2.93 £ 0.05)%.

4 Phenomenology of the decay

The differential decay rate of a BT meson with mass mpg+, decaying into three pseudoscalar
particles and two muons with four-momenta p; = (E;, p;) (i € {1,2,3,4,5}), is given by

dI' = 1
2mB+

[ Ap+(x)|>d®, (4.1)



where the transition amplitude Ag+ (x) describes the dynamics of the interaction as a function
of the position in B* decay phase space, x, and d® is the phase-space element [38]. Each final-
state particle contributes three observables, manifesting in its three-momentum, summing up
to fifteen observables in total. Four of them are redundant due to four-momentum conservation
and another three are removed due to angular momentum conservation. Moreover, the dimuon
invariant mass is fixed to the known 1 (2S5) mass. The remaining seven independent degrees
of freedom unambiguously determine the kinematics of the decay. Convenient choices for the
kinematic observables include the invariant-mass combinations of the final-state particles
m?j = (pl-—}—pj)Q,m?jk = (pi+pj+pr)?, with i, j, k € {¢(2S), KT, 7", 77} as well as the 1(25)
helicity angle and the acoplanarity angle. These are defined as the angle between the pu*
direction and the BT direction in the 1(2S) rest frame, 6; and the angle between the 1 (25)
decay plane and the one formed by the K and the (777 ~) system, x [39, 40]. No particular
seven-dimensional basis is chosen in the amplitude fit, but the full four-vectors are used. The
dimensionality is handled by the phase-space element which can be written in terms of any
complete set of seven independent kinematic observables, x = (z1,...,27), as d® = ¢(x)d"z,
where ¢(x) = |0®/0(x1,...x7)| is the phase-space density [41]. In contrast to three-body
decays, the phase-space density function is not uniform in the usual kinematic variables.
The square of the total amplitude for the BT — ¢(2S)KTnt 7~ decay is given by the
spin-averaged coherent sum over all intermediate-state amplitudes A;(x|A,+,\,-),

2

’AB+(X)‘2 = Z Zai Ai(x‘)\/f‘")\ﬂ_) 5 (42)

At A

where A+ (A~ ) denotes the ™ (11™) spin projection. The complex coefficients a; = |a;| €' ? are
to be determined from data. To construct the intermediate-state amplitudes A;(x), the isobar
approach is used, which assumes that the decay process can be factorised into subsequent
two-body decay amplitudes [42—44]. This gives rise to two different decay topologies: quasi
two-body decays such as BT — Ry Ry with Ry — hq hy and Re — h31)(2S5) or cascade decays
such as BT — ¢(25) Ry with Ry — hy Ry and Ry — hs hg, where the 1)(25) meson further
decays into a muon pair. In either case, the amplitude is parameterised as a product of
orbital angular momentum, L, dependent form factors By, included for each vertex of the
decay tree; Breit-Wigner propagators Tk, included for each resonance R; and an overall
angular distribution represented by a spin factor S,

A; (X‘)‘;DL ) )‘u*) = BLBS (X) [BLRl (X) TR1 (X)] [BLR2 (X) TRz (X)] Si (X|/\u+7 )‘;F) . (43)

The lineshape of the ¥ (2S5) resonance is set to a delta function and contributes a constant
factor multiplying the final matrix element after integrating over the dimuon invariant mass.

4.1 Form factors and resonance lineshapes

To account for the finite size of the decaying resonances, the Blatt-Weisskopf penetration
factors, derived in ref. [45] by assuming a square well interaction potential with radius rgw,
are used as form factors, By. They depend on the orbital angular momentum L between
the resonance decay products, and the breakup momentum ¢ defined as the magnitude of



the three-momentum of one of the decay products in the rest frame of the resonance. Their
explicit expressions for L = {0,1,2} are

Bo(q) =1, Bi(q) =1/4/1+ (¢rw)? and Bs(q) = 1/\/9 +3(grew)? + (grew)?*. (4.4)

Resonance lineshapes are described as functions of the energy-squared, s, by Breit-Wigner

propagators
Tr(s) = (m3 —s—imoL(s))"!, (4.5)

where the total width, I'(s), is normalised to give the nominal width, I'g, when evaluated at
the nominal mass mg. For a decay into two stable particles R — AB, the energy dependence
of the decay width can be described by

mo <q)2L+1 BL(Q)2 (46)

r s) =Ty 0 (4 209
RosAB(9) ° Vs \qo Br.(q0)?

s
where ¢ is the value of the breakup momentum evaluated at the nominal mass [46]. The
energy-dependent width for a three-body decay R — ABC is computed numerically by
integrating the transition amplitude-squared over the phase space,

1
I'roapc(s) = p— / |Ap_apc|? d®s, (4.7)

as described in ref. [47]. The three-body amplitude Ar_, apc is parameterised analogously to
the amplitude in eq. 4.3. To calculate the energy-dependent width for decays of the type
R — AB(¢(2S) — ptu™), we treat them as three-body R — AB1(2S) decays since the
1 (25) is sufficiently narrow to be considered stable. The running-width distributions for
various three-body resonances, calculated from eq. 4.7, are shown in appendix A.

Equation 4.5, with the energy-dependent width from eq. 4.6, is used by default for
resonances decaying into a two-body final state. For the p(770)" resonance, the Gounaris-
Sakurai parameterisation is used instead [48], see appendix A. We use the parameterisation
from ref. [49] to include p — w mixing,

T(s) = Tas(s) (1465, 7.05)). (48)
mw

where T, is the relativistic Breit-Wigner propagator (eq. 4.5) of the w meson and 0 is
the p — w mixing parameter. A fit to the data of the pion vector form factor determines
the electromagnetic mixing parameter to be |dem| = (1.57 £ 0.15 4 0.05) x 1073 [49]. By
relating the electromagnetic current to the clean dd source in BO — J /Ym T decays, it
is argued in ref. [50] that the mixing effect can be described by dpo_, j/yrr = —3|dem| in
BY — J/ynt 71~ decays. Following a similar argument and assuming a clean uu source for
the p production in BT — 9(28)K TnT 7~ decays, we initially fix the mixing parameter to
0 = +3|0em|- The parameter § is argued to be real in ref. [51] as confirmed experimentally
in refs. [49, 52]. We therefore fix the phase of 0 to zero. These assumptions are tested
after the amplitude model is built.

The Ktn~ and 777~ S-wave contributions, referred to as [K 7~ ]s and [rT7~|g in the
following, are described with the K-matrix formalism [53] to preserve coupled-channel unitarity.



The 77~ S-wave K-matrix parameterisation is taken from ref. [54], with parameters taken
from ref. [55], and considers the effects of five coupled channels (7w, KK, mwrm,nm,nn’), five
poles and a nonresonant contribution. The K7~ S-wave couples to two channels K7 and
K1/, and contains only one pole, the K(1430) resonance. The isospin state I = % contributes
to both channels, while I = % couples to K7 only. The parameterisation is taken from
ref. [56]. The couplings to K*t7~ and 77~ K-matrix poles and channels depend on the
production mode, which is modelled using the P-vector approach [57]. More details about
the S-wave models are provided in appendix A.

Nonresonant contributions in a state of well-defined relative orbital angular momentum
are denoted by surrounding the particle system with brackets and indicating the partial-wave

+

state with a subscript; for example [71 7~ ]p refers to a nonresonant dipion P-wave. The

lineshape for nonresonant contributions is set to a constant.

4.2 Spin densities

The spin amplitudes are phenomenological descriptions of decay processes which are required
to be Lorentz invariant and compatible with angular momentum conservation and, where
appropriate, parity conservation. They are constructed in the covariant Zemach (Rarita-
Schwinger) tensor formalism [58-60] and resemble spin-orbit couplings near threshold. In
the following, we briefly introduce the fundamental objects of the covariant tensor formalism
which connect the particle’s four-momenta to the spin dynamics of the reaction and give
a general recipe to calculate the spin factors for arbitrary decay trees. Further details can
be found in refs. [61, 62].

An integer spin-S particle with four-momentum p, and spin projection A, is represented
by the polarisation tensor €(g) (p, A), which is symmetric, traceless and orthogonal to p. These
so-called Rarita-Schwinger conditions reduce the 4° elements of the rank-S tensor to 25 + 1
independent elements in accordance with the number of degrees of freedom of a spin-S
state [59, 63]. The spin projection operator P(;g)...usm.-'zzs (pr), for a resonance R, with spin
S = {0,1,2}, and four-momentum pg, is given by [62]

P(’SI)I(PR) =1,

Mo v
Py (pr) = > e"(pr, Ar) € (pr, Ar) = — 9" + ];TR,
Ar 2

Vi 1 14 Vo 1 v
Pl (or) = 5 [PLS or) B (or) + P (or) P (0m)] = 5 Pl (o) P (0R) . (49)

where g"” is the Minkowski metric. Contracted with an arbitrary tensor, the projection
operator selects the part of the tensor which satisfies the Rarita-Schwinger conditions. For a
decay process R — AB, with relative orbital angular momentum L between particles A and
B, the angular momentum tensor is obtained by projecting the rank-L tensor ¢} ¢77 ... ¢,
constructed from the relative momenta qgr = pao — pp, onto the spin-L subspace,

L(L)Hl--./LL (pRJ qR) = (_1)L P(L)/,Ll...,uLljl...VL (pR) QIV% st Q}V{L (410)

Its |¢r|* dependence accounts for the influence of the centrifugal barrier on the transition
amplitudes.



Following the isobar approach, the full decay amplitude is described as a product of
two-body decay amplitudes. Initially, one considers the 1(25) meson as a final-state vector
particle in the decay BT — 1(2S)K w7, Then, each sequential two-body decay R — A B,
with relative orbital angular momentum L 4p, and total intrinsic spin S4p, contributes a
term to the overall spin factor given by

Sk—aB(X|LaB, SaB; AR, Aa, AB) = €(55) PRy AR) E(SRy Lag, SaB) L1 ,p) (PAB, 4AB)

X Q(x|Sap; A4, A\B), (4.11)

where

Qx|SaB; Aa; AB) = P(s,)(PR) E(Sap, Sa, SB) (s, (A, Aa) (s, (0B, AB) - (4.12)

Here, a polarisation vector is assigned to the decaying particle and the complex conjugate
vectors for each decay product. The spin and orbital angular momentum couplings are
described by the tensors Pg, ,)(pr) and Lz, .)(PAB, qaB), respectively. Firstly, the two spins
S and Sp are coupled to a total spin-Sap state, Q(x|Sap), by projecting the corresponding
polarisation vectors onto the spin-S4p subspace transverse to the momentum of the decaying
particle. Afterwards, the spin and orbital angular momentum tensors are properly contracted
with the polarisation vector of the decaying particle to give a Lorentz scalar. This requires
in some cases to include the tensor £,+s p‘SR via

E(javjlnjc) = (413)

. 1 if jo + Jp + jc even

€aprs PR if Ja + Jb + je 0dd

where e,4y5 is the Levi-Civita symbol and j refers to the arguments of E defined in

egs. 4.11 and 4.12. Its antisymmetric nature ensures the correct parity transformation

behaviour of the amplitude.

The spin factor for a given decay chain, for example Bt — (25) Ry with Ry — ARy

and Ry — BC, is obtained by combining the two-body terms and performing a sum over
all unobservable, intermediate spin projections

SixIA) = Y Seropr, (X[ Lpri A, Ary) Sk ars (XILakys Ay AR,) Sy 8o (X| i AR,),
Arp ARy

(4.14)
where )‘B+ = )\A = )\B = )\C = O, S'I,Z)Rl = Ld)Ry SBC = 0 and SAR2 = LARza as B+, A, B and
C are pseudoscalar particles. The ¥ (2S) — p*u~ decay is incorporated by the modification

Si(x[ At A=) = D SHxIAp) €8y (Dys Ag) T A= )var(Ae), (4.15)
Ay
where %(),-) and v(),+) are the Dirac spinors for the fermions x4~ and p* and the gamma

matrix, 7., describes a vector current. As a last step, the completeness relations of the
polarisation tensors in eq. 4.9 are used to simplify the spin-factor expressions.



4.3 Decay fractions
The hadronic amplitudes are normalised prior to the amplitude fit such that
2
/ > A A de =1 (4.16)
At A—

This ensures that all amplitude coefficients, a;, are of comparable scale, and makes the fit
robust against the choice of starting values for these parameters. To provide implementation-
independent measurements, in addition to the complex coefficients a;, the fit fractions are
defined as

2
fz/\u+,)\u, Qj Ai(X|Au+7)‘;L*)‘ de
JAp+(x)? d@

F;

, (4.17)

and are a measure of the relative strength between the different transitions. For cascade
decays, such as Bt — ¢(25)K(1270)T with K;(1270)T — {K*p(770)°, K*(892)°x ™, ...},
we also define the combined subchannel fit fractions by

2
fz)\;ﬁ")\u_ ‘ZJGR a/j 1 X‘)\#Jr,)\u*)’ do
[ 1A+ (x)* do

where R; labels the three-body resonance (e.g. R; = K1(1270)") and j labels the subdecay
mode (e.g. j = {KTp(770)°, K*(892)%7+,...}). Then the relative contribution of the subdecay
j to the three-body resonance R; is given by the partial fit fractions

Fg, = , (4.18)

2
Aty do
= IS0, | Ao ) . (4.19)

2
IZ)\N+,)\M_ ‘ZkeRi ay Ak(X!/\,ﬁ,)\;r)‘ do
The interference between amplitude pairs are quantified by the fractions
IZAHJF,)\H 2%[ala A; (X|)‘u+7 wo )A;(Xp‘;ﬁ")‘u—)] do
JAg+(x)? d® .

(4.20)

Constructive interference leads to I;; > 0, while destructive interference leads to I;; < 0.
Note that >; Fy + > Ljk = 1.

We ensure that strong decays in the cascade topology have the same pattern regardless
of the production mechanism by sharing couplings between related subdecays. For example,
given the two a; parameters required for the S-wave decay BT [S] — ¢(25) K1(1270)" with
K1(1270)" — p(770)° 7+ and K;(1270)T — K*(892)° 7T, the amplitude for the P-wave decay
BT[P] — (2S) K1(1270)" with K;(1270)% — p(770)° 7% and K;(1270)" — K*(892)° 7
only requires one additional global complex parameter to represent the different production
processes of BT[S] — 1(2S) K1(1270)" and B*[P] — 1(25) K1(1270)", while the relative
magnitude and phase between K7(1270)" — p(770)° 7+ and K1(1270)" — K*(892)° 7t are
the same regardless of the production mechanism. In the following, if no angular momen-
tum is specified, the lowest angular momentum state compatible with angular momentum
conservation and, where appropriate, parity conservation, is implied.



5 Amplitude fit

The total probability density function (PDF') describing the phase-space distribution of
Bt — ¢(2S)KTrT 7~ candidates in the signal region is composed of the signal, Ps(x|6s),
and the background, Pp(x|6p), PDFs,

P(x|0) = (1 - f) Ps(x[0s) + fB Ps(x[0B), (5.1)

where fp is the background fraction determined in section 3 and 6 = (s, 0p) is the total set

of fit parameters. The likelihood function is defined as £(6) = [[; P(x;|f). Assuming CP

invariance, B~ decays are CP conjugated and treated as BT — (2S)K+ 7w~ decays.
The signal PDF is built from the total amplitude-squared as

A (0)2e(x) 9(x)
[T Aps ()P e(x) de

Ps(x) (5.2)
where €(x) describes the efficiency variation across the phase space. As the efficiency in the
numerator leads to an additive constant in the log £(6) function that does not depend on any
fit parameters, it can be neglected in the minimisation procedure. The efficiency function
still enters via the normalisation integral, which is evaluated with the Monte Carlo (MC)
integration technique [47, 64—66] using simulated events that have been propagated through
the full LHCb detector simulation and selection. The size of the fully selected MC integration
sample is more than 20 times larger than the data sample. Since the invariant-mass resolution
is much smaller than the decay widths of all considered resonances, resolution effects are
neglected in the amplitude fit.

Candidates in the m(¢(2S)K*Tn~n") sideband regions, which are defined as
[5200, 5240] MeV U [5320, 5400] MeV, are used to model the background PDF,

B(x|08) e(x) ¢(x)

Pe(xl08) = 5 <105) e(x) A (5-3)

The background function B(x|0p) describes the distribution in phase space relative to the
signal efficiency times phase-space density term, which is ommitted in the numerator as in
the signal PDF. Candidates from the low- and high-mass sidebands are added together such
that they have the same relative contribution. The background function is constructed by
training a BDTG algorithm [67] to match the phase-space distribution of the MC integration
sample to the data sidebands. The value of B(x;|0p) for a given data point x; is then
obtained by applying a pseudo seven-dimensional interpolation method to the weighted
MC integration sample [68].

5.1 Signal model selection

The strange-meson spectrum comprises an abundance of resonances potentially contributing
to BT — ¢(2S)K "7t 7~ decays in various topologies and angular-momentum configurations.
Several conventional charmonium states with masses within the phase-space limit also need
to be considered. A multitude of hidden-charm exotic states might contribute as well. The
full list of considered intermediate-state amplitudes can be found in appendix B.
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With the number of possible amplitudes of the order of 100, it is not feasible to fit them
all at once and a reasonably sized subset is chosen to avoid overfitting. An algorithmic model-
building procedure is employed that starts with a small set of amplitudes (start model), which
are expected to contribute, and successively adds amplitudes until a reasonable agreement
between the data and fit is achieved. The quality of the fit in the seven-dimensional phase
space is quantified by binning the data and calculating the metric

Nyins \T7.\2
9 (N; — V)
= E -~ 7 5.4
X 2 O_i2 &12 ) (5.4)

where V; is the number of selected candidates in a given bin, N; is the event count predicted
by the fitted amplitude model and Nypi,g is the number of bins. The uncertainties are given
by 0? = N; and 67 = 2 jebini w]z, where the weights w; match the MC integration sample
to the fitted PDF. A robust x? calculation is ensured by employing an adaptive binning
algorithm [69]. The phase space is divided such that each bin is populated by at least 25
candidates (Npins=1091) leading to smaller hyper-volumes in regions of high event density.
The x? value divided by the number of degrees of freedom, v = Nping — 1 — Npar where Ny, is
the number of free fit parameters, should be close to unity. Individual amplitudes are added
one-by-one to the start model and the set of new models is fitted to the data. The amplitude
that improves the x?/v value the most is kept and added to the start model. The remaining
amplitudes are tested again in the subsequent loop until the incremental improvement in
fit quality falls below the threshold Ax?/v = 0.02 [68, 70].

Initially, only conventional hadron states are considered. The model-building algorithm
improves the x2?/v value from 2.54 to 2.05. While this is a significant improvement with
respect to the start model, the fit quality is still poor. The amplitudes included in this no-
exotics model are detailed in appendix C along with fit projections. The largest discrepancy in
the data description is observed for the ¢(2S)7 "7~ invariant-mass distribution. The masses
and widths of all resonances are fixed to their external values (cf. appendix B); determining
them from the fit marginally improves the fit quality by Ax?/v = 0.08 but does not change
the conclusion that nonconventional hadron contributions are needed to describe the data.

As a next step, the model-building procedure is repeated from scratch with the inclusion
of the previously observed exotic resonances listed in appendix B, which could potentially
contribute to the 1 (29)r 7™, ¥(25)7* or ¢)(25) K+ subsystems. The x2/v value is improved
to 1.31 and the description of the 1 (2S)7 7~ invariant-mass distribution is notably better.
Fit projections and amplitude model details are given in appendix C. This known-exotics model
includes four X? — ¥(2S)7 "7~ states and the Ti.z51(4000)" — 9)(2S)K* state observed in
Bt — J/¢Y¢K™ decays [10]. The ¥ (2S)r™ system is described primarily by two axial vector
contributions, T,z (4200)+ and T,z (4430)+, with smaller contributions from two vector states,

v (4055)T and T7%(4100) . This fit also determines the mass and width of the four X states
and the two axial vector 1(2S)7™" states. Fitting any other resonance’s mass and width does
not improve the fit result, thus they remain fixed to the external values given in appendix B.

As some disagreements between fit and data remain, especially in the m((25)K ™ 7™)

projection, we explored adding additional T%; — 1(2S5)K 7~ exotic contributions of various

quantum numbers. For a given new 7% resonance hypothesis, likelihood scans over the
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allowed mgo mass range are performed with the width fixed to I'g = {50, 100,200} MeV. Local
minima in the likelihood profiles are identified and used to create a pool of potential new states
and quantum number assignments. Subsequent iterations of the model-building algorithm add
one of these states until the convergence criterion is reached. The initial values for the mass
and width of new states are set based on the likelihood scans but are floating in the fits. This
procedure adds three new Ti%: — ¥ (2S)KTn~ states. Additional new X° — ¢(2S)nt7,
T = 9@2S)K*rt, T — ¢(28)n* or T.L, — ¥(25)K ™ contributions do not lead to
significant improvements in the description of the data, but are considered in alternative
models for studies of systematic uncertainties. Lastly, we prune the model by removing four

insignificant amplitudes. The resulting model is henceforth referred to as the baseline model.

5.2 Baseline model results

The baseline model consists of 53 amplitudes, has 98 free parameters and achieves a x2/v
(x2/Npins) value of 1.21 (1.10). From pseudoexperiments, we estimate that this corresponds
to a p-value of 0.002 (3.10) before accounting for systematic uncertainties. Figure 2 displays
the fit projections. The fit fractions are given in tables 1 and 2. Fit results for the amplitude
coefficients and interference fractions can be found in appendix D. Six K’ — Ktratnx™
resonances are included that decay via K*(892)7T, K p(770)° or S-wave intermediate states.
The largest conventional hadron contribution comes from the K7(1270)" resonance produced
in S-, P- and D-wave BT decays. The extracted branching fractions of the Kj(1270)"
resonant substructure agrees well with other measurements as detailed in appendix E. The
first subleading component arises from K*(1680)" decays. The K;(1270)" and K*(1680)"
are the only two resonances included in the BT — ¢ (2S)K w7~ analysis by Belle [13].
In addition, we observe K1(1400)", K*(1410)*, K3(1430)" and K(1460)" decays. No other
established strange resonances exist within the kinematic limit of the decay.

The baseline model includes only one conventional charmonium resonance, 1(4360), with
a subpercent fit fraction. Two other charmonium resonances included in the no-exotics model,
1(4415) and ¥ (4660), are no longer significant after considering exotic contributions. The
masses and widths of the conventional hadrons are fixed to external measurements. Floating
these parameters does not significantly improve the fit quality for any resonance (Ax?/v <
0.01). In total, four X0 — ¢(25)rn~, three T= — (2S)7*, one Tit. — ¥(25)K* and

three T%; — ¥(25)K 7~ components are part of the baseline model. Exotic resonance

parameters are floated in the fit except for those of the 7%, (4055)" and Tiz51(4000)" states.

ccl
The T, (4055)" state has a small fit fraction with mass and width well-constrained from
external measurements [32]. Since the pole mass of the T,.z51(4000)" state lies outside of the
phase-space boundaries, the fit is not sensitive to its mass and width values. Exotic cascade

decays of the type X0 — ng

of the amplitude coefficients are equal for X° — T:Ex~ and X° — T._nt decays. For the
relative phase, we test 0 and 7 for each X° resonance separately and select the one that

w1 are assumed to be charge symmetric, i.e. the magnitudes

gives the larger likelihood value. Table 3 lists the measured masses and widths, quantum
numbers and significance of all exotic states.

The significance is determined from a likelihood-ratio test. A given resonance is re-
moved from the model (this might correspond to several amplitudes) and a new fit is
performed. From the change of the likelihood value, A(—21In L), we compute the signif-
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with error bars) and fit projections (solid, blue line) for the baseline model. The displayed X%, /vip
value on each projection gives the sum of squared normalised residuals divided by the number of bins

minus one. The multidimensional x? value is x?/v = 1.20 with v = 992.
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icance as ny = /2erfc™! (Prob,2(A(—21n £), ndf)), where Prob,2(A(—21In L), ndf)) is the
chi-squared distribution and erfc™! is the inverse error function converting the p-value into
Gaussian standard deviations. This assumes that A(—21In L) follows a chi-squared distribu-
tion under the null hypothesis (i.e. the resonance is not present in the data). If the mass
and width are fixed, the effective number of degrees of freedom, ndf, is set to the number of
additional fit parameters under the hypothesis that the resonance exists, ANpa,. Otherwise,
we set it to ndf = 2ANp,, [8, 10]. This method is verified to be conservative through the use
of pseudoexperiments. The statistical significance of all exotic states is above 8 standard
deviations (o) and stays above 7o when considering systematic uncertainties (see section 5.3).

To verify the nominal quantum-number assignment of the exotic states, fits are performed
under alternative spin-parity hypotheses with spin up to 2. The likelihood-ratio test is used
to quantify the rejection of these hypotheses. For all exotic states that are part of the baseline
model, every alternative spin-parity hypothesis is excluded by more than 8c.

The largest exotic contribution comes from the scalar resonance 7)%,(4475)°, which
predominantly decays as T)%,(4475)0 — (25)p(770)°. Its mass agrees well with the
Xc0(4500) state observed in the decay x.0(4500) — J/ip¢ [10], however it is significantly
broader. Note that the Breit-Wigner parameters are known to be highly model-dependent
and the two measurements take different partial decay widths as the total decay width
(T (4475)0 — (28) 7T 7~ versus x0(4500) — J/i¢). This is compounded by the fact that
the T0%,(4475)° or x.0(4500) masses are close to the ¥(25)p(770)° threshold, which can
significantly distort the lineshapes. A possible explanation of the disagreeing decay widths
might thus be that coupled-channel effects are not accounted for in either measurement. The
Bt — Jhp¢pK™T analysis also includes a huge nonresonant J/i)¢ 0T component that makes
the comparison less straightforward. Adding an equivalent nonresonant (25)p(770)° 0+
component to the baseline model results in a small fit fraction, (0.48 + 0.36)%, and decreases
the T%,(4475)% decay width by 16 MeV. Assuming isospin conservation in strong decays,
(4475)° state
having isospin I = 1 and the x.0(4500) state having I = 0, as indicated by their decay

modes 1(25)p(770)° and Jjpé. However, if the Tigy(4475)° state were the cé(dd — i)

cc0

we interpret these as genuinely different states in the following, with the T7%,

isospin partner of the x.0(4500) interpreted as ccss, one would generally expect a larger
mass difference of m, ,(4500) — my= (aa75)0 ~ +200 MeV.

The T,z1(4650)° and T)%,(4710)° states agree within uncertainties with the x.1(4685) and
Xc0(4700) resonances observed in BT — J/ib¢ KT decays [10]. Nevertheless, for them to be
identical would require a significant isospin violating effect, which seems implausible. The
mass and the width of the T7%, (4800) vector state are not well constrained due to its proximity
to the phase-space limit. Within the large uncertainties, the 775, (4800)° resonance parameters
are loosely compatible with the X (4630)° resonance observed in B — J/¢ K+ decays [10].
However, the quantum numbers of the X (4630)" resonance are not yet unambiguously
determined. The J¥ = 1~ assignment for X (4630)° is favoured over JX = 27 with a

significance of 30 and other assignments are disfavoured by more than 50 [10].

A large axial vector component in the ¢ (2S)7™ system is described by two resonances,
TC51(4200)Jr and T651(4430)+. They are predominantly produced in the quasi-two-body
topology, Bt — T.£K*(892)° and Bt — T.L[K 7 ]g, but are also seen in X° — TZ7F and
TY.

Vs — T-K™ cascade decays. This is the first observation of production modes other than
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BY — T_.K*. The mass and width of the T,z (4430)Jr agree well with those measured in
B® — ¢(28)K 7" decays [8, 9]. The second, lighter, axial vector state is compatible with
the one reported in the Belle analysis of B® — JaK 7+ decays [71], where J¥ = 17 is
preferred over JP = 2~ by 4.40 and other assignments are excluded. The LHCb analysis of
the BY — (2S)K ~7" decay indicated a similar structure in the 0~ or 17 1(29)7" wave [8].
The T,z (4200)+ state also has similar mass and width to the T,z(4250)" state reported in a
Belle analysis of B — .1 (1P)K~ 7" decays [72], where J = 0 is the default assumption,
though J = 1 cannot be excluded. This is the first time that the J© = 11 assignment for
the Tiz;(4200)" has been unambiguously demonstrated.

A subpercent level contribution from a vector state, 1.5, (4055)", is also observed. The
mass and width of this state are fixed to the parameters of the T,z(4055)" state seen in the reac-
tion ete™ — y1p(29)n 7~ [73]. A similar structure has been reported in B® — . (1P)K 7+t
(T.z(4050)" [72]) and B® — 0. (1S)K 7" (T.z(4100)" [74]) decays. None of those measure-
ments determined the quantum numbers. No stable fit results are obtained when floating
the T7%,(4055)" resonance parameters. This might be due to the existence of several small
1~ ¢(2S)7t wave contributions that cannot be resolved with the current statistical preci-
sion or by residual model deficiencies of the other partial waves being absorbed into the

v 1(4055)" description. Thus the high significance of the Ti%;(4055)" component should
not be considered as a confirmation of a specific state but rather an effective description
of a generic 1~ ¥(25)7™ wave contribution.

The baseline model includes the high-mass tail of the T,z (4000)" resonance observed
in BT — JWpdK™ decays [10]. As alternative models, we replaced the Tiz51(4000)" by
the T,z5(4220)" assuming it to be an axial vector or vector state. Both hypotheses are
disfavoured by more than 50. Replacing the T,z (4000)" state by a nonresonant component
with an exponential lineshape, exp (—am?(¥(25)K ™)), is also disfavoured by more than
50. Nonetheless, the results of this analysis should not be considered as an independent
confirmation of the T,z (4000)" state as no sufficient sensitivity to the mass and width values
is achieved. All T%. — ¢(25)K 7~ states are previously unobserved states. If interpreted
as tetraquark states, their minimal quark content would be césd. The Tez51(4600)° and
T.z51(4900)° could be radial excitations of the 1F T,z51(4000)° — J/ng resonance, for which

evidence was found in B® — Jip¢pKQ decays [75].

The baseline model features two broad vector resonances that lie at the edges of the phase
space, Tp;(4800)° and T, (5200)°. For these states, we perform an additional significance
test comparing the Breit-Wigner lineshape hypothesis against a nonresonant hypothesis with
exponential lineshape. The Breit-Wigner hypothesis is favoured by 5.40 for the 77, (4800)°
and 2.60 for the T (5200)°. The proximity to the phase-space boundaries and large
uncertainties make the interpretation of these components as genuine resonances challenging.
Without independent confirmation of these states from other measurements, they should be
considered an effective description of several J* = 1~ contributions (within or outside the

Bt — ¢(28)KTn"r~ phase space) that cannot be disentangled with the existing data.

The resonant nature of the exotic states is probed using a quasi-model-independent
partial-wave analysis (QMIPWA) [8, 76]. The nominal Breit-Wigner lineshape of a given
resonance is replaced by a parameterisation that treats the magnitude and phase of the

,15,



Decay channel

Fit fraction [%)]

BT — T, (4475)° K+
BT — (2S) K*(1680)"
BT — 4(2S) K;1(1270)*
BF[P] — 1(28) K1(1270)*
BT[D] — ¥(2S) K;1(1270)*
BT — 4(2S) K;(1400)*

BT — (2S) K (1460)*

Bt[P] — T.z(4200)" K*(892)°

Bt — T,.z51(4600)°7+

Bt — K3(1430)*4(2S)

Bt — T,z (4200)" K*(892)°
Bt — T.z1(4430)" [K 7]
BT — T, (4800)°K*

BtY — T,z (4650)° K+

BY[D] — T.z (4200) " K*(892)°

BT — Toz51(4900)07+

B*[D] = p(770)° Tezs1 (4000)F
BT — 1(28) K*(1410)F

BT — 600(4710)0K+

B — T} (5200)°7

BT — Tezs1(4000)* [nhm]g
Bt — T,.z1(4430) K*(892)°
Bt — (4360) K+

18.45+£1.31 £2.92
8.15+£1.31£3.51
7.60£0.85+1.35
7.52 £0.60 £ 1.08
6.81 £0.45£1.18
5.78 £0.62 £ 0.92
5.26 £0.48 £0.87
4.60 £0.54 £2.17
442 +£0.98 £2.17
4.35+0.29 £0.26
4.021+0.88£1.01
3.41 £0.54£0.78
3.24£0.50£0.79
2.89 +£0.45+£0.45
2.78 £0.33 £0.61
2.60 £0.66 £ 1.94
2.06 £0.22 £0.84
1.79+0.35+£0.74
1.73 £0.28 £0.40
1.59 £ 0.46 + 0.61
1.24 +£0.23+£0.34
0.75+0.43£2.24
0.64 £0.14 £ 0.12

Bt — T%, (4055) K*(892)° 0.52 + 0.10 + 0.11
BT[P] — 1(2S) K1(1400) " 0.48 + 0.18 + 0.40
Sum Bt 102.69 + 4.40 + 7.41

Table 1. Fit fractions of the intermediate-state amplitudes contributing to BT — (2S)K Tntn~
decays for the baseline model. The uncertainties are statistical and systematic. The systematic uncer-
tainties are dominated by the choice of amplitude components. The states Ti%; (4800)Y, Tt (5200)°,

» Feesl
T.z51(4000) and T, (4055)" should be considered as effective descriptions of generic partial wave

contributions due to insufficient sensitivity of the amplitude fit.

lineshape at eight discrete positions in the invariant-mass region around the nominal mass
as independent pairs of free parameters to be determined by the fit. The lineshape is
then modelled elsewhere by interpolating between these values using cubic splines [77]. The
Argand diagrams for the largest X0 — ¢(28)ntn—, T, — (28)Ktr~ and T — 4(28)n*
components are shown in figure 3 and demonstrate a counter-clockwise circular phase motion
as expected from a resonance. More details and QMIPWA studies of the other exotic states

are given in appendix F.

_ 1(3 —



Decay channel

Partial fit fraction fJR]

(%]

K1 (1270)" — p(770)° K+
K1(1270)* — K*(892)07r+

50.71+ 2.18%& 3.19
19.86+ 1.444 2.05

K1(1270)T — [KTn~|gnt 11.35+ 1.45+ 2.11
K (1270)*[D] — K*(892)x 8.32+ 0.85+ 1.54
Sum K;(1270)* 90.24+ 1.834+ 3.67
K1(1400)* — K*(892)°n+ 86.80+ 3.784+ 5.34
K1(1400) " — p(770)°K* 22.084+ 4.40+ 6.25
Sum K (1400)* 108.88+ 0.824+ 1.84

K(1460)" — [ntn | KTt
K (1460)* — K*(892)%7+
Sum K (1460)*

45.13+ 4.22+10.91
35.41+ 4.08%& 9.72
80.54+ 0.67+ 3.66

K3(1430)+ — K*(892)%7+
K3(1430)* — p(770)°K+
Sum K3;(1430)*

76.70+ 3.04+ 2.43
12.71+ 2.30+ 1.80
89.41+ 0.75+ 0.66

K*(1410)t — K*(892)%7+
K*(1410)* — p(770)° K+
Sum K*(1410)*

88.50+ 8.39+12.65
38.36+10.46+£19.07
126.86+ 4.83£13.38

K*(1680)t — K*(892)%7+
K*(1680)* — p(770)°K+
Sum K*(1680)"

49.69+ 6.72+13.32
31.16+ 6.11+£11.27
80.85+ 0.64+ 3.89

ee0(4475)° — p(770)%4(28)

70(4475)0 — Tz (4200) "7
T (4475)0 — Tz (4200) F =
Sum T, (4475)°

99.04%+ 0.49+ 1.66
0.50£ 0.25% 0.39
0.50+ 0.25+ 0.39

100.03£ 0.02+ 1.42

Toe1(4650)° — p(770)%4(29)
Te1(4650)0 — Tpz1(4200) "7+
Tz1(4650)0 — Trz (4200)
Sum T,z (4650)°

86.66+ 7.85+ 8.49
6.62+ 2.03£ 2.46
6.61+£ 2.03£ 2.47

99.89+ 7.37+ 7.56

000(4710) HP(WO)%’(?S)

T (4710)0 — Tz (4430) T
T (4710)0 — Tz (4430) 7t
Sum T, (4710)°

92.354+10.83+15.11
17.00+ 3.82+ 3.38
17.00+ 3.82+ 3.37
126.35£10.56+£14.40

ccl (4800)° — p(770)%)(28)
(4800)° — Tz (4200)
800)0 — Tz (4200) T

YO — Tz (4430) T~
T, YO — Toz1(4430) 7t
Sum T, (4800)°

(’(’1

T,

c*cl (4
T2, (4800
(4800

41.52+ 5.19410.44
18.03+ 5.14+ 6.59
18.03+ 5.14+ 6.58
5.44+ 2.45+ 2.29
5.44+ 2.45+ 2.29
88.47+11.26+13.07

T.z51(4600)0 — 1(28) K*(892)°
Tz51(4600)° — Tz (4200)” K+
T.z51(4600)° — T.z51 (4000) T~
Sum Tiz51(4600)°

50.87+ 7.79£11.55
16.53+ 3.79£12.75
9.84+ 3.28% 5.34
77.23£ 5.22£17.80

((sl
LLSl (5200) — Teesm (4000)+7T7
Sum Tz (5200)°

CcCS

T71(5200)° — ¢(25) [K¥7 g

66.284+15.03+17.35
9.37£14.12£13.23
75.65+ 9.18+13.39

Tee51(4900)° — (2S) K*(892)°
1(4430) — (2S) [7r+7r*}s

100
100

Table 2. Partial fit fractions of the cascade decays contributing to BT — ¢(2S)K w7~ decays for
the baseline model. The uncertainties are statistical and systematic. The systematic uncertainties are
* 1(5200)°, Trz51(4000)
should be considered as effective descriptions of generic partial wave contributions

dominated by the choice of amplitude components. The states T)%; (4800)°,
ccl (4055)
due to insufficient sensitivity of the amplitude fit.

and
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Figure 3. Argand diagram for the quasi-model-independent partial-wave analysis for the (left)
T (4475)°, (middle) Tiz51(4600)°, and (right) The1(4200)F resonances. The fitted lineshape knots
are displayed as connected points with error bars and the invariant mass increases counterclockwise.
The Breit-Wigner lineshape with the mass and width from the nominal fit is superimposed (red line).

5.3 Systematic uncertainties

Several sources of systematic uncertainty are considered. Experimental issues are discussed
first, followed by uncertainties related to the amplitude model and formalism. The overall fit
procedure is tested by generating pseudoexperiments from the baseline fit model using the
measured values and subsequently fitting them with the same model. For each pseudoexper-
iment and fit parameter, a pull is calculated by dividing the difference between the fitted
and generated values by the statistical uncertainty. The means of the pull distributions are
assigned as systematic uncertainties due to an intrinsic fit bias.

The treatment of the phase-space acceptance relies on simulated data. The integration
error due to the limited size of the simulated sample used to normalise the signal PDF
is estimated by bootstrapping the simulated sample. The standard deviation of the fit
results is assigned as systematic uncertainty. To assess the uncertainty due to possible
data-simulation differences, alternative phase-space acceptances are derived by varying the
selection requirements, for the simulated sample only, on quantities that are expected not to
be well described by the simulation. This includes the trigger [78] and tracking efficiencies [79],
as well as the particle identification [80, 81| and multivariate selection classifier performances.

The uncertainty of the background fraction is propagated to the amplitude fit by varying
this parameter within its uncertainty, which also accounts for alternative signal and background
invariant-mass models. Alternative background phase-space distributions are derived by using
additional kinematic observables to train the BDTG algorithm or by using only candidates
from the low- or high-mass sideband. The amplitude fit is repeated with these alternative
background PDFs and the largest deviation to the nominal result is used as systematic
uncertainty.

The uncertainties due to fixed masses and widths of resonances are evaluated by varying
them one-by-one within their quoted errors. The radii of the normalised Blatt-Weisskopf
barrier factors are set to rgw = 4 GeV~! for the BT, rgw = 1.2GeV ! for all three-body
resonances and rgw = 2.2GeV ! for all two-body resonances. Each of these three values
is obtained by maximising the likelihood of amplitude fits while fixing the values of the
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other two. To evaluate the associated systematic uncertainties, the radial parameters are
varied by 4+1GeV~!.

As argued in section 4.1, the p — w mixing parameter § is initially fixed to
16| = 43|0em| = (4.71 £0.47) x 1073 [49] and arg(d) = 0 during the model selection. When
floating these parameters using the baseline model, we obtain |§| = (3.9 £ 0.5) x 1073
and arg(d) = (—11 + 7)°, in good agreement with the assumption. There are multiple
topologies with potentially different quark sources for the p production to be considered in
Bt — ¢(2S)Ktntn~ decays. Thus we allow for different |6 values for certain channels
and obtain:

K1(1270)T : |§| = (3.6 £ 0.9) x 1073,
all other K" — KT p(770)° : |§| = (3.8 £ 1.3) x 1073,
0 (4475)0 1 6] = x 1072,

all other X — 4(28) p(770)°
BT — Tt p(770)°

ccs

18] = (6.1+£1.2) x 1072,

( )
( )
(6.040.8)
( )
2 16] = (3.9£2.0) x 1073,

(5.5)

where the uncertainties are statistical only. With |§| ~ 2.3|0¢p| and [0] ~ 2.4|derm|, the
parameter values for the K7(1270)" and the other K'* resonances are slightly lower but
within uncertainties consistent with a pure uu source. Somewhat larger isospin-breaking
effects are observed for the exotic X? — 1(25)p(770)° topologies |6 ~ 3.8]0cm|. A large
value of |6 & 11|8¢;| was also found for x.1(3872) — J/pp(770)° decays in ref. [15]. In the
nominal fit, we fix the parameters to the ones obtained from the dedicated fit displayed in
eq. 5.5. A systematic uncertainty is assigned by using |§| = 43|d¢p| for all topologies and
varying it within the uncertainties of |dep,|.

The P-vectors for the nominal dipion S-wave model consider the direct coupling to
the 7w and KK channels and up to four poles depending on the production mode, see
appendix A. Additional channels and poles are added to assign a systematic uncertainty. A
similar procedure is performed for the K7 S-wave description.

Several alternative lineshape parameterisations are considered as part of the systematic
studies. The Gounaris-Sakurai description for the p(770)° resonance is replaced by a relativistic
Breit-Wigner function. As an alternative to the nm S-wave K-matrix parameterisation, the
Omnes function based on dispersion integrals is used [82, 83]. Alternative energy-dependent
widths for three-body resonances are derived from eq. 4.7 taking only the dominant three-body
decay mode into account. For the T7%(4475)° state, a coupled-channel decay width is used
which includes the 9(25)p(770)° and J/)¢ channels,

9p(25)p P(25)0(8) T Gapwg Papps(S)

I'(s) .
Gu(25)0 P(25)0(110) + 9w Ppse (M)

(5.6)

We find gJ/¢¢/gw(25)p = 0.26 + 0.18 and similar mass and width as in the nominal fit. The
fit is not able to discriminate between the J/p¢ and J/)p(770)° coupled channels. For each
alteration, an amplitude fit is performed and the standard deviation of the obtained fit results
is assigned as a systematic uncertainty. The impact of nearby open-charm thresholds is
also studied by using coupled-channel decay widths for the various exotic resonances. In

— 20 —



all cases no sensitivity to the DE:;DE:)) open-charm coupling is observed and no systematic
uncertainty is attributed.

A range of modifications to the baseline model are examined to assign an additional
uncertainty due to the choice of amplitude components. Fit results for the eleven alternative
models can be found in appendix D, tables 16 to 21. The set of alternative models encompasses
an “extended K'™” model (Model 1), where we include additional decay modes and angular
momentum configurations of the selected K'* — K77~ resonances as well as an “additional
K'™” model (Model 2) that includes additional K’* resonances. In a similar fashion, the
“extended exotic” model (Model 3) includes additional decay modes and angular momentum
configurations of the selected exotic states. We searched for new exotic states with the
highest significance in each mass dimension to create “additional exotic” models. Model
4 includes additional 11 ¢(2S)7t 7,27 ¢(259)7nt and 0~ ¢(25)7" states, while Model 5
includes additional 0% ¢(2S)K+t7~,0" ¢(2S)K 7t and 0~ ¢(2S) K™ states. The statistical
significance of each of those additional states is below 40. An “additional nonresonant”
model (Model 6) that adds several nonresonant amplitudes is also considered. Another
alternative model is derived by repeating the iterative model building with modified binning
for the x? calculation (Model 7). Further models are constructed by adding 25 additional
amplitudes to the baseline model and applying a regularisation method [47, 84, 85]. Either a
Cauchy [86] (Model 8) or a LASSO [87, 88] regularisation term (Model 9) is used. Lastly, fits
are performed using the canonical helicity formalism instead of the covariant tensor formalism.
The definition of S- and D-wave amplitudes differs between the formalisms [62, 89, 90]. There
are also differences in the energy-dependent form factors [91]. The results are thus not
expected to be strictly identical when switching from one formalism to the other, even if a
complete set of partial waves would be used. The nominal set of partial-wave amplitudes is
used for the canonical helicity fit in Model 10, while Model 11 adds additional partial waves.
From this set of alternative models, we compute the sample variance for each observable
and take it as the model uncertainty.

The total systematic uncertainty is obtained by summing the components in quadrature.
A full breakdown of the different sources of systematic uncertainty for all fit parameters and
observables is given in appendix D. The total systematic uncertainty is significantly larger
than the statistical uncertainty, with the largest contributions coming from the alternative
amplitude models. The smallest significance value found when performing the dominant
systematic variations is taken as the significance accounting for systematic uncertainty
in table 3.

6 Summary

The first full amplitude analysis of BT — 1(2S)K "n "7~ decays is performed using proton-
proton collision data corresponding to 9 fb~! recorded with the LHCb detector. The K+ntr—
spectrum is described by six K'* resonances that decay via K*(892)°x+, K*p(770)° or S-
wave intermediate states. Branching fractions measurements of the K;(1270)" resonant
substructure are found to be in good agreement with previous analyses.

A good description of the data in the full seven-dimensional phase space could only be
obtained by adding a multitude of exotic hidden-charm components to the model. Four
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X0 — 9(2S)m T~ states are identified and the spectrum shows similarities to previously
observed J/i)¢ resonances. A simultaneous coupled-channel fit of BT — (2S)K rt7n~
and BT — JAp¢pK™ could provide more insights into the quark-level interpretation of these
states. Further understanding might be gained by examining the structures of X% — J/jpw
or X% — 9(25)w exotic states.

New production modes of charged charmonium-like states are observed. The T,z (4430)i
resonance is confirmed with a high significance. The quantum numbers of the Tz (4200)i
resonance are determined to be 17, for the first time with a significance exceeding 5.
Further studies with more abundant B® — ¢(2S)K 7~ and B® — JA)K* 7~ samples are
required to improve our knowledge of the charged charmonium-like spectrum. Hidden-
charm exotic states that decay to the (2S)K "7~ final state are observed for the first
time. If interpreted as tetraquark states, their minimal quark content would be ccsd. The
T.z51(4600)° and T.z51(4900)° might be radial excitations of the Ti.zz1(4000)° resonance seen
in B® — T.z51(4000)°¢ — [J/ K¢ decays. Despite the high significance of all exotic states,
their broad nature and the extremely complex amplitude model with 53 components make
the interpretation challenging. In particular, the broad vector states at the edges of the
phase space, T7%;(4800)° and T/ (5200)%, should be considered as effective descriptions
rather than genuine resonances at this point. The same applies to the T.zz1(4000)" and

*
ccl
to measure their masses and widths.

(4055)+ contributions, for which the amplitude fit does not provide sufficient sensitivity

The KtnT7~ component of the amplitude model provides valuable input for studies
of new physics effects in Bt — Ktntr~y or Bt — K ntr utu~ decays. As the first
full four-body amplitude analysis featuring a vector particle in the final state, the research
outlined in this paper establishes a groundwork for subsequent investigations into similar decay
modes, such as Bt — JAW K rt7r~, Bt = xa(1P)Ktntn~ or BT — x1(3872) Kt ntn—,
that could shed further light on the intricate spectrum of exotic hadrons.
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A Lineshape parameterisations

Model for p(770)° resonance. We use the Gounaris-Sakurai parameterisation for the
p(770)° — 7t7~ propagator [48]:

L+ f(mg)/mg
md+ f(s) —s—imoD(s)’

Tas(s) = (A1)

where I'(s) takes on the same form as in eq. 4.6 with 7w = 0GeV ™! and the function
f(s) is defined as

dh

f@%ﬂhzgF%M@—hW®)+@—m@%d¢sm], (A-2)

h(s) = % % In (W) . (A.3)

S-wave models. In the K-matrix formalism, the lineshape is written as
N1 oA
T(s)= (1-iKp) P, (A.4)

where P is the process specific production vector, p is the phase space matrix and K is the K
matrix. For the 77 S-wave, the K-matrix parameterisation is taken from ref. [55],

(A.5)

scatt

K. = f(s) (Z 9 95 4 focatt
L/ 17

2 _
—~ mg — s

1GeV? — s%catt>

where the index i € {nm, KK,wwmm,nn,nm'} indicates the channel and « indicates the

pole. Slowly varying scattering contributions are described by ffatt, while the function f(s)

suppresses the kinematic singularity and introduces the Adler zero near the w7 threshold:

2_ .
f(s) = mﬁ/ﬁ%(s — m2/2). The production vector, P has the same pole structure as

the K matrix,

A B g rod 1 Gev2 — gbrod
B_<z;’+ﬁ“0, (A6)

— rod
o a S 8—88

where the complex parameter 5% describes the production strength of pole «, the complex

fP rod Jescribes the direct coupling to channel ¢ and sgrOd is a single real parameter.

parameter
As these parameters are process specific, they need to be determined from data. The K=

S-wave couples to two channels K7 and K7/, and contains only one pole, the K;(1430)
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resonance. The isospin state I = % contributes to both channels, while I = % couples to

K only. Their parameterisations are

1

~1 o s—s 9.9; . 2 A
Kij_m%%—m?r m%_S+C¢jo—|—Cij1S+Cz‘j2S ) (A7)
3
.3 s — 83
K2 =—"—"9_ (Do + D115+ D1125°), A8
m%(+m72r ( 110 111 112 ) (A.8)

where all parameters and definitions are taken from ref. [56]. The Q-vector approximation
is used, which simplifies eq. A.4 to

P A

T(s) = (I - z’Kﬁ) Ka, (A.9)
where & is a diagonal matrix containing a complex parameter for each channel to be determined
from data.

Running-width functions for three-body resonances. For the K(1460)" resonance, the
energy-dependent width is reproduced from ref. [70]. We further use the energy-dependent
widths for the K7(1270)", K;(1400)*, K*(1410)* and K*(1680)" mesons from ref. [47].
For all other resonances decaying into a three-body final state, an energy-dependent width
functions is derived from eq. 4.7 assuming a uniform phase-space population. This is
straightforward to implement for resonances with limited available information and has been
found to provide reasonable approximations in other studies [47, 85] The running width
functions of the three-body resonances included in the baseline model are shown in figure 4.

B Considered decay chains

Tables 4 to 7 list all previously observed resonances that might contribute to
Bt — ¢(2S)KTrtn~ decays. If quantum numbers are unknown, all possible spin-parity
combinations with J < 2 are tested. We consider the following decay channels for
all Kt — Ktrntn—, X0 — @29)ntr—, T, — ¢v(28)Ktr—, TtF — ¢(2S)K*rnT,

ccs ccs

TE — (28)rT and Tt — (25)K* resonances (unless forbidden by conservation laws):

o K't — KTp(770)°, K+ p(1450)°, K*(892)7 ", K*(1410)°7 ", K [rn]s, [K7|s7t;
o X0 = (29)p(770)0,9(25)[n7]s, TomT;

o TO. — (29)K*(892)°,¢(29)[Kn)s, Tz K+, Zn~;

o THE - TEKY That,

e BT — Tt K*(892%), T.L [K7]s;

e BT = Tt p(770)°, TiE, [77]s.

Nonresonant and single resonance amplitudes are obtained from the same topologies by
setting e.g. the K'T lineshape to unity.
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Name Jr m[MeV] I'MeV] Source
Ki(1270)" 1t 129042 11643 [70]
K1 (1400)* 17 1403+7 174413 [32]

K*(1410)" 17 1414415 232421 [32]
K3(1430)" 2% 1427.3+1.5 10042.1 [32]

K(1460)" 07 14824415  335.6+11 [70]
K3(1580)" 27 1580 110 [32]
K(1630)T  7° 162947 16718 [32]
Ki(1650)t 17 1650450 150450 [32]
K*(1680)" 1~ 1718418 3224110  [32]
K>(1770)t 27 177348 186+14 [32]

Table 4. Resonances potentially contributing to the Ko+

7~ subsystem.

Name Jr m[MeV] I'MeV] Decay Channel
1(4040) 1- 403941 80+10 DD
Xe1(4140) 1t 4146.5+3.0  197F] J/ e
(4160) 1- 419145 7010 DD
X (4160) 77 415372 136150 J/pé, D* D*
1(4230) 1- 4222.742.6 4948 J /e, (28)
Xe1(4274) 1t 428613 5147 J/bo
X (4350) ?7 435145 13+18 J/o
1(4360) 1~ 437249 115+£13  J/¢mm,(2S)wm, herm
1 (4415) 1- 442144 62420 DD
Xc0(4500) 0t 447444 WaRT J/é
X(4630) 17(27) 4626134, 1741180 T/

1 (4660) 1~ 463046 72713 P(2S)mm
Xe1(4685) 1t 4684712 126440 J /)
Xe0(4700) ot 46947 16 87tis J/é

Table 5. Resonances potentially contributing to the ¥(25)7™

which they were seen. All values taken from the PDG [32].

T

subsystem and decay channels in

Name Jr m[MeV] I''MeV]  Decay Channel

T.1(3900)* 1t 3887.142.6  28.4+2.6 J/m

71 (4020)F 1- 40241419 1345  h.(1P)m, D*D*
T.(4050)* 77 405113 82158 Xe: (LP)T
T.:(4055)* 77 4054+3.2  45+13 »(28)m
T.:(4100)* 0% /1~ 4096428 152475 ne(18) 7
Toe1 (42000 17(27) 419673 3707199 J
T.a(4240)F 07 (1%) 4239130 2201820 ¥(28)T
T.z(4250)* 77 4248710 17T ERe Xei (1P)
T.z1(4430)F 1t 4478113 181431 J/ym,p(2S)w

Table 6. Resonances potentially contributing to the 1 (29)n*

they were seen. All values taken from the PDG [32].

subsystem and decay channels in which

Name JF m[MeV] TI'[MeV] Decay Channel
Tezs1(4000) " 1+ 4003*75 131430 JIYK
Toes1(4220)F  117(17) 4216732 2331310 J/WK

Table 7. Resonances potentially contributing to the (2

which they were seen. All values taken from the PDG [32].

— 26 —

S)K+

subsystem and decay channels in



C Model selection

Figure 5 and figure 6 display the fit projections of the no-exotics and known-exotics models,
respectively. Fit results of the start, no-exotics, known-exotics and baseline models are

compared in tables 8 and 9.
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Decay channel F;[%)] Start No-exotics  Known-exotics ~ Baseline
Bt — (2S) K1(1270)F 52.98+1.13  26.56+0.80  7.50+0.86 7.60+0.85
Bt — (2S) K*(1680)* 30.4840.72  22.26+0.77  5.23+0.73 8.15+1.31
Bt — 1(2S) K(1460)* 10.69+£0.32  6.04+£0.52  5.7440.45 5.26+0.48
Bt — K3(1430)*4(2S) 6.89+0.47  6.91+0.33  4.2540.25 4.35+0.29
Bt — p(28) K1(1400)* 6.43£0.94  2.27+£0.32  5.3840.69 5.78+0.62
Bt — p(2S) K*(1410)* 2.8840.31  2.61+0.37  2.36+0.43 1.7940.35
BF[P] — ¢(2S) K, (1270)* 8.50+0.43  4.83+0.46 7.52+0.60
B*[D] — 9(29) K1(1270 + - 8.46£0.47  7.17+0.50 6.81+£0.45
BT = ¢(28) [[nTn]g KF]a - 6.68+0.56
Bt[P] = (29) K*(141o)+ - 4.8840.42 - -
B+ [P] — ¢(28) K*(1680)* - 3.96+0.56 - -
Bt — Ko(1770)T9(2S) - 3.81+0.30 - -
Bt — (4415)K* - 1.8240.41 - -
B*[P] — +(2S) K;(1400)*+ - 1.1840.17  0.68+0.18 0.48+0.18
Bt — 1(4360) K+ - 1.1040.40  1.11+0.19 0.6440.14
Bt — (28) K1(1650)* - 0.76+0.16
Bt — (2S) [p(770)° K *]p - 0.36+0.21 - -
B* — 9 (4660) K+ - 0.32+£0.10 - -
BT — 4(29) [K*(892)7F]p — 0.06+0.07 — -
Bt — T, (4475)° K+ - - 16.9641.22 18.4541.31
B*[P] — T.z1(4200)" K*(892)° - - 7.35+0.53 4.60+0.54
Bt =T, (4800)°K+ - - 4.32+40.52 3.24+40.50
BT — Tz (4430) " (K77 - - 3.85+0.52 3.41+0.54
Bt — T, (4710)°K* - - 3.03+0.42 1.7340.28
Bt — T.:1(4650)° K+ - - 2.31+0.40 2.89+0.45
B*[D] — Tez1(4200) " K*(892)° - - 2.05+0.31 2.78+40.33
Bt — T.z1(4430) T K*(892)° - - 1.9241.30 0.75+0.43
B*[D] — p(770)°T z51 (4000)* - - 1.8440.20 2.06-£0.22
Bt — T.z1(4200) T K*(892)° - - 1.3640.85 4.0240.88
BT — Tz51(4000)* [7+ 77 ]g - - 1.1240.21 1.2440.23
Bt — T, (4055) K*(892)° - - 1.0440.15 0.52+40.10
Bt — [4(28) K*(892)%]gn™ - - 0.41+0.51 -
BT — [0(28) K] [7777]g - - 0.32+£0.13 -
B*[P] — T.z(4100)* K*(892)° - - 0.3140.13 -
BF[P] — [¥(28) K+]yp(770)° - - 0.07+0.05 -
BT — T,z (4600)07+ — — - 4.4240.98
B — Tez1(4900)07+ - - - 2.60+0.66
B* — T (5200)07+ — - - 1.59+£0.46
Sum B 110.34+1.99 108.56+1.21  92.50+2.15  102.69+4.40
T (4475)7 mass [MeV] - - 4467.1+7.6 4474.5+6.9
T (4475)° width [MeV] - - 259.2422.6 230.8+19.5
T.z1(4650)° mass [MeV] - - 4506.1+15.4  4652.5+14.4
T.21(4650)° width [MeV] - - 250.04£25.2 227.0426.3
T (4710)° mass [MeV] - - 4696.445.6 4710.244.4
T (4710)° width [MeV] - - 98.8+10.5 63.6+8.7
T, (4800)° mass [MeV] - - 4748.0433.1  4784.6+37.4
T, (4800)° width [MeV] - - 444.2478.9 457.1493.4
T.z1(4200)" mass [MeV] - - 4311.0+£14.5  4257.3410.8
T.z1(4200)" width [MeV] - - 343.3+18.8 308.2420.4
T.z1(4430)" mass [MeV] - - 4481.7+13.1  4468.2421.0
T.z1(4430)" width [MeV] - - 180.5+23.5 250.9+41.6
Tez51(4600)° mass [MeV] - — 4577.849.5
Tz51(4600)° width [MeV] - — — 133.0+£28.4
T.z51(4900)° mass [MeV] - - - 4924.9422.0
Tez51(4900)° width [MeV] — — — 255.0454.6
T (5200)° mass [MeV] - - - 5225.14+85.7
T4 (5200)° width [MeV] - - - 226.2+75.5
A(—2In L) 0.0 —6214.2 —11038.0 —12021.3
Npar 18 74 88 98
X2/ 2.54 2.05 1.31 1.21
X2/ Nbins 2.50 1.91 1.20 1.10

Table 8. Fit results of the start, no-exotics, known-exotics and baseline models, part 1. Uncertainties

are statistical only.
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Decay channel F;[%)] Start No-ezotics  Known-ezotics Baseline

K1(1270) — p(T70)°K+ 71.49+1.50  45.70+1.87  46.524+2.33 50.71£2.18
K1 (1270)F — K*(892)°n* 33.404+1.24  26.16+1.06  21.63+1.77 19.86+1.44
K1(1270) — [KTa~] gt 0.00+£0.00  6.2540.98  9.85+1.28 11.35+1.45
K1(1270)T[D] — K*(892)°n* - 6.75+0.58  9.35+1.09 8.3240.85
K1(1270)F — p(1450)°K* - 7.1241.60 - -
K1(1270)% — K*(1410)07+ - 6.45+1.05 - -

Sum K;(1270)* 104.89+0.77  98.42+3.03  87.3541.59 90.24+1.83

K (1400)t — K*(892)°7t 100 100 80.56+4.15 86.80+3.78

K1(1400)T — p(770)°K+ - - 29.3244.62 22.0844.40

Sum K (1400)* 100 100 109.8840.70  108.8840.82

K*(1410)" — K*(892)7x+ 100 86.92+5.04  71.4248.38 88.50£8.39

K*(1410)* — p(770)° K+ - 50.0946.23  57.57+9.24 38.36410.46

Sum K*(1410)* 100 137.014£1.27 128.9943.96  126.86+4.83

K3(1430)" — K*(892)7x+ 80.70+0.38  77.88+2.48  78.90+2.92 76.70+3.04

K3(1430)% — p(770)0 K+ 36.1540.17  11.74+1.83  11.3142.16 12.7142.30

Sum K3(1430)* 116.86+0.54  89.62+0.65  90.2240.80 89.4140.75

K(1460)T — [r¥r ] KT 47.4342.14  27.7843.04  41.60%3.72 45.13+4.22
K(1460)" — K*(892)0n " 36.4042.05  31.8943.72  38.26+3.61 35.41+4.08
K (1460)" — p(770)°K+ - 24.56+3.12 - -

Sum K (1460)* 83.83+£0.09  84.22+1.07  79.8640.42 80.540.67

K1(1650)*[D] — K*(892)7+ - 100 - -

K*(1680)% — p(770)° K+ 77.9242.00  80.86+£1.63  81.5845.43 31.16+6.11

K*(1680)" — K*(892)7+ 11.3241.47  8.03+1.01  16.62+5.05 49.6946.72

Sum K*(1680)" 89.244+0.67  88.89+0.72  98.20+3.14 80.8540.64

Ky (1770)F — p(770)°K+ - 68.79+3.59 - -

Ky(1770)F — K*(892)°n+ - 23.2143.18 - -

Sum K(1770)* - 92.00+0.81 - -

T (4475)° — p(770)° ;z;(2S) - - 97.56+0.71 99.04+0.49
T (4475)0 — Toz (4200) 7 - - 1.2840.38 0.50+0.25
o (4475)0 — Tiz (4200) T - - 1.2840.38 0.50+0.25

Sum T, (4475)° - - 100.134£0.04  100.0340.02

Tez1(4650)0 — p(770)° 1/;(28) - - 73.56+10.54  86.66+7.85
Tez1(4650)° — Tz1(4200) " - - 3.78+1.94 6.62+2.03
Tez1(4650)° — Tz (4200) " - - 3.77+1.94 6.61+2.03
Sum Tz (4650)° - - 81.1148.55 99.89+7.37
7o (4710)° — p(770)%4(2S) — - 67.0648.29 92.35+10.83
o (4710)0 —>Tc51(4430)+ - - - 22.6142.97 17.0043.82
T (4710)° — Toz (4430) 7 - - 22.5342.96 17.0043.82
Sum T (4710)° - - 112.2047.48  126.35+10.56
T, (4800)° — p(770)% (28 - - 42.65+4.41 41.5245.19
21 (4800)° — Tz (4200) H ™ - - 21.094+4.17 18.03+5.14
71(4800)0 — Tiz (4200) 7 F - - 21.07+4.17 18.03+5.14
71 (4800)0 — Tez (4430) T~ - - 4.4642.01 5.4442.45
T7%1 (4800)% — Tz1(4430) "7 - - 4.44+2.00 5.44+2.45
Sum T, (4800)° - - 93.7149.74 88.47+11.26
Tezs1(4600)° — 1(2S) K*(892)° — - - 50.87+7.79
Tz51(4600)° — Tez (4200) K+ - - - 16.5343.79
T.z51(4600)° — Trzz1 (4000) 7~ - - - 9.8443.28
Sum T.z51(4600)° - - - 77.2345.22
T51(5200)° — 4(28) [KTn g - - - 66.28+15.03
7 1(5200)° — Tizs1 (4000) 7~ - - - 9.37+14.12

Sum T} (5200)° — - — 75.65+9.18

$(4430) — (28) [rT7 g — 100 100 100

$(4415) — (28) [rTr]g - 100 - -

$(4660) — 1(28) [rTr g - 100 - -

Toz51(4900)° — 1(28) K*(892)° - - - 100

Table 9. Fit results of the start, no-ezxotics, known-exotics and baseline models, part 2. Uncertainties
are statistical only.
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Figure 5. Phase-space projections of BT — ¢(2S)KTrt7r™

B*>y(25)[K,(1270)"/K ,(1400)*]

B'— u/(ZS)IK’( 1410)/K"(1680)"]

B' > y(25)K(1460)"

B yS)K(1430)7K,(1770)°]

© B'>[p(4360)/ w(4415) w(4660)] K*
. Others

candidates in the signal region (points

with error bars) and fit projections (solid, blue line) for the no-ezotics model. The displayed x%p/vip
value on each projection gives the sum of squared normalised residuals divided by the number of bins
minus one. The multi-dimensional x? value is x?/v = 2.05 with v = 1016.
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Figure 6. Phase-space projections of BT — ¢ (2S)KT7Tr~ candidates in the signal region (points
with error bars) and fit projections (solid, blue line) for the known-exotics model. The displayed
X3p/v1p value on each projection gives the sum of squared normalised residuals divided by the number
of bins minus one. The multi-dimensional y? value is x?/v = 1.31 with v = 1002.
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D Amplitude models

Table 10 list the moduli and phases of the complex amplitude coefficients obtained by fitting
the baseline model to the BT — ¢(2S)KnT 7~ candidates. The systematic uncertainties
are summarised in tables 11 and 12 for all fit parameters and in tables 13 and 14 for the fit
fractions. Table 15 lists the interference fractions ordered by magnitude for the baseline model.
Figures 7 to 10 show additional fit projections of the baseline model in slices of the phase space.

Tables 16 to 21 summarise the fit results of the alternative models used for systematic
studies. The code implementation of the baseline model and all alternative models, as well
as instructions to generate pseudodata from them, can be found in ref. [92].
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Amplitude coupling Magnitude Phase [°]

BY[D] — T,1(4200)TK*(892)°  0.8540.07+0.14  —52.6+ 5.4+4.2

B*[D] — 9(28) K1 (1270)* 0.95+0.07+£0.11 —210.8+ 3.9+3.7

BY[D] — p(770)Tz51 (4000)*  0.7340.06-0.16 5.1+ 5.145.6

B*[P] = To1(4200)TK*(892)°  1.0940.09+£0.26 —124.6+ 6.0+£5.8

B*[P] — ¢(28) K1 (1270) 0.99+£0.0740.11 —120.5+ 3.8+3.5
[

BT — K3(1430)T4(2S)
BT — T, (4055)K*(892)°
BT — T.:1(4200) T K*(892)°
Bt — Twl(4430)+K*(892)0
Bt — T.z1(4430)" [K+ s
B+ — ch 1(4000)+ [ ]
BT — 9(28) K1(1400)*
BT — (2S) K(1460)*
BT — (2S) K*(1410)*
BT — (2S) K*(1680)*
K1(1270)*[D] — K*(892)0 +
K1(1270)" — K*(892)
Ki(1270)" — [KTr~ ]
K1(1400)* — p(770)° K+
K(1460)" — [ntn~ ] KT
K3(1430)" — p(770)0K+
K*(1410)* — p(770)°K+
K*(1680)* — p(770)0K+
T%,(4475)0 — T,z (4200) "
Ty(4475)° — p(770)%)
T.z1(4650)° — T.z1(4200)
061(4650) — p(770)%
T(4710)0 — T.z1(4430)"
cco(4710)° — p(770)%¢
ccl (4800)° — Tez1 (4200
T;:1(4800)° — Tz (4430
T (4800)° — p(770)%%(29)
chsl<460 ) — Tear (4200) Kt
"=
)Y =
)
)°

+

/\\_/

25)

/\\_/

25)

’S\_/

S)

+

_>
N +

~ —

T..z51 (4600 T.z51(4000) T~
T.z51(4600 ¥(28
(4900)° — (28
51(5200)" — Tezs
Tc*a§1<5200) — (28
¥(4360) — ¥(28) [nF7 g

K*(892)°
K*(892)°
4000) T~

0
0
0
0

Tc

N

[KFn]g

0.33+0.06+0.11
0.93+0.07+0.08
0.37£0.04+0.05
1.02£0.13+0.16
0.44+0.134+0.29
1.40£0.15+0.51
0.71+£0.084+0.20
1.14£0.10+£0.15
0.69+0.06+0.13
0.64+0.08+0.17
1.02£0.14+0.31
0.41+0.03+0.04
0.6240.03+0.04
0.51+£0.04+0.08
0.50£0.06+0.09
0.95+0.10+0.49
0.41+0.04+0.04
0.66+0.124+0.22
0.79+0.13+0.25
0.15£0.04+0.06
2.17+0.17£0.29
0.22+0.0440.06
0.80+£0.09+0.10
0.27+0.05+0.26
0.64+0.08+0.10
0.39+0.07+0.14
0.22+0.06+0.10
0.60+0.07+0.22
0.43+0.06+0.16
0.34£0.06+0.08
0.76+£0.14+0.30
0.82+0.124+0.35
0.30+£0.30+0.78
0.73£0.55+1.41
0.81+£0.09+0.15

110.6+£10.2£7.0
125.9+ 4.545.0
141.7+ 7.7+4.1
20.9+ 8.84£6.0
—10.5+15.9£7.8
174.1+ 6.5+4.9
—378.8+ 7.6+6.1
—144.6+£ 6.0£5.7
226.4£ 5.0+4.7
134.7+ 7.3£5.4
162.7+ 7.7£6.5
—172.1+ 3.3+£34
83.3+ 3.24+34
—59.9+ 4.5£5.3
234.0£ 7.7£5.7
1.0+ 5.844.9
—330.9+ 6.3+4.8
75.1£10.4£5.5
—147.2+10.0+5.9
—58.84+13.4+£7.4
52.3+ 6.24£5.5
—30.6+11.2+5.4
—143.1£10.4+£5.1
—94.6+10.2£5.6
—36.44+10.3£6.5
11.8£10.8+5.2
308.0£16.4+5.6
—63.3+£10.2£6.3
117.6+ 8.945.6
101.5£ 8.8+5.0
185.7+14.14+6.0
19.8£10.8+7.2
37.4+35.8£7.5
—186.8+£16.2+7.6
—126.1£ 8.0+6.0

Table 10. Fit result of the amplitude couplings for the baseline model. Uncertainties are statistical
and systematic.
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Fit Parameter 1 2 3 4 5 6 7 8 9 10 | Total
B*[D] — TC51(4200)+ K*(892)0 Amp 0.06 0.26 030 0.03 049 049 0.15 0.16 0.87 1.53 | 1.94
B*[D] — Tca(4200)+ K*(892)0 Phase 0.13 0.25 0.26 0.04 0.43 0.23 0.15 0.16 0.19 0.35]| 0.77
B*[D] — %(2S) K1(1270)* Amp 0.29 0.34 029 0.04 036 038 0.21 030 0.62 1.22| 1.60
B*[D] — ¥(2S) K1(1270) " Phase 0.17 0.35 0.26 0.17 047 0.26 0.01 0.34 0.30 0.42 | 0.95
B*[D] — p(770)0T6551(4000)+ Amp 0.30 0.32 0.27 0.06 0.33 0.50 0.03 0.17 0.53 2.53 | 2.71
B*[D] — p(77O)OTCE§1(4OOO)+ Phase 0.73 0.38 0.17 0.16 0.37 0.20 0.27 0.24 0.15 0.35| 1.09
B*[P] — Tcal(l,LZOO)+ K*(892)0 Amp 0.03 031 0.18 0.09 056 043 0.17 0.23 0.69 2.58 | 2.81
BY[P] = T (4200)+ K*(892)0 Phase 0.63 031 0.19 0.10 0.46 0.19 0.06 0.21 0.10 0.29 | 0.97
B*[P] — (2S) K1(1270)" Amp 0.41 0.29 020 0.03 0.25 0.27 0.16 0.26 0.35 1.45 | 1.65
B*[P] — (2S) K1(1270) " Phase 0.03 0.54 0.18 0.12 043 0.20 0.07 031 0.17 0.42 | 0.94
B*[P] — (2S) K1(1400)" Amp 0.01 0.32 0.19 032 078 022 0.04 0.14 061 1.38| 1.78
B*[P] — (2S) K1(1400)" Phase 0.46 0.19 0.14 0.03 0.32 0.13 0.00 0.18 0.13 0.19 | 0.68
Bt — K3(1430)"(2S) Amp 0.02 0.32 034 0.02 043 038 0.14 024 0.77 0.64 | 1.27
Bt — K3(1430)"1(2S) Phase 0.47 0.49 0.14 0.16 061 0.34 0.08 0.23 0.17 0.38 | 1.11
Bt — T, (4055 )K*(892)0Amp 0.20 0.28 0.19 0.03 030 0.26 0.04 0.09 0.55 0.98 | 1.26
Bt — T, (4055) K*(892)0Phase 0.11 0.24 0.13 0.05 0.25 0.12 0.13 0.12 0.14 0.25| 0.53
Bt — Tcg1(4200)+ K*(892)0 Amp 0.30 0.38 0.19 0.22 0.60 0.30 0.09 0.20 0.53 0.73 | 1.27
Bt = T.a (4200)+ K*(892)0 Phase 0.35 0.19 0.12 0.05 0.37 0.20 0.06 0.26 0.11 0.18 | 0.69
Bt — Tcg1(4430)+ K*(892)0 Amp 0.39 0.68 0.16 0.05 044 0.33 0.10 0.16 0.27 2.01 | 2.25
Bt = T.a (4430)+ K*(8 92)0Phase 0.27 0.11 0.14 0.20 0.21 0.13 0.02 0.11 0.08 0.13 | 0.49
Bt — Tcg1(4430)+ [K s ]S Amp 0.33 0.42 0.30 0.14 0.32 030 0.13 056 0.64 3.14 | 3.35
Bt — Tcd(4430)4r [Kﬂr ]5 Phase 0.14 0.27 0.21 0.07 045 0.25 0.08 0.23 0.15 0.28 | 0.75
BT — T3 (4000) [ T }S Amp 0.32 0.12 047 0.21 055 053 0.14 215 043 0.73 | 2.52
B* — Tz (4000)* [ } Phase 0.20 0.25 0.15 0.19 050 0.24 0.17 024 0.18 0.26 | 0.81
BT — ¢(2S) K1(1400)* Amp 0.09 0.34 0.29 0.03 061 038 0.10 0.10 091 0.79 | 1.48
Bt — 4(2S) K;(1400)* Phase 0.29 0.34 033 0.13 049 0.36 0.10 0.26 0.22 0.27 | 0.95
BT — ¢(2S) K(1460)" Amp 0.28 0.37 0.28 0.02 038 052 0.03 023 0.74 2.01 | 231
Bt — 4(2S) K(1460)" Phase 0.03 0.37 0.21 0.11 063 0.21 0.01 035 0.22 0.24 | 0.93
BT — ¢(2S) K*(1410)" Amp 0.01 0.38 0.30 0.08 0.69 050 0.10 0.19 0.65 1.92 | 2.27
Bt — 4(2S) K*(1410)" Phase 0.29 0.29 0.27 0.05 038 0.21 0.04 0.15 0.15 0.25| 0.74
BT — ¢(2S) K*(1680)" Amp 0.04 0.30 0.14 0.21 120 035 0.05 0.15 0.50 1.83| 2.31
Bt — 4(2S) K*(1680)" Phase 0.31 0.22 0.18 0.12 054 0.26 0.03 0.28 0.15 0.26 | 0.85

Tr,(4475 ) mass 0.31 0.56 0.38 0.28 045 054 0.22 042 0.81 0.94 | 1.70
TcEO(4475)0 width 037 0.68 0.24 0.53 0.55 0.54 0.04 036 0.75 0.74 | 1.66

6*50(4710)0 mass 0.50 0.63 0.20 0.10 0.22 0.18 0.12 0.23 024 0.76 | 1.22
TjEO(4710)0 width 0.12 0.44 0.20 0.23 0.17 0.10 0.30 0.26 0.33 083 | 1.14
Teal (4650)0 mass 0.45 0.36 0.33 0.10 0.30 0.14 0.03 0.14 032 1.71 | 1.90
Tca1(4650)0 width 0.28 0.26 0.29 0.17 0.12 0.20 0.02 0.12 0.25 0.57 | 0.85
Tj—1(4800)0 mass 0.09 0.44 0.12 048 0.26 0.62 0.12 081 0.21 293 | 3.19
Tg“a(4800)0 width 0.18 0.32 0.05 0.29 0.25 0.57 0.02 0.66 021 132 | 1.68
Tees1 (4600)0 mass 0.11 0.42 0.14 0.17 046 0.12 0.05 0.14 1.60 0.68 | 1.88
T3551(4600)0 width 0.31 048 0.17 0.14 0.39 0.09 0.01 0.13 205 1.08 | 2.43
Tecs1 (4900)0 mass 0.27 0.25 0.21 0.11 083 047 0.03 0.15 036 1.83| 2.14
Teé§1(4900)0 width 0.38 0.27 0.24 0.04 0.71 0.34 0.01 0.14 0.27 2.11 | 2.33
T§E§1(52OO)0 mass 0.04 0.38 0.61 0.71 1.01 1.01 0.20 0.89 0.49 0.60 | 2.11
T75 (5200 0 width 0.38 1.42 1.48 146 251 1.44 1.27 169 1.15 1.97 | 4.96
T(;51(4200)Jr mass 0.30 0.51 0.14 0.14 032 043 0.11 0.15 0.28 1.30 | 1.57
Tcél(4200)+ width 0.20 0.36 0.05 0.26 0.41 0.38 0.08 0.16 0.23 1.33 | 1.55
T«_»El(4430)Jr mass 0.56 0.80 0.18 0.09 0.22 0.30 0.01 0.20 0.10 3.66 | 3.82
Tca1(4430)+ width 0.16 0.61 0.12 0.05 0.23 0.16 021 039 0.17 1.78 | 1.97

Table 11. Systematic uncertainties on the fit parameters in units of statistical standard deviations,
part 1. The different contributions are: 1) fit bias, 2) MC integration precision, 3) acceptance, 4)
background, 5) masses and widths of resonances, 6) form factors, 7) p — w mixing, 8) S-wave model,
9) lineshapes, 10) alternative amplitude models.
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Fit Parameter 1 2 3 4 5 6 7 8 9 10 | Total
K1(127O)+[D]ﬁK*(SQZ)%*Amp 0.17 0.38 0.21 0.11 0.24 0.23 0.04 0.14 035 1.60 | 1.75

K1(1270)*[D] — K*(892)%7t Phase ~ 0.61 0.39 0.27 0.02 027 0.12 013 014 024 057 1.05
K1(1270)* — K*(892)7F Amp 0.09 038 028 0.07 040 044 0.02 0.16 0.36 094 | 1.28
K1(1270)t — K*(892)7t Phase 0.20 048 020 0.10 0.65 023 016 0.21 030 044 | 1.07
K1(1270)* — [K*a~]g7t Amp 040 0.34 020 030 041 041 0.03 1.68 051 0.57 | 2.04
K1(1270)* — [K*+n~]g " Phase 035 0.29 043 035 056 033 0.14 038 027 047 | 1.18
K1(1400)* — p(770)° K+ Amp 0.32 046 0.8 0.07 028 0.13 019 011 053 1.11 | 1.42
K1(1400)* — p(770)°K* Phase 0.23 022 025 0.18 042 0.09 019 0.22 0.18 024 | 0.75
K(1460)* — [nF7]g K+ Amp 0.00 0.00 028 0.05 035 033 024 3.98 027 293 | 4.99
K (1460)* — [n 7~ ]q K+ Phase 0.00 0.00 0.30 0.17 050 0.27 0.19 0.27 024 0.34| 0.85
K3(1430)* — p(770)°K+ Amp 0.21 0.29 0.17 0.03 0.08 0.10 0.02 0.07 0.11 0.65| 0.78
K3(1430)" — p(770)° K+ Phase 049 0.27 024 010 020 023 0.05 017 0.11 0.25| 0.76
K*(1410)" — p(770)°K+ Amp 0.16 035 0.13 0.17 039 032 0.06 0.08 030 1.65]| 1.81
K*(1410)" — p(770)° Kt Phase 0.06 020 0.19 0.13 0.33 0.13 0.05 014 0.10 0.19 | 0.53
K*(1680)" — p(770)°K+ Amp 0.18 0.35 025 0.19 071 031 007 014 029 1.61| 1.89
K*(1680)" — p(770)°K* Phase 0.10 0.21 0.15 0.05 041 0.14 0.04 0.17 0.14 0.19 | 0.59
T70(4475)0 — Ty (4200)1 7~ Amp 0.05 034 021 032 047 028 0.08 0.69 0.39 080 | 1.35
T0(4475)0 — T,z (4200) 7~ Phase  0.25 0.12 0.12 0.26 025 0.13 0.05 0.17 0.08 0.16 | 0.55
T (4475)0 — p(770)%%(2S) Amp 0.13 034 024 022 014 048 0.13 018 091 1.24 | 1.70
T (4475)0 — p(770)%5(2S) Phase 0.12 032 039 0.12 054 0.14 0.11 025 0.19 0.28| 0.89
Tez1(4650)° — Toz1 (4200)" 7~ Amp 0.49 047 0.32 042 026 041 022 0.13 049 0.87 | 1.43
Toz1(4650)° — Tpz1(4200)Y 7~ Phase  0.01 0.18 0.21 0.15 023 0.6 0.10 0.11 0.06 0.17 | 0.48
Tz1(4650)0 — p(770)%%(2S) Amp 0.11 0.27 0.33 0.17 021 020 0.10 0.10 0.60 0.85| 1.19
Tz1(4650)° — p(770)%)(2S) Phase 0.16 0.20 0.18 0.07 025 0.14 0.11 0.10 0.12 0.15| 0.49
T (4710)° — Toz1(4430)1 7~ Amp 0.21 049 025 0.03 017 042 020 032 046 534 | 542
Tro(4710)° — T,z (4430)Y 7~ Phase  0.11 0.19 0.19 0.15 0.24 021 0.07 022 011 0.16 | 0.55
T, (4710)° = p(770)%4(2S) Amp 0.39 041 039 0.17 014 035 031 025 058 0.76 | 1.31
T (4710)° — p(770)%4(2S) Phase 0.17 0.18 022 0.08 041 0.18 0.03 0.17 0.16 0.19 | 0.64
T, (4800)° — Tz (4200)1 7~ Amp 0.99 050 0.17 040 0.34 041 012 037 037 1.57| 2.11
T, (4800)° — T,z (4200)Y 7~ Phase  0.18 0.16 0.12 0.20 0.17 0.13 0.03 0.16 0.14 0.19 | 0.48
T, (4800)° — Toz1(4430)1 7~ Amp 0.33 039 0.13 024 013 043 0.11 033 0.19 1.66 | 1.86
15, (4800)° — T,z1(4430)Y 7~ Phase  0.09 0.11 0.08 0.12 0.18 0.10 0.05 0.12 0.06 0.11 | 0.34
T, (4800)° — p(770)%4(2S) Amp 0.20 039 042 0.10 014 051 0.04 042 043 2.87| 3.05
T, (4800)° — p(770)%%(2S) Phase 0.15 020 0.16 029 032 022 011 012 0.08 0.17 | 0.62
Toz51(4600)0 — To1(4200)” Kt Amp  0.04 035 019 0.12 025 048 0.12 0.11 0.60 2.52 | 2.68
Toz51(4600)0 — Ty (4200)” K+ Phase  0.23 0.19 0.22 0.05 040 0.8 0.09 0.11 0.12 0.16 | 0.63
Tiz51(4600)0 — Toz51(4000)t 7~ Amp  0.06 0.38 0.26 0.33 0.23 0.37 0.08 028 040 0.97 | 1.30
T.z51(4600)° — Tyzz1(4000)t 7~ Phase  0.03 0.18 0.16 0.06 0.37 0.22 0.01 0.08 0.13 0.21 | 0.57
T.z51(4600)0 — 9(2S) K*(892)° Amp ~ 0.17 0.25 0.20 0.06 0.28 0.28 0.01 0.10 0.76 1.91 | 2.13
Toz51(4600)0 — 9(28) K*(892)° Phase  0.10 0.13 0.13 0.19 020 0.17 0.04 0.10 0.09 0.12 | 0.43
Toz51(4900)0 — 9(28) K*(892)° Amp ~ 0.00 0.26 0.22 0.06 0.88 0.56 0.00 0.11 045 2.75 | 3.00
Toz51(4900)0 — 99(2S) K*(892) Phase  0.39 0.18 0.14 0.17 0.33 0.16 0.01 0.17 0.1 0.19 | 0.67
T2 (5200)0 — Tizz1 (4000)t 7~ Amp  0.22 0.96 0.66 0.39 0.83 0.95 0.53 1.34 0.57 1.06 | 2.58
T2 (5200)° — Toz51(4000)t 7~ Phase  0.08 0.05 0.06 0.06 0.10 0.07 0.08 0.06 0.03 0.05| 0.21
51(5200)° — (28) [K+n~]g Amp  0.28 0.85 0.74 050 0.88 1.19 0.50 1.17 0.57 0.96 | 2.58
T;51(5200)° — ¥(2S) [K+7~]g Phase 0.16 0.12 0.12 0.08 0.28 0.07 019 0.3 0.10 0.11 | 0.47
¥(4360) — 1(28) [7F77]g Amp 0.13 015 0.19 0.17 036 029 024 1.26 0.50 0.67 | 1.63
¥(4360) — 1(2S) [7t7~] Phase 0.19 021 027 024 031 025 005 034 0.15 024 0.75

Table 12. Systematic uncertainties on the fit parameters in units of statistical standard deviations,
part 2. The different contributions are: 1) fit bias, 2) MC integration precision, 3) acceptance, 4)
background, 5) masses and widths of resonances, 6) form factors, 7) p — w mixing, 8) S-wave model,
9) lineshapes, 10) alternative amplitude models.
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Fit fraction 1 2 3 4 5 6 7 8 9 10 | Total

Bt — T (4475)0 K+ 021 036 026 029 060 050 008 039 058 1.8% | 2.22
BT — (28) K*(1680) " 002 034 030 015 142 044 003 015 029 215 2.68
Bt — (25) K1 (1270)* 0.16 041 030 0.06 045 042 019 032 075 1.07 | 1.59
BF[P] = ¢(2S) K1 (1270)* 039 027 026 013 042 030 001 025 0.61 1.50 | 1.81
BF[D] — ¥(28) K, (1270)* 026 030 025 0.11 007 006 014 013 017 259 | 2.64
Bt — 4(2S) K;(1400)* 003 036 021 011 072 019 010 017 0.78 0.92 | 1.49
Bt — 4(2S) K(1460)* 048 0.30 042 0.0 046 0.78 008 048 027 1.31 | 1.83
BT[P] — T.1(4200)" K*(892)° 0.00 0.33 025 0.05 047 037 007 012 029 3.94 | 4.02
BT = T,z51(4600)07+ 024 026 0.11 004 042 022 001 0.05 030 2.12 | 2.22
BT — K3(1430)*(2S) 007 031 021 004 025 014 006 0.08 016 0.75| 0.91

BT — T,1(4200)" K*(892)° 0.30 0.43 0.16 0.19 042 0.11 0.01 0.10 026 0.84 | 1.14
Bt — T,:(4430)" [K+77]g 0.11 025 0.10 0.12 0.08 0.19 0.23 053 011 1.26 | 1.44

Bt — T, (4800)° K+ 049 023 0.13 001 0.1 028 015 024 009 1.42| 1.59
Bt = T,z (4650)° K+ 003 022 023 021 018 009 017 006 026 086 1.01
BF[D] — Tue1 (42000 K*(892)° 022 0.26 0.17 0.10 0.9 0.33 004 025 028 1.70 | 1.82
Bt = Tis1(4900)07+ 0.07 023 0.10 005 081 036 006 014 019 278 | 2.94
BF[D] — p(T70)°T,z51(4000)" 039 0.38 0.12 0.14 0.09 024 011 026 021 3.82| 3.89
Bt = (28) K*(1410)+ 0.02 037 033 012 092 030 000 016 054 1.69 | 2.09
Bt — T (4710)0K + 055 0.36 031 008 0.5 023 032 022 037 1.08| 1.43
Bt — T, (5200)07 " 011 037 031 038 049 055 022 081 028 027 1.33

Bt — Tuzs(4000)* [rt7~ ] 039 022 038 029 038 065 008 055 025 091 | 148
Bt — T, (4430)7 K*(892)° 019 1.39 0.16 0.08 035 022 011 025 027 505 | 527

Bt — (4360) K+ 0.07 019 009 016 014 016 0.8 047 0.15 0.55| 0.83
Bt — T, (4055) K*(892)° 024 030 014 0.06 018 007 004 0.10 0.17 0.97 | 1.09
BH[P] — 4(28) K1 (1400)* 0.00 038 025 030 0.67 021 006 0.17 041 2.03| 2.26
Sum Bt 0.58 0.33 0.15 0.8 027 009 004 036 013 145 | 1.68

Table 13. Systematic uncertainties on the fit fractions in units of statistical standard deviations,
part 1. The different contributions are: 1) fit bias, 2) MC integration precision, 3) acceptance, 4)
background, 5) masses and widths of resonances, 6) form factors, 7) p — w mixing, 8) S-wave model,
9) lineshapes, 10) alternative amplitude models.
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Fit fraction 1 2 3 4 5 6 7 8 9 10 Total

K1 (1270)" — p(770)9K+ 0.37 030 029 005 035 050 0.10 021 022 1.16 | 1.46
K, (1270)+ %K*(892)0 + 0.06 037 021 006 043 033 009 0.14 046 1.14 | 1.42
Ki1(1270) = [Ktn]gnt 0.35 040 027 036 043 035 0.00 0.65 057 0.76 | 1.46
K1 (1270)F [D]—>K*(892) 007 039 017 012 019 015 001 019 038 1.69 | 1.82
Sum K(1270)* 021 032 035 028 056 038 019 039 050 1.67 | 2.01
K, (1400) " — K*(892)07F 025 042 022 009 020 014 022 012 056 1.13 | 1.41
K1 (1400)" — p(770)0K+ 021 045 018 007 029 013 019 011 053 1.14 | 1.42
Sum K(1400)* 020 055 011 007 077 038 0.00 012 059 1.89 | 2.24
K(1460)" — [nfn g KT 0.00 0.01 025 005 028 049 022 046 025 244 | 2.58
K(1460)+ — K*(892)07 " 000 0.01 030 006 034 077 025 026 028 216 | 2.38
Sum K (1460)* 0.00 0.14 027 015 034 169 0.12 301 019 419 | 545
K3(1430) " — K*(892)0x " 019 029 017 003 007 010 0.01 007 0.1 0.68 | 0.80
K3(1430)F — p(770)0K+ 020 029 017 003 008 010 0.02 007 011 065 | 0.78
Sum K3 (1430)* 016 028 017 0.02 008 019 001 007 0.1l 077 | 0.88
K*(1410)F — K*(892)0x " 005 036 022 012 044 027 007 012 026 131 | 1.51
K*(1410)T — p(770)°K+ 010 036 0.09 019 049 033 0.06 006 032 1.64 | 1.82
Sum K*(1410)* 016 0.29 019 020 125 029 002 008 037 239 | 2.77
K*(1680)T — K*(892)07+ 007 034 025 019 069 029 006 014 031 174 | 1.98
K*(1680) — p(770)°K+ 007 034 025 019 072 032 007 014 029 156 | 1.84
SumK*(1680) 006 0.36 023 017 055 010 0.01 015 048 6.04 | 6.10
T (4475)0 = p(770)%4)(2S) 017 0.66 028 027 049 027 013 072 0.7 3.16 | 3.39

7 o(4475)0 = T (4200)" 7+ 017 0.69 028 027 049 027 013 0.72 018 093 | 1.55
000(4475) — T (42000 7= 017 0.69 028 027 049 027 013 072 0.8 093 | 1.55
Sum Tr%, (4475)° 009 181 026 028 046 032 014 070 0.17 69.58 | 69.61

Tee1 (4650)0 — p(770)%4(29) 0.60 0.34 010 0.10 0.09 0.46 0.14 006 023 0.62 | 1.08
To1 (4650)0 — Toz1 (4200) 7 0.58 0.43 0.20 033 013 035 027 006 011 0.75 | 1.21
0y T,:1(4200)* 7= 058 044 020 032 0.14 035 027 006 011 075 | 1.21

(

)

)

TCEI(465O)
Sum T,z (4650)° 0.54 0.33 0.11 0.08 0.10 0.57 0.00 0.05 024 049 | 1.03
Tro(4710)° = p(770)%(2S) 050 0.44 021 0.18 039 039 0.00 030 020 099 | 1.39
% 0(4710)° — Top (4430)T 7~ 017 046 0.16 012 006 021 003 015 010 065 | 0.88
0 (4710)° — Tz (4430) " 7 0.17 046 0.16 0.12 0.06 0.21 0.03 0.15 0.10 0.65 | 0.88

o

)

)

)

)

)

1(

Sum 1%, (4710)° 0.58 0.66 0.25 0.14 043 041 0.02 032 022 0.71 | 1.36
(,61(48000%,0(770)01/)(28) 0.42 035 040 0.26 0.17 0.21 0.15 0.29 0.16 1.82 | 2.01
1 (4800)0 — Tz (4200)" 7t 0.81 046 0.22 028 026 0.14 0.05 031 0.17 0.66 | 1.28
T, (4800)° — T,z (4200)" 7= 0.81 046 0.22 028 026 0.14 0.05 031 017 0.66 | 1.28
71 (4800)0 — Tz (4430)% 0.18 0.21 0.6 0.14 0.07 0.18 0.08 034 0.13 0.75 | 0.93
1 (4800)0 — Tz (4430)" 7t 0.18 0.21 0.16 0.14 0.07 0.18 0.08 0.34 0.13 0.76 | 0.93
Sum T, (4800)° 0.65 0.40 0.19 020 0.19 0.16 0.01 028 015 0.73 | 1.16
0051(460 ¥(29) K*(892)° 0.06 0.20 0.18 0.03 0.13 022 0.09 0.04 038 1.38 | 1.48

)’ —
Toz51(4600)° — Toz1 (4200)" K+ 0.07 038 0.09 0.20 042 040 0.9 008 0.36 326 | 3.36
Tuz51(4600)° — Tozs (4000)* 7= 011 0.31 020 035 025 025 0.05 022 022 147 | 1.63
Sum Tizs1 (4600)° 005 035 020 011 042 021 003 011 024 3.34 | 3.41
“51(5200) = ¢(29) [Ktn]g 015 039 010 012 009 003 0.09 050 0.60 0.71 | 115
T, (5200)° — Tozs (4000)* 7= 0.01 0.32 0.14 0.06 025 0.4 015 071 020 031 | 0.94
Sum T, (5200)° 014 059 021 030 024 019 0.09 050 0.71 0.87 | 1.46

Table 14. Systematic uncertainties on the fit fractions in units of statistical standard deviations,
part 2. The different contributions are: 1) fit bias, 2) MC integration precision, 3) acceptance, 4)
background, 5) masses and widths of resonances, 6) form factors, 7) p — w mixing, 8) S-wave model,
9) lineshapes, 10) alternative amplitude models.
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Table 15. Interference fractions with |IF;;| > 0.30% for the baseline model. The uncertainties are
statistical only.

Decay channel ¢

Decay channel j 1F;[%)]

Bt — T, (4475)° K+

Bt — T, (4200) " K*(892)°
Bt — T, (4475)° K+

Bt — Tt (4475)° K+

BT — T.z51(4600)07+

Bt — 1(28) K*(1410)+

Bt — T.z1(4650)° K+

Bt — (28) Ky (1270)*

Bt — T, (4475)° K+

Bt — T2, (4475)° K+

Bt — T, (4800)° K+

Bt [D] — 4(2S) K1(1270)*

BT — Te.z51(4000) ™ [Tr*rr’]s
BT — T.e51(4900)07+

BT — T.5(4430)" [Kt7]g
Bt — Tk (5200)07+

B*[D] — p(770)°T.z51(4000)+
BY[P] = Tz (4200) " K*(892)°

B*[D] — T.z1(4200) " K*(892)°

Bt — Toz51(4900)07
BH[P] = Tz (4200) " K*(892)°
Bt — T, (4800)° K+

Bt [D] — T.z1(4200) " K*(892)°

Bt — T:0(447J)OK+

BT — T,z (4430)" K*(892)°
0 (4710)° K+

Bt — TL*LI(4800)°K+

BT — T, (4710)

Bt - T;;O(4710)0K+

BH[P] — Tz (4200) " K*(892)°

Bt — Tz (4200)" K*(892)°

B[P] = Tz (4200) " K*(892)°

Bt [D] = T.z1(4200) " K*(892)°

BT — T.5(4430)" [Ktn]g
Bt — T2, (4710)° K+

Bt — T.e51(4600)07+

BT — T.e51(4900)07+

Bt[P] = T (4200) " K*(892)°
Bt — T.z1(4650)° K+

BH[P] — Tz (4200) " K*(892)°
Bt — T.z51(4600)07+

B*[P] — (2S) K;(1400)*

Bt — Ty (4650)° K+

BT — T,z (4200)" K*(892)°
Bt — T.z51(4600)07

Bt [D] — 4(2S) K1(1270)*

Bt [D] — T.z1(4200) " K*(892)°

Bt — K3(1430)T4(2S)

Bt — T, (4800)°K *

BT — T, (4200)" K*(892)°
Bt — Tz (4200) " K*(892)°
Bt — T, (5200)07+

Bt [D] = p(770)°T 251 (4000)
BH[P] — (2S) K1(1270)*
BF[D] — p(770)°T.z51(4000)*

B*[D] — T.e1(4200)" K*(892)°

Bt — K3(1430)4(2S)

B*[D] — T.e1(4200) 7 K*(892)°

Bt — T (4475)° K+

Bt — T, (4800)° K+

Bt — (28) K1(1400)*
B* — 4(28) K (1460)*
B*[P] — (28) K1 (1270)*
B*[P] — (28) K;(1270)*

B*[D] — T.z1(4200)" K*(892)°

Bt — 4(2S) K1 (1270)F 7.87 +0.61
Bt — (2S) K;(1400)* —4.88 +0.68
BY — T (4710)° K+ —4.63 £0.48
Bt — 1(2S) K1 (1400)* 4.62 £ 0.59
Bt — 1(28) K*(1680)* —4.62 + 1.52
Bt — (2S) K*(1680)* 3.74 +0.68
Bt — (28) K*(1680)+ 3.27 +0.56
Bt — (2S) K; (1400)+ 2.84 £+ 0.70
BY = Tr (5 200) —2.57 £ 2.56
BT 5 T.5(4430)" [Kta~]g  2.32£0.19
Bt = Tz (4430)" [Ktn~]g —2.18£0.37
Bt — (28) K, (1270)* 2.04 4 0.14
Bt — 1(2S) K(1460)* —1.96 £ 0.34
Bt — 1(28) K*(1680)* ~1.94£0.82
Bt — 1(2S) K1 (1270)* 1.50 +£0.13
Bt — (28) K1 (1270)* —1.46 +1.17
BY — T (4475)° K+ —1.454+0.10
Bt — K3(1430)7¢(2S) 1.34£0.14
Bt — 1(2S) K(1460)* —1.28 £0.19
Bt — 1(28) K*(1410)* —1.17 4 0.26
Bt — (2S) K*(1680)" 1.114+0.77
Bt — 1(2S) K1(1400)* ~1.10£0.17
Bt — 1(2S) K1(1270)F 1.03 £ 0.08
Bt — T+ (4200)" K*(892)°  1.01£0.19
Bt — 1(28) K1(1270) —0.95+0.34
Bt — 1(28) K1(1270 —0.92 4 0.36
Bt — Tz (4200)" K 892) 0.92 +0.19
BT - Tz (4430)" [KTn7]g —0.80£0.13
Bt — 1(2S) K;1(1400)* —0.79£0.15
Bt — T.z51(4600)07+ —0.77 £ 0.10
Bt — T,z (4430) " K*(892)° 0.72 +0.89
B*[P] — (2S) K1(1400)F  —0.67 £0.23
B [D] — 4(28) K1 (1270)* 0.62 % 0.06

0.61 = 0.09

(
BT = 1(28) K7 (1400)*
(

Bt — T (5200)°7* 0.61+0.61
Bt — 1(28) K*(1410)* —0.61 £ 0.49
BY — T, (4055) K*(892)° 0.61 £ 0.09
Bt — T.z1(4650)° K+ —0.60 +0.28
Bt — T,z (4600)°7* —0.60 £ 0.23
Bt — 1(28) K*(1410)* —0.59 £0.37
Bt — T, (4055) K*(892)°  —0.59 £0.16
Bt — T.e51(4600)07+ —0.58 +0.20
BT — (2S) K*(1410)* —0.57 +£0.26
Bt — 1(2S) K;(1270)F 0.55 % 0.39
Bt — T.z51(4900)07 —0.55+1.15
Bt = T.z(4430)" [K*n~]g  0.55+0.09
Bt — T, (4800)°K * —0.54 +£0.11
Bt — T, (4055) K*(892)° 0.52 £ 0.05
Bt — 1(2S) K;(1270) —0.48 £ 0.43
Bt — 1(2S) K(1460)* 0.46 + 0.16
BT — (4360) KT —0.42 £0.07
Bt — 1(2S) K1(1400)* —0.42 +£0.45
BT — 9(2S) K1(1400)* —0.40 +0.05
BH[P] — (2S) K1(1400)*" 0.38 +0.39
Bt — (2S) K(1460)* 0.38 +0.03
Bt — T (4475)° K+ 0.38 £ 0.10
Bt — T.z51(4600)07+ 0.36 £0.19

Bt — T (4430)7 K*(892)°  —0.36 £ 0.11
Bt = Tz (4430)7 K*(892)°  —0.34 £ 0.16

Bt — T (5200)°7+ 0.34 £ 0.34
Bt — (28) K (1460)* —0.3340.03
Bt — 4(4360) K+ —0.32 +0.08
B — T (4650)° K+ —0.31£0.48
Bt — T, (4055) K*(892)° 0.30 & 0.06
Bt — T.z1(4200)" K*(892)°  —0.30 +0.13
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Figure 7. Phase-space projections of BT — 1(2S)KTnT7~ candidates in the m(7"7~) region
around the p(770) resonance (points with error bars) and fit projections (solid, blue line) for the
baseline model. The displayed x?p,/vip value on each projection gives the sum of squared normalised
residuals divided by the number of bins minus one. The multi-dimensional x? value is x?/v = 1.19
with v = 737.
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Figure 8. Phase-space projections of Bt — ¢(2S)KTn 7~ candidates in the m(K*7~) region
around the K*(892) resonance (points with error bars) and fit projections (solid, blue line) for the
baseline model. The displayed x?p,/vip value on each projection gives the sum of squared normalised
residuals divided by the number of bins minus one. The multi-dimensional x? value is x?/v = 1.09
with v = 577.
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Figure 9. Phase-space projections of BT — 1(2S)K 77~ candidates in the in low m(KT7t7™)
region (points with error bars) and fit projections (solid, blue line) for the baseline model. The
displayed x2p,/v1p value on each projection gives the sum of squared normalised residuals divided by
the number of bins minus one. The multi-dimensional x? value is x?/v = 1.09 with v = 652.
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Figure 10. Phase-space projections of BT — ¢(2S)K 77~ candidates in the high m(KT7t7™)
region (points with error bars) and fit projections (solid, blue line) for the baseline model. The

displayed x2p,/v1p value on each projection gives the sum of squared normalised residuals divided by
the number of bins minus one. The multi-dimensional x? value is x?/v = 1.00 with v = 426.
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Decay channel F;[%)] Baseline Model 1 Model 2 Model 3 Model 4 Model 5

Bt — T (4475)° K+ 1845+ 1.31  18.09+1.21 16.42+£1.79 1721+£1.20 17.66+1.13 18.52+1.20
Bt — ¢(28) K*(1680)* 815+ 1.31 10.22+1.64 7.04+1.26 1210+1.79 13.76+1.69  7.97+1.29
B* — 1(28) K1(1270)* 7.60+£0.85  7.48+0.92 818+£096  7.76+0.76  830+0.81  7.58+£0.84
B*[P] — (2S) K1(1270)* 7.524£0.60  6.75+0.63 7.11+£0.61  6.58+0.63  540+0.50  7.70+0.61
BY[D] — ¢(28) K;(1270)* 6.81+0.45 641044 6.80+£047  6.58+£046  621+042  6.78+£0.44
Bt — 1(28) K1(1400)* 578 £0.62  5.94+£0.64 458+0.71  5.68+£0.65  4.90+0.57  5.47+0.62
Bt — 1(2S) K (1460)* 5264048  531+£043 490+043  536+£044  4.86+043 5154042
BH[P] = T.z1(4200)" K*(892)°  4.604+0.54  4.85+0.58 4.68+0.56  9.64+1.48  3.76+0.51  4.72+0.55
Bt — Tez51(4600) 07+ 4424£098  3.95+£0.84 392£090 4.90+£1.01  9.02+1.78  4.35+£0.098
B* — K3(1430)*(2S) 4354029 4334030 4264029 4254031 4534029  4.34+0.29
Bt — T,z1(4200)" K*(892)° 4024088  542+1.18 3.75+1.18  3.76+£0.88  4.31+0.96  4.19+1.00
BF — T (4430)" [K*77]g 3.414£054  3.09+£048 3.084£0.53  2.03+£0.63  3.39+0.58  3.58+£0.61
Bt — T, (4800)° K+ 3244050  331+051 2294048 2814045  3.264+0.49  2.09+0.42
Bt — T.z1(4650)° K+ 2894045  2.59+£049 287+047  3.94+£058  3.05+0.60  2.85+0.44
B¥[D] — T.z1(4200)" K*(892)° 278 4+0.33  2.83+£0.39 2914+035 3.18+£035  3.19+0.36  2.90+0.33
Bt — Tez51(4900) 07+ 2.60£0.66  2.81£0.68 280+£0.67 340075  1.92+049  2.66+0.68
B*[D] — p(770)°Tez51(4000)* 2064022  342+0.37 2064023 1514022 2164023  2.34+0.24
Bt — 4(28) K*(1410)* 1.79+0.35 1474036 1.64+034  213+0.38  1.84+037  1.71+0.35
Bt — T3 (4710)° K+ 1.734£0.28 1424024 1.67+£030 234+046  1.71+0.28  1.6240.26
Bt — T4 (5200)07F 1.59+£046  1.60+043 1.47+£430  1354+150  1.51+£0.70  1.37+0.58
Bt — Teg1(4000)t [t ]g 1244023  1.16+£020 1.10+0.21  1.44+0.24  1.30+0.23  1.1340.20
Bt — T,z1(4430)" K*(892)° 0754043  0.75+£044 050+0.58  056+£035  0.64+041  1.25+1.19
Bt — 1(4360) K+ 0.644+0.14  0.67+£0.14 060+£0.13  0.63+£0.14  051+0.12  0.68+0.14
B* — T, (4055) K*(892)° 0.524£0.10  0.52+£0.10 0514£0.10 044+£0.10  0.42+0.09  0.55+0.11
B*[P] — (2S) K1(1400)* 0.484+0.18  0.69+£0.21 049+0.19  040£0.15  1.55+0.30  0.45+0.17
BF[P] — ¥(2S) K*(1680)* - 0.43£0.18 - - - -
BY[P] — ¥(2S) K*(1410)* - 0.23+£0.11 - - - -
B* — 1(28) K1(1650)* - —  0.8440.42 - - -
Bt — Ko(1770)F(2S) - —  0.46+0.22 - - -
Bt — K»(1580)"4(2S) - - 017+0.15 - - -
Bt — Tz (4200)" [K+77]g - - - 1.79£0.20 - -
B*[P] — T.z1(4430)" K*(892)° - - - 1.66+0.19 - -
BH[P] — p(770)%T 251 (4000) * - - —  145+044 - -
Bt - T%(0%)r+ - - - 0.17+0.08 - 0.65£0.55
BT = X(1HK+ - - - - 1.28 +0.32 -
BT — Ti(27) K*(892)° - - - - 0.83+£0.15 -
Bt — K*(892)°T.£(07) - - - - 0.2840.08 -
Bt - Tt (0M)n~ - - - - - 0.4940.20
Bt — [rtn7 ] Tohs(07) - - - - —  0.10£0.04
Sum B* 102.69 £4.40 105.72£2.79 97.08£6.52 115.06£3.96 111.55+3.52 103.16 £ 3.01

Table 16. Fit results of the baseline model and of alternative amplitude models 1-5, part 1.
Uncertainties are statistical only.
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Decay channel F;[%)] Baseline Model 1 Model 2 Model 3 Model 4 Model 5

1{1(1270) — p(7T70)° K+ 50.71£2.18  54.95+3.36  49.38+2.22  47.56+2.16  48.80+2.28  51.64+2.18
K, (1270)" — 1{*(892)0 + 19.86+1.44  20.13+1.71  20.33+1.51  21.98+1.56  22.07+1.57  20.17+1.45
K1(1270)" — [K*m ]57+ 11.35+1.45  13.76+£3.25  11.44+1.29  11.01£1.35  10.05£1.30  10.26+1.25

K1(1270)*[D] — K*(892)°7* 8.3240.85 8.1340.89 8.04+0.88 7.9640.86 7.10£0.83 8.2640.84
K1(1270)" — p(1450)° K+ - 0.6941.03 - - - -

K1(1270)" — K*(1410)°7+ - 0.0040.02 - - - -

Sum K(1270)* 90.24+1.83  97.66+£6.26  89.18+1.70  88.50£1.69  88.10£1.65  90.34+1.68

K1(1400)" — K*(892)07F 86.80+£3.78  87.20+£3.81  86.15£5.02  86.25+3.64  83.15+3.87  89.99+3.59

K1(1400)" — p(770)° K+ 22.0844.40  22.23+4.51  23.30+5.86  23.0344.27  26.46+4.43  18.32+4.34

Sum K (1400)* 108.88£0.82  109.44+0.76  109.4440.98  109.27+£0.77  109.61+0.71  108.3120.91

K(1460)7 — [r¥aJg K+ 45.13+4.22  40.89+3.94  42.12+4.28  48.39+3.90  50.70£4.19  44.72+3.86

K (1460)" — K*(892)7+ 35.4144.08  38.66£3.87  38.28+4.19  32.1043.56  29.52+£3.74  35.50+3.63

K(1460)" — p(770)° K+ - 4.7841.76 - - - -

Sum K (1460)* 80.544+0.67  84.33+£1.03  80.40+0.65  80.4840.61  80.22+£0.59  80.22+0.57

K*(1430) — K*(892)°7+ 76.70£3.04  77.74£3.07  76.02+3.14  74.77£3.23  74.32£3.07  76.00+3.08
K3(1430)F — p(770)° K+ 12.714£2.30  11.93+2.28  13.2242.39  14.20+£2.50  14.57+2.39  13.2542.34

Sum K3(1430)* 89.41£0.75  89.67+0.79  89.24+0.75  88.970.73  88.89+£0.69  89.25+0.73

K*(1410)F — K*(892)°7 " 88.50+8.39  84.79+12.04 88.16+8.90  87.81+7.92  95.50+7.08  91.81+7.99

K*(1410)" — p(770)° K+ 38.36+10.46  52.39+14.83  36.70+10.90  20.754£8.09  27.72+£9.53  33.76+10.44

Sum K*(1410)* 126.86+4.83  137.18+2.80  124.874545 108.56+6.22  123.2245.15  125.57+5.14
K*(1680)F — K*(892)°7% 49.69+6.72  45.79+6.564  49.06£7.60  49.31+7.07  50.45+5.25  46.95+6.94

K*(1680)* — p(770)°K+ 31.16£6.11  33.91£6.76  32.00£7.00  34.8246.62  30.88+£4.76  33.80+6.51

K*(1680) — K*(1410)°n+ - 1.72+2.26 - - - -

K*(1680)* — p(1450)° K+ - 0.9641.91 - - - -

Sum K*(1680)* 80.85£0.64  82.39+7.20  81.05+0.84  84.13£1.76  81.33:£0.72  80.74%0.57

K1(1650)T — K*(892)°7+ - - 65.27+22.53 - - -

K1(1650)" — p(770)° K+ - - 28.80+21.48 - - -

Sum K7(1650)* - - 94.0742.32 - - -
K5(1580)" — K*(892)°7+ - - 78.59+30.58 - - -

K5(1580)" — p(770)° K+ - - 19.46£30.69 - - -

Sum K>(1580)* - - 98.0549.36 - - -
Ky(1770)F — K*(892)°7F — - 43.07+24.48 - - —

1{2(1770) — p(7T70)° K+ - - 11.25+16.00 - - -
K5(1770)" — K3(1430)°7* - - 0.4740.52 - - -

K2(1770)F — f2(1270)° K+ - - 0.1840.29 - - -

Sum K5(1770)* - - 108.74+15.75 - - -

T (4475)0 — p(770)%4(2S) 99.04£0.49  98.51£0.56  98.76+0.57  99.83£0.62  99.46+0.33  99.16+0.39

T(4475)0 — Tez1 (4200) " 7+ 0.5040.25 0.7740.29 0.6440.30 0.6240.29 0.2840.17 0.4340.20

T*c0 (4475)0 — Tz (4200) T 7~ 0.50£0.25 0.7740.29 0.6440.30 0.6240.29 0.2840.17 0.4340.20

T0(4475)°[D] — p(770)%)(2S) - - - 0.49+0.07 - -

Sum T (4475)° 100.03+£0.02  100.06+0.03  100.0440.03  101.54+0.23  100.01£0.01  100.0240.02
Tez1(4650)° — p(770)%4(25) 86.66=7.85  83.93£10.64 88.81:8.08  79.98£6.98  91.07£6.96  86.29+7.77
Tez1(4650)0 — Tiz1 (4200) " 7+ 6.62+2.03 9.4643.11 5.79+1.96 6.10+1.76 6.794+1.96 6.5942.00
Te1(4650)0 — Tz (4200) T 7~ 6.61+2.03 9.4643.11 5.79+1.96 6.09£1.76 6.7841.96 6.5942.00
T.21(4650)°[D] — p(770)%(2S) - - - 1.43+0.98 - -

Sum Tpz1 (4650)° 99.8947.37  102.84:£10.42 100.38+7.65  93.5946.16  104.64+7.07  99.47+7.25
Ti(4710)° = p(770)%4(2S 92.35£10.83  95.95+£10.14  88.23+10.77  60.65=11.58  91.02+£9.77  93.52+10.93

Ti(4710)° — Tiz (4430) rr 17.00+£3.82  18.39+4.14 15944394  21.40+5.89 12774377  17.24+4.05

Ti(4710)° = Tiz1 (4430) " 7 17.00+£3.82  18.37+4.13  15.95£3.94  21.43£5.90  12.78%3.77  17.2544.05

T0(4710)° — p(1450)% (25) - - - 3.46+0.80 - -

,((,(4710) [D] — p(770)%%(2S) - - - 2.8542.32 - -

Sum T (4710)° 126.35£10.56  132.71+£9.44  120.13£9.79  109.79£10.66 116.57+9.00  128.01£9.78
T (4800)° — p(770)%(2S) 41.52+5.19  40.07£5.41  40.73+£6.85  57.24+6.84  42.3845.24  52.64+7.37

T (4800)° — Tiz1 (4200) " 7+ 18.03+£5.14  21.59+5.72  19.8546.88  14.79+4.79  18.75%5.62  11.16+4.96

T (4800)° — Tiz1 (4200) " 7~ 18.03+£5.14  21.60+5.72  19.85+6.88  14.79+4.79  18.75+5.62  11.16+4.96

T 1(4800)° — Tz ( 4430)+ 5.44+2.45 4.5942.32 6.034+3.29 2.2041.71 5.14+2.45 2.2241.86
(4800) — T.z1(4430)" 7 5.44+2.45 4.58+2.32 6.03+3.29 2.20+1.71 5.14+2.45 2.22+1.86

T, (4800)° — p(1450)° w(zs) - - - 2.9140.56 - -

Sum TLL1(4800) 88.47+11.26  92.43+£13.00 92.48+15.23  94.14+9.82  90.16+12.22  79.41+8.39
Tezs1(4600)° — (25) K*(892)°  50.87+7.79  44.74+8.18  48.30+8.20  51.78+7.33  70.29+5.41  50.84+8.05
Tees1(4600)0 — Ti1 (4200)” K+ 16.5343.79  19.29+4.44  15.83£3.99  53.60+13.86  6.84+1.82  15.77+3.69
Tez51(4600)° — Tozs1 (4000)F 7~ 9.84+3.28  10.24£3.68  11.764+3.77 4.2942.85 5.81£1.85  11.65+3.59
Tees1(4600)° — 4(28) [Kn]g - - - 24.65+9.72 - -

Sum Tzs1(4600)° 77234522 T4.27£547  75.89+5.58  134.32420.64  82.94+3.87  78.27+5.68
Tezs1(4900)0 — 15(2S) K*(892)° 100 100 100 96.88+1.74 100 100
Tees1(4900)° — 4(28) [K+n]g - - - 3.08+1.73 - -
Te51(4900)° — 16(2S) K*(1410)° - - - 0.00£0.00 - -

Sum Tz51(4900)° 100 100 100 99.9740.01 100 100

T (5200)° — 4)(2S) [Kﬂr*]5 66.28+15.03  71.07+13.65  67.65+55.07  66.33£14.75  58.02+12.27  84.86+14.81
T (5200)° — (m(zumn) 9.37+14.12  13.15+7.05 8.91£21.77  6.18+5.77 9.6545.76 1.36+£2.43

Sum Tz (5200)° 75.6549.18  84.22+11.83  76.56+75.85  72.5149.68  67.67+£6.55  86.21+12.39

T (07) = Tz (4200)7 K — - - - - 85.89£11.39

TEF(0F) = Tees1 (4000) 7+ - - - - - 9.4749.49

Sum 755 (0%) — — — - — 95.36+2.21

Table 17. Fit results of the baseline model and of alternative amplitude models 1-5, part 2.
Uncertainties are statistical only.
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Fit parameter Baseline Model 1 Model 2 Model 3 Model 4 Model 5
Tc0(4475) mass [MeV] 44745+ 6.9 4470.5+ 6.0 4473.1+ 7.0 4471.0+ 5.2 4471.2+ 5.8 44743+ 6.1

c

T%(4475)° width [MeV]  230.8 £19.5 228.7 + 17.1 210.5 + 182 218.6 + 152 2184 + 157 2332 £+ 17.7
T.z1(4650)° mass [MeV] — 4652.54+14.4 4634.3+ 21.1 4644.34+ 15.2 4687.9+ 12.7 4704.94+ 14.9 4655.0+ 14.0
T.z1(4650)° width [MeV]  227.0 £26.3 246.7 £154.0 234.1 4+ 28.0 249.4 £162.7 238.0 £ 32.5 223.2 + 26.2
T%,(4710)° mass [MeV]  4710.24+ 4.4 47102+ 4.2 4710.5+ 4.4 4707.0+ 4.4 47074+ 5.0 4713.1+ 3.8
T%(4710)° width [MeV] 63.6 + 87 539 + 80 61.2 £+ 87 735 + 93 666 + 91 564 + 74
T, (4800)° mass [MeV] — 4784.6+37.4 4751.3+ 29.3 4765.6+ 33.2 4781.0+ 41.8 4784.0+ 36.5 4706.6+ 29.9
T, (4800)° width [MeV]  457.1 +£93.4 386.4 + 68.7 356.0 + 76.4 476.7 +£104.1 476.1 + 95.8 322.4 + 59.1
T.z51(4600)° mass [MeV] — 4577.8+ 9.5 4581.8+ 10.1 4578.5+ 9.5 4568.4% 9.1 4579.6+ 9.9 4576.1= 9.3
T.z51(4600)° width [MeV] 133.0 £28.4 128.8 + 29.0 127.4 + 28.7 130.0 + 28.8 170.0 + 34.4 127.9 + 27.1
T.51(4900)0 mass [MeV]  4924.9422.0 4922.24+ 20.7 4929.9+ 21.8 4935.6+ 20.5 4890.7+ 15.0 4930.0+ 23.6
T.z51(4900)0 width [MeV] 255.0 £54.6 259.6 + 57.1 263.5 + 54.3 275.6 + 56.0 191.8 + 41.7 267.8 £ 59.0
T (5200)° mass [MeV]  5225.1485.7 5227.14+ 26.7 5281.24 51.9 5216.1+ 81.1 5176.1+ 70.8 5141.1+ 72.4
551(5200 O width [MeV] 226.2 £75.5 50.0 =+ 79.5 127.9 +£292.4 297.1 +£185.0 395.5 + 85.9 367.0 + 81.0
T.z1(4200)" mass [MeV]  4257.3+10.8 4276.9+ 12.7 4259.6+ 11.3 4268.4+ 10.7 4254.94 10.9 4249.3+ 10.1
T.1(4200)" width [MeV] 308.2 +£20.4 340.8 + 21.9 312.1 + 21.5 334.7 4+ 23.6 307.6 + 23.0 298.6 + 20.1
T.z1(4430)" mass [MeV]  4468.2421.0 4465.0+ 16.5 4479.2+ 26.7 4619.0+ 59.8 4455.24+ 26.1 4510.9+ 33.5
T.z1(4430)" width [MeV]  250.9 +41.6 207.6 + 35.6 283.4 + 58.0 249.7 4+ 64.7 271.8 + 40.2 301.1 + 59.6
T2:(0%) mass [MeV] - - - 44108+ 1.9 - 4403.3+ 12.9
T9..(07) width [MeV] - - - 100 + 84 - 29.6 + 14.6
XO0(1%) mass [MeV] - - - - 4324.8+ 17.9 -
X0(17) width [MeV] - - - - 137.3 £ 59.0 -
T (27) mass [MeV] - - - - 4597.1+ 85.2 -
T.£(27) width [MeV] - - - - 573.2 +£438.4 -
T1(07) mass [MeV] — - - - 3982.2+ 55.0 -
T.£(07) width [MeV] - - - - 284.0 £246.6 -
TEF(07) mass [MeV] - - - - - 4656.0+ 64.7
TA5(0F) width [MeV)] - - - - - 368.1 +292.2
T:t-(07) mass [MeV] - - - - - 4455.9+ 5.4
T:E(07) width [MeV] - - - - — 291 + 123
A(=2In L) 0.0 —75.7 —86.9 —195.4 —236.9 -80.1
Npar 98 112 116 118 110 112
X2/v 1.21 1.21 1.21 1.22 1.20 1.23
X2/ Noins 1.10 1.08 1.08 1.08 1.08 1.10

Table 18. Fit results of the baseline model and of alternative amplitude models 1-5, part 3.
Uncertainties are statistical only.
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Decay channel F;[%)] Model 6 Model 7 Model 8 Model 9 Model 10 Model 11

Bt — T (4475) K+ 13.20£1.61 2050+ 1.35 22.65+1.57 18124119 1538+1.11 16.86+1.81
Bt — (28) K*(1680)* 9.07+1.46  689+1.19  8.09+1.36  740+1.32 15224220 10.53+2.01
Bt — (29) K1 (1270)* 10.084+0.97  6.95+0.78  8.06+0.88  944+0.84  890+1.05  8.6441.52
B*[P] — (28) K1 (1270)F 6.31£0.55  867+£055 7.55+0.55  6.30+0.56  6.67+£0.62  7.76 +£0.69
B*[D] — (28) K1(1270)* 5.68+0.40  6.84+044  645+043  6.49+043  885+047 9514051
Bt — 1(28) K1(1400)* 452+0.62  529+£0.70  577+0.62  477+£0.61  576+0.66  6.11+0.86
Bt — (2S) K (1460)* 345+0.39  480+£042  3.71+0.29  517+£041 4944042  457+043
BY[P] = Tu;1(4200)7 K*(892)°  3.72+£0.50  4.57+£0.53  446+0.51  4.66+054  876+0.80  8.18+0.82
Bt — Tiz51(4600)07+ 815+ 1.73  4.68+1.07 466+1.15  515+1.21  2.3840.60  2.37+0.90
Bt — K3(1430)*4(2S) 4454031 4384029 4344029 4974031 4744034 4384037
Bt — Tz (4200) " K*(892)° 5374206  3.95+0.83 3204069  3.64+0.59  3.61+£079 3314071
BT = T,z (4430)7 [K77]g 2.814+0.51  2.90+£0.50 2774044 1204047  3.29+£052  3.234+0.55
Bt — T, (4800)°K 2.28+0.42  3.12+034 3394049  261+045  4.03+£051  4.2840.73
Bt — T1(4650)° K+ 3.55+049  341£050  3.03+0.54  292+052  3.00£0.38 287051
B*Y[D] — Tz (4200) " K*(892)°  2.37+£0.32  3.00£0.34  2.79+0.33 3424037 1884027  1.58+0.51
Bt — Ti51(4900)07+ 043+0.11  325+080  3.14+0.85 285+0.76 6.46+180  6.80+2.35
B*[D] — p(770)°T.z51 (4000) 2384025 2024021 3204035 1.03+0.23  089+0.12  1.1840.24
Bt — (2S) K*(1410)* 1574033  1.70+0.34  1.88+036  2.66+043 1174031  0.25+0.17
Bt — T (4710)°K 2.04+0.34 2084032 2324036  1.84+0.33  1.95+0.33  1.60+0.32
Bt — T4 (5200)07F 1.63+£0.51  1.61+0.53  1.73+£043  1.71£0.86  153+043  1.58+£0.45
BF — Tz (4000) " [nt7~]g 1.274£0.23  0.77+0.16 - 1494022  1.10£020  1.0140.19
B — Tz (4430) " K*(892)° 7724315  1.024£049  056+0.30  0.00+£0.01  0.70+0.40  0.71+0.37
Bt — 1(4360) K+ 0.59 +0.13 —  044+0.11 - 0594013  0.60+0.13
Bt — T, (4055) K*(892)° 029+0.07  045+0.10  0494+0.10 046+0.10 0.6840.13  0.60+0.13
B*[P] — (28) K1 (1400)* 0.51+0.17 - — 0544017 0554020  0.4540.27
Bt — (28) K1(1650)* - - - 2284024 - -
Bt — Ko(1770)T1(2S) - 0.31+£0.09  0.20£0.08 - - -
BT = T;1(4200)" [K+77]g - - - 2254024 - -
B*[P] — p(770)°T 51 (4000) - - 095+0.33  1.05£0.35 - -
Bt — (28) mf K*(892)° 4.98 £ 0.55 - - - - -
Bt — (28) K*(892)% 7+ 4.98 £0.57 - - - - -
Bt — (28) p(TT0)3K+ 1.64 £ 0.64 - - - - -
Bt — (2S) K*(892)3n" 1.57 £ 1.57 - - - - -
B*[P] — (28) m{y K*(892)° 1.24 £ 0.21 - - - - -
B* — 1(28) K p(770)° 1.22 4 0.40 - - - - -
Bt — 1(28) K p(770)° 0.11 £ 0.01 - - - - -
Bt — 1(28) K p(770)° 0.00 £ 0.00 - - - - -
Bt — (28) K*(892)4n* - 0.12+0.06 - - - -
Bt — X(4350)Q K+ - 0.08 & 0.05 - - - -
Bt — 1(4660) K+ - 0.03£0.02 - - - -
B*[D] — Tz (4430) " K*(892)° - - - - - 1024041
B*[D] — 9(2S) K*(1410)* - - - - - 0.52+£0.11
Bt — p(770)°T 51 (4000) - - - - —  0.08+0.19
B*[D] — 1(2S) K1(1400)* - - - - —  0.00+£0.00
Sum Bt 119.28 +5.81 103.36 £2.69 105.834+2.82 104.44+3.11 113.05+3.63 110.61 +4.74

Table 19. Fit results of alternative amplitude models 6-11, part 1. Uncertainties are statistical only.
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Decay channel F;[%)] Model 6 Model 7 Model 8 Model 9 Model 10 Model 11

K1(1270)F — p(770)° K+ 49.3442.18  49.374+2.11  50.8442.15  44.9442.10  48.21+2.34  48.42+2.53

K1(1270)T — K*(892)07+ 18.914+1.56  21.47+1.44  24.09+1.48  19.63+1.47  18.26+1.34  20.06+1.54

K1(1270)F — [K+n—]gnt 10.1041.22  11.2241.22  10.54+1.18  10.90£1.19  12.3741.29  10.8841.22

K1(1270)*[D] — K*(892)0n+ 9.59+0.92 8.01+0.83 7.68+0.81 12.48+1.01 8.70+0.90 8.81+1.01

Sum K7;(1270)* 87.94+1.56  90.08+1.67  93.15+1.65  87.94+1.59  87.54+1.56  88.17+1.54

K1(1400) " — K*(892)07+ 90.40+3.93  76.80+4.75  88.49+3.97  84.07+£4.22  80.86+4.56  80.71+7.56

K1(1400)* — p(770)° K+ 18.42+4.92  30.89+5.05  20.0844.70  25.404+4.88  31.8645.12  31.58+8.05

Sum K7(1400)* 108.8241.03  107.704£0.97  108.57+0.91  109.474+0.83  112.7240.84  112.29+0.98

K(1460)" — [rtr| K+ 69.53+5.36  39.74+4.10  27.6843.47  44.43+£3.94  49.74+4.15  53.07+4.56

K (1460)* — K*(892)7 " 15.894£3.91  40.74+4.13  50.13+4.13  35.6443.75  29.4943.71  26.65+3.91

K (1460)* — p(770)° K+ 9.95+2.93

Sum K (1460)* 85.42+1.79  80.4840.66  87.76+1.66  80.07+0.52  79.23+0.47  79.7240.68

K3(1430)* — K*(892)07+ 72.7043.26  74.84+3.15  72.31+£3.23  74.56+£2.92  78.91+2.85  77.4943.08

K3(1430)% — p(770)0 K+ 15.8042.58  14.14+2.44  16.114£2.57  14.3542.26  11.3742.12  12.45+2.33

Sum K3(1430)* 88.50+0.68  88.984+0.72  88.4240.67  88.90+0.66  90.27+0.74  89.94+0.75

K*(1410)% — K*(892)7* 95.94+7.78  80.06+9.47  84.6248.67  81.37£7.51  56.18+14.19  77.12+9.68

K*(1410)* — p(770)° K+ 33.60+11.27  41.864+10.86  30.99+£10.05  27.78+8.02  82.44+12.36  25.94+10.76

Sum K*(1410)* 129.55+4.76  121.92+5.53  115.61+£6.29  109.15+5.43  138.624+2.06  103.06+6.23

K*(1680)* — K*(892)07+ 45.01+6.83  49.254+7.49  41.1448.50  32.1248.55  69.15+4.69  73.33+5.39

K*(1680)* — p(770)°K* 35.4946.49  31.93£6.88  42.70+8.52  51.86+9.33  15.9543.52  20.7144.74

Sum K*(1680)* 80.50+0.34  81.184+0.91  83.84+1.90  83.9842.07  85.10+1.54  94.04+3.38

K5(1770)F — K*(892)0x+ - - 29.83+18.08 - - -

Ko(1770)F — p(770)°K* - - 83.05415.34 - - -

Sum K»(1770)* 112.88+3.14 -

v (4475)0 — p(770)%4)(2S) 98.7740.60  99.2740.36 100 102.554+0.89  98.26+0.63  96.33+1.25
CFU(4475) — Toz1(4200)” 7+ 0.64+0.31 0.37+0.18 - 0.21£0.15 0.91+£0.33 0.82-0.32
T (4475)0 — Tz (4200) T 7~ 0.64+0.31 0.37+0.18 - 0.21£0.15 0.91+0.33 0.82-0.32
v o(4475)0[D] — p(770)%)(2S) - 1.4740.82 2.06+1.00

Sum T, (4475)° 100.0440.03  100.0240.01 100 104.434+1.23  100.0840.03  100.03+0.27
T.1(4650)° — p(770)%)(2S 95.30+£6.69  87.444+6.95  93.53£6.94  88.54+7.13  82.07+8.61  92.41+7.93
T.z1(4650)° %Tr1(4200) 7t 4.40+1.55 5.92+1.73 5.61+1.81 4.97+1.71 6.762.20 3.53+1.61
Toz1 (4650)° — Tz (4200) " 7~ 4.4041.55 5.92+1.72 5.60+1.81 4.96+1.70 6.75+2.20 3.54+1.61
T.c1(4650)°[D] — p(770)%%(28) - - - - - -

Sum Tz (4650)° 104.1046.93  99.2846.52  104.74£7.19  98.47+6.86  95.58+7.65  99.4847.64
v (4710)0 — p(770)%4(2S 05.824+10.39  95.774+9.28  84.7848.79  75.58+11.10  84.8149.33  92.15+12.32
7o (4710)0 — Tz (4430) T 7= 15.07+£3.98  16.57+£3.50  19.33+£3.39  19.364+4.86  17.1243.58  20.03+£4.32
T0(4710)° — Tz (4430)" 7 15.09+£3.99  16.57+£3.50  19.2843.38  19.404+4.87  17.104£3.58  20.03+£4.32

Sum Ty, (4710)° 125.9848.97  128.9148.54  123.39+7.97  114.3448.75  119.03+8.65  132.21412.09
71 (4800)0 — p(770)%)(2S) 27.67+5.88  44.59+5.42  24.86+4.71  35.95+5.00  43.05+4.69  43.9545.64
T, (4800)° — Tz (4200)” 7+ 15.16£7.91  15.49+4.02  19.59+4.09  21.62+1.69  17.054+4.16  13.58+3.99
T (4800)° — Tml(4200)*7r— 15.1747.91  15.4844.02  19.59+4.09  21.614£1.69  17.074+4.17  13.624+4.00
T (4800)0 — Tz (4430) " 7~ 7.50+4.14 6.98+2.72 4.09£1.75 - 4.6642.01 2.94+1.47
71 (4800)0 — Tez (4430) " ot 7.51+4.14 6.99+2.73 4.07+1.74 4.6542.01 2.94+1.47

Sum 7%, (4800)° 73.00£15.77  89.52+9.76  72.21+£7.64  79.18+1.62  86.47+9.55  77.0547.14
T.z51(4600)° — (2S) K*(892)°  63.56+5.78  53.9248.21  54.96+£7.97  55.26+7.42  30.09+8.88  41.05+17.91

T.z51(4600)° — Toz1 (4200)” K+ 10.2042.50  15.2643.55  14.24+3.43  15.7443.46 25124581  20.5845.79

T.z51(4600)° — Tizz1(4000) T 7~ 5.99+2.10  14.21+3.89  10.5543.47 5.83+£2.50  13.74+4.96  20.6445.87

Sum T.z51(4600)° 79.76£3.50  83.39+£6.24  79.75+£5.44  76.83+4.17  68.95+6.67  82.27415.59

Tez51(4900)0 — 15(2S) K*(892)° 100 100 100 100 100 100

Sum T.z51(4900)° 100 100 100 100 100 100

T (5200)° — ¢(2S) [K*r~]g 644041197  49.32410.79  53.50+10.38  49.53+11.13  66.75+12.08  71.57+12.68

Tk (5200)° — Tozs1 (4000)H 7~ 12.7646.96  15.96+7.14  13.61+£6.18  15.0446.79  15.2847.33  10.3646.42

Sum Tz, (5200)° 77.164+8.69 65284525  67.11£5.16  64.57+5.08  82.03+9.61  81.92410.71

Table 20. Fit results of alternative amplitude models 6-11, part 2. Uncertainties are statistical only.
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Fit parameter Model 6 Model 7 Model 8 Model 9 Model 10 Model 11

cCO(447‘)) mass [MeV] 4461.1+ 6.7 44742+ 54 4483.1+ 59 4478.2+ 6.1 4461.4+ 5.6 44684+ 7.5
4475)0 width [MeV] 193.7 + 17.7 227.8 +16.3 2484 +17.4 2262 + 16.3 213.2 + 155 2323 + 224
4650)° mass [MeV] 4691.7+ 14.4 4662.0+13.8 4673.1+12.9 4680.2+ 12.0 4628.5+ 18.4 4651.0+ 15.9

Ten (4475)
Tear ( )
T.z1(4650)° width [MeV]  250.0 £151.6 243.2 £26.6 219.9 £26.8 202.8 + 24.5 250.0 £176.8 239.3 + 30.1
T7%,(4710)° mass [MeV] 4702.7+ 5.9 4710.8%£ 3.9 4705.6+ 4.4 4708.6+ 4.1 4702.84= 4.8 4706.1£ 6.7
T%,(4710)° width [MeV] 72.0 4 10.0 683 + 89 71.0 + 93 580 £ 7.2 750 + 103 66.7 + 11.5

(4800)° mass [MeV] 47274+ 23.6 5100.0+£30.8 4767.1£31.7 4904.1+ 38.1 4779.9+ 33.9 4798.24+ 44.2
771 (4800)° width [MeV]  301.8 + 53.5 650.0 £50.3 426.6 £81.6 650.0 +£115.2 509.7 + 95.2 586.1 +122.4
Toes1(4600)° mass [MeV]  4580.14+ 12.6 4569.3+ 9.2 4565.8+ 9.5 4577.6+ 10.6 4585.2+ 12.7 4568.2+ 14.6
Toes1(4600)° width [MeV]  205.8 + 54.5 128.0 £29.1 134.9 £31.4 164.0 + 384 116.0 + 28.5 92.3 + 21.1
4900)° mass [MeV] ~ 4872.1+ 5.1 4956.1+27.1 4946.4427.6 4963.8+ 30.2 4987.3+ 42.0 5014.1+ 52.7
4900)° width [MeV] 52.1 + 13.9 332.8 £79.7 325.3 £86.6 315.1 + 74.2 466.8 £129.9 462.4 +153.6
T (5200)° mass [MeV] ~ 5272.0+ 41.6 5305.8455.7 5262.0£34.3 5165.0+ 71.0 5226.1+ 26.5 5235.6+ 29.3
51(5200)° width [MeV] 50.0 =+ 61.5 50.1 £79.3 50.0 £57.3 336.6 & 69.9 50.0 + 86.9 50.1 =+ 34.9

cesl

Tec1(4200)" mass [MeV]  4267.9+ 12.7 4238.1+ 9.4 4234.2+ 8.7 42453+ 9.4 42581+ 9.7 423844 11.0
Tee1(4200)" width [MeV] 276.3 £+ 23.3 294.9 +18.3 278.2 £17.2 329.9 + 18.6 350.0 £214.2 350.0 + 66.7
Tec1(4430)" mass [MeV]  4460.9+ 31.4 4480.2+25.2 4482.6+17.6 4700.0+ 20.8 4481.2+ 21.6 4485.1+ 22.6
Tec1(4430)T width [MeV]  329.0 £ 52.8 266.3 +£50.3 195.1 £32.3 50.3 +265.5 255.8 + 414 2519 + 444
A(—2InL) —200.8 +21.2 +88.2 —283.1 +59.5 —68.4
Npar 112 102 100 102 98 108
XQ/V 1.23 1.21 1.21 1.20 1.21 1.21
XQ/meS 1.10 1.09 1.10 1.09 1.10 1.09

Table 21. Fit results of alternative amplitude models 6-11, part 3. Uncertainties are statistical only.
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Decay mode PDG (%) Belle Fit 1 (%) Belle Fit 2 (%) Baseline (%)

Kp(770) 4246 57.3£3.5 58.4+4.3 58.8+4.5
Kw 11+£2 14.8+4.7 22.5+5.2 6.3£3.1
K*(892)m 16+£5 26.0+2.1 17.1+2.3 25.0+6.3
[Km|sm 28+4 1.90£0.66 2.01+0.64 9.942.2

Kfo(1370) 342 - - -

Table 22. Comparison of branching fractions for K7(1270) decays according to the PDG [32] and to
the Belle amplitude analysis [13] with fixed (Fit 1) and free (Fit 2) mass and width of the K;(1270).

E Resonant substructure of the K;(1270)"

The K;(1270)% resonance is the prominent contribution to BT — ¢(2S)K+tntn~ decays
and thus serves as a reference channel for the exotic contributions. Table 22 compares the
branching fractions of the K1(1270) resonances obtained from the baseline model to those
from a BT — JA)KTrtn~ amplitude analysis by Belle [13] and to those from scattering
experiments that constitute the basis for the PDG values [32]. The largest difference between
the PDG and Belle branching fractions is observed for the Kw S-wave, which was considered
to be a K(1430)° resonance in those measurements. We use a more sophisticated K-matrix
approach instead and obtain a reasonable result between the PDG and Belle results.

To translate the fit fractions from table 1 to branching fractions, we include isospin
factors [13] and combine the K7(1270)*[S] — K*(892)°7+ and K (1270)T[D] — K*(892)°7 "
decay fractions taking their interference into account. We describe p(770)° — w mixing
with a combined lineshape 4.8. For the comparison of the branching fractions, it is in-
structive to separate the p(770)" and w contributions. We adapt the procedure from the
Xe1(3872) — J/1hp(770)° /w analysis [15] to quantify the relative rate of the p(770)" and w
contributions by computing the integrals

(v/s123—mK)?
I(s123]a,0) 2/(2 - | A(s123, 93], 8)|* dsas, (E.1)

where s193 and so3 refer to the K77~ and 77~ invariant-mass squared. The amplitude is
given by A(s123,523|a,0) = q(s123, 523) F1(d(s23)) G(s23)° Tezs(s23) (a + 5%71.1(823))7 where
q and § refer to the break-up momentum of the K;(1270)* and p(770)" /w decays. In contrast
to ref. [15] which evaluates the integral at the resonance mass, i.e. I(sj23 = m%1(1270)+|a, J),

we take the broad lineshape of the K;(1270)" into account by weighting with the K;(1270)"
Breit-Wigner, Tk, (1270)+ (5123), as follows:

(mB—my(25))> 9
(Ia.o) = [ I(s12sla,8) [Ty, 1270y (s120)]° dsizs. (E2)
(mK+2myx)?
A measure of the w (p(770)°) contribution is then obtained as R, = %
(R, = 1 — R,). We obtain R, = (0.49£0.24)%, which is then corrected with

B(w — 7)) = (1.53 £ 0.12)% [32] to determine the K;(1270) — Kw branching fraction.
The LHCb collaboration has previously studied the Kj(1270)% substructure in
D - KTK—atn= [68], D' - Ktn 7ntx~ [70] and B? — Dy K*7" 7~ [85] decays. There
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are several notable differences in the parameterisations used. The charm amplitude anal-
yses model the 7r P-wave as the sum of p(770)°, w and p(1450)° Breit-Wigner functions.
In contrast, a special p(770)? — w mixing lineshape is used for B — Dy K*tnt7~ and
BT — ¢(2S)Ktntm~ decays, without a p(1450)° contribution. The LASS parameterisa-
tion [93, 94] is used for the K S-wave in BY — D7 KTn 7~ decays, while the others use
a K-matrix approach.

Table 23 compares the K1(1270)" fit fractions from those measurements to the results of
the BT — ¢(2S)K nt 7~ baseline model. At first glance, the results appear rather inconsis-
tent. There is a large p(1450)? contribution in DY — K7~ 7T7~ decays, in contrast to the
other measurements. The p(1450)° resonance has a huge negative interference with the p(770)°
resonance that may hint at overfitting. In D — K™K ~nt7~ decays, F;(KTp(770)°) <
F;(K*(892)%71) is observed. The other decays have Fj(K+p(770)") > F;(K*(892)°7"). As
the fit fractions are obtained by integrating over the respective decay phase space, this
can be understood as a consequence of different phase-space limits. The kinematically
allowed m(K"nt7~) range extends up to 1367 MeV, 1725 MeV, 3398 MeV and 1593 MeV
for D° - K*K—nt7=, D - Ktn~7ntn~, B - Dy KTntr~ and B* — ¢y (2S)Ktntm™
decays, respectively.® The K p(770)" threshold is close to the K;(1270)* mass, which leads
to a highly asymmetric contribution of the K+ p(770)° channel to the K7(1270)% lineshape.
Therefore a kinematic cut-off in the m(KTn+7~) range removes more of the K+p(770)°
than of the K*(892)°7" contribution. This effect becomes negligible when the cut-off is
sufficiently far away from the K7(1270)" mass.

For a better comparison of the results, we thus recompute the fit fractions in a con-
sistent phase-space region. First, we take the K7(1270)% amplitude models from the
D’ - K*K—atn=, D’ - K*tr~7nt7r~ and B — Dy K™n"7n~ measurements and generate
pseudoexperiments for Bt — K;1(1270)%4(25) decays. Figure 11 compares the resulting
phase-space distributions. Given that these models were obtained from entirely different de-
cays that have a multitude of non-K7(1270)" components and use different parameterisations,
the distributions agree reasonably well. The corresponding fit fractions, now evaluated in
the BT — ¢(2S)K 7w~ phase space, are given in table 24. Here, we compute a combined
77~ P-wave fit fraction and a combined [K*(892)%7]s + [K*(892)°x]p fit fraction for a
better comparability. The obtained fit fractions are fairly consistent. One outlier is a large
[K7]s fit fraction from the D° — K*7~7T7~ model.

3The considered BY — D7 KTn 7~ phase-space region is limited to m(Kzm) < 1950 MéV in ref. [85].
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Fit fraction (%) | D° = KTK~ 77~ D° = Ktn 7t n~ B) = D;K ntn~™ BT - ¢Q2S)Ktntr™
K*[p(770)°/w] | 49.58+1.99+4.35 - 52.544.645.946.9  50.7142.18+3.19

KT p(770)° - 96.30+1.64+6.61 - -

Ktw — 1.65+0.11+0.16 - —
K+p(1450)0 1.504+0.47+1.04 49.09+1.58+11.54 — —
[K*(892)07r+]5 51.224+1.06+£3.21 27.08+0.64+2.82 42.7£7.9£8.9+11.2  19.86+1.444+2.05

[K* (892)07r+]D 2.03£0.17£0.20 3.47£0.17£0.31 — 8.32+0.85£1.54
[K7)sm™ 6.271+0.48+1.66 22.90+0.72+1.89 1.2+£1.6+3.3£1.3 11.354+1.45£2.11

Sum 110.60+2.20+5.76 200.49 106.4 90.24+1.83+3.67

Table 23. Fit fractions of the K;(1270)* substructure in D° — K*K-mtn~ [68],
D — Ktr=rntr= [70] and B? — D7 K*tntn~ [85] decays compared to the results of the
Bt = ¢(2S)KTnt 7~ baseline model.

Fit fraction (%) D K'K ntn~ D’ K'nntn~ BY—D;K'nts~ B' > 9QS)Ktntn™
K+ [p(770)° Jw/p(1450)°] | 53.644.9 58.0146.7 63.8410.2 50.743.9
K*(892)07+ 30.3+3.4 22.142.9 33.5+16.3 28.443.1
[Kr)smt 7.0+1.7 24.8542.0 9.0+3.9 11.442.6
Sum 89.2+6.1 103.5 106.3 90.6+4.1

Table 24. Fit fractions of the K;(1270)" substructure in Bt — K;(1270)"(2S) decays using the
amplitude models from D° — K+*K~-7n7~ [68], D - K*r~at7~ [70] and B? — D7 K*7 7~ [85]
decays. The results of the B* — 1(2S)KTnTm~ baseline model are shown as comparison.
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Figure 11. Phase-space distribution of pseudo BT — K;(1270)%+(25) events generated us-
ing the BY — ¢(28)K 77~ baseline model (black data points) or the amplitude models from
the D° — KTK~7nt7~ [68] (green histograms), D° — K*nx~7t7~ [70] (dashed, red lines) and
BY — DK+t r~ [85] (filled, blue histograms) analyses.
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F Quasi-model-independent lineshapes

Figure 12 shows the determined quasi-model-independent lineshapes for the X© — (28) 77~
resonances, where the expectations from a Breit-Wigner propagator with the mass and width
from the nominal fit are superimposed. The T%,(4475)° state has the highest fit fraction

cc0
of any of the exotic states. Its Argand diagram in figure 12(a) shows a clear circular,
counter-clockwise trajectory; which is the expected behaviour of a resonant state. The quasi-
model-independent lineshapes of the T,z (4650)% and T7%,(4710)° are qualitatively consistent

cc0
with the expectations as well. The phase motion of the T851(4650)0 at low mass hints at a
possible second 17 resonance that is also part of alternative model 4, see tables 16 to 18.
Note that the high-mass tail of the broad T, (4800)" state is outside of the phase-space

ccl
boundary such that the full phase motion cannot be investigated.
The quasi-model-independent lineshapes for the T%. — 1(2S)K 7~ resonances are

ccs
shown in figure 13. The T zz1 (4600)0 has the highest fit fraction of these states and is shown
in figure 13(a). A clear, rapid phase-motion around the resonance pole is observed. The

T.51(4900)° shows an indicative resonant phase-motion as well, see figure 13(b). As the

cesl
boundary, no conclusive statements can be made.

The T.z (4200)Jr state has the second highest fit fraction among the exotic states. The

Argand diagram of the T,z (4200)", shown in figure 14(a), is consistent with a circular

(5200)° state, shown in figure 13(c), has a low fit fraction and is close to the phase-space

trajectory. The quasi-model-independent lineshape of the T,z (4430)" state in figure 14(b) is
more difficult to interpret, as the mass of the T,z (4430)+ state is close to the phase-space
boundary and because of the large correlation with the Tyz;(4200)" state. The pole mass of
the T.z51(4000)" state is outside of the phase space such that only its tail contributes. The
corresponding quasi-model-independent lineshape is consistent with the tail of a Breit-Wigner
function, see figure 14(c).

As the investigated resonances have large decay widths and the interpolated spline
function requires an extensive amount of free fit parameters (12 more than the Breit-Wigner
function), the quasi-model-independent approach is fairly sensitive to statistical fluctuations
in the data, especially near the phase-space boundaries. With this in mind, the agreement
with the Breit-Wigner expectation can be considered as reasonable in all cases.

,53,



_1oF T ] L l~4: T L
: LHCb 9 b { =% F LHCb 9 fb! E :1.25 LHCb 9 fb'
1 ] s 1= L E
: | B0 EI :
0.8F 4 100 E E
L ] 80 R .
06; 7, 60? 7: 0.4:, ,:
L 4 40F = [ 3]
0.4 - E E E B
: 1o e ;
0.2f 1 o 3 0 E
i . . 1 -20F . . 1 -02f 7

0 Es L L L L L L — PSSR S NN ST S T SN S S S Y

34 46 33 46 05 0 0.3 1
(s [GeV] (s [GeV] Re A
(a) Lineshape of the T/, (4475)° resonance.

AL B B B B T T T T 7 LIS B B BN
<14k - 5150 . L ]
= LHCb9 6" 1& "t LHCH 9 fi 150 LHCb 9 fb' ]

12F 1 =00k 1E ¢ ]

I 18 | s ]

: 1 sof . [

0.8 - L
L 1 L ] 0.5 —
0.6 n o 7 N ]
04t 1 sof S o ]
0.2F E } ] I ]
G:' ! I 1 3 -1008 D OS]

33 45 46 a7 33 F5 a6 a7 T 035 0 05 1
(s [GeV] s [GeV] Re A
(b) Lineshape of the T,z (4650)° resonance.

_I-U:‘I““ T T T AL B I B ST ]
=4 LHCb 9 fb' 4 =157 L HCp 9 fb! 1T LHCb 9 fb™" ]

N 1< r ] ,E K ]

1.2 7 E0100[ E 1+ 5

E 85 ] i ]

1+ -] [ 1

b 50 1

0.8¢ E r 1 05 b
0.6 3 o E

04 1 sof 3 o b
0.2F 3 : ] i

N 1 -100F ] [

ol 1 P N H I S NS R ) - E N SR B b
4.6 365 a7 INE 46 465 47 a7 -T 05 0 05 I
Vs [GeV] (s [GeV] Re A

(c) Lineshape of the T7%(4710)° resonance.
B L L B B I00F T~ T T T 1.6 T T ™
=18 LHCb 9 b1 = 9of LHCb 9 fb™! {4 LHCb 9 b~
Lof 1S sof 3B £
L 180 1 F
1.2? E 60; E 0.8? E
I 1 sof 1 0% E
o8 1 aop 300 E
0o TS E B ] E
04F 1 20F 1 % E
0.2 E E i -0.2F E
o) P N RN PR og B b Y| S R B R
i3 45 46 47 33 45 46 47 : 0 03 1 13
(s [GeV] (s [GeV] Re A

(d) Lineshape of the T7%; (4800)° resonance.

Figure 12. (Left) Magnitude, (middle) phase and (right) Argand diagram of the quasi-model-
independent lineshape for X% — (2S)7Tn~ states. The fitted knots are displayed as connected
points with error bars. The Breit-Wigner lineshape with the mass and width from the nominal fit is
superimposed (red line).

— 54 —



1.4 45 E L ]
= LHCb 9 b~ 1 =15 L HCD 9 o 1T LHCb 9 o' ]
1.2r 71 100 1E | 1
I 18 sof 1 0F ]
0.8 = O 1 osf h
0.65 q  -50F E r

04f q 7% ER E
~150F 3 : 1
0.2 B E i 0.5 b

O’w P TSRS RS SR _200:_ | - P PRI S R _; | IR P T P B

3F a5 46 a7 33 a5 a6 a7 T 05 0 05 1
/s [GeV] Vs [GeV] Re A
(a) Lineshape of the T,z51(4600)° resonance.

—1.4 T T 1 _osoE ™ T T 3 M1 T ]
=" LHCb9 b~ 1" 1 LHCb 9 fo' 1 Tiap LHCb 9 b~

12F 3 200F 1E f 3

<) [

IF 1 Sisof 1 o8 E
o 3 0.6F 3

r 100 7 o04f 3
0.6 B g

: 50E 1 02F =
0.4 ] ofF =
02f E 1 02 E
oL -S0E_1_, L I 4 -04p, . L E

46 33 5 46 43 5 05 0 05 1
Vs [GeV] Is [GeV] Re A

(b) Lineshape of the Ti.z51(4900)° resonance.

_oF T T T T ‘_1_7 = [ LI \_1 T ] < — T T T T T T T T _|1;
r LHCb9 fb™ 1 = 80 LHCb 9 fb 7 £ r LHCbO b 1

I 1T f 1= o0sf .
05 18 i :

I 40 ] 0‘6; ] .
0-6p ER S 4 o4 .
0.4F 1 1 oo ]
0.2f 1 Lf 1 o ]

S S 16 a5 s 0.2 ——— 05 7

s [GeV] (s [GeV] Re A

(¢) Lineshape of the T}, (5200)° resonance.

Figure 13.
independent lineshape for

(Left) Magnitude, (middle) phase and (right) Argand diagram of the quasi-model-
TO. — ¢(2S)K 7~ states. The fitted knots are displayed as connected

points with error bars. The Breit-Wigner lineshape with the mass and width from the nominal fit is
superimposed (red line).
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Figure 14. (Left) Magnitude, (middle) phase and (right) Argand diagram of the quasi-model-
independent lineshape for TZ — 1(28)7* and Tt — ¢(25)K ™ states. The fitted knots are displayed

ccs
as connected points with error bars. The Breit-Wigner lineshape with the mass and width from the

nominal fit is superimposed (red line).

Data Availability Statement. This article has associated data in a data repository. The
LHCb experiment has agreed to the CERN open data policy summarised in https://open
data.cern.ch/docs/about. In particular, Level 1 data associated with this publication are
made available on the CERN document server at http://cds.cern.ch/record/2904824 /files/.
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