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Abstract: It has been recently proposed that Hawking evaporation might slow down after
a black hole has lost about half of its mass. Such an effect, called “memory burden”, is
parameterized as a suppression in the mass loss rate by negative powers n of the black hole
entropy and could considerably extend the lifetime of a black hole. We study the impact
of memory burden on the Primordial Black Hole (PBH) reheating scenario. Modified PBH
evaporation leads to a significantly longer PBH dominated stage. Requiring that PBHs
evaporate prior enough to Big Bang Nucleosynthesis shrinks the allowed PBH mass range.
Indeed, we find that for n > 2.5 the PBH reheating scenario is not viable. The frequency
of the Gravitational Waves (GWs) induced by PBH number density fluctuations is bound
to be larger than about a Hz, while the amplitude of the GW spectrum is enhanced due to
the longer PBH dominated phase. Interestingly, we show that, in some models, the slope of
the induced GW spectrum might be sensitive to the modifications to Hawking evaporation,
proving it may be possible to test the “memory burden” effect via induced GWs. Lastly, we
argue that our results could also apply to general modifications of Hawking evaporation.
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1 Introduction

The idea of black holes originating in the early universe has been explored for more than half a
century [1–3], with Chapline [4] being the first to propose that primordial black holes (PBHs)
could account for all the dark matter in the universe. Since then, the cosmological role of
PBHs has been investigated, taking into consideration the possibility they could have masses
that range from M ∼ O(104)Mpl, with Mpl being the Planck mass, up to the “incredulity
limit” above M ∼ 1010 M⊙, where M⊙ is a solar mass. See e.g. refs. [5–10] for recent reviews.
This has resulted in strong limits that rule out PBHs from making up the whole dark matter
except for a relatively narrow mass window in the asteroid range M ∈ [1017, 1022] g.

The lower limit of M ∼ 1017 g is due to constraints from black hole evaporation. This
phenomenon was first suggested by Hawking [11] when examining the phenomenology of light
PBHs. He demonstrated that a black hole radiates a thermal spectrum of particles, with
the temperature of the radiation proportional to T ∼ 1/MPBH. Based on the semi-classical
computation, the evaporation process is self-similar and terminates with a final explosion
as M → 0. While a population of light PBHs close to the M ∼ 1017 g could be detected by
searching for the particles emitted in the late-time universe through the evaporation process,
even lighter PBHs would evaporate in the early universe, making them very hard to discover.

However, it has been recently argued that some of the conclusions based on black hole
evaporation can be evaded. Ref. [12] (see also [13]) examined “quasi-extremal” PBHs, for
which the evaporation efficiency is reduced, and showed that a longer PBH lifetime (and
associated smaller luminosity) makes them evade bounds and potentially remain a feasible
dark matter candidate. Refs. [14] and [15, 16] have explored PBHs in the framework of
large extra dimensions [17] and demonstrated that this allows for new mass windows for
light PBHs as dark matter candidates.

For 4-dimensional black holes, ref. [18] argued that the latest instant Hawking’s semi-
classical calculations can break down is when the black hole has shed about half of its initial
mass. Their main argument is that Hawking’s result completely disregards the backreaction
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of the emission on the black hole itself. Refs. [18, 19] then suggest that this effect should
no longer be negligible when the energy of the emitted quanta becomes comparable to that
of the black hole itself. The proposed backreaction leads to a “memory burden” [19], which
effectively suppresses the evaporation rate by inverse powers of the black hole entropy S−n.
This dependence of the suppression on the black hole entropy was conjectured in ref. [18]
and is motivated by the consideration that a black hole, viewed as a quantum system with
maximal memory storage capacity, carries a high load of quantum information. When the
black hole emits a quantum of Hawking radiation, the information stored previously in a
set of gapless “memory” modes has to be re-written to the remaining internal degrees of
freedom, which over time becomes increasingly costly in energy as fewer such gapless modes
are available. Thus, naively one expects that the suppression of the evaporation rate should
be related to the amount of information stored within the black hole, which is exactly what
the Bekenstein-Hawking entropy S measures. The free parameter n > 0 quantifies the precise
strength of the suppression. Since for M > Mpl the entropy of a black hole is “large”, the
memory burden can significantly extend the black hole’s lifetime. Interestingly, refs. [20–22]
recently noted that, in the presence of the memory burden, PBHs with masses below 1010 g
could still account for the whole dark matter.

In this work, we focus on even lighter PBHs which may have dominated the energy density
of the universe in its very early stages and subsequently led to reheating via the emission of
thermal radiation through Hawking evaporation [23–29]. Crucially, as shown in refs. [30–38]
(see also refs. [39, 40] for reviews), a PBH dominated stage in the very early universe could
lead to an observable GW background. This signature would result from perturbations
induced by PBH shot noise at formation, while second-order induced GWs associated with the
PBH formation mechanism would fall at frequencies above the LIGO/Virgo/Kagra band [41]
in the so-called ultra-high frequency range [42, 43]. Since the GW production in this scenario
depends on the dynamics before and after PBH evaporation, it may represent a unique
opportunity to test modifications of Hawking evaporation. In this work, we will show that
GWs induced right after evaporation by PBH number density fluctuations have the potential
to probe the memory burden model. Also, since the main effect of the memory burden is to
extend the duration of the PBH domination without drastically altering the final instants
of evaporation, the GW signal is enhanced with respect to the standard case.

This paper is organized as follows. In section 2 we study the impact of the memory burden
on the PBH dominated universe. In section 3, we estimate the GW spectrum induced right
after evaporation by the PBH number density fluctuations in the extended PBH dominated
universe. We end with some discussions in section 4. We provide details of the calculations in
the appendix. In particular, in appendix A, we present the detailed formulas of the extended
PBH dominated universe, and in appendix B, we give the details on the evolution of the
PBH number density fluctuations until PBH evaporation. In appendix C, the computation
of the induced GWs is explained. We work in natural units where ℏ = c = 1.

2 Memory burden and the PBH dominated universe

We start by describing the impact of the memory burden on PBH evaporation, and later we
turn to study its effects on the PBH dominated universe. Let us assume, as in refs. [21, 22],
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that the black hole mass loss rate due to Hawking evaporation is given by

dM

dt
= −

A M4
pl

M2 ×

1 (for M ≥ Mmb)

S−n(M) (for M < Mmb)
, (2.1)

where Mmb = qMf parametrizes the moment when the modification to the semi-classical
approximation sets in, with Mf being the PBH mass at formation and q a free parameter.
The semi-classical (sc) evaporation is recovered by taking the limit n → 0. Note that from
now on we use the subscript “f” to denote evaluation at the time of formation. We introduced
M to distinguish two different possibilities discussed in ref. [22]:

1. The entropy in eq. (2.1) is a constant factor with M = Mmb = qMf . This effect basically
extends the PBH lifetime but does not significantly modify the final evaporation. We
will refer to this case as “memory burden 1” (mb1).

2. When the entropy in (2.1) is mass dependent, that is M = M . The effect on the
lifetime of the PBH is similar to mb1, but the final instants of evaporation are also
modified. We will call this case “memory burden 2” (mb2).

In eq. (2.1), we also defined the black hole entropy

S(M) = 1
2

M2

M2
pl

≈ e24
(M

1 g

)2
, (2.2)

where we introduced the e24 factor for later compactness of equations, and [30, 44, 45]

A = 3.8πgH(TPBH)
480 , (2.3)

where gH(TPBH) are the spin-weighted degrees of freedom heavier than the PBH temperature
TPBH = M2

pl/M . In what follows, we only consider ultra-light PBHs with M ≪ 1011 g and,
therefore, we use the high temperature SM relativistic degrees of freedom gH(TPBH) ≈ 108,
unless stated otherwise. It should be noted at this point that the black hole entropy (2.2)
is generally determined by the surface area Ah of the event horizon as S = Ah/(4GN ). In
the case of a rotating and/or charged black hole, Ah and, therefore, also S depend on the
charge Q and the angular momentum J in addition to the mass M . For simplicity, we will
focus on non-rotating and non-charged PBHs in this work.

Integrating eq. (2.1) we find that

M(t) ≈


Mf

(
1 − t

tsc
eva

)1/3
(for t < tmb)

Mmb

(
1 − t

teva

)1/(3α)
(for t > tmb) ,

(2.4)

where we defined

teva ≈ α−1q3+2nSn
f tsc

eva where tsc
eva = M3

f
3AM4

pl
≈ 4.1 × 10−28 s

(
Mf
1 g

)3
, (2.5)
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and we introduced the parameter α to distinguish between the mb1 and mb2 cases, namely

α =
{

1 for mb1
1 + 2n/3 for mb2 .

(2.6)

By continuity, one has that

tmb = (1 − q3)tsc
eva . (2.7)

In eq. (2.4), we assumed that n ̸= 0 and Mf ≫ Mpl but we present the explicit expressions of
the coefficients in appendix A. Nevertheless, in the present form, the standard case can be
recovered by taking the limit n → 0 and q → 1. We also assumed that the time of formation tf
is much earlier than the time of evaporation teva. This is always the case for the mass ranges
considered. It is also interesting to note that tmb (2.7) is very close to the evaporation time
in the standard case. This is because the timescale to emit a sizeable fraction of PBH mass is
comparable to the evaporation time due to the strong scaling of the emission rate with mass.

We note that our results are also applicable to the scenarios considered in ref. [12]. In
particular, we can underline a few relevant examples. We introduce ε which parametrizes,
in their notation, the departure from the standard Hawking evaporation of a Schwarzschild
black hole leading to a temperature T ∼ [ε/(1+ε)2]

MPBH
. In the case of a nearly extremal Reissner-

Nordstrom charged black hole, ε =
√

1 − Q2/M2 ≪ 1, where Q represents the PBH charge.
To consider these scenarios, it is sufficient to assume q = 1 while identifying the factor
α−1q3+2nSn

f with (1+ε)6

26ε4 . Another notable example is provided by higher dimensional black
holes [14, 15]. An initial BH of size rs much larger than the size of extra dimensions R

evaporates following the 4D decay equation until its horizon becomes rs ≃ R. Afterward,
it would continue its decay at a rate that is slower than 4D due to the effect of the extra
dimension. We can derive the corresponding phenomenological quantities by relating eq. (2.4)
to eq. (A22) in [12]. As a final example, also a large number of additional degrees of freedom
beyond the Standard Model could lead to a modified evaporation rate at small PBH masses,
which we can describe within our setup by replacing eq. (2.1) with eq. (14) from [46].

2.1 Extended PBH reheating

Let us now turn to the PBH reheating scenario (see e.g. refs. [30, 32, 33] for more details on the
standard case). We assume that PBHs form from the collapse of large primordial fluctuations
after inflation in the radiation dominated universe [5–10].1 For analytical simplicity, we
further assume a monochromatic PBH mass spectrum (for a broad mass spectrum in the
PBH reheating scenario, see ref. [35]) with the PBH mass given by

Mf =
4πγM2

pl
Hf

, (2.8)

where γ ∼ 0.2 during radiation domination [57] and Hf is the Hubble parameter at the
time of formation of the PBHs. Notice that the Hubble parameter is bounded to be below

1Note that PBHs could also form from first order phase transitions [47–49], the collapse of Q-balls [50–52],
fifth forces [53–55] and preheating [56].
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Hf < 6 · 1013 GeV from Planck 2018 and the BICEP2/Keck Array BK14 tight upper bound
on the tensor-to-scalar ratio [58], leading to a minimum mass Mf ≳ 104Mpl. We also consider
that we have an initial fraction β of PBHs. Then, the mean energy density of PBHs is
given by ρPBH(t) = M(t) nPBH where nPBH is the number density of PBHs. By number
density conservation, we have that nPBH ∝ a−3, where a is the scale factor of a Friedmann-
Lemaître-Robertson-Walker (FLRW) universe. The initial fraction β is related to the energy
density of PBHs at formation by

β = ΩPBH,f = ρPBH,f
3H2

f M2
pl

, (2.9)

where we took the opportunity to define the energy density ratio ΩPBH, which is shown in
figure 1. The same definition applies to the radiation component.

After formation, the energy density of the PBHs decays into radiation due to Hawking
evaporation. This evolution can be described as

ρ̇PBH + (3H + Γ)ρPBH = 0 , (2.10)
ρ̇rad + 4Hρrad − ΓρPBH = 0 , (2.11)

where ρrad is the energy density of radiation, and Γ is the decay rate due to the Hawking
evaporation, namely

Γ = −d log M

dt
=


1

3(tsc
eva−t) for t ≤ tmb

1
3α(teva−t) for t > tmb .

(2.12)

For t ≪ teva the decay rate Γ ≪ H can be neglected in comparison to the Hubble expansion
and the relative ratio between the energy density of PBHs and the radiation grows in time
as the scale factor a. Depending on the initial fraction β, PBHs may dominate the universe
before complete evaporation. We show in figure 1 some concrete examples. Due to the
memory burden, the evaporation is suppressed by a negative power of the entropy and,
therefore, for n > 0, the duration of the PBH domination can be significantly enhanced. It is
interesting to note that if α > 1 the final burst happens faster than in the standard case.

In general, we find two possibilities depending on whether the early PBH-radiation
equality (which we denote as “eeq” and which is defined by ρPBH(teeq) = ρrad(teeq)) happens
before or after the memory burden time tmb (2.7). In the first case, that is tmb < teeq, the
initial fraction of the PBHs is too low to reach matter radiation equality before the memory
burden time. In fact, this case roughly corresponds to the standard scenario where PBHs
evaporate before dominating the universe. Now, due to the memory burden, PBHs have
a second chance to dominate the universe. In the second case, where tmb > teeq, the early
PBH-radiation equality occurs before the memory burden time. Then, as seen in figure 1,
there is a short period in the PBH dominated stage when the PBH energy density decays,
but PBHs still dominate the universe. We find that, in that case, ΩPBH(tmb) ≈ 0.59 for
q = 1/2. It should be noted that the precise value of ΩPBH(tmb) depends on q. For example,
for q ≲ 0.41 we find that ΩPBH(tmb) < 1/2 and radiation temporarily dominates the universe.
Depending on the parameters of the modified evaporation, we find that for small enough
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Ω
i

n = 0

n = 1/2

n = 3/4

ΩPBH

Ωrad

Figure 1. Evolution of the fractional energy densities ΩPBH (black) and Ωrad (red) in terms of the
number of e-folds N = ln a since PBH formation at Nf . The semi-classical evaporation proceeds until
N sc

eva ≈ 16.7, and the memory burden effect sets in at Nmb ≈ 16.62. For n = 0, memory burden is
switched off, and PBH domination finishes soon after tmb (dotted line). For larger values of n > 0,
the PBH evaporation is delayed considerably, and PBH domination lasts longer (dashed and solid
lines). Parameter values for the plot are Mf = 10g, β = 10−3, q = 1

2 and we consider the case mb2.

values of q PBHs do not come to dominate again after tmb, while for other choices there is
a second stage of PBH domination. We do not consider these possibilities here and focus
on the regime 0.41 < q < 1. In particular, we will take q = 1

2 for all plots, unless stated
otherwise. Also, note that the PBH remnant scenario would correspond to q ∼ Mpl/Mf (and
n → ∞ so that Hawking evaporation stops completely).

Since the eeq time depends on the initial PBH fraction β, we find that the limiting
case where tmb ∼ teeq corresponds to

β∗ =1
4

√
3A√

2πγ(1 − q3)Sf
≃ 4.6 × 10−6√

1 − q3

(
Mf
1 g

)−1
. (2.13)

For β < β∗, the eeq time happens after the memory burden time. For β > β∗, the eeq occurs
before the memory burden is activated. We find that qualitatively the two possibilities yield
very similar results regarding the PBH reheating scenario. The only quantitative difference
is a shift in the time of eeq, which amounts to replacing teeq → q−2teeq (aeeq/af = q−1β−1)
when β < β∗. Assuming q ∼ 1/2, this only yields a factor O(1–10) difference. For this
reason, we neglect this difference in our derivations, although we explain how to recover
this effect at the appropriate places.

We obtain the ratio between the eeq and the evaporation times (2.5) as

teva
teeq

≈ 4.7 × 1010α−1q2n+3Sn
f β2

(
Mf
1 g

)2
> 1 , (2.14)
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where we used that Heeqteeq ∼ 0.5 (see appendix A). For the case β < β∗, one should add
an additional q2 factor in the right hand side of eq. (2.14). We remind the reader that the
standard case is recovered by taking the limit q → 1 (Mmb → Mf) and n → 0 (α → 1). It is
useful to express eq. (2.14) in terms of the scale factor. We find that

aeva
aeeq

≈ H
2/3
eeq

21/3H
2/3
eva

≈ 1
2

(3
2

)2/3 t
2/3
eva

t
2/3
eeq

. (2.15)

Thus, we see that the number of e-folds of the PBH dominated stage is given by

∆NPBH−dom ≈ ln
(

aeva
aeeq

)
≈ 16(1 + n) + 4(1 + n)

3 ln
(

Mf
1 g

)
+ 2

3 ln
(

β2q3+2n

α

)
. (2.16)

The general conclusion is that PBH domination lasts for an additional N ∼ 2n
3 ln Sf number

of e-folds compared to the standard PBH reheating scenario. From eq. (2.14), we may also
derive the condition for PBH domination to occur (i.e. teva > teeq). This yields a lower
bound on β given by

β > 4.6 × 10−6e−12n
√

α

q

(
Mmb
1 g

)−(1+n)
. (2.17)

As we will show, a longer PBH domination phase can enhance the GW signal significantly.
However, the duration is bounded by the requirement that the PBHs evaporate well before
Big Bang nucleosynthesis (BBN) in order for the products of their evaporation to not
interfere with BBN processes. This puts a lower bound on the temperature at evaporation
Teva > TBBN ≈ 4 MeV [59–62]. Assuming PBHs dominated, we can compute the temperature
of the universe at evaporation as

Teva ≈ 2.75 × 1010 GeV α1/2e−12n
(

Mmb
1 g

)−(3/2+n) (g∗(Teva)
106.75

)−1/4
. (2.18)

The bound on the temperature can be translated to an upper bound for the mass of the
PBHs, which is given by

Mf < Mmb
f,max = 5 × 108 g

(
e12nqn+ 3

2 7
2n
3 108n

α

)− 2
2n+3

≈ 5 × 108 g
(

e31.7nqn+ 3
2

α

)− 2
2n+3

.

(2.19)

Thus, the modifications place stronger limits on the maximum mass of PBHs. We also
show this behavior in figure 2.

Lastly, we can express the BBN bound in terms of an upper bound on n by enforcing
the Hubble parameter at formation to be smaller than the aforementioned bound Hf <

2.5 × 10−5 Mpl [58], which provides a lower bound for the mass which is roughly given by
Mmb

f,max ≳ 1 g. Thus, we find

n <
59 − 3 log q

2(12 + log q) , (2.20)
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n

Figure 2. Left panel: we plot the temperature at evaporation, given by eq. (2.18), as a function of
Mf . With the color code, we show the dependence on n. The red line shows the temperature at BBN,
which provides the lower limit of the allowed parameter range for the temperature. The excluded
parameter space is shown with a gray shaded region. We note how increasing n exponentially shrinks
the parameter range where PBH domination can be attained, as the evaporation is not sufficiently
fast. Right panel: we show the maximal mass Mmb

f,max, given by eq. (2.19), as a function of n. Note
that we only considered the mb1 case as the results are qualitatively the same as in the mb2 case and
differ only by a simple numerical factor. As in the left panel, the shaded region is excluded by BBN.

for mb1 (i.e. α = 1). Note that had we considered the case mb2, which includes a dependence
of α on n, we would have found a similar bound. For q = 1/2, we roughly find that n < 2.7.
The numerical results are shown in figure 2 and indicate n < 2.5. If signatures of early
PBH domination were discovered, this would already allow us to set bounds on the modified
Hawking evaporation. We will now turn to discuss GW signatures of this scenario.

3 Memory burden and the induced GW signal from PBH density
fluctuations

We proceed to estimate the GW spectrum induced by PBH number density fluctuations. We
will closely follow refs. [33, 39], which builds upon the work of refs. [30–32, 63, 64], adapting
the relevant calculations to the current case. The main effect of the modification to Hawking
evaporation given by eqs. (2.4) is an extension of the PBH dominated era, proportional to the
PBH entropy. Thus, one naively expects that the amplitude of the GW spectrum is enhanced
and that the peak moves to lower frequencies with respect to the standard case.

Let us first estimate the modification to the peak frequency of the induced GW spectrum.
As explained in ref. [31] (see also refs. [65, 66] for reviews with illustrations), the gas of
PBHs has number density fluctuations that follow Poisson statistics. The peak of the density
fluctuations lies at the mean distance between PBHs, where the PBH gas approximation
breaks down. This is given by [31]

kuv =
(4πnPBH,faf

3

)1/3
= β1/3γ−1/3 kf , (3.1)
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where we used that afHf = kf . The notation “uv” refers to the ultraviolet (or high momenta)
cut-off. Interestingly, the ratio kuv/keva is independent of β in the standard case [32]. This is
because keva ∝ aeva/af ∝ n

1/3
PBH,f ∝ β1/3. A similar result applies to the memory burden case

since the shift in keva is proportional to powers of Sf ∝ M2
f , but not β. We find that

kuv
keva

≈ 4989 α−1/3e8n
(

Mmb
1 g

) 2
3 (1+n)

. (3.2)

To find the frequency associated to kuv today, that is fuv = kuv/(2πa0), we compute feva
in terms of Teva (by using that keva = aevaHeva and that aeva/a0 ∝ T0/Teva) and express
it in terms of Mf . This leads us to

feva ≈ 733 Hz α1/2e−12n
(

Mmb
1 g

)−3/2−n (g∗(Teva)
106.75

)1/4 (g∗s(Teva)
106.75

)−1/3
, (3.3)

where g∗ denotes the effective number of relativistic degrees of freedom and g∗s are the
effective entropic degrees of freedom. Then, we use eq. (3.2) to arrive at

fuv ≈ 3.7 × 106 Hz α1/6e−4n
(

Mmb
1 g

)− 5
6 − n

3
(

g∗(Teva)
106.75

)1/4 (g∗s(Teva)
106.75

)−1/3
. (3.4)

Once again, we note that we recover the standard-case expressions of ref. [32] respectively for
feva and fuv by taking n → 0 (α → 1) and q → 1 (Mmb → Mf) in eqs. (3.3) and (3.4). From
eq. (3.4), we see that the peak moves to lower frequencies mainly by a factor e−4n and with a
different Mf scaling. However, when we take into account the BBN bound on the evaporation
temperature, which sets a maximum mass for a given value of n given by eq. (2.19), we find
that the peak frequency fuv is constrained to be fuv ≥ 0.3 Hz. The equality corresponds to
the standard case. We also show this result more clearly in figure 3.

We proceed to estimate the largest contribution to the induced GW spectrum. The largest
production of GWs occurs right after complete evaporation when the large PBH number
density fluctuations become large radiation fluctuations and create huge acoustic waves. We
can directly use the analytical results of refs. [33, 39] by computing the modifications to the
spectrum of curvature fluctuations at evaporation (which are the main source of induced
GWs). We note that the analysis of refs. [33, 39] is still applicable as the transition from a
PBH to a radiation dominated universe still occurs in much less than an e-fold. This is clear
from figure 1. While there is a longer PBH domination, the final burst of PBHs yields an
almost instantaneous transition [30]. With this in mind, we define the spectrum of curvature
fluctuations in the Newton gauge, which we call Φ, at evaporation as

PΦ(k)
∣∣∣
eva

= AΦ

(
k

kuv

)m

Θ(kuv − k) , (3.5)

which has a cut-off at k = kuv. We find that the amplitude of the power spectrum at
evaporation is given by

AΦ = 3
8π

(
keeq
kuv

)4
S2

Φ,eva(kuv)S2
Φ,mb(kuv) = 3q2

8π

(
keeq
kuv

)4 ( 2√
3

α√
3α − 1

kuv
keva

)− 2
3α

,

(3.6)
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Figure 3. Peak frequency fuv of the induced GW spectrum, given by eq. (3.4), as a function of Mf .
With the color code, we show how fuv(Mf) depends on n. See how increasing the value of n moves the
peak to lower frequencies. The red line shows the minimum frequency allowed by BBN constraints,
which, for a given n, gives a maximum mass Mmax

f given by eq. (2.19). While memory burden can
shift the peak to lower frequencies, it can never place it below ∼ Hz. We show the excluded parameter
space with a gray shaded region.

and the spectral slope reads

m = 3 − 4 − 2
3α

= −5
3 + 2

3
α − 1

α
. (3.7)

Note that keeq = aeeqHeeq in eq. (3.6) is due to the decay of the curvature fluctuation before
the eeq. Its ratio with kuv reads

kuv
keeq

≈ 2−1/2β−2/3γ−1/3 . (3.8)

In the case when β < β∗ (2.13), one should replace keeq → qkeeq. That is, since eeq in
terms of scale factor happens later by a factor q−1, the wavenumber keeq is smaller by a
factor q. We provide more details of the transfer functions from PBH formation until PBH
evaporation in appendix B.

With the power-law ansatz (3.5), we can estimate the resonant peak in the induced
GW spectrum as [33, 39]

Ωres
GW,eva(f) ≈ Ωpeak

GW,res

(
f

fuv

)7+2m ∫ s0(f)

−s0(f)
ds(1 − s2)2(1 − c2

ss2)m , (3.9)

where we defined

Ωpeak
GW,res ≈ π

3 × 211cs

(
1 − c2

s

)2 (
4c2

s

)−m
(

kuv
keva

)7
A2

Φ

≈ q4

24576
√

3π

(
α√

3α − 1

)− 4
3α
(

keeq
kuv

)8 ( kuv
keva

)7− 4
3α

, (3.10)
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Figure 4. Comparison of the induced GW spectral densities ΩGW(f) for the mb1 (left panel) and mb2
(right panel) scenarios for an initial PBH mass of Mf = 1g. The spectrum peaks around f ≈ fuv and
drops sharply above the resonant scale fres = 2csfuv before going to zero at the UV cutoff f = 2fuv.
The slope of the resonant peak scales as f11/3 or f

11+10n
3+2n respectively. For simplicity, we rescale the

amplitude by the corresponding prefactor dependent on β, while we observe peak amplitude (3.14)
being exponentially enhanced with n.

and

s0(f) =



1 fuv
f

≥ 1 + c−1
s

2

2fuv
f

− c−1
s

1 + c−1
s

2 ≥ fuv
f

≥ c−1
s

2

0 c−1
s

2 ≥ fuv
f

,

(3.11)

where cs = 1/
√

3 is the sound speed during radiation domination. More details on the
computation of the GW spectrum are given in appendix C. We show the induced GW
spectrum in figure 4 and compare the estimation of the resonant peak with the full, numerical
spectrum in figure 7.

We will use Ωpeak
GW,res from eq. (3.10) as a good approximation for the peak amplitude of

the GW spectrum. It should be noted that in the case when β < β∗, there is an additional
suppression factor q8 coming from keeq in eq. (3.10). Taking q ∼ 1/2 results in a suppression
of 0.004, which would be exactly compensated by taking a factor 3 larger value for β. The
GW spectrum evaluated today is then given by

ΩGW,0h2 ≈ 1.62 × 10−5
(

Ωr,0h2

4.18 × 10−5

)(
g∗(Teva)
106.75

)(
g∗s(Teva)
106.75

)−4/3
ΩGW,eva(f) . (3.12)

We plot the resulting GW spectrum for some example parameters together with the sensitivity
curves of some current and planned GW detectors in figure 5.

At this point, let us discuss some properties of the induced GW spectrum (3.9). The
most interesting modification with respect to the standard case is the possibility of changing
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Figure 5. The induced gravitational wave spectrum (3.12) for PBH mass Mf = 2 × 103g, β = 10−8

and n = 1
2 in the scenario mb1 (α = 1) (solid red line), as well as the spectrum for scenario mb2

(α = 1 + 2n/3) with a PBH mass Mf = 6 × 103g, β = 5 × 10−13 and n = 1 (dashed red line). As one
can see, for this choice of parameters, the signals enter the observational windows for several of the
next-generation GW detectors. We also show the power-law integrated sensitivity curves as in ref. [67]
(but also see ref. [68]) for LIGO A+, Voyager, Einstein Telescope (ET) (triangular configuration
with 15km arms [69]), Cosmic Explorer (CE) and DECIGO experiments (for the sensitivity curves
see refs. [68, 70–74]). In purple, we show the upper bounds from the search for an isotropic GW
background from the LVK collaboration [75]. The current (integrated) constraint from BBN [76–78]
is shown with a dashed blue line.

the slope. Looking at eq. (3.7), we see that this occurs for α ̸= 1 and, therefore, this is a
characteristic signature of the mb2 case (see eq. (2.1)). We find that for the mb2 case, the
spectral index of the resonant peak is given by

d ln ΩGW(f)
d ln f

∣∣∣∣∣
mb2

= 11 + 10n

3 + 2n
. (3.13)

For the mb1 case, the spectral index is as in the standard case, namely 11/3. The fact that
the slope (3.13) in the case mb2 is steeper is due to a faster final evaporation for α > 1
(see eq. (2.4)). From eq. (2.20) we find that 11/3 < d ln ΩGW(f)

d ln f ≲ 9/2. This tilt becomes
milder in the low-frequency tail; see appendix B for more details. If the GW signature of
such a scenario were discovered, a measurement of the steep tilt of the spectrum would yield
important information on the PBH evaporation process.

We also see from eqs. (3.10) that since the ratio kuv/keva (3.2) is larger, the peak amplitude
of the GW spectrum is larger than in the standard case. Inserting some numbers, we find that

Ωpeak
GW,res ≈ 1.2 × 1015 β16/3q4

( √
2α√

3α − 1

)− 4
3α e

8
α [(7α− 4

3 )n+ 17
12 (α−1)]

α
7
3 − 4

9α

(
Mmb
1 g

) 2(21α−4)(1+n)
9α

.

(3.14)

The result of ref. [32] in the standard case is again recovered for n → 0 (α → 1) and q → 1
(Mmb → Mf). From eq. (3.14), we see that the peak amplitude (3.14) is exponentially
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enhanced with n and also has a stronger dependence on Mf as n increases, compared with
the standard case.

It is also important to understand possible degeneracy between parameters in the various
cases. Inverting the peak frequency (3.4), we obtain a relation Mf(n, fuv), assuming a fixed q

and a fixed model (either mb1 or mb2 which can be inferred from the GW spectral slope).
Thus, from fuv we derive Mf(n). In the mb2 case, one can measure the value of n from the
spectral slope (3.13). Therefore, in the mb2 case, one could extract the initial fraction of
PBHs from the peak amplitude (3.14), as one deduced n and Mf from fuv and the spectral
slope. However, in the mb1 case, the parameter n is not fixed by the spectral slope, and,
therefore, the peak amplitude (3.14) only provides us with a relation β(n). In other words,
there is a degeneracy between β and n in the mb1 case.

Most interestingly, despite the degeneracy in the mb1 case, we can still obtain general
bounds on the initial fraction of PBHs by imposing the BBN bound on the effective number of
relativistic species [76, 77] (see ref. [78] for a recent review), which roughly states that the high
redshift GW abundance should be 0.39 ΩGW,eva < 0.05 [79]. Using eq. (3.14), we conclude that

β < 1.2 × 10−4 q−3/4 α
1

6α
+ 7

16

(3α − 1)
1

8α

e
−84αn+16n+17

8α

(
Mmb
1 g

)− (21α−4)(1+n)
24α

. (3.15)

In figure 6, we show the BBN upper bound on β (3.15) (in blue), together with the lower
bound from requiring PBH domination (2.17) (in green). The main effect of the modified
Hawking evaporation is that the initial fraction of PBHs must be smaller than in the standard
case due to a longer evaporation time. Thus, we see that the larger the n, the smaller the β.
We also show in magenta the limiting value of β (2.13), which separates the case when the
memory burden time (2.7) is reached before or after eeq, corresponding to below or above
the magenta lines, respectively. The magenta line roughly corresponds to the lower bound for
PBH domination to happen in the standard case. We note how β may decrease by several
orders of magnitude with respect to the standard case.

4 Discussion and conclusions

There are recent speculations that the standard Hawking evaporation is not valid after a
black hole loses an O(1) factor of its mass [18, 19]. The so-called memory burden effect
suppresses the evaporation rate by inverse powers of the black hole entropy [18, 19] (here we
parameterized it as S−n), allowing for a much larger lifetime than usually estimated for a
given black hole mass. If so, PBHs with masses below 1010 g could still explain the entire dark
matter content of our universe [21, 22] while still remaining elusive to possible discoveries. In
this work, we argue that any modification to Hawking evaporation would also significantly
modify the scenario in which PBHs come to dominate an early phase of the universe and
become responsible for its reheating [23, 24, 26–28]. In particular, we discuss how this would
impact the GW signal associated with it [30–32]. This provides a way to test the memory
burden effect via the GW background above Hz frequencies.

We considered two models for the memory burden inspired by ref. [22]. One where
the modification only involves a constant entropy factor (case mb1) and another where the
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Figure 6. We show the allowed parameter range for β in the shaded regions. With blue lines, we
show the upper bound from the BBN constraint on the effective number of relativistic species (3.15).
With green lines, we show the lower bound (2.17) from requiring PBH domination. And with magenta
lines, we show the limiting value of β (2.13) above (below) which the memory burden time occurs
after (before) the early PBH-radiation equality. With red lines, we show the maximum value by
requiring that PBH evaporate well enough before BBN, given by eq. (2.19). Thus, the parameter
range to the right of the red line is excluded. While we only show the mb1 case here, the results are
qualitatively similar in the mb2 case. Left panel: we show β as a function of Mf for two values of n,
namely n = {1/2, 2} with solid and dashed lines, respectively. Right panel: we plot β as a function of
n for two values of Mf , namely Mf = {10, 104} g with solid and dashed line, respectively.

entropy is a function of the evaporating PBH mass (case mb2). The relevant difference
between these two cases is that in the mb2 case, the final burst of the PBHs happens faster
than in the mb1 and the standard case. The two models are very similar otherwise, leading
to a much longer stage of PBH domination. However, the faster final evaporation changes
the slope of the GW spectrum of GWs induced by PBH number density fluctuations, giving
a unique signature of the model mb2.

Our results can be summarized as follows. First, we find that the range of PBH masses
that lead to successful PBH reheating is smaller the larger the n (see eq. (2.19) and figure 2
for the maximum value of Mf allowed by BBN constraints on the evaporation temperature).
Imposing a minimum mass of Mf ∼ 1 g (related to high scale inflation) leads to an upper
bound n < 2.5 so that PBHs can successfully reheat the universe. The induced GW signal
from PBH number density fluctuations gets enhanced by the longer PBH dominated stage,
and the peak frequency decreases for a fixed PBH mass. However, the BBN bounds on the
evaporation temperature constrain the peak frequency to fuv ≳ Hz (see eq. (3.4) and figure 3).
This means that, in general, the PBH reheating scenario leaves a high frequency signature
testable by GW detectors such as the LIGO/Virgo/KAGRA collaboration, ET, CE, Voyager,
and DECIGO, among others (cf. figure 5). For the mb1 case, the spectral slope is the same
as in the standard case, namely 11/3. Because of this, it does not seem feasible to tell the
mb1 case from the standard case apart, as there is a perfect degeneracy between a given
value of β and a value of n. One can only find a relation between the mass and n using
information on the peak frequency. Notably, for the mb2 case instead, the spectral slope is
modified to (11 + 10n)/(3 + 2n), allowing us to single out the value of n. For this reason,
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the model mb2 can be distinguished from both the mb1 and the standard case, with all the
model parameters being determined by the detection of the GW background.

It is worth noting that our results summarized above apply to more general modifications
of Hawking evaporation. In particular, since the modifications of Hawking evaporation are a
local effect (i.e., related to the individual black holes), it will not affect the β dependence we
obtain in our calculations. For instance, the peak frequency fuv (3.4) only depends on Mf and
the peak amplitude (3.14) will be proportional to β16/3. We expect that fuv will be bound
to frequencies ≳ Hz due to BBN bounds on the evaporation temperature. Moreover, if the
modification affects the time dependence of the evaporating mass (i.e., not only extending it by
a constant factor), the slope of the GW spectrum will be sensitive to such modification. Lastly,
it is interesting to note that other effects, such as PBH spin and additional degrees of freedom
(that is, increasing the value of gH), only accelerate evaporation slightly. For instance, the
evaporation time of highly spinning PBHs is about a factor 1/2 smaller than that in the zero
spin case [80, 81]. The impact on the induced GW spectrum is thus not significant [33, 38].

As extensions of this work, it would be interesting to study the impact of the memory
burden on the PBH remnants as dark matter [82] (see refs. [83–87] for details on black hole
remnants) and their unique GW signature [88], which should require smaller PBH masses for
larger values of n. It would also be interesting to study how the spectrum of induced GWs
from primordial adiabatic fluctuations, such as the ones measured by CMB observations,
is enhanced due to the PBH-dominated phase as in ref. [30] (see also refs. [37, 38]). Our
expectation is that it should be similar to the PBH number density fluctuations studied
in this paper, although it might depend on whether one employs a cut-off for scales that
become non-linear at evaporation [30]. It would also be interesting to explore the effect of an
extended mass function in more detail [30, 35] and study the effect of non-Gaussianities and
PBH clustering in conjuction with the memory burden effect [89, 90]. Another interesting
aspect to consider is the fact that black hole thermodynamics depends on the underlying
theory of gravity itself. In particular, the definition of the black hole entropy (2.2) changes in
theories of modified and quantum gravity [91–93]. The induced GWs from the PBH reheating
scenario could provide a unique opportunity to probe such effects, which are otherwise hard
to access. Lastly, it would be interesting to explore the modifications to the GWs from
Hawking evaporation [44, 45, 77, 80, 94–97]. It should also be noted that one known issue of
the GWs induced by PBH density fluctuations from refs. [31, 32], is that some scales enter the
non-linear regime before evaporation. However, curvature perturbations (which is the main
source of induced GWs) remain within the regime of validity of perturbation theory, and so
the calculations of the induced GW spectrum can be understood as an (optimistic) estimate.
We checked in appendix B that including the memory burden effect worsens this issue.
Nevertheless, the main point of this paper is to estimate the impact of the memory burden
effect on the PBH reheating scenario, which should not be affected by non-linear effects. To
derive more accurate estimates, one requires more sophisticated numerical simulations.
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A Detailed formulas

In this appendix, we present the explicit expressions for the limiting masses that have been
simplified in the main text by considering the limit Sf ≫ 1, n ̸= 0 and q ̸= 1. First, in
eqs. (2.4) and (2.5) the parameters Mmb and teva should be replaced by

Mmb1 = Mf

[
q3 (q2nSn

f − 1
)

+ 1
q2nSn

f

]1/3

, tmb1
eva =

[
q3
(
q2nSn

f − 1
)

+ 1
]

tsc
eva (A.1)

and

Mmb2 = Mf

[
q2n+3Sn

f + (1 + 2n/3)
(
1 − q3)

Sn
f

] 1
2n+3

, tmb2
eva =

[
q3
(

q2nSn
f

1 + 2n/3 − 1
)

+ 1
]

tsc
eva ,

(A.2)

respectively for the cases mb1 and mb2.
Similar coefficients appear in the ratio teva/teeq (2.14). Their more precise expression reads

tmb1
eva
teeq

≈
[
q3
(
q2kSk

f − 1
)

+ 1
] tsc

eva
tsc
eeq

> 1 , (A.3)

and

tmb2
eva
teeq

≈
[
q3
(

q2kSk
f

1 + 2k/3 − 1
)

+ 1
]

tsc
eva

tsc
eeq

> 1 . (A.4)

When replacing teeq by tmb
eeq, one obtains an additional q2 factor in the right hand side of

eqs. (A.3) and (A.4).
Lastly, whenever possible, we use the exact expression for the scale factor in the dust-

radiation dominated universe. This is given by

a

aeeq
= 2ξ + ξ2 , (A.5)

where ξ =
(√

2 − 1
)

τ/τeeq. In this parametrization and assuming ρf ≈ ρrad,f , or equivalently
β ≪ 1, we have that

Heeq ≈
√

2Hf
a2

f
a2

eeq
, and af

aeeq
≈ β . (A.6)

We can also check that teeqHeeq ≈ 4
3

(√
2 − 1

)
≈ 0.55. In the main text, we approximate

such relation as teeqHeeq ≈ 1/2 for simplicity.
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B Evolution of curvature fluctuations induced by PBH number density
fluctuations

Here, we give the transfer functions of the curvature fluctuation until the complete PBH
evaporation is complete. The initial PBH number density fluctuations (after PBH formation)
have the dimensionless spectrum given by [31]

PδPBH,f (k) = 2
3π

(
k

kuv

)3
Θ(kuv − k) . (B.1)

The k3 scaling is typical of Poisson-like fluctuations. The cut-off kuv comes from the fact
that for k > kuv the PBH gas approximation breaks down. Such PBH number density
fluctuations are isocurvature in nature.

Now, one must follow the curvature fluctuations Φ during the radiation domination
(when PBH formed) until the PBH dominated stage, where Φ becomes constant on all
scales. It is known that in the PBH (matter) dominated stage, the curvature fluctuations
are approximately given by

Φiso(a ≫ aeeq) ≈ Si ×


1
5 (k ≪ keeq)

3
4

(
k

keeq

)−2

(k ≫ keeq) ,

(B.2)

where Si is the amplitude of the initial isocurvature fluctuations. Eq. (B.2) provides us with
the transfer function for the radiation to PBH domination transition.

We are left to compute the suppression factor due to the fact that PBH evaporation is
not instantaneous. We estimate the suppression factors following the prescription given in
ref. [30], which uses that whenever k ≫ Γ we have that

Φ(t)
Φinstant

≈ exp
[
−
∫ t

tf
dt̃ Γ(t̃)

]
, (B.3)

where Φinstant is the value under the instantaneous transition approximation. Eq. (B.3) tells
us that as long as the frequency of Φ is larger than the decay rate Γ, Φ tracks PBH density
fluctuations and so Φ ∝ M(t). Φ decouples from PBH fluctuations once k ≪ Γ. Ref. [30]
provides a more accurate evaluation of the decoupling time as the time when |Φ̈|dec ∼ k2

3a2 |Φ|dec.
In the set-up under study, there are two instances where curvature fluctuations experience
suppression. The first time is before the memory burden time, where the mass of the PBHs
goes down to Mmb = qMf . The second time corresponds to the complete evaporation of the
PBHs. Defining the suppression factor as SΦ(k) ≡ Φ(k)/Φinstant(k) we find, on the one hand,
that due to the decay before tmb fluctuations become suppressed by

SΦ,mb(k ≫ kmb) ≈ q . (B.4)

This suppression is constant because the modes of interest, that is, k ≫ kmb, never decouple,
and the integral (B.3) gives a constant factor equal to the PBH mass lost. On the other
hand, the suppression due to the last stages of evaporation is given by

SΦ,eva(k ≫ keva) ≈
( 2√

3
α√

3α − 1
k

keva

)− 1
3α

. (B.5)
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In this case, the suppression is k-dependent because we have that Γ → ∞ as t → teva and
eventually all k’s decouple. Let us note here that, in the case of a monochromatic PBH
mass function, the instantaneous transition approximation with the suppression factor (B.5)
has been shown to be in good agreement with numerical results [30], especially for the
very small scales we are most interested in. In the case of a broader mass function the
transition would be more gradual, and the amplitude of the induced GWs would be slightly
suppressed. The effects of an extended mass function and a gradual transition have been
discussed in [35, 36, 64], respectively.

In passing, we estimate the magnitude of PBH density fluctuations at evaporation. Since
density fluctuations grow during the PBH-dominated era, some scales will enter the non-linear
regime. To estimate this, we start with the Poisson equation, which yields

δρPBH
ρPBH

≈ 2
3

k2

H2 Φ . (B.6)

The largest density ratio will be reached by the smallest scale fluctuation, which corresponds
to k = kuv and is given by

δρPBH
ρPBH

(kuv)
∣∣∣∣∣
eva

≈ 2
3

k2
uv

k2
eva

A1/2
Φ . (B.7)

We now insert the values we derived in the main text (3.2), arriving at

δρPBH
ρPBH

(kuv)
∣∣∣∣∣
eva

≈
√

2
3

(3
4

) 1
6α

q γ2/3β4/3
(

α√
3α − 1

)− 1
3α e

(6α−1)(17+16n)
6α

α
2
3 − 1

9α

(
Mmb
1 g

) 2(6α−1)(1+n)
9α

.

(B.8)

To have an idea of the maximum value the density ratio can attain, we insert the maximum
value of β allowed by BBN constraints, eq. (3.15). This leads us to

δρPBH
ρPBH

(kuv)
∣∣∣∣max

eva
≈ 25

(3
4

) 1
6α e2n

α1/12

(
Mmb
1 g

) 1+n
6

, (B.9)

where for n = 1 reads

δρPBH
ρPBH

(kuv, n = 1)
∣∣∣∣max

eva
≈ 160

(
Mmb
1 g

) 1
3

. (B.10)

Note that we could have been more conservative by not including the suppression factor
due to Hawking evaporation, as perhaps density fluctuations might have grown more before
evaporation became significant. However, calculations of the induced GWs depend on
fluctuations after evaporation. For this reason, we include the suppression term. We would
also like to stress that the curvature fluctuations Φ, which are the source of induced GWs,
always remain much smaller than unity. Thus, the estimation of the GW spectrum using the
linear perturbation results is more justified, although it might overestimate the amplitude.
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C Induced gravitational wave integrals

In order to compute the GWs induced in the modified PBH reheating scenario, we closely
follow ref. [32] and refer the interested reader to [30–32] for more details on the computation.
In particular, we will focus on the GWs induced right after PBH evaporation, which constitute
the dominant contribution due to the enhancement by the fast transition to the late radiation
domination (lRD) [63]. The GW spectral density is given by

ΩGW = k2

12H2 Ph(k, τ) , (C.1)

evaluated at a conformal time τ during lRD, when the GWs propagate as a free wave. Here,
H is the conformal Hubble parameter, and the overline denotes an oscillation average. The
tensor power spectrum Ph can be calculated by

Ph(k, τ) = 8
∫ ∞

0
dv

∫ 1+v

|1−v|
du

((
1 + v2 − u2)2 − 4v2

4uv

)2

PδPBH,f (ku)PδPBH,f (kv)I2(x, u, v) ,

(C.2)

with x = kτ and PδPBH,f given in (B.1). The dominant contribution to the kernel I2 stems
from the fast oscillation of the curvature fluctuations after evaporation, Therefore, we focus
on the time derivative squared term of the full kernel. For our scales of interest, namely
k ≫ keeq, it is given by

IlRD(x, u, v) ≈ c2
suv

32x̄
x4

evaS2
Φ,mbSΦ,eva(uk)SΦ,eva(vk)TΦiso(uk)TΦiso(vk)

×
∫ ∞

0

dx̃

x̃ + xeva/2 sin(x1 − x̃) sin (csux̃) sin (csvx̃) , (C.3)

where we defined x̄ = x−xeva/2, x1 = x̄−xeva/2 and xeva = kτeva. The transfer function TΦiso

for the curvature fluctuation is defined from (B.2) as Φiso(k) = Si × TΦiso(k), the suppression
factor SΦ,mb is given in (B.3) and SΦ,eva is defined in (B.5). The factor SΦ,eva(k) carries
the modification of the scale dependence introduced by the memory burden effect. The
suppression factors and the transfer function can be summarized into PΦ(k)

∣∣∣
eva

as in (3.5)
for a more compact notation.

The power spectrum Ph has a peak near the resonant scale u + v = c−1
s . Selecting only

the dominant part of the kernel (C.3) near this resonance yields

Ph,lRD,res(k, τ, x ≫ 1) ≈ 3
2

3α
+2c4

sq4

2
4

3α
+14π2x̄2

(3α − 1
α2

) 2
3α
(

k

kuv

)6 (keeq
keva

)8 ( k

keva

)− 4
3α

×
∫ kuv/k

keeq/k
dv

∫ min(1+v,kuv/k)

max(|1−v|,keeq/k)
du

((
1 + v2 − u2)2 − 4v2

)2

(uv)
2

3α
+1

Ci2
(

|(1 − (u + v)cs)| k

keva

)
,

(C.4)

where the dependence on the modification due to the memory burden effect in terms of α

becomes apparent. Eq. (C.4) can be evaluated approximately near the resonant peak at
u + v = c−1

s , where the cosine integral diverges, resulting in eq. (3.9) quoted in the main text.
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Figure 7. We compare the numerical GW spectral densities ΩGW(f) (solid lines), normalized by
β16/3, with parameters MPBH,f = 104g and n = 1

2 for both scenarios, mb1 and mb2, with the respective
analytical result for the resonant contribution eq. (3.9) (dashed lines). As can be seen, the analytical
approximation captures the peak very well, with deviations due to the IR tail setting in at around
f/fuv ∼ 10−3 (for this case of n = 1

2 ), and above the resonant scale fres = 2csfuv in the UV. We found
that the amplitude of the numerical solution is larger than the analytical approximation (3.9) for the
resonant peak by a factor of 2, stemming from the contribution of the non-divergent terms resulting
from (C.3). We corrected the factor in the plot to show the good agreement of the spectral shape.

In order to confirm the validity of this approximation and for the spectra shown in the
plots, we also solved the full momentum integrals in (C.2) numerically. In this case, the
integrand has the same dependence on α as in (C.4), but more cosine and sine integral
terms are present, resulting from the kernel I2

lRD obtained from (C.3). To perform the
numerical integration, we first replace keva and keeq by kuv using (3.2) and (3.8). The double
integral can then be evaluated numerically for a range of values k/kuv by first performing
the u-integral on a grid of v-values, interpolating the result to obtain the integrand as a
function of v, and then performing the v-integral. Examples of the resulting induced GW
spectra are shown in figure 7.
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