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contribution needs to be taken into account.
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1 Introduction

Gravitational wave (GW) astronomy opened the door to the exploration of the Universe
through gravitational radiation [1, 2]. With already O(100) GW events detected from
the LIGO-Virgo-KAGRA Collaboration [3–5], we started constraining both astrophysical
properties of the sources [6, 7] and cosmological properties of the Universe [8–10]. For instance,
a single binary neutron star event with an electromagnetic counterpart has been remarkably
effective in ruling out entire classes of modified gravity theories [11–13]. Given the great
potential of the next observational runs, it is paramount to find novel ways to exploit this
new probe for cosmological purposes, especially because GWs have the potential to answer
some of the open questions in cosmology.

One very exciting possibility is related to shedding light on the nature of dark matter [14].
So far, many viable candidates have been proposed, see, e.g., refs. [15, 16], including Weakly
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Interacting Massive Particles (WIMPs) [17, 18], axions [19–21], sterile neutrinos [22], and
Primordial Black Holes (PBHs). Despite being initially proposed in the early ’70s [23–26],
PBHs received a newly found interest after the first LIGO detection [27–29]. In contrast
to ordinary astrophysical black holes (ABHs) created at the end of the stellar cycle of very
massive stars, PBHs form (in the most standard scenario) in the early Universe, during the
radiation-dominated era. Moreover, since their formation mechanism is not related to any
astrophysical process, they can in principle have any mass.

One guaranteed signature of this dark matter candidate is GW emission from dynamical
processes involving PBHs, such as binaries’ inspirals and mergers, see, e.g., refs. [30, 31].
In fact, current constraints on PBH abundance come from a variety of different probes,
see, e.g., refs. [32, 33] for recent reviews, including GW experiments. Depending on the
nature of the process and the mass of PBHs, the characteristic GW emission can peak over
a broad frequency range: from the nHz band probed by pulsar timing arrays [34–38], to
the mHz-dHz band probed by future space-borne interferometers (e.g., LISA [39], Big Bang
Observer [40], and DECIGO [41, 42]), up to the Hz-kHz band targeted by current and future
ground-based GW observatories (e.g., LIGO, Virgo, KAGRA, Einstein Telescope [43, 44], and
Cosmic Explorer [45, 46]). Therefore, PBHs are expected to leave an imprint on top of the
gravitational wave background (GWB) sourced by other known astrophysical sources, such
as astrophysical black holes of any mass, neutron stars and white dwarfs.1 It then becomes
extremely timely and important to characterize PBH GW signatures, and possibly find novel
techniques to isolate PBH contributions from the expected astrophysical ones.

Several authors already analyzed detectability prospects of PBH binaries [47–53] that
formed either in the early Universe before matter-radiation equality [29, 54, 55], or at late
times in small dark matter halos [27, 28]. However, limited attention has been payed to PBH
phenomenology in dense astrophysical environments, such as stellar clusters [56, 57]. Since
it is widely recognized that compact object binaries in different kinds of cluster strongly
contribute to GW emission due to enhanced interaction rates [57], it is also reasonable to
expect a strong PBHs contribution coming from the very same type of environments. If so,
current estimates of the GWB are missing a potentially significant contribution coming not
only from PBH-PBH and PBH-ABH binaries, but also from GW bursts generated by compact
objects flybys. Several studies in recent years highlighted the role of ABHs in globular [58–60],
nuclear [61–65] and young [66–70] clusters. Despite all these types of star clusters being
gravitationally bound systems, they have substantially different formation histories and
properties. In particular, globular clusters (GCs) represent the most interesting candidate
to study the impact of PBHs on dense environments, because of their early formation time
and large central density.

This work aims to provide, for the first time, a comprehensive modeling of the GWB
produced by PBH dynamical encounters in dense environments. We build a semi-analytical
model that accounts for PBHs in GCs, and we derive from first principles all the relevant
probability distribution functions that regulate gravitational interactions between different
kinds of compact objects in the cluster. Then we estimate the contribution to the GWB

1In this work, we do not consider the so called cosmological GWB, sourced in the very early Universe, see
e.g., [33] for a review. In that case, the process of PBH formation can further contribute to GW emission.
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generated not only by binaries formed via direct capture and three-body processes, but also
by hyperbolic encounters. The former contribution peaks in the frequency band probed
by the ground-based GW observatories, and we show that this binary formation channel is
potentially detectable for next generation instruments. Moreover, we show that this novel
PBH GW signature can be more prominent than those of other more established channels,
such as early- and late-time PBH binaries. On the other hand, despite the large interaction
rate, the hyperbolic encounters contribution peaking in the mHz band will not be detectable
by future space-borne GW detectors.

The paper is organized as follows. In section 2 we describe PBH binary formation
channels, and we start introducing a coherent model of GCs that incorporates PBHs. The
GC model is fully characterized in section 3. In section 4 we compute the PBH contribution
to the GWB, including different kinds of dynamical interaction in different frequency bands,
and we compare it to the more established contributions, both primordial and astrophysical.
Finally, we conclude in section 5. Appendices contain additional information regarding typical
timescales associated with the GC model (appendix A), relative velocity distributions of
compact objects inside GCs (appendix B), hyperbolic encounters dynamics (appendix C)
and probability distribution functions (appendix D).

Fiducial cosmology. In this work we assume a spatially flat ΛCDM cosmology [71] with
present-day Hubble expansion rate H0 = 67 km/s/Mpc, present-day matter and radiation
relative density Ωm0 = 0.307 and Ωr0 = 9.061 × 10−5, respectively.

2 Primordial black holes

In the most common scenarios, PBHs form before Big Bang Nucleosynthesis from the
gravitational collapse of large density perturbations; see, e.g., [30, 31] for extensive reviews of
different formation mechanisms. However, regardless of their origin, only PBHs with masses
larger than MPBH ≳ 10−18 M⊙ evaporate via Hawking radiation on a timescale larger than
a Hubble time, and are considered as a viable dark matter candidate. Their abundance is
parameterized by the relative abundance parameter fPBH = ρ̄PBH/ρ̄dm, where ρ̄PBH and ρ̄dm
are the background PBH and dark matter energy densities. The mass distribution of PBHs
is described as [72]

dfPBH
dMPBH

= fPBH
dΦPBH
dMPBH

, (2.1)

where dΦPBH/dMPBH encodes the shape of the PBH mass distribution, and it is normalized to
unity. Different formation mechanisms typically produce different mass distributions, however
in the following we focus exclusively on the so-called monochromatic case, widely used in
the literature, where dΦPBH/dMPBH = δD(MPBH − M⋆

PBH) is a Dirac delta centered at mass
M⋆

PBH; further discussion on this can be found in section 4.4. Our results can be converted
so to account for an extended mass function e.g., by following the approach in ref. [72].

While current abundance constraints appear to rule out PBHs as a significant constituent
of dark matter [30, 31] on some mass ranges, these upper bounds on fPBH suffer from many
kinds of uncertainty. In particular, constraints in the O(10) M⊙ mass range have been
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showed to not be robust under changes in the PBH mass distribution, see, e.g., ref. [72],
or under changes in the modeling of the observable, see, e.g., refs. [73–75]. Since in the
next sections we are mainly interested in GW emission in the frequency band probed by
current and future ground-based GW observatories, we assume as benchmark values for PBH
masses MPBH = 1, 10, 100 M⊙. Because of the aforementioned uncertainties, we test different
values for fPBH, including the extreme case fPBH = 1 in which PBHs constitute the totality
of dark matter. Finally, we assume PBHs to be spinless.

In this work we investigate three main PBH contributions to the GWB: early- and
late-time binaries, in sections 2.1 and 2.2, respectively, and the novel PBH contribution
sourced in dense environments, which we introduce in section 2.3. We discuss additional
contributions that will be the subject of future work in section 5.

2.1 Early-time primordial black hole binaries

Even during the radiation-dominated era, pairs of PBHs can form bound binary systems if they
decouple from the background expansion [29, 76, 77]. Tidal forces generated by surrounding
bodies and by the overall dark matter field (in the case PBHs do not constitute the totality
of dark matter) avoid heads-on collisions and delay the merger, making the signal potentially
observable today [54, 55, 78]. Following the formalism outlined in ref. [52], we parameterize
the merger rate of early PBH binaries for a monochromatic PBH mass function as

REPBH(z) = f
53/37
PBH Am

(
t0

t(z)

)34/37 (MPBH
30 M⊙

)−32/37
, (2.2)

where t(z) is the cosmic time at the time of the merger, t0 = t(0) is the age of the Universe,
and Am is an amplitude parameter. This formulation was originally derived in ref. [55],
based on the initial distribution of the orbital parameters of PBH pairs in the radiation-
domination era. While the dependencies on fPBH, t(z) and MPBH are analytically derived,
there are significant uncertainties on the amplitude Am. This parameter depends on the
properties of the environment at formation and during binary evolution across cosmic
times [54, 79–82]; its value is estimated from numerical simulations. Refs. [83, 84] showed
that Am ∼ O(10) Gpc−3yr−1 when only early and ABH binaries are considered. In section 4.4,
we consider the two cases Am = {0.37, 12} Gpc−3yr−1 when fPBH = 1. These values allow
us to obtain a PBH merger rate (including early and late binaries, see next section) that
does not exceed LVK constraints and is not in contrast with expectations on the merger
rate of ABH binaries from stellar evolution models.

2.2 Late-time primordial black hole binaries

Another well-known PBH binary formation channel is given by direct capture processes in low-
mass dark matter halos [27, 28]. In this kind of environments, where relative velocities between
halo objects are relatively low, unbounded PBHs can form binaries via the emission of GWs.
Also in this case, we follow ref. [52] and we parameterize the late-time binary merger rate as

RLPBH(z) = f2
PBH

∫
dtdp(td)

∫
dMh

dnh
dMh

RBF,h(Mh, z) , (2.3)
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where td is the time delay between the binary formation and merger, p(td) is the time delay
probability distribution function, Mh is the mass of the host DM halo, dnh/dMh the halo
mass function, and RBF,h(Mh, z) is the binary formation rate per halo due to a direct capture
process. This parametrization has been widely adopted in the literature, starting from
refs. [27, 72], and it relies on the fact that the PBH number density inside an halo — which
enters squared in the two body process in equation (2.3) — can be expressed in terms of its
radial density profile. Finally, as detailed in section 4.3.1, the rate per halo RBF,h depends on
the relative velocity between the two PBHs. Its value gets renormalized in the analysis such
that the total rate late-binaries’ merger rate is RLPBH(z) ≃ 2 Gpc−3yr−1 when fPBH = 1.2

2.3 Primordial black holes in globular clusters

The dark matter content of GCs is largely debated. On the observational side, the conclusions
are extremely sensitive to the adopted priors and parametrizations — see e.g., appendix C
of ref. [87] for a short summary of observational searches for dark matter in GCs. On the
simulation side, even though numerical simulations usually include dark matter at initial
time [88–92], this component is either retained or tidally stripped by the host galaxy depending
on the nature of dark matter and on which astrophysical prescriptions are included in the
simulations. The details of these processes are currently highly uncertain and, depending
on the parameters of the simulation, the final outcome can be significantly different, see,
e.g., refs. [93–97]. Despite this underlying uncertainty, it is commonly accepted that, if
dark matter is retained inside GCs, it is more likely to be found in their cores [97–99]. In
particular, it has been shown that a dark matter component is expected in the core of GCs
that formed at early times z ≳ 7 inside dark matter minihalos [97], even after accounting
for the action of the tidal field of the host galaxy [88, 100].

If PBHs account for at least part of the dark matter and remain bounded to the clusters
across their evolution, the possibility of finding them in the core is even more likely, due to
the process of mass segregation, described in the next section. In this case, we expect GC
formation and evolution dynamics to be considerably influenced by the presence of PBHs
in their core, contributing not only to shape the structure of such systems, but also to the
total GW emission generated by the cluster components.

In the following, we model the PBH abundance in GCs by introducing the cluster
abundance parameter

f cl
PBH = M tot

PBH
Mb

, (2.4)

where M tot
PBH and Mb are the total PBH and baryonic3 mass of the cluster, respectively.

Therefore, the total mass of a cluster is given by Mcl = Mb(1 + f cl
PBH), and the number of

PBHs per cluster for a monochromatic mass distribution reads as NPBH = Mbf cl
PBH/MPBH.

In general, f cl
PBH is different from the relative abundance parameter fPBH introduced in equa-

2This value is estimated in ref. [27] by integrating a Navarro-Frenk-White density profile [85] for the DM
halos, and a Tinker halo mass distribution [86].

3As described in the next section, by baryonic mass we refer to stars and ABHs, while we neglect the
presence of subdominant contributions, e.g., neutron stars, white dwarfs or interstellar gas.
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tion (2.1). In the following sections we consider the benchmark cases for which f cl
PBH = 0.1, 1,

and we argue about a possible link between this parameter and fPBH in section 3.3.

3 Globular clusters

Globular clusters are among the oldest structures in the Universe, they have an almost-
spherical shape, large mass and a dense compact core. In this work, we assume GCs are
made of three different components, namely stars, ABHs, and PBHs, and we develop a
semi-analytical model to account for their mass, velocity, and density distributions. Hereafter,
we refer to stars and ABHs as baryonic mass components, and we account for them in the Mb
parameter introduced in equation (2.4). Our formalism can be generalized to other types of
cluster, for instance young or nuclear clusters, by changing the characteristic mass, radius and
redshift distributions. While an accurate description of these environments can be obtained
only via numerical simulations, our modeling represents a useful tool to understand the
relevance of PBH GW signatures.

3.1 Stars and astrophysical black holes

We assume that GCs at formation time are made only of small-intermediate (M⋆ ≤ 8 M⊙)
and massive (M⋆ ≥ 8 M⊙) stars. We model the star distribution at initial time as a Kroupa
mass function dN⋆/dM⋆ = A⋆M−α

⋆ [101], where the normalization constant reads as

A⋆ = M ini
b∫ Mmax

⋆

Mmin
⋆

dM⋆M1−α
⋆

, (3.1)

M ini
b is the initial baryonic mass of the cluster, the scaling exponent is α = 2.3, and the initial

minimum and maximum star masses are taken to be Mmin
⋆ = 0.5 M⊙ and Mmax

⋆ = 40 M⊙,
respectively.4 Since observations seem to suggest that interstellar gas does not play a crucial
role in GCs, we neglect its contribution.

The small-intermediate star population is characterized by a long lifetime and negligible
mass loss during its evolution; hence, we assume that the low-mass tail of the mass distribution
does not evolve in time and we do not account for small mass compact objects. Conversely,
stars in the massive population have shorter lifetimes and form BHs at the end of their
stellar cycle.

We assume a negligible mass loss during the stellar lifetime and during the gravitational
collapse that leads to the ABH formation, i.e., MABH ≃ M⋆, and we expect a population
of ABHs to form on a timescale of order O(10) Myr (see also appendix A) in the mass
range Mmin

ABH = 8 M⊙ ≤ MABH ≤ 40 M⊙ = Mmax
ABH.5 After all massive stars have disappeared,

4Other choices of the IMF are possible, however, this parametrization is extremely robust, as discussed,
e.g., in ref. [102] (see also ref. [103] for a more in-depth discussion on GCs). We checked that a 2σ variability
in the exponent of the power law, α = 2.3 ± 0.36 [102, 104], does not affect significantly the clusters’ density
and velocity profiles.

5Stars with masses of order 100 M⊙ can also form in GCs. However, those stars are expected to suffer
from a strong stellar mass loss before entering the BH formation stage [90]. Hence, even choosing a larger
maximum star mass, we still produce BHs in the same mass range we are considering here. Given that the
relative number of very massive stars is rather low because of the steepness of the star mass function, we
choose Mmax

⋆ = 40 M⊙, avoiding any modeling related to stellar mass loss.
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the ABH mass function can only evolve due to hierarchical mergers or cluster evaporation.
Regarding the former, simulations [105] suggest that the evolution of the mass function is
weak in the mass range of interest, thus we neglect it in our parametrization. On the other
hand, evaporation can be prompted by large kick velocities acquired by compact objects
during the supernova process. We estimate this effect by introducing a retention fraction
parameter fret to rescale the initial baryonic mass in ABHs and account for such mass loss.
Typical values for the retention fraction are fret ≲ 1/2, but exact values are still largely
debated in the literature [106, 107]. Following ref. [106] we define

fret =
∫ vesc

0
dvkick p(vkick) , (3.2)

where vkick is the natal kick velocity after the supernova event and vesc is the GC escape
velocity. We model the natal kick probability distribution function as a Maxwell-Boltzmann
distribution

p(vkick) = 4πv2
kick(

2πσ2
kick
)3/2 e−v2

kick/2σ2
kick , (3.3)

and we verify that, for a typical velocity dispersion of σkick ≃ 10 km/s [106], GCs with
baryonic mass Mb ≃ 105 M⊙ have fret ≃ 0.3. Thus we set fret = 1/3 as conservative fiducial
value for ABHs in all GCs, independently on the cluster mass. Because of the mass loss
due to natal kicks, the (final) baryonic mass of the cluster is lower than the initial one,
i.e., Mb < M ini

b . We assume that after ABHs with large natal kick velocities have left the
cluster the mass functions of small-intermediate stars and of the remaining ABHs do not
evolve further, therefore Mb can be effectively considered as a constant.

In summary, star and ABH populations are characterized by a number of objects and
a total mass that read as

N⋆ = A⋆

∫ Mmin
ABH

Mmin
⋆

dM⋆M−α
⋆ , M tot

⋆ = A⋆

∫ Mmin
ABH

Mmin
⋆

dM⋆M1−α
⋆ , (3.4)

and

NABH = A⋆

∫ Mmax
ABH

Mmin
ABH

dM⋆M−α
⋆ fret , M tot

ABH = A⋆

∫ Mmax
ABH

Mmin
ABH

dM⋆M1−α
⋆ fret , (3.5)

respectively, explicitly defining the baryonic mass of the cluster Mb = M tot
⋆ + M tot

ABH.

3.2 Globular cluster internal structure

The evolution of the internal structure of a GC depends on many physical effects, for instance
stellar evolution, N -body interactions, the effect of the tidal field of the hosting galaxy [108].
Despite this intrinsic complexity, observational properties can be recovered under a modest
set of assumptions that capture the main features of these systems [109, 110].

The spatial and velocity distribution of objects inside a cluster can be well represented
by a distribution function f(v, r), where v is the velocity and r the distance from the cluster
center. The energy of an object in the cluster is defined as E(v, r) = 1

2v2 − Ψ(r), where Ψ(r)
is the effective gravitational potential, defined in such a way that Ψ(rt) = 0 at the truncation
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radius rt, where objects are effectively stripped away from the cluster. In this work, we
consider an isotropic multi-mass King model [111, 112]6 of the form

fj(E) = ρ0j

(2πσ2
j )3/2I0j

(
e−E(v,r)/σ2

j − 1
)

ΘH (−E(v, r)) , (3.6)

where j = {stars, ABH, PBH} are the GC components, ΘH(x) is the Heaviside Theta function
and σj is a velocity scale, which approaches the value of the 1-dimensional velocity dispersion in
the limit of very concentrated clusters, i.e., when

√
Ψ/σj ≫ 1. The normalization constant I0j

is defined to recover the central density of each component, which is labelled as ρj(Ψ0) = ρ0j .
Velocity and density profiles are indirectly linked via the gravitational potential through

ρj(Ψ) = 4π

∫ √
2Ψ

0
dv v2fj(E) = ρ0j

I0j

[
eΨ/σ2

j erf
(√

Ψ
σj

)
−
√

4Ψ
πσ2

j

(
1 + 2Ψ

3σ2
j

)]
, (3.7)

where the radial dependence on r is left implicit in Ψ and the integration upper bound is the
escape velocity vesc(r) =

√
2Ψ(r). The total density in the center of the cluster, ρ0 =

∑
j ρ0j ,

is determined by the Poisson equation

d

dr

(
r2 dΨ

dr

)
= −4πGr2∑

j

ρj(Ψ) , (3.8)

where G is the Newton constant. The velocity scale for each component σj is set by
energy equipartition:7 because of two-body gravitational interactions, energy is redistributed
between objects in the cluster, tending towards an equilibrium state [118]. Under the (partial)
equipartition condition, the velocities of two classes of objects with masses mi and mj scale
as σim

δ
i = σjmδ

j , where δ ∈ [0, 1/2], and the case δ = 1/2 corresponds to a perfect energy
equipartition scenario.

We use the public code limepy8 [119] to compute density and velocity profiles of GCs.
In limepy, we are required to specify the concentration parameter Ψ0/σ2, where σ =
(mj/m̄)δσj is the velocity scale corresponding to the central density weighted mean mass m̄ =∑

j mjρ0j/ρ0, and the half-mass radius rh, i.e., the radius that encloses half of the mass of the
cluster. We consider a benchmark value of Ψ0/σ2 = 10 for the concentration parameter [109,
120], and of

rh = 3
(

Mcl
105 M⊙

)1/3
pc , (3.9)

for the half-mass radius. These values are compatible with existing fit to observations,
see, e.g., ref. [121].

6Generalizations of this model, for instance including anisotropies, are also employed in the literature, see,
e.g., ref. [113]; however, the King profile describes the cluster dynamics well enough for our purposes.

7More sophisticated models of the cluster internal structure account for the evolution in the density profile
driven by interactions and energy exchange between different bodies. It has been shown that more massive
bodies increase their velocities through these interactions, which in turn can lead to evaporation from the
cluster and to the dynamical evolution of the overall structure across cosmic time. For this reason, clusters
with a more complex dynamical model never reach the condition of energy equipartition [114–117]. A careful
modeling of these processes would require numerical simulations and goes beyond the scope of this work.

8https://github.com/mgieles/limepy.
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Figure 1. Star (left panels), ABH (central panels) and PBH (right panels) density (top panels)
and average squared velocity (bottom panels) radial profiles for different value of the PBH cluster
abundance parameter f cl

PBH. We show profiles for clusters with Mb = 105 M⊙ and MPBH = 100 M⊙.

As a result of gravitational interactions, more massive objects experience a dynamical
friction effect, migrate towards the core of the GC, and become effectively segregated. The
typical timescale of the equipartition process is of the order of the half-mass relaxation
time [122, 123],

trel = 0.17 N

log(λN)

√
r3

h

GMcl
, (3.10)

where N is the total number of objects in the cluster, and λ = 0.11 is a coefficient calibrated
on numerical simulations [124]. We show in figure 1 the stable configuration reached by
clusters with different PBH abundance for MPBH = 100 M⊙ after a typical timescale of
order trel(M ini

b = 105 M⊙) ≃ 300 Myr. As we see from the bottom panels, increasing the
PBH abundance consistently boosts the typical average squared velocity

〈
v2
〉

j
=

4π

∫ √
2Ψ

0
dv v4fj(E)

ρj(Ψ)

= 3σ2
j

eΨ/σ2
j erf

(√
Ψ/σj

)
−
√

4Ψ/πσ2
j

(
1 + 2Ψ/3σ2

j + 4Ψ2/15σ4
j

)
eΨ/σ2

j erf
(√

Ψ/σj

)
−
√

4Ψ/πσ2
j

(
1 + 2Ψ/3σ2

j

) .

(3.11)

of each component, which more massive components (PBHs in the case displayed here) having
a smaller average velocity because of energy equipartition. Density profiles are affected by
the presence of massive PBHs in a non-trivial way: on the one hand, objects tend to be
more concentrated because of the dense core formed by PBHs, on the other the increased
average velocity tends to dilute objects lighter than PBH. While these two effects appear to
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average out in the case of stars, we observe that the latter tend to dominate in the case of
ABHs, which present a lower core density than in the f cl

PBH = 0 case. Historically, the size of
the GC core has been described by the King radius r2

0 = 9σ2/(4πGρ0). In our multi-mass
King model we use the King radii r0j = (m̄/mj)δr0 as a measure of each component “core”,
where mass densities and velocities can be considered spatially uniform. Outside this internal
regions, density and velocity profiles rapidly decay, as can be seen in figure 1. In the following
section we will refer to these King radii as “segregation radii”.

3.3 Globular cluster number density

Assuming that GC mass distribution scales as (M ini
b )−2 [91, 125–127], we have that

dncl
dM ini

b
= mb,tot(z)(

M ini
b
)2 log(M ini

b,max/M ini
b,min)

, (3.12)

where we consider M ini
b,min = 5×104 M⊙ and M ini

b,max = 107 M⊙ as the minimum and maximum
initial baryonic mass of a cluster, and mb,tot(z) is the total baryonic mass density in GCs at

redshift z. The latter is defined as mb,tot(z) =
∫ t(z)

0
dt ṁb, where the GC formation density

rate is fitted to numerical simulations as [91, 128]

ṁb(z) = a

σ
√

2π
exp

[
−(z − µ)2/(2σ2)

] [
1 + erf

(
α(z − µ)√

2σ

)]
, (3.13)

and the fitting parameters read as {σ, µ, α, a} = {2.7, 2.7, 1.5, 9.0 × 105 M⊙ Gpc−3 Myr−1}.
We find ncl(z = 0) ≃ 3 Mpc−3, in agreement with current literature [129–131]. The im-
plementation of a time-evolving cluster mass function is left for future work. Notice that
the cluster mass function is expressed in terms of the initial mass M ini

b , which differs from
the baryonic mass Mb by the amount of ABHs that have been ejected from the cluster,
as described in section 3.1.

In section 2 we introduced two abundance parameters to describe PBHs in the Uni-
verse, fPBH, and in clusters, f cl

PBH. While on the one hand we already showed in sections 2.1
and 2.2 that GW emission from early- and late-time binaries scales with powers of fPBH,
on the other hand we expect PBHs contribution from clusters to depend on f cl

PBH. If we
compare the total energy density in PBH (ρ̄PBH = fPBHρ̄dm) to the total PBH energy density
in GCs, which reads as

ρcl
PBH(z) =

∫
dM ini

b
dncl

dM ini
b

f cl
PBHMb

=

1 − (1 − fret)

∫Mmax
ABH

Mmin
ABH

dM⋆M1−α
⋆∫Mmax

⋆

Mmin
⋆

dM⋆M1−α
⋆

 f cl
PBHmb,tot(z) ,

(3.14)

we observe that, for instance, at redshift z = 0, we can have the extreme case where GCs
have equal parts of PBHs and baryons (i.e., f cl

PBH = 1), while having PBH relative abundance
parameter as low as fPBH ≃ 2 × 10−5. Even if this example is clearly extreme, it showcases
that there are scenarios where PBH GW emission in certain channels is heavily suppressed
while GW emission from dense environments is not.
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4 Primordial black hole gravitational wave background

In full generality, the total GWB in any frequency band can be written as the sum of
independent GWBs generated by different sources and/or processes, i.e., ΩGWB =

∑
β,i,j Ω(β)

ij ,
where β labels the different the process, while i, j indicate the sources (either ABH or PBH).
Not all combinations of dynamical processes (β) and sources (i, j) are necessarily possible; in
the following, we only discuss the ones that are relevant for our work.

The individual backgrounds are given by [132, 133]

Ω(β)
ij = fobs

ρ0cc2

∫
dz dθ p(θ, z)
(1 + z)H(z) R(β)

ij (θ, z)
dE

(β)
ij

df
(θ, z, fobs) , (4.1)

where fobs = f/(1 + z) and f are the observed and emitted GW frequency, respectively, z is
the GW emission redshift, ρ0c is the present-day critical density, c is the speed of light, H(z)
the Hubble expansion rate. We label with θ the set of parameters that describe both the
process and the sources, and we introduce p(θ, z) to characterize their probability distribution
functions. These are used to compute the dynamical process density rate R(β)

ij , and the GW
energy spectrum dE

(β)
ij /df . The latter is commonly written as [134]

dE
(β)
ij

df
= 2π2D2

Lc3f2
obs

G(1 + z)2

∣∣∣h(β)
ij

∣∣∣2 , (4.2)

where DL is the luminosity distance and h
(β)
ij (θ, z, fobs) is the emitted GW strain.

The dimensionality of the parameter space in equation (4.1) rapidly increases when
accurate descriptions of dynamical processes are actually implemented, as in this work.
Apart from the emission redshift z, we are interested in integrating over the GC initial
baryonic masses M ini

b , the masses of the compact objects Mi, Mj , and any other astrophysical
parameter that describes the dynamical process at hand. In order to make the problem
numerically tractable, we choose to treat ABH and PBH mass distributions on equal grounds,
i.e., as monochromatic mass functions. While for PBHs this is already the case by assumption,
we compute an effective ABH mass M eff

ABH by requiring that the GWB produced by such
monochromatic ABH mass distribution matches the true GWB produced by the real ABH
mass distribution in the GC core. In practice, the ABH effective mass for each process and
combination of sources (in which at least one of them is an ABH) is computed by solving,
either analytically or numerically, the equation

Ω(β)
ij

(
dnABH
dMABH

= ρ0ABH
M eff

ABH
δD(MABH − M eff

ABH)
)

= Ω(β)
ij

(
dnABH
dMABH

= (2 − α)M−α
ABHρ0ABH

(Mmax
ABH)2−α − (Mmin

ABH)2−α

)
, (4.3)

where on the right hand side we adopted the Kroupa mass function defined in section 3.2.
Equation (4.1) accounts for all GW emissions produced by the (i, j) objects in the

process (β); depending on the signal-to-noise ratios, these will be either resolved events or
part of the background. Since the aim of this work is not to characterize detection prospects
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of the different GWB presented in this work, we do not distinguish between sources that
are effectively resolved or not by a specific GW detector network. Instead, all the GWBs
reported hereafter refer to the total contribution generated by all the sources in any given
processes. We leave accurate detectability forecasts for future works.

4.1 Early- and late-time primordial black hole binaries

Following ref. [52], we compute the GWB generated by early- and late-time binaries using the
external modules of CLASS_GWB [135]. The external modules create a catalog of GW binaries
by sampling the properties of the GW sources from the characteristic probability distribution
functions of the parameters that describe the merging event. For instance, in the case of
early- and late-time PBH binaries, we sampled the merging redshift starting from the merger
rates in equations (2.2) and (2.3), their masses, spins, sky localization, inclination angle and
polarization angle. The GWB is then computed by summing over the contribution of all the
sources in the catalog. More detail on this procedure can be found in ref. [135].

4.2 Astrophysical black hole binaries

Another useful term of comparison for our results is given by the GWB generated by a
generic population of astrophysical BHs with properties compatible with data from the
latest LIGO-Virgo-KAGRA collaboration results [6, 7]. In this case, we do not specify the
process that originated each binary, even if there are already some attempt to characterize
different astrophysical formation channels [63]. Also in this case, the GWB sourced by this
population is computed using the external modules of CLASS_GWB following the model and
the procedure described in ref. [135].

4.3 Dense environment binaries

The formation of binary BHs in dense stellar environments is driven by several different
physical mechanisms, see, e.g., ref. [136] and references therein. The dominant formation
channel is expected to be the two-body direct capture (β = DC hereafter) process [137, 138],
where pairs of unbounded compact objects end up in a bound system due to GW emission
during their flyby. However, other dynamical interactions are also possible; in this work, we
account also for three-body interactions (β = 3B) [136], where the formation of the bound
system is catalyzed by gravitational interaction with a third body. Other processes such as
multiple encounters, hardening of the binary, disruption and exchanges of binary components
with objects in the environment, are expected to provide a subdominant contribution [136],
thus we neglect them in our analysis.

For each process and source pair, we define the interaction rate per compact object
mass per cluster as

Γ(β)
ij =

(
1 − 1

2δK
ij

)
dni

dMi

dnj

dMj
Vsegσ(β)vrel , (4.4)

where the Kronecker delta δK
ij avoids double counting for identical sources, i.e., when i = j.

Vseg = min[r0i, r0j ] is the volume defined by the smallest segregation radius, inside which
number densities dni,j/dMi,j are spatially uniform, vrel is the value of the relative velocity
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between the objects i and j and σ(β) is the cross section of the dynamical process. In the
case of three body encounters, we estimate σ(β) by marginalizing over the properties of
the third body that catalyze the interaction. Therefore, the total interaction rate inside
each cluster is given by

Γ(β)
ij,tot =

(
1 − 1

2δK
ij

)∫
dMidMj

dni

dMi

dnj

dMj
Vseg

〈
σ(β)vrel

〉
, (4.5)

where we sum over the masses of the compact objects and we average the velocity-weighted
cross section over the process-dependent parameters described by the probability dis-
tribution functions introduced in equation (4.1). In the previous equation, the quan-
tities Vseg, vrel, dni,j/dMi,j depend on M ini

b , and they are estimated by relying on the
limepy [119] public code, as described in section 3.2.

4.3.1 Direct capture

The cross section in the direct capture case is [137, 138]

σ(DC) = 2π

( 85π

6
√

2

)2/7 G2M12/7µ2/7

c10/7v
18/7
rel

, (4.6)

where the total and reduced masses read as M = Mi + Mj and µ = MiMj/M , respectively.
In this case the velocity-weighted cross section has to account only for the relative velocity
probability distribution function, i.e.,〈

σ(DC)vrel
〉

=
∫

dvrelp(vrel)σ(DC)vrel . (4.7)

We provide an analytical estimate of p(vrel) in appendix B.

4.3.2 Three-body encounters

Three-body encounters can result in the formation of bounded binary systems, however only
hard binaries are expected to survive [139]. Following the current literature, we consider only
binaries with hardness ratio η, i.e., the ratio between the average potential and kinetic energy
of the environment [120, 140], that is larger than the typical minimum value ηmin ≃ 5 [107].
Adapting the results of refs. [107, 140, 141] to our formalism, we define the average velocity-
weighted cross section for three-body encounters as〈

σ(3B)vrel
〉

=
√

2π2 G5(Mi + Mj)5

⟨vrel⟩9
1 + 2ηmin

η5.5
min

×
∑

k=ABH,PBH
s−1

ij,k

∫
dMk

dnk

dMk

Vk,seg
Vseg

[
1 + 2ηmin

(
Mi + Mj + Mk

Mi + Mj

)]
,

(4.8)

where ⟨vrel⟩ = 2
√

2/πσrel and σ2
rel = σ2

i + σ2
j are the average relative velocity and the

relative velocity dispersion between bodies i and j, respectively, sij,k is a numerical factor
that avoids double counting,9 and the three-body segregation volume is defined as Vk,seg =
min[r0i, r0j , r0k].

9We have sij,k = 3 if i = j = k, sij,k = 2 if i ̸= j and sij,k = 1 if i = j ̸= k.
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Figure 2. Binary formation rate density at redshift z = 0 for direct capture (left panel) and three-body
(right panel) processes. In each panel we show ABH-ABH (blue lines), ABH-PBH (green lines) and
PBH-PBH (red lines) binaries, both for f cl

PBH = 1 (solid lines) and f cl
PBH = 10−1 (dashed lines). The

PBH mass is MPBH = 100 M⊙ in all cases reported.

4.3.3 Total binary contributions from globular clusters

Independently on the formation channel, all binaries emit the same kind of GW signal during
their inspiral, merger and ringdown phases. In this work we use the templates provided in
refs. [142–144] to describe the GW strain h

(DC,3B)
ij across those three phases of the coalescence

process. Each phase has its own unique dependency on the compact object masses; however,
since in the frequency band of interest most of the emission is concentrated during the
inspiral phase, we use the inspiralling mass dependence to compute the ABH effective mass.
Therefore, for this purposes, ∣∣∣h(DC,3B)

ij

∣∣∣2 ∝ µM2/3. (4.9)

In figure 2 we show the local, i.e., at redshift z = 0, binary formation rate density
per cluster

R(β)
ij (z, M ini

b ) = dncl
dM ini

b
Γ(β)

ij,tot(M
ini
b ) , (4.10)

for the direct capture and three-body channels. As showed in section 3.2, the addition
of a PBH component induces a non-trivial change in the GC structure, both in terms of
core densities and velocities, which translates into a non-trivial behaviour in the binary
formation rate density. First of all, we note the presence of a hierarchy between the binary
formation rates per cluster: since PBHs form dense cores and dilute lighter ABHs, we have
that the binary formation rates of the former population is larger than that of the latter one
in both formation channels. Due to (the disappearance of) this dilution effect, the binary
formation rate of ABH-ABH systems increases when PBH abundance in GC decreases, and
vice versa, consistently with the picture portrayed above. Moreover, the direct capture
channel appears to be the dominant contribution to the total binary formation rate in almost
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R
(DC+3B)
ij (z = 0) [Gpc−3 yr−1] ABH-ABH ABH-PBH PBH-PBH

f cl
PBH = 1

MPBH = 1 M⊙ 2.8 × 10−3 1.2 × 10−3 4.4 × 10−3

MPBH = 10 M⊙ 5.7 × 10−3 2.4 × 10−2 4.5 × 10−2

MPBH = 100 M⊙ 1.3 × 10−5 7.8 × 10−4 1.2 × 10−1

f cl
PBH = 10−1

MPBH = 1 M⊙ 5.0 × 10−3 4.6 × 10−4 1.1 × 10−4

MPBH = 10 M⊙ 5.6 × 10−3 3.5 × 10−3 9.9 × 10−4

MPBH = 100 M⊙ 9.9 × 10−5 4.5 × 10−4 1.2 × 10−2

Table 1. Local binary merger rate summed over direct capture and three-body processes for GCs
with different PBH abundances and masses.

all cases considered, except for GCs with low mass and low PBH abundance. While for direct
capture the binary formation rate per cluster decreases when f cl

PBH does so, in the case of
three-body processes we observe the opposite behaviour for low mass GCs. This seemingly
counterintuitive effect is due to the fact that a lower PBH density is effectively compensated
by a lower relative velocity dispersion of PBHs due to a shallower GC total potential well.

After they form, binaries merge in a characteristic time, which depends on the initial
conditions of the compact object system. Since those initial conditions are stochastic, each
formation channel is characterized by its own time delay probability distribution function p(td),
see appendix A. Therefore, the merger rate density is defined as

R
(β)
ij (z) =

∫
dtdp(td)

∫
dM ini

b R(β)
ij (zbf , M ini

b ) , (4.11)

where the binary formation redshift zbf is defined implicitly for each time delay by z =
zbf + td, and

td = −
∫ z

zbf

dy

(1 + y)H(y) . (4.12)

As we show in appendix A, time delays for our processes of interest are negligible compared
to the other timescales of the dynamical process, therefore we approximate p(td) ≃ δD(td).

In table 1, we present the typical values of the local, i.e., at redshift z = 0, merger
rate densities for our benchmark models.
We note that in most of the cases where we have PBHs with MPBH ≲ 10 M⊙, the total BH
(i.e., summing over ABH-ABH, ABH-PBH, and PBH-PBH contributions) local merger rate
is comparable with the ABH-ABH merger rate R

(DC+3B)
ABH only ≃ 5 × 10−3 Gpc−3yr−1 obtained

considering GCs without PBHs. While absolute numbers always depend on the model
implemented and they should be taken with caution, this trend seems to suggest that there
might exist scenarios where the knowledge of merger rates alone is not sufficient at all in
discriminating between radically different alternatives.

These systems emits in the Hz-kHz frequency band, which is targeted by current and
future ground-based interferometers. On the observational side, there are already experimental
upper limits on the GWB amplitude [145–147] in this band, and a detection is within reach
during next observational runs [148, 149]. However, in the following figures we include only
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the effective “sensitivity” curves [150, 151] for a GW detector network given by Einstein
Telescope and two Cosmic Explorers (ET2CE). The sensitivity is determined by the expected
noise level for the experiments, and it accounts for one year of observation time. These
effective sensitivity curves Ωeff

n (f) are a useful benchmark for comparison: any GWB with a
power-law-like frequency dependence (as in most of our cases) that intersects these curves
is expected to be detected with a signal-to-noise ratio larger than unity after a year of
observation. In figure 3, we show the GWB generated by ABH-ABH, ABH-PBH, and
PBH-PBH systems in GCs with different PBH masses and abundances. We do not expect
ABH-ABH and ABH-PBH contributions to be detectable. On the other hand, if PBHs have
masses MPBH ≳ 10 M⊙, we observe that detection prospects for the PBH-PBH component
are in fact quite good, even for abundances as low as f cl

PBH ≃ 10−1 in the most massive
case considered here. We stress again that the comparison between the benchmark effective
sensitivity curves and our GWB estimates is provided only to visualize the relative importance
of the different components, and to understand which ones can provide a detectable signal.
A complete study on the detectability of these contributions, as well as the possibility of
separate them, is left for future work.

4.4 Signatures of primordial black hole binaries

We showed in the previous section that in many circumstances PBH binaries formed in dense
environments leave a detectable contribution in the GWB. It is thus worth investigating
whether this imprint is unique or not. Moreover, PBHs form binaries via many different
formation mechanisms, hence we necessarily have to consider all of them for our analysis to be
comprehensive. In particular, although each source contributing to the GWB evolves indepen-
dently from the others, the joint set of channels has to be compatible with the local GW merger
rate RLVK

0 ≃ 20 Gpc−3 yr−1 measured by the LIGO-Virgo-KAGRA collaboration [152], i.e.,

RLVK
0 = REPBH

0 + RLPBH
0 + RABH

0 + RGC
0 , (4.13)

where the sum includes the early-time primordial, late-time primordial, astrophysical, and
dense environments contributions, respectively. The dense environment contribution contains
PBH-PBH, ABH-PBH, and ABH-ABH binaries.

The rates for early- and late-time PBH binary formation are computed as discussed in
sections 2.1 and 2.2. On the one hand, the late-time PBH binary merger rate is independent
of PBH mass (for the mass ranges considered here), and it is given by RLPBH

0 (fPBH =
1) = 1.9 Gpc−3 yr−1 [27, 48, 52]. As for early binaries, even though some initial theoretical
estimates suggested large merger rates, recent numerical results suggest that such values
overestimate the real one [83, 84]. In a similar fashion to ref. [52], the parameter Am is defined
for each fixed value of MPBH in such a way that, when fPBH = 1, the total contribution from
PBH binaries in the field constitutes a certain fraction of the local GW merger rate [153].
As illustrative examples, we consider the cases in which REPBH

0 + RLPBH
0 = 0.1 × RLVK

0 and
REPBH

0 + RLPBH
0 = 0.3 × RLVK

0 .10 With these requirements, for MPBH = 100 M⊙, we set the

10This value was suggested by some previous studies [153], and we consider it an upper limit for the fraction
of LVK events that could be primordial.

– 16 –



J
C
A
P
1
0
(
2
0
2
4
)
0
1
4

100 101 102 103

f [Hz]

10−17

10−16

10−15

10−14

10−13

10−12

Ω
(D

C
+

3B
)

G
W

B
ABH-ABH

ET2CE Ωeff
n

MPBH = 1 M�
MPBH = 10 M�
MPBH = 100 M�

f cl
PBH = 1

f cl
PBH = 10−1

100 101 102 103

f [Hz]

10−16

10−15

10−14

10−13

10−12

Ω
(D

C
+

3B
)

G
W

B

ABH-PBH

ET2CE Ωeff
n

MPBH = 1 M�
MPBH = 10 M�
MPBH = 100 M�

f cl
PBH = 1

f cl
PBH = 10−1

100 101 102 103

f [Hz]

10−17

10−16

10−15

10−14

10−13

10−12

10−11

10−10

Ω
(D

C
+

3B
)

G
W

B

PBH-PBH

ET2CE Ωeff
n

MPBH = 1 M�
MPBH = 10 M�
MPBH = 100 M�

f cl
PBH = 1

f cl
PBH = 10−1

Figure 3. GWB generated by ABH-ABH (upper left panel), ABH-PBH (upper right panel), and
PBH-PBH (lower panel) binaries in GCs. In each panel solid and dashed lines indicate f cl

PBH = 1
and f cl

PBH = 10−1 PBH abundances, respectively. Darker shades of red, green and blue lines indicate
heavier PBH masses in GCs. The gray dotted-dashed line represents the forecasted sensitivity of the
ET2CE GW detector network.

early-time amplitude parameter to Am(fPBH = 1) = 12 Gpc−3 yr−1 for a 30% contribution,
or Am(fPBH = 1) = 0.37 Gpc−3 yr−1 for a 10% contribution.

As we discussed in section 2, while the early- and late-time PBH binaries merger rate
depends on the fPBH abundance parameter, the dense environment contribution depends
on the cluster parameter f cl

PBH. As we showed in section 3.3, as long as fPBH ≳ 2 × 10−5

the value of the parameter f cl
PBH can be chosen independently from it. In other words, if

PBHs constitute a small fraction of the dark matter, the contribution of the late and early
formation channels to the GWB decreases; on the other hand, even if the contribution of the
binaries in the cluster is small, it remains constant independently from the global fPBH, once
that the abundance inside the cluster is fixed through f cl

PBH. Therefore, there are regimes in
which the relative contribution to the GWB of PBHs in dense environments is more relevant
than the one of the early and late formation channels.

Figure 4 shows the relative importance of the GC contribution with respect to the
total PBH contribution from the field, with varying fPBH and f cl

PBH. The figure shows
the ratio of the GWB from GC to the sum of the early- and late-time contributions,
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Figure 4. Ratio of the GWB from GC to the total GWB expected from early- and late-time PBH
binaries. The ratio is computed at the reference frequency f = 50 Hz where the PBH backgrund
is expected to peak for MPBH = 100 M⊙. The two panels showcase different scenarios, where
the total signal from early and late PBH binaries with fPBH = 1 contributes a 30% (left panel)
and 10% (right panel) of the total merger rate. In the left panel, Am = 12 Gpc−3 yr−1, and the
resulting early-time binaries local merger rate is REPBH

0 (fPBH = 1) = 4 Gpc−3 yr−1. In the right
panel, Am = 0.37 Gpc−3 yr−1, and REPBH

0 (fPBH = 1) = 0.1 Gpc−3 yr−1. In both cases, the late-
binaries local merger rate is RLPBH

0 (fPBH = 1) = 2 Gpc−3 yr−1.

i.e., ΩGC/
(
ΩEPBH + ΩLPBH

)
, computed at the reference frequency f = 50 Hz where the

PBH background is expected to peak for MPBH = 100 M⊙. Depending on the value of
both fPBH and f cl

PBH, the GC contribution may be larger than the one that is usually
estimated in the literature from early- and late-time PBH binaries.

This relative importance must be considered in a wider scenario, that also accounts for the
other contributions to the total GWB. We show in figure 5 the GWB generated by early-time,
late-time, ABH, and GC binaries when MPBH = 100 M⊙ and fPBH = 1, 10−1, 10−2. In the
first case, the contribution from early- and late-time PBHs constitute a 30% of the total
local binary merger rate — the other cases are rescaled according to (2.2) and (2.3). While
in the fPBH = 1 case the sum of the early- and late- binary contributions outnumbers the
contribution PBHs inside clusters, when fPBH = 10−1 the contributions are comparable, and
for fPBH = 10−2, PBH binaries inside dense environment contribute to the GWB about
one order of magnitude more than the other channels. These scenarios showcase how even
if fPBH ≪ 1, the GC contribution can leave a order tens-percent feature on the total GWB,
especially in those cases where PBHs have masses larger than those of ABHs,11 since the

11This conclusion relies on a single effective mass to describe the ABH population. The implications of an
extended mass function will be investigated in a future work.
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Figure 5. GWB generated by early-time PBH (red lines), late-time PBH (green lines), ABH (blue
lines), and total GC (purple lines) binaries when the PBH abundance is set to fPBH = 1 (upper
panel), fPBH = 10−1 (lower left panel), and fPBH = 10−2 (lower right panel). In all cases PBHs
have MPBH = 100 M⊙, and we set Am following the procedure outlined in the main text. The
contribution from GCs assumes f cl

PBH = 1. The sum of all contribution is represented by a black
dashed line. The ET2CE effective sensitivity curve for one year of observation time is showed as a
dotted-dashed gray line.

characteristic frequency of the merger scales as f ∝ M−1. In other words, the presence of
GWB features, which persist even in the case PBHs contribute only to a fraction of the
dark matter, can potentially provide an indicator of more exotic binary formation channels,
and deserves additional scrutiny.

As an illustrative example, in figure 5 we also show the ET2CE effective sensitive
curve for one year of observation time, introduced in section 4.3.3. These detectors will
likely detect the SGWB, but their observation will account for the overlapping signals
from all the contributions (ABHs, early PBHs, late PBHs, PBHs from dense environments,
other sources). Disentangling them will require advanced component separation techniques
(e.g., ref. [154]); the detectability of the PBH contribution from clusters, as well as from
early-time and late-time binaries, can be properly understood only through the development
of a full analysis in this sense, which is beyond the scope of this paper, and is left to
future work.
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The GC contribution to the SGWB suffers from uncertainties related to the astrophysical
modeling, which is still an object of debate. Throughout our analysis, in order to keep
the modeling simple, we have fixed the astrophysical parameters to values that are usually
accepted in the literature. We found that a major source of variability in the properties that
determine the SGWB is the concentration parameter or (dimensionless) central gravitational
potential, Ψ0/σ2, introduced in section 3.2, that roughly controls the central density of the
cluster. Typical values are reported to be Ψ0/σ2 ∼ O(10) [109, 114, 120]. As an example, a
population of more concentrated clusters, Ψ0/σ2 = 12, would be characterized by larger core
densities, but lower segregation volumes. In this case, the two effects compensate in such
a way that the total contribution from GCs to the SGWB is left unchanged. However, for
a population of more diluted clusters, Ψ0/σ2 = 8, the two effects do not balance out, and
the lower number densities result in a ∼ 1/3 decrease in the SGWB. In order to assess the
variability of the concentration parameter, and the impact of the most extreme cases on the
final SGWB from GCs, a more complete characterization of the GC population will be needed.

Finally, we briefly comment on the choice of PBH mass function. Throughout our analysis,
we assumed that all PBHs have the same mass, namely we considered a monochromatic
mass distribution in which dnPBH/dMPBH = δD(MPBH − M⋆

PBH). This choice remains
the most commonly adopted in the literature, and it is always implicit in summary plots
constraining fPBH, compare e.g., with ref. [30]. Even if fPBH = 1 is ruled out for most
mass windows, smaller PBH density fractions are still allowed; for example, in the MPBH =
{1, 10, 100} M⊙ cases discussed in the main text, fPBH > {10−2, 10−1, 10−7} is ruled out
at 1σ. There are instead no constraints for smaller values of fPBH, for which we showed that
clusters can still contribute non-negligibly to the SGWB.

Increasing attention has been given to the extended mass function scenario, since it
provides a reasonable and physically-motivated way out from the previously mentioned
constraints: if the PBH mass can vary, fPBH = 1 can still be possible. Various techniques
have been suggested to convert the fPBH constraints obtained for monochromatic mass
functions to extended scenarios, without re-analysing the data [72, 155, 156]. In the context
of this work, however, these techniques cannot be directly applied. On the other hand,
our formalism can be straightforwardly expanded to account for an extended PBH mass
function dnPBH/dMPBH. To do so, it is sufficient to add MPBH to the parameter set θ

and dΦPBH/dMPBH to the set of p(θ, z) that enter equation (4.1). This leads to a consistent
estimate of the SGWB, but it increases the computational cost of the analysis. Moreover, this
choice complicates the internal structure of the cluster, which can no longer be approximated
by a three-population model. A possible way out is to estimate an effective mass for the
PBHs from their extended mass function, similarly to what has been done for the ABH
case in equation (4.3).

To check how this would affect our results, we consider a power-law mass function12

dnPBH
dMPBH

= NPL

M1−γ
PBH

ΘH(MPBH − Mmin)ΘH(Mmax − MPBH) , (4.14)

12The power-law mass function well describes scenarios in which PBHs are formed from the collapse of large
density fluctuations [157] or cosmic strings [158].
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where ΘH(M1 − M2) is the Heaviside Theta function, and the normalization factor is
found solving

ρPBH
c =

∫
dMPBH

dnPBH
dMPBH

MPBH =
∫ Mmax

Mmin
dMPBHNPLMγ

PBH ,

NPL = ρPBH
c

[∫ Mmax

Mmin
dMPBH Mγ

PBH

]−1

.

(4.15)

Ref. [72], showed that typical parameters for the power law are γ = 0, Mmin = 1 M⊙, Mmax =
200 M⊙ (which includes the cases MPBH = {1, 10, 100} M⊙ we analysed in the main text).
Then, the analogous of equation (4.3) for the PBH effective mass provides M eff

PBH ≃ 102 M⊙
for PBH-PBH mergers sourced by direct capture events. The effective mass for ABH-ABH
processes, as well as three-body and hyperbolic encounters, can be obtained analogously.
This effective mass is very close to the monochromatic MPBH = 100 M⊙ scenario depicted
in figure 5, hence we expect the results for the power-law mass function to be very close
to the ones we previously discussed. A similar calculation can be performed using different
power laws or different extended mass functions.

4.5 Hyperbolic encounters

Binary formation is not the only class of dynamical processes that take place in dense
environments; in fact, we are guaranteed to have also a second class of events in GCs, i.e., GW
bursts. When two unbound compact objects pass close to each other, they emit gravitational
radiation due to the reciprocal deflection of their orbit, analogously to the bremsstrahlung
emission in the electromagnetic case [159]. In this section, we are interested in those cases
where the energy dissipated through GWs in the encounter is not sufficient to create a
bound pair, i.e., both initial and final eccentricities are larger than unity. These events are
called hyperbolic encounters (β = HE hereafter), and they have been investigated for both
ABHs [160–163] and PBHs [164–166]. Since multiple authors have provided slightly different
descriptions of the hyperbolic encounter dynamics and GW emission, in appendix C we
summarize the equations implemented in our code to model these interactions.

The hyperbolic encounter cross section reads as [161]

σ(HE) = πr2
ini sin2 θini, (4.16)

where rini is the distance between BHs at the beginning of the process, and cos θini = r̂ini · v̂rel
is the angle between the initial separation and relative velocity vectors. In this case the
velocity-averaged cross section reads as〈

σ(HE)vrel
〉

=
∫

drinidθinidvrelp(rini, θini, vrel)σ(HE)vrel , (4.17)

where we derive for the first time the probability distribution functions for the initial
distance, angle and relative velocity probability distribution function. These are presented
in appendix D.

In this scenario, it is more convenient to consider a single population of BHs instead
of two different ones, see the discussion in appendix D. Therefore, instead of computing
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the effective mass for ABHs, we compute a global effective mass M eff
HE for the ensemble of

ABHs and PBHs by solving the equation

Ω(HE)
(

dn

dM
= ρ0ABH + ρ0PBH

M eff
HE

δD(M − M eff
HE)

)
= Ω(HE)

(
dntot
dM

)
, (4.18)

where
dntot
dM

= dnABH
dMABH

+ dnPBH
dMPBH

= (2 − α)M−αρ0ABH
(Mmax

ABH)2−α − (Mmin
ABH)2−α

+ ρ0PBH
MPBH

δD(M − MPBH) , (4.19)

and we use the fact that the GW strain scales as |hHE
ij |2 ∝ µ2M4, as showed in equation (C.5),

for hyperbolic encounters.
In this case, there is no time delay between the dynamical encounter and GW emission,

hence in the computation of the GWB we only need to implement the interaction rate. This
class of dynamical interactions is extremely common, with interaction rates per cluster of
order Γ(HE)

tot (M ini
b = 105 M⊙) ≃ 10−5 yr−1, approximately 106 times larger than the direct

capture interaction rate per cluster. However, as showed in figure 6, the GWB produced
by hyperbolic encounters turns out to be many orders of magnitude below LISA expected
sensitivity. The GWB generated by lighter PBHs has a similar magnitude to the ones reported
in the figure. Strong GW bursts are generated only by encounters with initial eccentricity
very close to unity. Unfortunately, that occurrence is very unlikely, as showed by the initial
eccentricity probability distribution functions in appendix D, explaining the extremely weak
GWB global signal. Since the effective sensitivity scales with the square root of the observation
time, we cannot foresee a detection of this class of events even for very massive PBHs.

5 Conclusions

In this work, we characterized the PBH contribution to the GWB, showing how dense
environments provide the perfect ground for dynamical interaction that can ultimately be
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detected by current and next-generation GW observatories. In particular, we showed that
PBHs can leave a very characteristic imprint on the GWB even if their abundance is well below
the current upper bounds. Even in the case where the well-known GWBs from early- and
late-time PBH binaries are below the sensitivity threshold of planned interferometers, PBHs
in dense environments can still provide a contribution to the background that is comparable
to the field-level ABH one, and therefore should not be neglected. To understand how much
the contribution of PBHs in clusters, as well as PBH early and late binaries, can affect the
parameter inference from future data, a full component separation analysis is needed. This, as
well as a more accurate analysis of the detectability and a more in depth characterization of the
variablity due to astrophysical properties, are left for a future work currently in preparation.

In this work we modeled the internal structure of GCs, following what appears to be the
general consensus in the literature. However, we are well aware that many properties of GCs
are still an object of debate in the literature, and a change in any of them could significantly
boost/reduce the dynamical interaction rate, and thus the GW signal. As an example, a more
accurate modeling of the signal, relying on numerical simulations, should also include GC
evaporation and the subsequent evolution of the mass function [167–169], that we neglected at
this stage, as well as an extended mass function for the ABHs. Nevertheless, we believe that
semi-analytical models, as the ones we propose, are still a valuable tool to explore the impact of
astrophysical parameters and assess which regions should be further investigated numerically.

We showed that, if PBHs are present in the core of GCs, they have a significant impact on
their dynamical properties and internal structure, causing the other populations to segregate
within more or less diluted cores, depending on whether they are lighter or heavier than PBHs.
Therefore, properly characterizing the GWB contribution from PBHs in dense environments
can also deepen our understanding of the internal structure of these astrophysical systems,
and on the amount of dark matter within their cores.

Moreover, even if in this paper we restricted our attention to GCs, we acknowledge that
our formalism can be readily applied to other kinds of gravitationally bound system, such
as nuclear clusters or even clusters made exclusively of PBHs [170].

In an upcoming work in preparation, we will study the possibility of disentangling the
different channels and cases, so to investigate their detectability and the cosmological tests
that this observable will enable.
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A Timescales

In this appendix we investigate different timescales of the systems of interest, i.e., GCs and
binaries, and we discuss their relevance for the purpose of estimating the GWB generated
by compact objects in dense environments.

Stellar evolution timescale. Even if at the time of formation we assume the GC to have
exclusively a stellar population, massive stars are expected to rapidly evolve and form a
population of ABHs. In other words, the massive star and ABH mass functions are both
evolving in time, with the former depleted in favor of the latter. We estimate the ABH
formation time as the minimum time required for a massive star to burn Hydrogen, Helium,
Carbon and all the other elements in its core, i.e., tABH = tH + tHe,C,..., where the Hydrogen
burning time is given by [90]

tH ≃ 35.3
(8 M⊙

M⋆

)αH−1
Myr , (A.1)

and the scaling exponent is αH = 3.8. The burning time of heavier elements is of or-
der tHe,C,... ≃ 0.2 × tH [90]. Therefore, we find that the minimum ABH mass inside in a GC is

Mmin
ABH =



40 M⊙ t ≤ tABH(40 M⊙) ,

8
[

tABH(8 M⊙)
t

] 1
αH−1

M⊙ tABH(40 M⊙) < t < tABH(8 M⊙) ,

8 M⊙ t ≥ tABH(8 M⊙) .

(A.2)

Assuming that the GC and all stars inside it form at the same time, we have that after a typical
maximum timescale of order tABH ≃ 42 Myr the ABH population is fully formed. Given that
this timescale is only a fraction of the typical segregation timescale (e.g., tABH/trel ≃ 10−1,
see following paragraphs), we can safely neglect the modelling of this transition time in
our estimates.

Time delay between binary formation and merger. Mergers of BH binaries typically
do not happen immediately after binary formation. Instead, binaries present a typical time
delay distribution determined by the initial properties of the system and of the environment.
Regarding direct capture processes, we follow ref. [171] and describe the initial state of a
binary using its initial semi-major axis and eccentricity

aini = −GMµ

2Eini
, eini =

√
1 + 2Einib2v2

rel
G2M2µ

, (A.3)

respectively, where b is the impact parameter, Eini is the energy of the binary at the beginning
of the inspiral phase and it reads as

Eini = µv2
rel

2 − 85πG7/2

12
√

2c5
µ2M5/2

r
7/2
p

, (A.4)
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Figure 7. Time delay probability distribution for ABH-ABH (red), ABH-PBH (green) and PBH-
PBH (blue) binaries for a GC with M ini

b = 105 M⊙, MPBH = 10 M⊙, and f cl
PBH = 1 (left panel)

or f cl
PBH = 10−1 (right panel). In the case of f cl

PBH = 1 all the binaries have time delay at most
of 1 Myr, whereas in the f cl

PBH = 10−1 case a negligible fraction of events has also larger time delays
(0.03%, 0.01% and 0.05% for ABH-ABH, ABH-PBH and PBH-PBH, respectively).

and rp being the distance of closest approach, given by

rp ≃ b2v2
rel

2MG

(
1 − b2v4

rel
4M2G2

)
. (A.5)

Therefore, the delay time between binary formation and merger reads as [172]

td = 3
85

a4
inic

5

G3M2µ

(
1 − e2

ini

)7/2
. (A.6)

We create a mock catalogue of binaries formed through direct capture process and we derive
their time delay distribution assuming that the impact parameter is uniformly distributed
between its minimum and maximum values

bmin =
√

12GM

cvrel
, bmax =

(340π

3

)1/7 GM6/7µ1/7

c2

(
vrel
c

)−9/7
, (A.7)

respectively.
We show the recovered time delay distributions in figure 7, and we observe that for all

classes of compact objects (i) the time delay distribution scales approximately as p(td) ∝ t−1
d ,

and (ii) the maximum time delay is O(1) Myr; therefore, since the average time delay
is ⟨td⟩ ≪ 1 Myr, we conclude that we can safely ignore this time delay in our modelling of
the merger rate. On the other hand, regarding the three-body encounters binary formation
channel, we are not aware of any estimate on their expected time delay distribution. However,
we do not foresee the three-body time delay distribution to be significantly different from the
direct capture one, since compact object participating in both kinds of interaction effectively
populate the same environment. Thus, also in the case of three-body encounters, we neglect
the time delay between binary formation and merger.
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Mass segregation timescale. The initial state of GCs are currently very uncertain, in
particular little is known about whether they form already mass-segregated or not, see,
e.g., refs. [173, 174] for a discussion on young globular clusters. If they do [175, 176], density
and velocity profiles are expected to be well described by the phase space distribution in
equation (3.6) during almost all the GC lifetime. In the opposite case, the picture presented
in section 3.2 is valid only after the GC relaxed into its “equilibrium” configuration, hence
after a typical timescale from formation of the order of the relaxation time trel defined in
equation (3.10). In this work, we consider GCs that are not mass segregated at formation
time. However, since the typical relaxation time for GCs in the mass range of our interest is of
order O(300) Myr, and it is significantly lower than the typical timescale over which binaries
form (see following paragraph), we neglect this effect in the modelling of the GW emission.
Note that even if very massive GC have a relaxation timescale of Gyrs, the steepness of the
GC mass function render their contribution to the GWB subdominant. Therefore, we do
not expect this approximation to significantly alter our estimations.

Merger timescale. The mass evolution of the GC component might be affected by the very
same merger events we are interested into. If mergers happen frequently, i.e., if

H/Γ(β)
ij,tot ≪ 1 , (A.8)

the low-mass tail of the ABH and/or PBH mass function will get depleted of compact objects
in favor of the high-mass tail. Even if our initial assumption was that the mass function is
constant in time, we check a posteriori that H0/Γ(β)

ij,tot ≳ 1 in all binary formation channels and
for all combinations of sources. Only in the case of GCs with MPBH = 100 M⊙ and f cl

PBH = 1
we observe H0/Γ(DC)

PBH−PBH,tot ≃ O(few) when M ini
b ≳ 106 M⊙, i.e., very massive GCs might

experience few PBH-PBH binary mergers per Hubble time. Since the GC mass distribution
is dominated by GCs with M ini

b ≃ 105 M⊙, we can safely conclude that mergers do not
significantly alter the compact object mass function.

B Relative velocity probability distribution function

Cross sections of dynamical interactions described in section 4 depend on the relative velocity
of the compact objects involved in the process. In this appendix we derive an approximate
analytical expression for the relative velocity probability distribution function starting from
the velocity distribution of BHs in the GC cores.

We compare in figure 8 the velocity probability distribution function of individual BH
populations given by equation (3.6) to a truncated Maxwell-Boltzmann distribution

p(vi) = Ni

(2πσ2
i )3/2 e−v2

i /2σ2
i , (B.1)

where the normalization factor reads as

N −1
i = 1

(2π)3/2σ3
i

∫
dΩi

∫ vesc

0
dvi v2

i e−v2
i /2σ2

i = erf
(

vesc√
2σi

)
−
√

2
π

vesc
σi

e−v2
esc/2σ2

i . (B.2)

As expected, since the typical velocity dispersion is smaller than the escape velocity, i.e., σj ≪
vesc =

√
2Ψ0 for each population of interest, we find that the truncated Maxwell-Boltzmann
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Figure 8. King and truncated Maxwell-Boltzmann (MB) ABH and PBH velocity probability
distribution functions in the core of GCs with M ini

b = 105 M⊙, MPBH = 10 M⊙, and f cl
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panel) or f cl
PBH = 10−1 (right panel). Velocities on the x-axis are rescaled by each respective population

velocity scale.

nicely approximates the real phase space distributions. Since the difference between phase
space distributions appears to be relatively small, in the following we adopt the truncated
Maxwell-Boltzmann for our analytical estimates.

Under the change of variables defined by

vrel = v2 − v1 , vc = σ2
2v1 + σ2

1v2
σ2

rel
, (B.3)

we have that the original velocities read as

v1 = vc − σ2
1

σ2
rel

vrel , v2 = vc + σ2
2

σ2
rel

vrel , (B.4)

with σ2
rel = σ2

1 +σ2
2 and σ2

c = σ2
1σ2

2/(σ2
1 +σ2

2). Since the velocities of the two objects are bound
to be lower than the escape velocity vesc, the domain of the relative velocity is vrel ∈ [0, 2vesc]
while vc has a “circular” domain, i.e.,

v2
c ≤ v2

c,max(vrel) = σ2
c

σ2
rel

[
v2

esc

(
2 + σ2

2
σ2

1
+ σ2

1
σ2

2

)
− v2

rel

]
. (B.5)

The integration domain of cos θc = vc,z/vc is also restricted. In particular, starting from the
definitions of cos θc and cos θrel = vrel,z/vrel, we have

σ2
relvc cos θc = σ2

1v2 cos θ2 + σ2
2v1 cos θ1 , σ2

2vrel cos θrel = σ2
2v2 cos θ2 − σ2

2v1 cos θ1 . (B.6)

By summing these two equations and later squaring them, we find

cos2 θc + 2 σ2
2

σ2
rel

vrel
vc

cos θrel cos θc + σ4
2

σ4
rel

v2
rel
v2

c

cos2 θrel = v2
2

v2
c

cos2 θ2 ≤ v2
esc
v2

c

, (B.7)
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Figure 9. Relative velocity probability distribution function obtain from a catalog (histograms)
compared to the analytic prediction of equation (B.10) (solid lines) for ABH-ABH (red), ABH-PBH
(green) and PBH-PBH (blue) pairs in a GC with M ini

b = 105 M⊙, MPBH = 10 M⊙, and f cl
PBH = 1 (left

panel) or f cl
PBH = 10−1 (right panel).

which admits solutions for cos θc in the range

− σ2
2

σ2
rel

vrel
vc

cos θrel − vesc
vc

≤ cos θc ≤ − σ2
2

σ2
rel

vrel
vc

cos θrel + vesc
vc

. (B.8)

When vesc ≫ σ1, σ2, as in our cases of interest, we have −1 ≲ cos θc ≲ 1, and the integration
domain becomes approximately unconstrained.

The probability distribution function transform under such change of variables as

p(v1)p(v2)d3v1d3v2 = p(vc, vrel)d3vcd
3vrel = N1N2

(2π)3σ3
c σ3

rel
e−v2

c /2σ2
c e−v2

rel/2σ2
reld3vcd

3vrel , (B.9)

therefore, when vesc ≫ σ1, σ2, we find that the relative velocity probability distribution
function p(vrel) reads as

p(vrel) = N1N2v2
rel

∫
dΩrel

∫ vc,max(vrel)

0
dΩcdvcv

2
c

1
(2π)3σ3

c σ3
rel

e−v2
c /2σ2

c e−v2
rel/2σ2

rel

= N1N2
(4π)2v2

rele
−v2

rel/2σ2
rel

(2π)3σ3
c σ3

rel

∫ vc,max(vrel)

0
dvcv

2
c e−v2

c /2σ2
c

= N1N2
(4π)2v2

rele
−v2

rel/2σ2
rel

(2π)3σ3
rel

[√
π

2 erf
(

vc,max(vrel)√
2σc

)
− vc,max(vrel)

σc
e−v2

c,max(vrel)/2σ2
c

]
.

(B.10)
In figure 9 we show the comparison between the relative velocity distribution given

by the theoretical prediction of equation (B.10), and by generating a catalog of events in
which the velocities of the two bodies are separately sampled from the individual Maxwell-
Boltzmann distributions. For both benchmark cases, we find that our analytic formula is
accurate at percent level, with deviations appearing only in the high relative velocity tail
of the probability distribution.
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C Hyperbolic encounter dynamics

In this appendix we briefly summarize the dynamics of the hyperbolic encounter between
two bodies, mainly following refs. [177, 178]. In the rest frame of the second body, the
coordinates of the first one are parametrized as

x(u) = a(e − cosh u) , y(u) = a(e2 − 1)1/2 sinh u , (C.1)

where a = GM/v2
rel is the semi-major axis, e is the eccentricity and u is the anomaly. The

latter implicitly parametrizes also the time evolution of the system as

t(u) =

√
a3

GM
(e sinh u − u) , (C.2)

with t0 = GM/v3
rel being a characteristic time of the gravitational interaction. At time t = 0

(corresponding to u = 0) the two bodies are at the minimal distance rmin = a(e − 1).
The power emitted in GWs reads as

P (t) = G

45c5 ∂3
t Dij∂3

t Dij , (C.3)

where the quadrupole moment tensor is given by Dij = 3Mij − δijMkk and the second
mass moment is defined as

Mij = 1
c2

∫
d3x T 00(x)xixj . (C.4)

In the simple case at hand we have T 00(x) = µc2δD (x − x(t)), therefore the energy emitted
though GWs during the encounter reads as

∆E =
∫ ∞

0
df

dE

df
= 128π6

45
G5µ2M4

c5v8
rel

∫ ∞

0
dff4F(2πt0f) , (C.5)

where

F(x) =
∣∣∣∣∣3(e2 − 1)

e
H

(1)′

ix (ixe) + e2 − 3
e2

i

x
H

(1)
ix (ixe)

∣∣∣∣∣
2

+
∣∣∣∣∣3(e2 − 1)

e
H

(1)′

ix (ixe) + 2e2 − 3
e2

i

x
H

(1)
ix (ixe)

∣∣∣∣∣
2

+ 18(e2 − 1)
e2

∣∣∣∣∣1xH
(1)′

ix (ixe) + e2 − 1
e

iH
(1)
ix (ixe)

∣∣∣∣∣
2

,

(C.6)

and H
(1)
α (γ) and H

(1)′
α (γ) = 1

2

[
H

(1)
α−1(γ) − H

(1)
α+1(γ)

]
are Hankel functions of the first kind

and their derivatives with respect to the argument, respectively.
Depending on the value of x, both the order and the argument of the Hankel function

can be considerably large. While for small orders (x ≲ 100) it is still feasible to use the
exact numerical result, for higher orders the computation time becomes exceedingly long
and we resort to analytical approximations. First of all we introduce a new parameter β

– 29 –



J
C
A
P
1
0
(
2
0
2
4
)
0
1
4

via e = cos−1 β. If x tan3 β ≳ 1 we use the standard approximation for Hankel functions
with argument greater than the order

H
(1)
ix

(
ix

cos β

)
≃ −i

( 2
πx tan β

)1/2
e−x(tan β−β)

∞∑
n=0

Γ
(
n + 1

2

)
Γ
(

1
2

) An(β)
( −2

x tan β

)n

, (C.7)

where we checked that a good accuracy can be achieved stopping at n = 3. Coefficients
in this approximation scheme read as

A0(β) = 1 , A1(β) = 1
8 + 5

24 tan2 β
,

A2(β) = 3
128 + 77

576 tan2 β
+ 385

3456 tan4 β
,

A3(β) = 5
1024 + 1521

25600 tan2 β
+ 17017

138240 tan4 β
+ 17017

248832 tan6 β
.

(C.8)

Instead, if x tan3 β ≲ 1 we use the approximation for when order and argument are nearly
equal. More specifically, if x2/3(1 − cos β)/(cos β)2/3 ≤ 1 we use

H
(1)
ix

(
ix

cos β

)
≃ − 2

3π

∞∑
n=0

e
2
3 (n+1)πi sin

(
n + 1

3 π

)
Γ
(

n + 1
3

)

×
(6 cos β

ix

)(n+1)/3
Bn

(
ix(1 − cos β)

cos β

)
,

(C.9)

where in this case we stop at n = 5 and the Bn coefficients read as

B0(y) = 1 , B1(y) = y , B2(y) = y2

2 − 1
20 , B3(y) = y3

6 − y

15 ,

B4(y) = y4

24 − y2

24 + 1
280 , B5(y) = y5

120 − y3

60 + 43y

8400 .

(C.10)

Otherwise we use the approximation

H
(1)
ix

(
ix

cos β

)
≃ −i

tan β√
3

e−x(tan β−β− 1
3 tan3 β)+ 2

3 πiH
(1)
1/3

(
−x tan3 β

3

)
. (C.11)

D Probability distribution functions for hyperbolic encounters

In this appendix we provide a semi-analytical estimate of p(rini, θini, vrel), the probability
distribution function required to model the hyperbolic encounters in section 4.5. As a first
approximation, we assume that the three stochastic variables are statistically independent,
thus the total distribution factorizes as p(rini, θini, vrel) = p(rini)p(θini)ptot(vrel).

Regarding the BH separation probability distribution function, instead of considering
the ABH and PBH populations separately, we just consider a BH population with density

ntot(r) ≃


nABH + nPBH , r ≤ r0,PBH ,

nABH , r0,PBH < r ≤ r0,ABH ,

0 r0,ABH < r .

(D.1)
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Following the standard approach for an ideal gas of particles [179], we derive the nearest
neighbor distribution of BHs in the cluster core, i.e., the initial distance distribution, which
reads as

p(rini) = 3r2
iniNrini

a3 e−(rini/a)3
, (D.2)

where a = [3/(4π)(nABH + nPBH)]1/3 is the Wigner-Seitz radius, and Nrini is a normalization
constant obtained by restricting our region of interest to the inner part of the cluster core,
i.e., allowing only rini ∈ [rmin, rmax]. The minimum radius distance is defined as the one at
which the dynamics of the two bodies is not dominated anymore by the cluster, i.e., when
the potential energies satisfy G(M1 + M2)/rmin = Ψ0. On the other hand, we arbitrarily
define as maximum distance rmax = r̄/αcut−off , where r̄ = a × Gamma(4/3) is the average
distance between BHs, Gamma(x) is the Gamma function and αcut−off is a numerical factor
that implicitly defines a cut-off radius. We consider as threshold value αcut−off = 10 to ensure
that there is less than 0.1% probability of having a third BHs in the same volume.

The total relative velocity probability distribution function can be obtained by the apply-
ing Bayes theorem to the results derived in appendix B. Accounting for a mixed population
of ABHs and PBHs with two different relative abundances and velocity dispersion, we find

ptot(vrel) = π2
ABH pABH−ABH(vrel) + 2πABH πPBH pABH−PBH(vrel) + π2

PBH pPBH−PBH(vrel) ,

(D.3)
where πj = Nj/Ntot = nj/ntot are relative abundance probabilities.

Finally, since the vectors rini, v1 and v2 are expected to be uniformly distributed, it is
straightforward to compute the initial angle θini distribution. However, we have to include
the additional restriction that cos θini = v̂rel · r̂ < 0, since in the opposite case the two
bodies have already passed each other. As for the case of the total relative velocity, the
total initial angle distribution reads as

ptot(θini) = π2
ABHpABH−ABH(θini) + 2πABHπPBHpABH−PBH(cos θini) + π2

PBHpPBH−PBH(θini) .

(D.4)
In order to ensure that the speed of the first BH remains subluminal we have to impose

the constraint

rini sin θini ≳
(eini + 1)3/2

2(eini − 1)1/2 rS , (D.5)

with rS = 2GM/c2 being the sum of the Schwarzschild radii of the two BHs, and eini is
the initial eccentricity given by

eini =
[
1 + v4

relr
2
ini sin2 θini
G2M2

]1/2

. (D.6)

Since rS/rini ≪ 1 is almost given by construction, we have that the bound is non-trivial only
for values of the initial eccentricity very close to unity. In that case, by using the explicit
expression for the initial eccentricity, we obtain the bound

sin θini ≳
rS/rini
vrel/c

. (D.7)
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Figure 10. Initial eccentricity distribution for GCs with MPBH = 100 M⊙ and different PBH
abundance, i.e., f cl

PBH = 1 (left panel) and f cl
PBH = 10−1 (right panel).

Moreover, we have to ensure that the system remains unbound. The energy loss due
to GWs is

∆E = −8µ2v7
rel

15Mc5 g(eini) , (D.8)

where

g(eini) =
24 arccos

(
− 1

eini

) (
1 + 73

24e2
ini + 37

96e4
ini

)
+
√

e2
ini − 1

(
301
6 + 673

12 e2
ini

)
(e2

ini − 1)7/2 . (D.9)

Since the energy of the system at initial time is Eini = 1
2µv2

rel, the condition to impose
to have Efin > 0 is

1 − 16
15

µ

M

(
vrel
c

)5
g(eini) ≳ 0 . (D.10)

Away from the eini → 1 limit, the condition is very easily satisfied because of the relative
velocity suppression. However, when the eccentricity value gets close to unity, we find the
extra condition

sin θini ≳
(340π

384

)1/7 ( µ

M

)1/7 rS/rini
(vrel/c)9/7 , (D.11)

which turns out to be stronger than the previous condition, i.e., if this condition is satisfied,
the previous one is also satisfied.

Finally, we show in figure 10 the distribution of initial eccentricity for GCs with different
masses and PBH abundance. Also in this case, the eccentricity probability distribution
function is computed from a catalog of hyperbolic encounters with parameters sampled from
the distribution discussed above. The emission of GW due to hyperbolic encounters is peaked
at values of eccentricity close to unity; however, as we can see from the figure, such values are
probable only in low-mass GCs. Therefore, it is reasonable to expect that the overall GWB
produced by this class of dynamical interactions in this environment will not be comparable
to other, more effective, emission channels.
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