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ABSTRACT: In this study, a novel computational method was developed to investigate the transport
characteristics of ions in gas-filled radiation detectors, which are closely linked to the behavior of
ions in gaseous detectors. Parameters such as polarizability, mean free path, collision frequency, and
mean free time, which directly impact ion mobility, were physically manipulated using the Monte
Carlo technique, and the results were validated against fundamental physical principles. As an initial
scenario, computations were performed on the mobility of Ar" ions in an argon environment as
a carrier gas. The distribution of the radial velocity components of the ion following an ion-gas
collision was represented as a two-dimensional histogram with a disc-shaped pattern, and this result
was elucidated utilizing the Maxwell-Boltzmann distribution. The findings regarding the mean free
time and mean free path of an Ar* ion in an argon carrier gas align with the results derived from
Skullerud’s methodologies. These findings hold promise for Garfield** simulations, enabling the
computation of ion mobility and even cluster ions in the mixture, thereby considering their impact on
the detector’s gain parameters. The results of this investigation offer novel insights into the behavior
of ions within detector settings, significantly enhancing our comprehension of the mobility of ions
and its effects on radiation detection efficiency.
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1 Introduction

The advancement in particle physics is closely linked to the continuous development of radiation
detector technologies. Resolving the issues associated with detectors is crucial to promote research in
existing accelerator facilities [1]. Gaseous radiation detectors have extensive applications in various
industries, including accelerators, nuclear and hadron physics experiments, astroparticle physics and
neutrino experiments, medical imaging, materials science, and security applications [2, 3]. A common
challenge with these detectors is the presence of ions within the detector volume, which can persist
for extended periods and disrupt the electric field configuration due to their limited mobility [4—6].
Therefore, it is essential to understand the impact of ions on the operation of gaseous radiation detectors
while considering the diffusion and mobility parameters. These parameters are even more significant
when clusters, rather than individual ions, serve as actual signal ions [7].

The positive ion, created by radiation in the drift region of a gas-filled radiation detector, is
given kinetic energy by the electric field. Occasionally, it may lose energy through collisions with
neutral gas atoms or molecules. When the system is in equilibrium, the average velocity of the ion,
v4, or the drift velocity, is proportional to the strength of the electric field, E, in the drift region.
This can be expressed mathematically as in equation 1.1 [6]:

va=K-E (1.1)



The mobility of the ions, K, and the intensity of the electric field applied to the drift area of
the detector are used in many applications. Reduced ion mobility, Ky, is also often mentioned
in the literature [5].

K-N

Ko =
0 Ny

(1.2)

The gas number density, N, is generally expressed in terms of the Loschmidt number, Ng, which
is equal to 2.6867 x 10* m~3. The Townsend unit is used to measure the reduced electric field,
with 1 Td equivalent to 107!V - m2.

The mobility of ions in gas mixtures, particularly in the context of gaseous radiation detectors,
has been investigated through various experiments. Cortez et al. made a significant contribution
to this field by using a gas electron multiplier (GEM) foil to measure the mobility of ions in gas
mixtures [8—11]. Dwivedi et al. used chiral ion mobility spectrometry (CIMS) to measure the mobility
parameters of different ionic structures, including pharmaceuticals, amino acids, and carbohydrates,
providing valuable information on ion mobility [12]. Ellis et al. conducted a comprehensive study that
is widely regarded a key reference in the literature, examining the mobility of ions in gas volumes
and presenting important findings [13-16].

Deisting et al. conducted ion mobility measurements in gases commonly used in gas detectors
as part of an effort to upgrade the ALICE Time Projection Chamber (TPC) detector at CERN [17].
Wyttenbach et al. provided a theoretical basis for ion mobility experiments, presenting a compilation
of concepts and methods used in this field, along with some applications found in the literature [18].
Marrero and Mason published extensive data on gaseous diffusion coefficients under various conditions,
which contributed to understanding the diffusion of ions in gases [19]. Previous sources, such as
the International Critical Tables, Landolt Bornstein Tables, and Thermophysical Properties Research
Literature Retrieval Guide, have presented limited catalogs of measured diffusion coefficients [20-22].
Furthermore, several reviews have provided information on specific aspects of ion mobility and
diffusion, further improving the available literature [23-30].

This research incorporates theoretical deductions to develop a novel computer model aimed
at simulating the movement characteristics of ions or cluster ions in a gas-filled radiation detector.
These characteristics include polarizability, mean free path, collision frequency, and mean free
time. The evaluation of the outcomes derived from the theoretical modeling, which is grounded on
fundamental principles and implemented using ROOT [44], is also encompassed. The findings of
this investigation could potentially revolutionize the development and operation of negative-ion drift
detectors, particularly Time Projection Chambers (TPCs) [51, 52]. These detectors are essential in
diverse scientific domains like particle physics, nuclear physics, and astrophysics, as they facilitate
precise tracking and identification of charged particles. It is important to highlight that Skullerud’s
model serves as the primary foundation of this study, with the subsequent theories forming the
fundamental principles on which the Skullerud Model relies. A comprehensive understanding of
these theories is imperative for accomplishing the study’s objectives.

1.1 Langevin Theory

The Langevin Theory is presented as a fundamental idea for ion mobility in low-strength electric
fields. According to Langevin theory [32], when the hard-sphere repulsion is insignificant compared



to the polarization effect, the reduced mobility reaches its ultimate value. This limit is expressed in
units of cm?> V™! s! and can be calculated using the following equation.

Ky =13.88- (L)2 (1.3)
a-pu

The neutral polarizability (@) of Ar and CO; is 1.64 and 2.613 cubic angstroms, respectively,
as reported in [33] and [34] and g is the ion-neutral reduced mass in units of atomic mass. The
Langevin limit is the value of Ky when both the ratio of electric field to particle number density and the
temperature are low, making the polarization attraction more influential than the hard-sphere repulsion.
Langevin theory provides insight into the mechanisms that control ion mobility in the gas phase
when exposed to weak electric fields. It is a useful addition to earlier theories, which were limited in
their applicability to small electric field strengths and could not accurately capture the complexities

of the physical process in question.

1.2 Mason-Shamp Theory

The Mason-Shamp Theory is analyzed to clarify the transfer of energy in ion-molecule collisions and is
crucial for comprehending interactions between ions and molecules, especially in the realm of gas-phase
chemistry. Introduced by Mason and Schamp in the mid-1900s, this theory offers a detailed explanation
of the energy transfer mechanisms that take place when ions collide with neutral molecules [35].

According to the Mason-Schamp theory, the efficiency of energy transfer during ion-molecule
collisions is predominantly influenced by the mass ratio of the colliding entities and their relative
approach speed. This theory proposes that energy transfer is more effective when the ion and
molecule have similar masses, leading to more efficient collisions [36]. In the context of ion-molecule
interactions, a potential function is formulated, incorporating a fourth-order attraction component and
a hard-sphere repulsion component. Moreover, the same attractive component is combined with an
eighth-order repulsion component. The fourth-order attraction component is derived from a theoretical
framework that takes into account the interplay between the ion’s charge and dipole interactions.
Experimental findings on the repulsion components suggest that the model based on hard-sphere
repulsion demonstrates particular robustness when the impact of the eighth-order term is reduced.

In this theoretical structure, a tensile potential is created using fourth- and sixth-order terms.
Additionally, considering the transfer parameters of the gases, it is expected that the repulsion potential
would have a less powerful effect than the hard-sphere model, but a more powerful effect than
the eighth-order term. Therefore, it was concluded that including a twelfth order term would be
suitable for the repulsion potential.

1.3 Hard-sphere Model

The Hard-sphere Model assumes that ions and gas particles are rigid spheres. Mason and McDaniel
studied the average energy of the ion, which can be used to measure the effective temperature (7.¢)
and the random kinetic energies of the ion [37]. This evaluation takes into account the scattering
probability of the ion in all directions in the center-of-mass frame. The contributions of thermal
mobility and the external electric field can be expressed through the following equation.

3kBTeff_3kBT
22

mgV?2 (1.4)



where kg is the Boltzmann constant, 7 is the temperature, m, mass of the gas atom or molecule,
V is the velocity of the gas atom or molecule. It is common to encounter the following equation for the
mobility of an ion in a gas environment when in thermal equilibrium [38—40].

3e 2r
K =
16N ukpTeg

In view of the association between mobility and speed, the following equation is employed

(1+1)
QD (Teff)

(1.5)

to measure mobility.

1
Q_D] (1.6)

(sl
16N ,UkB Teff
The elastic collision cross section Qp, the reduced mass u, and the correction factor I are all
components of the equation that explains the mobility of an ion in a neutral gas medium (equation 1.4
and equation 1.6). The total momentum transfer, as reported in the literature [41], is the foundation of
these equations. When experimental data are collected, there are several factors that can limit the
results, such as the charge of the electron (e), the mobility (K) and the number of atoms per unit
volume (N). It is known to have an inverse relationship with the gas density for a given effective
temperature value. The drift velocity of ions, at a given temperature, is based on both their mobility
and the effective temperature, as well as on the reduced electric field value. The existing literature
reveals the use of specialized MATLAB scripts [42] to determine these dependencies. An assumption
is made about the perfect symmetry of the system [38]. The code developed for simulating ion
mobility in gas mixtures is based on the “Hard Sphere Model.” Taking into account the information
mentioned above, we can conclude that this choice is appropriate.

1.4 Null collision model

Null-Collision Model is introduced as an innovative method to model ion-gas interactions with higher
precision. In this study, two simulation models were created to explain the mobility of ions in different
physical states in a gas medium. However, the output of this simulation only gave the ion’s velocity
after a single collision. To take into account the multiple scatterings that an ion can experience before
reaching the cathode, a function was added to the simulation code. This function was used to calculate
the time it takes for the ion to reach the cathode because of these cumulative collisions. Using this
improved simulation, the mobility of the ion was determined, and the accuracy of the models was
evaluated by comparing the results with known electric field conditions.

The movement of an ion in a gas medium is not continuous but rather sporadic because of its
inertial mass. As a result, the ion moves by jumping between gas atoms, resulting in an irregular path.
Although the ion generally moves in the direction of the electric field, its progress towards the cathode
may not always be steady. In some cases, the ion may even be reflected in the opposite direction. To
gain a better understanding of ion behavior in a gas environment, it is important to consider physical
quantities such as the ion’s trajectory in a constant electric field, the time taken to reach the cathode,
and the total number of collisions encountered along its path. These quantities can provide valuable
insights into the ion dynamics in gas and help explain the sequence of events.

The frequency of collisions between an ion and gas atoms in a gas environment depends on
various factors such as the ion’s velocity, gas density, and cross-section. Additionally, the number of



gas atoms is influenced by the temperature and pressure of the gas. It can be challenging to calculate a
complex physical event that involves multiple parameters. In 1968, Skullerud developed a model to
determine the duration for which an ion can travel without experiencing a collision. Furthermore, he
proposed an algorithm, based on certain concepts, to address this problem [46]. The average collision
frequency of an ion (v(v)) with an initial velocity v; can be represented as:

v(v) = Nv;o(v) (L.7)

The number of gas atoms per unit volume is represented by N, while the velocity of the ion
is indicated by v. The collision cross section is defined as o (v). The ion experiences continuous
acceleration due to the electric field, which is represented by a. The alteration in velocity can be
basically expressed in the following manner.

v =v;+at (1.8)

The path of the ion’s motion is parabolic as a result of the acceleration. For the interval of
[0, 7] time, the probability that the real duration of free time (without any collision) is higher than
the average duration of free time can be represented as

P(t) =exp (—/T v(|vi + at|)dt) (1.9)

=0

The computer is able to produce a uniformly distributed random number S between O and 1.
P(t)=S$ (1.10)

A computer simulation that is based on a collision frequency that is not dependent on velocity
can help to overcome the restrictions on the number and magnitude of collisions. This would make
the simulation process more manageable and efficient.

By solving the equations together to find the value of 7, the following expression is obtained:
r=v llogs (1.11)

Additionally, the number of collisions that will take place within the period [0, ] can be
easily expressed as:

Il = /Tv(t)dt (1.12)
0

The number of collisions that occur within a certain time period 7 follows an exponential
distribution. This type of distribution is often used to represent events that are not affected by previous
events. However, it is important to consider whether Sklerrud’s equation [46], which is the basis of this
research, is suitable for the physical event being studied. After careful consideration, it is clear that the
number of collisions within a given time 7 is not necessarily determined by the number of collisions
the ion has experienced before that time. Consequently, equation 1.7 can be used to address this issue.



2 Material and Methods

2.1 Ion-gas Interactions

To understand the effect of ions or cluster ions on the signal generation of gas-filled radiation detectors,
it is essential to comprehend the interactions between ions, ion-neutral gas atoms/molecules, and
ions with the internal components of the detector. These interactions can usually be approximated
as elastic collisions. During an elastic collision between an ion and a gas atom in the detector,
momentum and kinetic energy are conserved.

Before collision, an ion with velocity v(vx,vy,v;) and a gas atom/molecule with velocity
w(wx, wy, w_) approach each other. The velocities after collisionare V(Vy, Vy, V) and W(Wy, Wy, W),
respectively. As a general expression for momentum conservation during collision, the following
equation can be written:

Mi[Vi +v3 + i+ mg\2E; cosb = miy|VE+ V3 + VZ +mg Wz + W5 + W? 2.1

In this situation, E stands for the kinetic energy of the gas atom before collision, m; is the
mass of the ion, my is the mass of the gas atom or molecule, and b is the impact parameter for
the particular collision (see figure 1). It is possible to express momentum conservation equations
in three directions: x, y, and z.

mivx + mgwy =m;Vy + mgWy
m;vy + mgwy = m;Vy + mgW,y,

miv; + mgw, =m;V, + mgW,

Given that the collision is expected to happen in two dimensions, it is evident that only a pair of these

equations can be utilized to determine the unknowns. The conservation of kinetic energy equation is

essential for determining the ion’s momentum components along all three axes following the collision.
1 1 , 1

1
Emivz + Emgw = Emin + EmgW2 (2.2)

The range of values for the impact parameter can be established in this collision. When the ion
strikes the gas molecule directly (head-on collision), the impact parameter is zero (b = 0). However,
when the ion collides tangentially with the gas molecule, the impact parameter reaches its highest
value. Thus, the limits of the impact parameter can be expressed as follows.

0 < b < Fas + Fion 2.3)

To simplify ion-gas collisions, it is beneficial to consider the center-of-mass frame. To perform
this transformation, the velocity of the center of mass must be calculated. This can be accomplished
by following the steps described below.

D P =mivi+mgvg #0 (2.4)
Z Pem =mi(vi+vem) + mg(ve +vem) =0 (2.5)
Mmivi + mgyv
VoM = __tt78ts (2.6)
m; +mg



Figure 1. Representation of collision of ion and gas atom.

The momentum of the center of mass (Pcwm) is assumed to be zero during the shift to the center
of mass frame during collision.

Following a collision, the ion and the gas atom are scattered with the same momentum in opposite
directions, creating an angle 6 in comparison to their original trajectories.

mivy +mgwy = m;vcost +mgW cos 6 2.7)
~—_ ——————
0
Two equations of momentum conservation that must be solved in the center-of-mass frame are
expressed as follows under the presumption that the impact occurs in the x-y plane.
miVy +maW, =0
iVx g"x ( 7. 8)
m;Vy +mgW, =0
It is essential to recall that the collision can take place in any plane formed by two of the three
axes. Consequently, it is not feasible to construct a conservation of momentum equation for one of the
axes. Since energy is a scalar quantity, the conservation of the energy equation remains unchanged.

mi [v| =mg |w]|

m; |V =mg [W|
mg [w]
v = ——
l
my |W
V| = L.l

L

The orientation and speed of the velocities of the ion and gas atoms play a crucial role in
determining the chances of a collision or interaction, as illustrated in figure 1. If the ion and gas
atoms move in the same direction and the gas’s thermal velocity exceeds that of the ion, the likelihood
of a collision or interaction decreases significantly. Conversely, when the velocity vectors of the
ion and gas are opposite before collision, the probability of interaction increases. This is where



statistical computations come into play. In a one-dimensional scenario, collisions are ruled out when
the ion and gas velocities are equal and in the same direction. To tackle this issue, the absolute value
function was employed, enabling the resolution of this problem in one dimension by expressing the
gas velocity distribution for collision cases as follows:

m v2

Fow) = =22 347T|W—v|e_2kgT 2.9)
ZﬂkBT

This result obtained with the Monte Carlo method derived can also be mathematically validated
briefly. Given an ion moving at constant speed through gas atoms arranged along a linear path and
possessing velocities following the Maxwell distribution, the initial step involves performing statistics
to determine which gas atom it will interact with. The focus is on the likelihood of collision, which is
influenced by factors like the positions of the ion and gas atoms, as well as the magnitudes and directions
of their velocities. Rather than relying on the simplistic statistical scenarios mentioned earlier, it is
essential to consider velocity distributions. Consequently, the objective is to establish a distribution for
the ion’s or ionic cluster’s free-flight time. Furthermore, the velocity of the ion following each elastic
collision can be determined by applying the principles of momentum conservation. Nevertheless, it
has been noted that the Maxwell distribution alone is inadequate to characterize the velocities of gas
atoms or molecules within the medium. This is because the gas molecules exhibit nonuniform motion
in terms of direction and speed, and these factors significantly impact the probability of collision.

To obtain a probability distribution for the unobstructed movement time of an ion starting at
x = 0 in a one-dimensional phase space, the Delta function can be employed to express the combined
velocity distributions of the gas atoms denoted as k and /, traveling at their respective thermal speeds,

such that f(x) = f(k) + f(I).

+00 +00
/ dl/ dkf(l) f(k)o(k+1—-x) = f(x) (2.10)
Eliminating the delta function yields a result similar to the following.
+00
=—/ dif(h)f(x—-1) (2.11)

The result agrees with the definition of the convolution integral. If we take two gas atoms
with positions x; and x; and velocities v; and v;, the time gaps between their collisions with the
ion can be expressed as:

X1 X2
TI=-—, T=-—
Vi %)
To comprehend the reasons behind the negative values of the expressions, one can refer to the
subsequent equations, keeping in mind that the ion’s position and initial velocity are both zero.

Xion + T1Vion = X1 + T1V]
Xion + T2Vion = X2 + T2V2

Therefore, the duration between the gas atom collisions that will reach the ion initially can be
determined using the subsequent equation.

/_ o / Cay / i / ) dmf(xl)f(vl)f(xz)f(ma(g—(’:—1,;‘—2)) 2.12)



The integral yields the magnitude of the gas velocity |w|, a key observation. The results of the
Monte Carlo method are consistent with the validated mathematical analysis. However, by extending
this computation to three dimensions, the concept of cross-sectional area gains importance. In
collisions involving multiple dimensions, the cross section serves as a critical physical parameter.

2.2 Polarizability effect

In the context of gaseous radiation detectors, a combination of noble gas and molecular gas, referred to
as the “Quencher Gas,” is utilized to decrease the occurrence of photon feedback [43]. The inclusion of
the molecular gas significantly affects the potential interactions between ions and molecules, primarily
because of its polarizability. When the molecular gas becomes polarized, the collision between the
ion and the molecule does not occur in an elastic manner; instead, they orbit around each other
before eventually scattering in opposite directions. Importantly, this process does not involve any
changes in momentum. This section focuses on the mathematical analysis of how polarizability
impacts ion-molecule interactions.

The gain of an understanding of the polarization effect requires the estimation of the average
distance between atoms in a gas. This will enable us to evaluate the alterations in the electromagnetic
force and electric field and their effect on the process. The Loschmidt number indicates that in a 1 cm?
gas volume, there are approximately 2.7 x 10! atoms. Taking the cube root of this figure gives us an
estimate of the distance between atoms or molecules in nanometers. This rough calculation implies
that the ion and the gas atom or molecule are separated by a similar distance.

The electric field strength is directly proportional to the charge of the ion, represented as ¢, and
inversely proportional to the square of the distance between them, represented as riz To further
illustrate this concept, a calculation was performed using a polarizable molecule, such as methane
and argon, a common noble gas, in the detector. The average radius of an argon atom was assumed
to be approximately 70 pm, while the average radius of a methane molecule is around 200 pm. As
expected, the presence of the ion induces polarization in the molecule, resulting in the formation of a
Coulomb field between them. Consequently, the force between the ion and the molecule is inversely
proportional to the square of the distance between them, denoted r% Regarding the electric field, its
magnitude is directly proportional to the charge of the ion, represented as g, and inversely proportional

to the square of the distance between them, represented as riz

1 1 —4e
oC —_ oC
(r+ 6)2 (r- 6)2 r3

In this scenario, the parameter € can be disregarded as it is not significant compared to the gap

(2.13)

between the ion and the molecule. Considering that the electromagnetic force is directly proportional to
the electric field, it can be inferred that the electric force will vary with r% instead of riz It is important
to note that the interaction between the ion and a gas atom or molecule that cannot be polarized by the
ion differs from the interaction with a molecule that can be polarized due to the presence of the ion. The

dipole moment () is directly proportional to the electric field and, consequently, to the electric force.
F=q E=q-% (2.14)
r

In addition, it is basically known that;

1
pocE o — (2.15)
r



The polarizability coefficient («) can be used to illustrate the connection between two entities.

1
,u=a/~E=a/—2 (2.16)
r
The electrical attraction between the ion and the dipole moment can be expressed as follows:
F= % _4 '5“ (2.17)
r r

It can be deduced from the evidence and arguments presented that, when an ion and a gas molecule
interact, polarization occurs, leading to a swirling motion between them. This causes them to be
scattered in the same or opposite directions without altering their momentum. Consequently, using
molecular gases that possess natural self-polarizability, which eliminates the need for an ion to be
close for polarization, is not suitable for gaseous radiation detectors.

2.3 Generating random numbers

2.3.1 Impact parameter

The impact parameter ranges from 0 to the combined radii of the gas and the ion. Taking into account
the normalization condition, the normalization coefficient can be determined.

rg+ri rg+ri 1
/ f(r)dr = c/ 2rrdr =1 c=——m— (2.18)
0 0

- m(rg +1y)>
Taking into account a limited radius (dr) and performing the necessary computations, we get
the following equation; see figure 2.

n(r +dr)* — nr® = 2nrdr
We determined the probability density function for the impact parameter by our calculations.

Fr) = 2nr 2r

n(rg +ri)? - (rg +1i)? @19

Figure 2. Diagram of the method used to generate random numbers for the impact parameter.

Accordingly, the cumulative function is obtained as follows:

Fx) = /O F(r)dr

_/ 2r d
"o Gerr?? (220

x2

B (rg +1i)?

10—



The cumulative function u produces a random number x to be used for the impact parameter,
expressed as:

X2

(rg +1i)?

u=F(x)= X = \/ﬁ(rg +ri) (2.21)

Figure 3. Cumulative intensity function for the impact parameter.

The effect parameter can be assigned random numbers using the following process.

b = ygrandom — uniform(0, 1) (rg + ;)

The ROOT line [44] is a result of this. It can be shown that the sizes of the ion or gas radii
have no influence on the impact parameter. By incorporating the total radius R into equation (2.26),
the following equation is obtained.

-0 b
sin =~ = 2 (2.22)
R
Therefore,
b
—=—= 2.23
cos 7= R ( )
The following equations can be expressed using trigonometric principles.
cos(26) = cos>(0) — sin’(6) (2.24)
0
cos(#) = 2 cos® 5" 1 (2.25)

Using equations 2.21, equation 2.23, and equation 2.25, it can be demonstrated that the distribution
of cos 6 is even across the range [0,1], regardless of the radii of the ion and gas.

—11 -



2.3.2 Scattering angle

The rotation of the axes when an ion interacts with a gas molecule can be determined by computing
the scattering angle (6). As illustrated in figure 1, the following equations have been developed
to calculate this angle.

sina = lj_ (2.26)
I"g ri
\ (g +7i)? — b?
= 2.27
cos (e +70) ( )
sin @ = sin2a = 2 sin @ cos « (2.28)
\(rg +ri)? —b?
sinf = 2b (2.29)
(rg +7;)

2.3.3 Azimuthal angle

When an ion and a gas molecule collide elastically, there is no specific physical law that determines
the random selection of the azimuthal angle. This angle can take any value between 0 and 27, so no
additional laws of physics are required to assign random numbers to it [47, 48].

phi = gRandom — Uniform(0, 2+xTMath :: Pi())
It is sufficient to type a command line in ROOT.

2.4 Rotation of the ion’s velocity vector and rotation vectors

The velocity of the ion in the Cartesian coordinate system can be expressed as the following components.

vx = |v|cosb (2.30)
vy = |v|sin@sin ¢ (2.31)
v, = |v|sin 8 cos ¢ (2.32)

To examine the elastic collision between the ion and the gas atom, we used the center of mass
for simplicity. To do this, the velocity vector of the ion was rotated along a single axis with the
help of rotation matrices. For example, consider the transformation matrix needed to represent
rotation by an angle of « in the x-y plane.

cosa 0 —sina
ROT1 = 0O 1 O (2.33)
—sina 0 cosa

The transformation matrix that must be applied to the x-axis when rotating it around the z-axis
by B is expressed as follows:

cosf sinfB 0
ROT2 =| —sinB cosB 0 (2.34)
0 0 1

—12 -



These operations can make the problem much simpler to handle. Furthermore, these steps are
illustrated in detail in figure 1. To make the simulation code more effective, a single matrix a can be
created to embody the combined effect of these two matrices, as expressed in the following equation.

cosacosf sinf cosfBsina
ROT1 x ROT2 =| —cosasinB cos 8 —sina sin 8
—sina 0 cos @

The trigonometric expressions necessary for solving the system are:

sina = View @)
\/ Viiew ) * Viteow )
VA
s Nz l(CM:(;)z (235)
(e 2) T Vitewm (x)
sinf = Vicewm
\/ Vilew oo * Vit @) + Vitewy (z)

where V; cm)(z) represents the velocity of the ion along the z-axis in the center-of-mass frame
following the collision, V; cwm)(z) and V; cwm)(z) are similar expressions for the x and y axes.

2.5 Application of the null-collision model to the problem

Using the null collision model detailed in section 1.4, equation 1.12 is solved to generate random
numbers for the mean free time (7) of the ion.

P(t) =exp (— /OT vdt) ~ exp(—vT) (2.36)

The outcome indicates that the cumulative function does not reach 1, as T assumes values in
the interval [1, 0], which falls within the range of [0, co]. This discrepancy arises from the null
collision model proposed by Skullerud [46], which suggests that some ion collisions do not lead
to momentum transfer, leaving the ion’s free path unaffected. In this context, a random number is
required to determine the collision frequency (v’). Taking into account null collisions, the artificially
generated collision frequency must exceed the actual one (v). For example, assuming that (v’) is twice
(v), implying that the randomly generated free time (7”) is half of the actual free time (7), results in an
underestimated mean free path, possibly halved. Consequently, it is inferred that half of the simulated
collisions are ineffective, while the rest can alter the ion’s trajectory through momentum transfer. By
generalizing the notion that half of the total collisions are ineffective, one can relate this to Skullerud’s
approach by considering the time (¢) at which the artificially generated collision frequency surpasses
the real one. To address this issue, Skullerud expanded his solution to encompass velocity-dependent
scenarios. He introduced a constant trial frequency higher than the actual velocity-dependent collision
frequency (v(v)), a technique integrated into the simulation algorithm.

We tested the Skullerud method using an example of 7(z) = 1 with a change function of 1 +sin(2¢)
and a fixed random generated collision frequency in the time interval [0,4]. The random data
generated for the free time values of the collisions that will occur in this time interval are filled into
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Figure 4. Histograms for the conditions of free paths of ions.

a two-dimensional histogram. The precision of the method was tested by comparing the fit of the
histogram with the blue line formed by connecting the points distributed according to the mentioned
function. We observed two different outcomes: when the random generated collision frequency value
(v' = 1.1Hz) was less than the maximum value of the actual collision frequency value (v = 2.1Hz),
the theory could not be verified (figure 4(a)). However, when the random generated collision frequency
value (v = 3.1Hz) was greater than the maximum value of the actual collision frequency value
(v = 2.1Hz), the theory appeared to be confirmed (figure 4(b)). This example demonstrates that
Skullerud’s theory is valid as long as the (v’ > v) condition is satisfied.

2.6 Free path and mean free path of the ion

The ion’s free path refers to the distance it covers without engaging with the carrier gas, and this
distance can vary and is contingent on different factors. The average distance an ion travels between
collisions is known as the mean free path. To establish a probability distribution for the mean free
path, one can consider that if an ion moves a very small distance or a multiple of this distance (a)
without any interaction, the derivative’s mathematical definition comes into play.

J(x+06) =(1-6a)f(x)
fx+06) - f(x) =(1=-6ba)f(x) - f(x)

f(x+6) - f(x) —daf(x) (2.37)
6 T4

The mean free path is denoted by the symbol a, thus the solution is f’(x) = —af(x). The
probability function obtained by solving this differential equation is expressed as

fx)=e W (2.38)

The aim of this research is to investigate the influence of ions on gas detectors. To do this,
random numbers must be assigned to the physical quantities used in the calculations. The Monte
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Carlo method is used to generate these random numbers within the ROOT interface of the simulation
program Garfield** [31]. This section of the study will explain which physical quantity, along with
the corresponding physical rule or rules, and how random values will be assigned using a ROOT
command line. To generate a random number for a particular physical quantity, a “Probability Density
Function” (f(x)) must be defined for that quantity. The inverse integral of this function produces a
Cumulative Function (F(x)). This could lead to the development of a subroutine for the simulation
program Garfield** that takes into account the effects of ions, thus providing more accurate results.

y
F(y) = /0 f(x)dx (2.39)

The normalization condition requires f(oo) = 1. Additionally, it is critical to consider the
following regulation to randomly assign a value (y) within the interval (0, 1) when expressed by
the cumulative function (u):

Plu < f(x) = f(x) (2.40)

P(u < f(b)) = f(b) (2.41)
P(Finy(u) <y) = F(y) (2.42)

————

random b

3 Results and discussion

3.1 Collisions and scatterings

This study investigates the behavior of ions in gaseous detectors, including the scattering phenomenon.
The spectrum of the radial components of the velocity of the ion after the collision is obtained, which
reflects the distribution of the radial components of the velocity of an ion that has been scattered
along the z-axis after the collision. The symmetry of these components produces a two-dimensional
histogram with a disc-like shape.

It is important to note that, except for the highest values, the distribution appears to be mostly
uniform, indicating a high level of uniformity. Furthermore, assuming the ion and gas have equal
masses, the radius of the disk-shaped histogram, which represents the maximum velocity the ion can
attain after the collision, is much smaller compared to the maximum velocity achieved when the mass
of the gas atom is 10'? times greater than the mass of the ion. The velocity of the ion before the
collision remains unchanged after the collision, indicating that if the gas mass is significantly larger,
the ion does not transfer momentum or energy. This observation aligns with the principles of physics,
which state that when the ion and gas masses are equal, the post-collision velocity of the ion is half
of the total momentum. Additionally, when the gas mass is twice that of the ion, the momentum is
shared in the same proportion. The computer code developed based on these physical principles has
been validated to be consistent with the laws of physics governing elastic collisions.

The characteristics of the two-dimensional histogram with sharp edges need to be explained.
When the impact parameter is close to zero, it indicates a head-on collision, resulting in a higher
momentum transfer. On the other hand, a larger impact parameter suggests a more tangential collision,
leading to a lower momentum transfer and minimal loss of velocity for the ion. The probability of a
head-on collision is very low, as evidenced by a probability calculation. Therefore, it is important to
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consider the probabilities of different scenarios in order to understand the results of the two-dimensional
histogram. In the case of an ion moving along the z-axis and colliding with a stationary gas atom
or molecule, the impact parameter is represented as b.

b=Rcosg (3.1)

The total radius, R and the scattering angle, 6, are used to transform the distribution of the ratio
of the radial components of the velocity after collision (g) to the distribution of velocity (s). To
accomplish this, a variable substitution is necessary to express them as functions of one another.

s =g(x)

(3.2)
g(x) = sin(2 arccosx)

There are four potential outcomes that can be derived by reversing this function. Nevertheless, two of
these results generate negative values, which are not physically permissible since the impact parameter
cannot be negative. The two valid solutions are:

1-V1—-s2 1+V1-s2
V2o V2

The two directions of the radial velocity component can be expressed mathematically. When

(3.3)

the impact parameter is zero, the radial velocity is also zero, which means a head-on collision.
Conversely, when the impact parameter is equal to the gas radius, the radial velocity is equal to
the gas radius, indicating that the ion merely brushes against and passes through. To calculate
the derivative of the function g, a variable transformation must be performed. The derivative can
then be calculated as follows.

_ (g™ ()

T =10 (g (s))

3.4)

The inverse of g(y) has two distinct answers, so it is necessary to consider the combination of
these two solutions. This leads to the following conclusion.

f(s)= (3.5)

N —

1-s2

Integrating the azimuthal angle eliminates the linear dependence of s. This solution is reflected
in the two-dimensional histogram in figure 5, which shows a flat distribution in the center of the
disk and sharp changes at the edges.

The graph in figure 6 clearly illustrates the precision of the mathematical solution in explaining
the sharp edges of the two-dimensional disk-shaped histogram. The plotted curve is an exact match to
the histogram, indicating a perfect fit. The blue lines in the histogram represent the spectrum of the
radial velocity distribution, whereas the red lines represent the results obtained from the equation.
Note that the histogram is based on the assumption that the mass of the gas is much larger than
that of the ion. Until now, experiments have assumed that the gas atom or molecule was stationary.
However, it is necessary to take into account the velocity caused by the thermal energy of the gas atom,
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Figure 6. Radial velocity distribution spectrum of the ion.

which follows the Maxwell-Boltzmann distribution for particle velocities. The three-dimensional

expression for this velocity is the following:

Vthermal =

3kpgT

(3.6)
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This trial conducted a distribution test on the polar angle, which is the angle of scattering of the
ion. Taking into account the same masses for the ion and gas particles, and a temperature of 0K, it is
highly unlikely that the polar angle would be zero due to a head-on collision. The maximum value of
the polar angle is 7 radians, which indicates nearly tangential collisions, but the probability of this
is still very low. As the temperature increases, the velocity of the gas particles colliding with the
ion also increases, leading to a higher probability of ion backscattering, which is a scattering angle
close to m radians. To compute the distribution under the given conditions, a simulation code was
created. The mass of the Ar* ion was assumed to be equal to the mass of the gas (6.63 10726 kg).
The initial velocity of the ion was set at an average of 40000 cm/s, based on data from sources in
the literature that are relevant to the given conditions.

7\\\\\\\\\\\\\\\\‘\\\\‘\\\\\\\

[
<

N\

z T
S30L T=0K ]
r - ]
g F T=100K ]
£25 T =200 K j
= — T=300K .
E
]
=
=
S
==

o
wn

N
SR NG
R

0 0.5 1 1.5 2 2.5 3
Scattering angle 6 [radian]

10

Figure 7. Distribution of polar angle for various temperature values.

3.2 Free time for the ion

The frequency at which an ion collides with gas atoms varies over time depending on the electric fields
and velocities involved. According to the Skullerud approximation, the collision rate between an ion
and gas atoms is solely dependent on time. Nevertheless, empirical studies using a test simulation code
with diverse ions under varying electric fields and velocities have revealed that the collision frequency is
influenced by multiple physical parameters. The graphs depicted in figure 8 illustrate how the collision
frequency of an ion with gas atoms changes with time for different electric fields and velocities.
The parameters of the Ar* ion were set at a radius of 71 pm [45], a cross section of 615Mb, a
temperature of 300 K, a pressure of 101, 225 Torr, an initial velocity of 5 pm/ns, an electric field of
10° Volt/cm, a mass of 37240 MeV, and a charge of 1 elementary charge. It was assumed that the
ion’s motion was linear. Figure 9 shows the distribution of free times between collisions, which was
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obtained by the Skullerud method. The relationship between the maximum collision frequency and
the collision frequency at any given time was studied. It was found that when the collision frequency
of ions with gas atoms is lower than the maximum collision frequency, the process follows the
expected pattern. However, when the collision frequency exceeds the maximum collision frequency,
ineffective collisions that do not transfer momentum cannot be accurately simulated. To address
this issue, two different methods were attempted.

The first technique attempted to replicate the free collision times, yet this led to additional events
that caused redundancy, as demonstrated in figure 10(b). The distribution of these extra events did not
match the theoretical curve (purple curve) based on the Skullerud approach.
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Figure 10. Distribution spectrum of free times of Ar* ions in Ar gas.

An alternate strategy was used when the maximum collision frequency was less than the
instantaneous collision frequency. In this case, the free time was generated by returning to the point
where the maximum collision frequency was equal to the instantaneous collision frequency, as seen
in figure 10. This showed that if the maximum frequency was calculated within the loop where
the free time was generated, the problem could not be avoided. For this research, the maximum
collision frequency was set to 40 GHz.

The purple line in the graph represents the results obtained from the simulation code developed in
this study using the Skullerud approach, whereas the blue spectrum corresponds to the results obtained
from the Monte Carlo approach. Both approaches were tested in a scenario where the mean collision
frequency exceeded the collision frequency, with the maximum collision frequency set to 40 GHz.

When the rate of collisions exceeds the maximum collision frequency, the Skullerud technique
involves going back to the point of equality and changing the maximum collision frequency accordingly.
This method guarantees that the simulation takes into account the collisions that were not considered.

Determining the appropriate increment for the maximum collision frequency is crucial. For
example, if we use an increment rate of 1.000001, additional events are generated to replace neglected
events, resulting in a peak at the equal point when a total of 10° events are generated, as shown
in figure 11(a). If the maximum collision frequency is lower than the collision frequency, slightly
increasing the maximum collision frequency causes the equality point to shift to the right, leading to
the expansion and growth of the undesired peak. However, increasing the number of generated events
can mitigate this issue, causing the undesired peak to decrease and eventually disappear, aligning the
spectrum with the physical state. This is illustrated in figure 11(b), where events generated by 107
with an increment rate of 1.000001 for the maximum collision frequency are shown. It is important
to note that the Skullerud approach does not provide a clear definition of the increment rate for the
maximum collision frequency. However, this study has developed a method to address this problem
and obtain realistic results. The maximum collision frequency was set at 40 GHz.
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Figure 11. The spectrum obtained when the collision frequency is less than the maximum collision frequency
and the rate of increase of the maximum collision frequency is very small (1,000001).

The spectrum is obtained for collision frequencies that are lower than the maximum collision
frequency, with a slight increase rate of 1.000001 for the maximum collision frequency. The left
side of the figure displays the spectrum of events in free time generated by 10°, while the right side
shows the spectrum for events generated by 107. In this study, the purple lines represent the results
obtained using the Skullerud approach, while the blue lines correspond to the spectrum obtained
with the Monte Carlo approach. The chosen maximum collision frequency for this spectrum is 40
GHz, with a very small increase rate of 1.000001. The left side of the figure shows the free-time
spectrum for events generated by 10°, while the right side shows the spectrum for events generated by
107. This method ensures that the collision frequency accurately reflects the physical conditions, as
shown in figure 10. The collision frequency is updated (increased) (v (Tormer)) for the previous state at
an unfavorable moment if the maximum collision frequency at any given instant during the ion’s free
time interval (0 < ¢ < 7) exceeds the instantaneous collision frequency. This approach guarantees
that the collision frequency obtained is consistent with the physical conditions.

The Skullerud method requires the utilization of the absolute value of the magnitude of the
velocity of the ion since the collision frequency is dependent on the velocity of the ion, as indicated in
equation 3.7. If the ion’s velocity is negative, the collision frequency will also be negative, which is
not physically feasible. This issue is demonstrated in figure 12(a), where the Monte Carlo simulation
(depicted in blue) produces accurate results, while the validation curve obtained using the Skullerud
method is incorrectly calculated. The reason for this discrepancy can be observed in figure 12(b),
where the frequency plot exhibits a discontinuity. The simulation code utilizes the square of the
velocity components, which results in negative velocity values being symmetrically placed with respect
to the x-axis. It can be observed that the velocity of the ion remains negative until approximately
0.02 ns, while the maximum point of the curve derived from the Skullerud approximation increases.
Therefore, it is crucial to consider the magnitude of the ion’s velocity, and thus the simulation code
employs the absolute value expression. The results obtained from the code using the Skullerud method
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Figure 12. Free time distribution spectrum of Ar* ions in Ar gas and variation of collision frequency with time.

are represented by the purple line, while the blue spectrum corresponds to the Monte Carlo approach.
On the left, the free time spectrum is depicted for the case of negative ion velocity, while on the right,
the time variation plot of the collision frequency is shown for the negative ion velocity scenario.

This equation states that the probability of an ion’s free path being equal to or less than a given
value is equal to the exponential of the negative of the product of the ion’s charge and the electric
field strength. This research has hypothesized that the distribution of an ion’s free path within a
gas environment follows an exponential distribution. To mathematically verify this, the Skullerud
equation can be used. This equation states that the probability of an ion’s free path being equal
to or less than a given value is equal to the exponential of the negative of the product of the ion’s
charge and the electric field strength.

P(t) = exp(— /_:) v(|v; + atl|)dt) 3.7

The acceleration of the ion is represented by a, and the change in velocity after a time interval
t is given by at. Adapting the velocity change within this time period according to the unit system
used in the simulation code gives the result.

Ec?t(107%)
V= ——"—+
m

(3.8)

To finish the proof, two suppositions are brought in. To begin with, it is assumed that the ion is
exposed to a steady electric field (E£). Second, it is assumed that the ion has no initial speed. These
assumptions, although not limited to the proof, are made for the sake of simplicity.

21n-6
NoEc-10 te—%ECZIO"’tzo-N

P(1) = (3.9)
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Neglecting the constants, the probability density distribution can be demonstrated by the following
expression.
P(t) =te" (3.10)

It is possible to mathematically demonstrate that the free path of the ion follows an exponential
distribution. To validate this, we obtained the distribution spectrum, which confirms the exponential
nature of the distribution. The parameters used for this figure are the same as those in figure 8.

E TTTTTTTTT T T T TT T T T T T T T T T T T T T T T T T T T T T TT T T T
2
L0*
g e
= o
» Ny
] b
10’ s
I 9
.
N,
“‘k
\
10 \"-‘
AN

I 8

5
M

0 05 1 15 2 25 3 35 4 45 5
Step length [um]

Figure 13. Distribution spectrum of the free path of Ar* ions in Argon gas.

A more persuasive justification for why the exponential distribution is anticipated for the free
path in a gaseous medium is that the likelihood of the free path experiences the following alterations.

f(A) = oNe 7N (3.11)

The plot in figure 13 clearly shows an exponential distribution, which confirms the expectation.
This implies that the free path of the ion is determined by the number density (N) and the cross section
(o) of the gas. This result confirms what was previously established.

For the purpose of simplifying the analysis, take fy(x) and f,(y) as exponential distributions
with mean values of A and u respectively. This describes the velocity distributions of two gas atoms
in a one-dimensional phase space, as illustrated in figure 14.
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Figure 14. Auxiliary diagram for explaining the method involving obtaining the free time distribution of the gas
atom that will carry out the first collision.

We can see that the exponential distribution for z is the minimum of the x and y distributions.
By deriving the mathematical expressions and studying the resulting distribution z, we can gain
a better understanding of this.

+co 1 = _=z 1 _Z(L_,_%)
fx(z) dy fy(y) = ze e # = Ze H (3.12)
Z
e l —_Z 4 1 —z( 141
£(2) / di fx(x) = ZeTred = Ze ) (3.13)
Z
The sum of the results of the above integrals can be written as
I 1) (141
(;+Z)e <(5+4) (3.14)

When we assume that u is equal to A, the time of the first collision is found to be half of the
average collision time, which is equivalent to the amount of gas atoms present.

If we consider a system with n atoms, the time for the first collision can be calculated by dividing
the average collision time by n. For example, in a volume of 1cm?, there are 2.7 x 10% gas atoms,
making the time of the first collision minuscule. Nevertheless, it is expected to be similar to the
average collision time. Moreover, the mean real-time in an environment with n gas atoms can be
determined by using the expression for the average collision time of an ion with a gas atom in its

surroundings, which is .

=)y = (3.15)

The actual number of gas atoms denoted r, is very large, which means that the average free
time is expected to be minuscule. This could lead to confusion as to why the result is much smaller
than the average free time reported in earlier studies, since the mean free time is already the time
needed for the first collision to take place.

It is essential to take into account that the average free time is an average value derived from a
distribution that includes values close to zero. It is quite common for these values to be concentrated
around the minimum collision time. Thus, even though the average free time is quite small, it is a
normal characteristic of the distribution due to the presence of such near-zero values.
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In conclusion, this study has made considerable progress in understanding the behavior of ions in
gaseous detectors, particularly by focusing on collisions, scatterings, and free-path characteristics.
Through comprehensive simulations and mathematical modeling, we have validated the Skullerud
technique for calculating collision frequencies and free paths, guaranteeing that our results accurately
reflect physical conditions. Our discoveries demonstrate the importance of taking into account various
physical factors such as ion velocity, gas mass, and collision frequency in determining the behavior of
ions within gas detectors. The successful application of these methods in our simulations provides
a more detailed comprehension of ion interactions in gaseous environments, which is essential for
the development and optimization of gas detectors. The knowledge gained from this research not
only confirms existing theories, but also opens the door for future progress in the field of particle
physics and gas detection technology.

In this study, a novel computational method was developed to investigate the transport characteris-
tics of ions in gas-filled radiation detectors, which are closely linked to the behavior of ions in gaseous
detectors. Parameters such as polarizability, mean free path, collision frequency, and mean free time,
which directly impact the mobility of the ion, were physically manipulated using the Monte Carlo
technique, and the results were validated against fundamental physical principles. As an initial scenario,
computations were performed on the drift of Ar* ions in an argon environment as a carrier gas. The
distribution of the radial velocity components of the ion following an ion-gas collision was represented
as a two-dimensional histogram with a disc-shaped pattern, and this result was elucidated utilizing the
Maxwell-Boltzmann distribution. The findings regarding the mean free time and mean free path of an
Ar” ion in an argon carrier gas align with the results derived from Skullerud’s methodologies. These
findings hold promise for Garfield** simulations, enabling the computation of ion mobility and even clus-
ter ions in the mixture, thereby considering their impact on the detector’s gain parameters. The results
of this investigation offer novel insights into the behavior of ions within detector settings, significantly
enhancing our comprehension of the mobility of ions and its effects on radiation detection efficiency.

4 Conclusion

A novel computational modeling approach utilizing the Monte Carlo method was developed to
investigate the ion transport properties in gas-filled radiation detectors. Essential factors affecting
ion movement, such as polarizability, mean free path, mean free time, and collision frequency,
were examined. The analysis focused on the motion of Ar* ions in argon, with the accuracy of the
results confirmed through the Maxwell-Boltzmann distribution and compared favorably to Skullerud’s
techniques. The outcomes have potential implications in Garfield** simulations, enabling the evaluation
of ion mobility and the effects of cluster ions on detector gain parameters. This study offers valuable
insights into the behavior of ions within detectors, improving our comprehension of ion mobility
and its impact on radiation detection efficiency. The research results illustrate the dynamic nature of
ions in gas environments, underscoring the significance of understanding ion mobility to enhance gas
detector simulations and propel the advancement of more effective detection systems.
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