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ABSTRACT: We suggest a simplified model that simultaneously addresses the dark-matter
problem and give rise to top quark flavor changing neutral current (FCNC) interactions
at the one-loop order. The model consists of two extra SU(2); gauge singlets: a colored
mediator of spin zero (S) and a right-handed fermion (x) both are odd under an ad-hoc
Zo symmetry. The right-handed fermion plays the role of the dark-matter candidate. In
this model, the presence of the two dark sector particles generates one-loop induced FCNC
decays of the top quark into light quarks and bosons such as the gluon, the photon, the
Z-boson or the Higgs boson. As a case study, we analyze the top quark FCNC decays into
light quarks (u or ¢) and a Z or Higgs bosons. We then study the reliable solutions to the
dark-matter problem by estimating the regions in the parameter space that are consistent
with the PLANCK measurement of the dark-matter relic density. We also revisit the bounds
from the searches of dark matter in events with at least one high-pr jet and large missing
transverse energy at the Large Hadron Collider (LHC). We then define four benchmark
points that are consistent with the existing constraints from collider experiments and cos-
mology. We finally estimate, for these benchmark scenarios, the rates of a broad range of
channels that can be used to probe the connection between the top FCNC transitions and
dark matter both at the HL-LHC and a future 100 TeV collider.
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1 Introduction

The Standard Model (SM) of elementary particles predicts that tree-level flavor changing
neutral currents (FCNC) transition rates are exactly zero, including those of the top quark.
The reason for this is that the biunitary transformations that diagonalize the fermion mass
matrices lead to diagonal couplings of the Higgs and the Z bosons to fermions. At the
one-loop order, the rates of e.g. top quark FCNC decays are very suppressed thanks
to the Glashow-Iliopoulos-Maiani (GIM) mechanism [1]. As a consequence of the GIM
mechanism, the suppression of the top quark FCNC rates at the one-loop order is due
to the unitarity of the Cabibbo-Kobayashi-Maskawa (CKM) matrix and the smallness of
the mass splittings between the different quarks running in the loop. The calculation
of the top quark FCNC decay rates in the SM has been done nearly thirty three years
ago by the authors of ref. [2]. It is found that the branching ratios of t — ¢X and
t — uX are generally very small ranging from 107!7 to 107'2. Such small rates imply
that any observation of the top quark FCNC phenomena at the LHC is a clear sign of
new physics beyond the SM (BSM). Several BSM models may give rise to sizeable rates
for the top quark FCNC decays [3-24]'. Searches of top quark FCNC interactions have

In Table 1, we give a summary of the branching ratios of the top quark FCNC decays in the SM and
some of the well-known BSM extensions.



been carried at the LHC by the ATLAS [25-35] and the CMS collaborations [36—40]. It
is found that bounds on the top quark FCNC branching ratios have been improved by
about an order of magnitude. This achievement is due to two important factors: (i) the
increase on both the center-of-mass energy of the pp collisions at the LHC and on the
accumulated luminosity, and (%) the improvements on the analysis techniques used to
perform the signal-to-background optimization, i.e. going from simple cut-based methods
to novel Machine Learning techniques. It is expected that the HL-LHC with 3000 fb~!
of integrated luminosity would enable for more stringent bounds on the top quark FCNC
decays which will therefore put stronger constraints on various BSM scenarios.

In this study we consider the possibility that dark matter (DM) and top quark FCNC
transitions are connected via new particles that are odd under an ad-hoc Zs symmetry.
In this category of models, both the production of DM at hadron colliders and its self-
annihilation in the universe are mediated by colored mediators in t—channel diagrams. The
DM phenomenology at colliders is minimally realized by extending the SM by one mediator
(Y) that transforms as a triplet under SU(3). and a neutral particle (X) under U(1)y. The
mediators can transform, however, either as singlets or doublets under SU(2)r, while the
DM candidate must always transform as a singlet. Assuming that the colored mediator
is a singlet under SU(2)y, there are 12 possible categories for these models depending
on the underlying assumptions on the spin of the mediators and of the DM candidate.
The phenomenology of this class of models have been extensively studied in the literature
[41-51]. In the most minimal realizations of these scenarios, the main assumption that
has been usually used is that each mediator couples solely to one quark generation. This
assumption is motivated by the requirement to avoid one-loop induced FCNC transitions.
Here, we assume however that the colored mediator(s) can couple simultaneously to all the
quark generations with generally different coupling parameters. We consider a minimal
extension that contains one colored scalar that possesses the same quantum numbers as a
right-handed up-type quark and a Majorana fermion both are singlets under SU(2)r. By
taking into account this assumption, this model will lead to non-zero rates for top quark
FCNC transitions at the one-loop order. By analyzing the top quark FCNC decays into ¢Z
and ¢H within this model and studying the possible constraints from collider experiments
and cosmology, we find interesting scenarios that may be amenable to discovery both at
the HL-LHC and a future 100 TeV collider.

The rest of this manuscript is organized as follows. In section 2 we present the model
and its particle content. We discuss in details the branching ratios for top quark FCNC
decays into ¢Z and ¢H in section 3. Section 4 is devoted to an analysis of the DM relic
density within this model. The impact of LHC constraints from searches of DM in events
with multijets plus missing energy on our model is discussed in section 5. We present four
benchmark scenarios and discuss their characteristics in section 6. We draw our conclusions
in section 7.



Process SM 2HDM (FC) 2HDM (FV) MSSM RPV-MSSM RS

BR(t — Zc) 1x1071* <1071 <107 <1077 <1076 <107°
BR(t — Zu) 7 x 10717 - - <1077 <107 —
BR(t —gc) 5x10712 <1078 <107 <1077 <107 <10710
BR(t — gu) 4 x 1071 - - <1077 <107 —
BR(t = yc) 5x107%  <107° <1077 <107® <107° <107?
BR(t — yu) 4 x 10716 — — <1078 <107 -
BR(t — He) 3x107®  <107° <2x107% <107 <107° <1074
BR(t — Hu) 2 x 1077 - <6x107% <1075 <107 -

Table 1. Summary of the branching ratios for top quark FCNC decays in the SM along with the
highest predicted values in several well-known BSM extensions. The results are taken from the
2013 Top Working Group Report [52].

2 Theoretical framework

In this work, we consider a minimal simplified model with a ¢—channel scalar mediator
(S) that carries a color charge and a right-handed fermion () that plays the role of the
DM candidate. In this framework, the DM particle interacts primarily with SM quarks
through a Yukawa-type interaction. In this study, we consider one possible scenario where
the scalar mediator couples to right-handed up-type quarks®. In this framework, the new

states transform as

SI (3,1)+2/3, X : (1,1)0, (21)

where the numbers refer to their representations under SU(3). ® SU(2)r, @ U(1)y. On the
other hand, both the scalar mediator and the DM candidate are odd under Zs symmetry
while all the SM particles are even. To ensure that the DM particle is stable we also require
that M, < Ms. The most general Lagrangian is given by

LD Ls+ Ly, —V(S, D), (2.2)
where Lg, £y, and V(S5, @) refer to the kinetic Lagrangian of the mediator, the Yukawa-
type Lagrangian of the DM particle and the scalar potential respectively. The first two
Lagrangian terms are given by

1
Ls+ Ly = ix@x"+ §Mx>zxc +(D,S) (D"S) + (YQ@XS + h.c.), (2.3)

2Besides the minimal model we consider in this study, there are two minimal classes of models depending
on how the scalar mediator transforms under SU(2)r and on the Hypercharge assignments of the scalar
mediator. For instance, the scalar mediator may carry the same quantum numbers as a right-handed down-
type quark. In this case, there is no influence on the top quark FCNC decays at the one-loop order but
only on the rates of the FCNC decays of the SM Higgs boson. In the other scenario, the scalar mediator
belongs to a doublet under SU(2)r which would therefore impact both the top quark FCNC transitions,
Higgs boson decays into bs and low-energy B-meson FCNC decays.



where the first and second terms refer to the kinetic energy and mass term of the right-hand
fermion, the third term refers to the gauge-invariant kinetic term of the scalar mediator and
the last term corresponds to the Sxq interaction (where a sum over the quark generations
is implicit). In equation 2.3, Y;, ¢ = u, ¢, t are generation-dependent Yukawa-type couplings
and D, is the covariant derivative given by:

9

DN = 8# — igSTaGZ 9

YsB,,

with 7% = A\{/2 being the generators of SU(3),, Ys is the hypercharge of the scalar medi-
ator, g1 and g5 are the coupling constants of U(1)y and SU(3). gauge groups respectively.
Unless stated explicitly in the text, we assume that the DM Yukawa-type couplings are
universal in the sense that Y, = Y, = Y;. In the last term of the Lagrangian in equation
2.3 one can see that only one scalar mediator couples to all the SM quark generations.
Therefore, one can generate top quark FCNC decays at the one-loop order mediated solely
by the dark particles of the model. Assuming CP-conservation, the most renormalizable
and gauge-invariant scalar potential is given by

V(S,®) = —m?2,|DT®| + m3,|STS| + A |®TD|2 + o[ STS|2 4+ Ag|STS|[@TD|,  (2.4)

here ® = (0, (v+ H)/v/2)T refers the SM Higgs doublet given in the unitary gauge. All the
parameters in the scalar potential are assumed to be real-valued parameters. Note that the
quartic coupling Ao does not influence the phenomenology of the model and henceforth will
be set to be equal to 1. On the other hand, A3 is subject to constraints from H — gg and
H — ~v signal strength measurements. The effects of the model parameters on the Higgs
decay observables is shown in Appendix A. Note that in this model, the contribution to the
p parameter is exactly zero as shown in Appendix B. We close this section by a discussion
of the decays of the colored mediator (S) in this model. The partial decay width of S into

Y2M M2+ m?2 M2 m2
T(S = qx) = L (1 =X, [\(1,-2 1)
167 M? M2 M3

2 2
YiMs () My
167 M3

Xxq is given by

Q

2
> , mg < Msg. (2.5)

where \(z,vy,2) = 2% + 3% + 22 — 2(zy + z2 + yz) is the Killen function. A few comments
are in order here. First, for A = Mg — M, < my, the scalar mediator decays solely to an
up quark or a charm quark plus y with branching ratios satisfying:

BR(S — uy) _ <Yu>2_

BR(S — cx)  \Y. (26)

Once A becomes larger than the top quark mass, the decay S — ty opens up with a branch-
ing going from a few percents near the threshold and becomes very significant for Mg > my.
Note that these features are very important in connection with DM phenomenology and
collider studies as we will see in the next sections.



Figure 1. Examples of Feynman diagrams for the ¢t — ¢H (upper panel) and t — ¢Z (lower panel)
decays.
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Figure 2. The absolute value of the form factors for ¢ — ¢H (left) and ¢t — ¢Z (right) as a function
of M, for A =100 GeV (solid), A = 300 GeV (dashed) and A = 500 GeV (dashdotted). Here we
assume that the light quark ¢ is the charm quark and we take Y, =Y; =1 and A3 = 1.

3 Top quark FCNC decays

In this work, we consider the FCNC two-body decays of the top quark into ¢Z and ¢H
where ¢ refers to either an up quark or a charm quark. They are mediated by the loops
of the scalar mediator and the DM particle as we can clearly see in fig. 1. The generic
expression of the effective operators for the t - ¢Z and t — ¢Z, ¢ = u, ¢ is given by

—Lesg = V' (fhPL+ f57Pr)aZy + 10" (9f 2 PL + 982 Pr)aZ,
+ t(fhuPL + fiuPr)gH + hoc., (3.1)

where ft%)? (X =2Z,H) and gtLq’g are form factors that are calculable at the one-loop order,
Pr.r = (1F5)/2 are the projection operators and p/ is the four-momentum vector of the



decaying top quark.

The expressions of the one-loop induced form factors are found using FEYNARTS ver-
sion 3.11 [53] and FORMCALC version 9.9 [54] while their numerical evaluations have been
done using LOOPTOOLS version 2.16 [55]. The form factors for ¢ — ¢H are given by

Y.Yim m?2
L gLttt q
= 3vC; + ————+~(B1+— B
Jiqn 1672 ( s v(mi —m2) (B 1q) >v
Y, Yim m2

R gltlitq t

= 33vCy + ——————~ (B14— B . 3.2
ftqH 1672 ( 3vL2 U(m? — mg) ( 1,t 141)) ( )

While for t — gZ, the form factors are given by

mgmy (3¢, — s3 Y. Y;
fff]z:gl o3y = siy) 1 )<Bl,tBl,q>a

96syy 2 (mf —m2

R _  G1swYeYy 1 2 9
ftqZ - 24?2 <2C()0 + 77%% — mg (mt Bl,t — qul,q) s
swY,Yim
gtLqZ = % (Cl +Cn + C'12>,
swY,Yim
Yigz = ngjrgtq <02 + Ci2 + C'z2> : (3.3)

In egs. 3.2 and 3.3, B g = Bl(mé,Mi,Mg) and C; ;5 = Civij(mf,Mi,mg,Mi,Mg,Mg)
refer to the two-point and three-point Passarino-Veltman scalar loop functions [56]. Here,
Myx = myg for t - gH and Mx = My for t — qZ. It is clear from eqgs. 3.2 and 3.3
that ftgH > ff;H and fgz ~ gtLqZ > ggz > ftZZ given the mass dependence of these
form factors. This can clearly be seen in fig. 2, where we show the absolute values of
the form factors as a function of the DM mass (M, ) for three different values of the mass
splitting A = Mg — M,.. We have checked that our results are free of UV divergences and
independent of the nonphysical renormalization scale.

Neglecting light quark masses, the resulting decay widths for ¢t — ¢H and t — ¢Z are
given by

2 2
me mH L 2
I't > qH) = — - — 3.4
( qH) 327r< m%) |ftqH‘ ) (3.4)
Lt —qZ) = ! 1*7% k1 |12 + k2 |k g — 2 k3 Re(glz £,
16mmy m? c c cZJtez

with k1, ko and k3 being functions of m; and Mz:

4 2 4
m m 2M
o = gy (14 76 - 202,
2M7 Mz my

2 2
_ Mz 2 212 — 2 22
Ry = SM% <1 — frn?) X (mt — Mz) N R3 = @ (mt — Mz) .

Note that the inclusion of the light-quark mass effects would induce a correction that is
below 0.1% to the partial widths of the top quark. The resulting branching ratios are given
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Figure 3. The FCNC decay branching ratios as function of the dark matter mass (M, ) for t — ¢H
(left) and t — ¢Z (right). The results are shown for Y, = 1 (dashdotted), Y; = 2 (dashed) and
Y, = 3 (solid). For each case, we calculate the branching ratios for A = 100 GeV (turquoise),
A =300 GeV (blue) and A = 500 GeV (purple). For t — ¢H, we choose A3 = 1. We also display
the latest exclusion bounds from the searches of FCNC production of top quark reported on by
ATLAS [34] and CMS [40] collaboration. More details can be found on the text.

by

It — gX)

BR(t = ¢X) = —— ",
t

(3.5)
where I'y = I'(t — bW) = 1.32 GeV calculated at Next-to-Next-to-Leading Order in
QCD including the finite mass and width effects and Next-to-Leading Order electroweak
corrections [57]. We note that our model predicts that

I(t—cX) _ <Yc>27

Lt —uX) \Y,

2
q

predicts a ratio

since the m; corrections to the FCNC partial widths are extremely small. This model

L(t—qZ) 1

T(t—qH) X’ 30

where r is a factor that depends on the DM mass and the mass splitting (A) and varies
between 5 and 15. We find that 7 is smaller for high M, and higher for small M, .

In fig. 3, we display the branching ratios of t — ¢H (left) and of ¢ — ¢Z (right)
as a function of M, for different values of the mass splitting A and of the Yukawa-type
coupling Y, = Y;. Here, we show the results for ¥, = 1,2 and 3 with the choices of
A =100 GeV (turquoise), A = 300 GeV (blue) and A = 500 GeV (purple). These two
FCNC branching ratios scale as |Y;Y;|* and therefore higher values of Y, = Y; will lead



to extremely large branching ratios especially for small M, and small A. We also show
the experimental bounds reported on by ATLAS [34] and CMS [40] as horizontal solid (for
t — uX) and dashed (for t — ¢X) lines. The strong bounds from the search of t — ¢Z
imply that DM masses of order 400 GeV are excluded at the 95% CL if one assumes that
A =100 GeV and Y, = 3. Smaller values of the DM mass are still allowed if one considers
Y, ~ 1 and relatively large A. On the other hand, we can see that for heavy DM with mass
M, > 1000 GeV, the branching ratios become relatively independent of the choice of A.

4 Dark Matter

The relic density of the y particles is mainly due to the freeze-out mechanism. The main
process that leads to DM relic density within this model is through the annihilation into
daqp where o and 3 are generation indices. This includes the case of same-flavor produc-
tion (u, cé, tt) and of different-flavor production (ué, ci, ut, ti, ct, cii). The co-annihilation
channels start to dominate for small mass splittings between the x particle and the colored
mediator S. The DM density of the x particles can be obtained by solving the following
Boltzmann equation assuming that the colored mediator has already decayed into x + qq:

= 8Hn — (ourvlag)(n” — ), (4.1)

with H being the Hubble parameter, (ocgv(xs)) is the thermally-averaged annihilation
cross section of DM with a velocity v at the freeze-out temperature z; and neq is the
equilibrium number density.

An approximate solution of the Boltzmann equation leads to the following expression
for the DM relic density [58-60]

_104x107 1
" Mbplanek w/g*(xf)1a+3gf—;’

with Mplanek = 1.22x 10 GeV being the Planck mass, g, is the effective number of degrees

Q,h? (4.2)

of freedom and I, and I, are coeflicients that depends on the effective cross section. Here,
1, is related to the velocity-independent and I is related to the velocity-dependent cross
section (see e.g. ref. [60] for more details). We assume that the thermally-averaged cross
section can be expanded as

OefiV = Qe + beiV? + (’)(U4), (4.3)

where the expression of aeg and beg can be found in e.g. ref. [60]. In this analysis, we
use MICROMEGAS version 5.3.41 [61] to solve numerically the Boltzmann equations and
to calculate the relic density of the x particles. We have cross checked the results of Mi-
CROMEGAS by comparing them with the results of MADDM version 3.1 [62] for various
benchmark points. The results of the calculations are shown in fig. 4 where the couplings
satisfying the condition Qxh2 = 0.12 are shown in the plane of M, and A = Mg — M, in
the case where co-annihilation is not included (left) and where co-annihilation is included
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Figure 4. Parameter space satisfying Q,h? = 0.12 shown in the (M,,A) plane. The thin solid
curves are corresponding to contours of constant coupling Y, = 0.5 (orange), ¥, =1 (blue), ¥, =2
(green) and Y, = 3 (red) where Y, =Y, =Y, = Y,. Here we show the results without co-annihilation
(left) and with co-annihilation (right).

(right). We show the contours for Y; = 0.5 (orange), Y, = 1 (blue), Y; = 2 (green) and
Y, = 3 (red). We can see that in order to fulfill the correct relic density, reasonably modest
to large values of Y, are required which increase with increasing mass splitting A. On the
other hand, we can see that there is a wide peak for DM masses above ~ 80 GeV for a
given value of the DM coupling which indicates the opening of the annihilation channel
xx — tt. Finally, we note that the effect of co-annihilation becomes very important for
small A and large M, (see the right panel of fig. 4).

We close this section by commenting on the effects of DM direct detection searches
on the model parameter space. In this model, the leading contribution to the DM-nucleus
spin-independent cross section (ogr) occurs through the exchange of the scalar mediator.
Further corrections can appear once we consider diagrams at NLO?. We, however, check
the viability of the benchmark points presented in section 6 in what concerns the bounds
from ogy reported on by the XENON1T collaboration [64] using calculations at LO only.

5 Bounds from the LHC searches

The model predicts the production of DM at the LHC through a variety of processes lead-
ing to various final-state signatures such as monotop (¢ + ErTniSS), tt + E{Fniss, monojet, and

3The analysis of g1 is very involved and we do not consider it in this work. We refer the interested
reader to refs. [47, 50, 63] for more detailed analyses of direct detection for more generalised models which
involve three mediators or one mediator and one scalar leptoquark. We note that these constraints are not
strong as long as couplings of order O(1) are considered.



Figure 5. Representative Feynman diagrams for monojet production in this model. Here, we show
the monojet production through resonant Sy production (a) and noresonant production (b-c).

multijet+ErTniSS. There are several collider studies on the models with ¢—channel mediators
[48, 49, 51]. In these analyses, the scalar mediator is assumed to couple to one generation
of quarks only. Therefore constraints from multijet+E% are found to be strong excluding
a wide range of the parameter space [49]. In this model, the fact that the scalar medi-
ator couples to all the three generations of quarks lead to weaker limits. We found that
the strongest bound comes from the search of monojet (small number of jets and missing
energy) which was carried by the ATLAS collaboration [65]*. Examples of Feynman dia-
grams for mono-jet production in this model at Leading Order (LO) are shown in fig. 5.
In this model, one can distinguish between resonant production (fig. 5a) and non-resonant
production through ¢g annihilation (fig. 5b) and through gg fusion (fig. 5¢). The cross
section of the mono-jet production can be generically expressed as follows:

o(pp — xxJ) = Z/dfvidxjfi/p(fm, Q%) (25, Q%) (i — xxJ), (5.1)
07

here f;/, (w4, Q?) is the PDF of a parton i within the proton to carry a momentum fraction
x; at a factorization scale (), & is the partonic cross section which scales in this process
as 0(ij — xxJ) x Yq4. Here Y, is either Y, or Y,. Note that for all the diagrams, the
contribution of the charm quark PDF is always smaller than the contribution of the up or
down quarks. The analysis we consider in this study targeted the search of new physics
beyond the Standard Model in final states consisting a small number of jets in association
with missing energy using 139 fb~! of data collected in the period of 2015-2018. In this
analysis, events are required to have at least one jet with transverse momentum of 150 GeV
and no reconstructed isolated 'Loose’ electrons or muons with pr > 7 GeV and || < 2.5,
tau leptons with pp > 10 GeV and |n| < 2.5 or photons with pr > 10 GeV and |n| < 2.5.
The missing transverse energy (EX%) is required to be larger than 200 GeV. Twenty-
six signal regions are defined depending on the cut on Ejnlissz 13 inclusive signal region
(IM0-IM12) and 13 exclusive signal regions (EM0-EM12).

4A comprehensive analysis of all the existing collider searches at the LHC will be performed in a future
study.
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Figure 6. The 95% CL exclusion on the model projected on the plane of (M,,A) for Y; = 0.5

(solid) and Y, (dashed). For the two cases, the contours correspond to CL?” which defines the
exclusions at the 95% confidence level. Here, we assumed that Y, =Y, =Y, for simplicity.

To estimate the bounds on the model parameter space arising from this search, we
use a validated implementation, which is denoted by ATLAS-EXOT-2018-06, in the MAD-
ANALYSIS 5 framework [66-69]. The link to the analysis code along with the validation
material can be found in ref. [70]. Theory predictions for the signal have been done using
MADGRAPH5_AMC@NLO version 3.5.0 [71] with Leading Order (LO) matrix elements.
The matrix elements have been convoluted with the NNPDF31_lo_as 0130 PDF set with
as(Mz) = 0.130 [72] which can be found in LHAPDF version 6.4.0 [73]. Note that our choice
of as is adopted to capture some of the missing higher order corrections although the cal-
culation is only accurate at LO. The generated events are then interfaced to PYTHIA 8
version 8309 [74] to add parton showering and hadronization. All the jets were clustered

with the anti-k; algorithm with a jet radius of R = 0.4 [75] using FASTJET version 3.40
[76]. Simplified detector modeling was achieved with the use of the Simplified Fast detector
Simulation (SFS) module of MADANALYSIS 5 [77]. To estimate the exclusion bounds on
the model we calculate the CLg using Pyhf [78]. A point in the model parameter space is
excluded at the 95% if CLg > 0.95. In fig. 6 we show the 95% confidence level exclusions
projected on the plane of (M,,A) for two assumptions on the coupling: Y, = 0.5 (solid)

and Y, = 1 (dashed). We can see that for ¥; = 1 DM masses up to 800 GeV are excluded
with very small dependence on the mass splitting (A). However, for the choice of Y; = 0.5
the bounds get weaker given that total cross section behaves approximately as Yq4. Note
that further improvements on the bounds can be made if one consider calculations at NLO
(see ref. [48] for more details). We plan to improve our results in a future work [79]
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Benchmark point Quantity BP1 BP2 BP3 BP4
Yy 0.4 0.4 0.0 0.4
Y, 0.4 0.8 1.0 1.0
Y; 0.4 1.2 2.0 0.8
Parameters
A3 2.0 1.0 1.0 4.0
M, (GeV) 500 200 100 600
A (GeV) 57 650 500 250
Apoe (TeV) 56 100 10 5.5
Branching ratios
BR(S — ux) 5.00x 1071 7.60 x 102  0.00 x 10°  1.01 x 107!
BR(S —cx) 5.00x1071 3.03x 107! 231 x107' 6.32x107!
BR(S — gx)
BR(S —tx)  0.00 x 10°  6.21 x 10! 7.69 x 10~} 2.67 x 107!
I's/Ms 1.18 x 107* 364 x107%2 831x1072 7.92x1073
BR(t —cH) 1.02x107% 1.98x107% 3.69x 1077 143 x1077
BR(t — uH) 1.02x 1078 4.95x 107° 0.0 2.29 x 1078
BR(t — ¢X)
BR(t —c¢Z) 1.50x107% 1.79x 1077 3.49x 1075 5.92 x 1078
BR(t - uZ) 1.50x107% 4.48 x 1078 0.0 9.48 x 1079

Table 2. Definition of the benchmark points. Here, we show the branching ratios BR(S — xq)
along with the width-to-mass ratio (I's/Mg) of S. The FCNC branching ratios of the top quark,
BR(t — ¢H) and BR(t — ¢Z), are also shown. For each benchmark point we display the energy
scale, denoted by Apqie, at which the perturbativity bound is violated at the one-loop order (more
details about the renormalization group equation can be found in Appendix C).

6 Benchmark scenarios for future collider analyses

In this section, we present four benchmark points consistent with the current experimental
bounds from LHC searches of new physics, top quark FCNC decays, Higgs boson couplings
and cosmology. We also show the production rates for several processes which may be
amenable to discovery at either the HL-LHC or the FCC-hh. The definition of the bench-
mark points is shown in Table 2 including the decay branching ratios of the colored scalar
mediator and the top quark FCNC. Given the importance of the choice of A3 in our model,
we also show the energy scale at which the perturbativity of the model is broken down
(more details about the RGEs are shown in Appendix C). Some of the characteristics of
the benchmark points are shown in Table 3. We give a few comments about the benchmark
points:

BP1. First, all the
Yukawa-type couplings (Y;) are chosen to be equal, i.e. Y, =Y, =Y; = 0.4. Second,

This benchmark point is characterized by two main properties.
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Benchmark point  Quantity BP1 BP2 BP3 BP4
Dark matter Q,h? 118 x 1071 6.42x 1072 858 x 1072  1.05 x 107!
ob; (pb)  4.74x 1071 351 x 1071 457 x 107 2.97 x 10712
Production cross sections [fb]
Sx 6.11 x 101 3.23x 10!  7.89x10'  1.34 x 10
St 156 x 10> 1.19x 10" 1.06 x 10> 1.16 x 10
SS+he  1.79x 10! 145 x 10°  4.80x 107" 5.47 x 10°
xH 3.36 x 107 2.65x107*  9.00 x 107*  4.94 x 1074
xZ 1.82x 1073 1.25x 1072 148 x 1072  2.08 x 1073
13.6 TeV YSH 535 x 1072 385 x107% 1.11x1072 3.02x 1072
xSZ 444 %1072 227x1072 388 x 1072 1.12x 1072
5SSty 2.19 x 102 1.64 x 10! 1.46 x 102 1.63 x 10!
S8ty 1.02 x 10° 1.10 x 107t 740 x 107! 1.10 x 107!
5SSt 821x107% 1.40x 107"  1.01x10°  4.50 x 1072
SSTH ~ 480x 107" 6.42x107%  7.69x 1072  1.00 x 107"
S8tz 240 x 1071 2.85x1072  1.80x 107!  2.86 x 1072
Sx 3.41 x 10 2.32x10°  6.53 x 10° 1.57 x 103
St 28.82x 10°  4.63 x 10°  21.36 x 10> 4.61 x 10
SS+he  225x102  494x10'  539x 101 2.31 x 10
xxH 1.61x 1072 1.01x1072 509 x 1072  4.69 x 1072
xXxZ 9.91 x 1072 5.03x 107"  884x 107" 204 x 107!
100 Tev xSH 4.32x10° 407 x 107t 1.39x10°  5.06 x 10
xSZ 4.24x10°  227x10°  535x10° 226 x 10°
SSTj 58.65 x 10 10.36 x 10°  43.92x 10®°  10.32 x 10
581y 138 x 10> 248 x 10 891 x 10"  2.75 x 10!
SSTt 138 x 100 6.65x 10"  3.73x102 225 x 10!
SSTH 128 x10%  3.64x10°  224x10" 584 x 10!
SStZ 2.65x 101 6.66 x 100 216 x 10" 6.70 x 10°

Table 3. Some characteristics of the benchmark scenarios to be considered for future collider
analyses.

we have chosen a small mass splitting between y and S; A = 57 GeV. For this choice
of My, the dominant contribution to the relic abundance comes from the co-annihilation
mechanism. We list the channels by their contribution to (2,h?)~1: xS — qg,qH,t con-
tribute by about 65%, xx — ¢gdn contributes by about 21% and SST — WHWw—,gg
contribute by about 7%. Given that the mass splitting is smaller than the top quark mass,
the main decay channel of S is into u)y and ¢y with equal branching ratio of 50% for each
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channel. The choice of Y,, = Y, leads to BR(t — uX) = BR(t — ¢X) while the choice
of A3 = 2 implies that BR(t — ¢Z) ~ 1.5 x BR(t — ¢H). For this benchmark point, we
find that the best channels to look for are the production of xx in association with jets:
S(= )% S(= 7x)8T (= 5x), S(= jx)ST(= jx)j and S(—= jx)ST(= jx)H(— bb) where
j = u,u,c, ¢ There is also an important process to search for at hadron colliders which is
the production of S5~ which leads to final states comprising of at least 2 jets, a high-pr
photon and large missing energy.

BP2. Here we choose a normal hierarchy for the couplings, i.e. Y; > Y. > Y. Large mass
splitting (A = 650 GeV) and a relatively light DM (M, = 200 GeV) are chosen. Given
this large mass splitting, the DM relic density is mainly due to the annihilation mechanism
where annihilation into ¢ and ct + té contributes to the relic density by 55% and 34%
respectively. In this benchmark scenario, the relic density of the y particles form about
53% of the total DM relic density in the universe. On the other hand, the top quark FCNC
branching ratios satisfy BR(t — ¢X) =~ 4 x BR(— uX) and BR(t — ¢Z) ~ 9.04 x BR(t —
qH). Due to this choice of couplings, the S particle decays dominantly into tx with BR of
62.1% followed by S — ¢y with BR of 30.3% while the decay S — wY is subleading with BR
smaller than 10%. In this scenario, processes involving one top quark or more in association
with large missing energy are the most prominent at hadron colliders. Here five processes
may lead to interesting signatures: S(— tx)x, S(— tx)ST(— tx), S(— tx)S(— tx)+h.c.%,
S(— tx)ST(— tx)j and S(— tx)ST(— tx)t. The latter channel is interesting as it leads to
final states of 3 top quarks and missing energy. There are other channels that involve the
production of one or two hard jets initiated by w and ¢ quarks in association with one or
two top quarks.

BP3. In this benchmark point, we specifically choose the coupling to the v quark to be
exactly zero and assume the other couplings to be Y; = 2 x Y, = 2 and A3 = 1. For the
particle masses, we choose a DM of mass 100 GeV and a mediator with mass of 600 GeV.
For this choice of mass and couplings, the most dominant decay of S is into ¢tx with a
branching ratio of 76.9% followed by the decay into ¢y with a branching ratio of 23.1%.
The relic density of the y particle in this benchmark point is about 71.5% of the total DM
relic density and is mainly due to the annihilation of y into ct + té with a contribution
of 92%. In this scenario, the branching ratios of ¢ — uZ and t — uH are exactly zero
while the decays involving charm quarks satisfy: BR(t — ¢Z) = 9.46 x BR(t — cH). In
addition to processes like the production of one or two top quarks and jets in association
with missing energy, this BP can be probed using processes involving Higgs bosons as well,
i.e. S(— tx)ST(— éx)H and xS(— tx)H. These two processes are advantageous since
they have smaller associated backgrounds and can be used to connect top FCNCs and DM
at hadron colliders.

BP4. We select the couplings to satisfy Y, > Y; > Y, and A3 = 4. Moreover, we choose
the DM to be quite heavy with a mass of 600 GeV and a mass splitting of 250 GeV. The

®Note that the production of SS always dominates over STST since its rate is initiated by valence u
quarks.
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dominant decay of S is into ¢y with a branching ratio of 62.3% followed by ¢y and uy with
branching ratios of 26.7% and 10.1% respectively. The top FCNC decays into ¢X dominate
over uX with branching ratios satisfying BR(¢t — ¢X) ~ 6.24 x BR(t{ — uX) where the
proportionality factor is approximately equal to (Y./Y,)?. In this BP, the branching ratio
of top FCNC decay into H + ¢ is larger than into Z + ¢ and satisfy BR(t — ¢H) =~
241 x BR(t — ¢qZ). The relic density in this BP is mainly due to the annihilation of
X into ct, t¢, tt and c¢ with a combined contribution of about 86%. This choice leads to
Qxhz /Qplanckh? &~ 87.1%. The heavy DM scenario in this BP leads to smaller cross sections
for the production of x and S in hadron colliders as compared to the rates for the other
BPs.

7 Conclusions

In this work, we have suggested a minimal simplified model that simultaneously addresses
the DM problem and generates nonzero rates for top quark FCNC decays. In this model,
the SM is extended by two SU(2)y singlets: a colored scalar mediator (S) that carries
the same quantum numbers as a right-handed up-type quark, and a Majorana fermion (x)
which plays the role of the DM candidate. The two extra states are odd under an ad-hoc
Za symmetry which is imposed to guarantee the stability of x provided that M, < Msg.
Since the colored scalar mediator couples to all the quark generations, nonzero rates for
top quark FCNC decays are induced through the loops of S and x. Using examples of two
interesting top quark FCNC decays, i.e. t — ¢H and t — ¢Z, we have comprehensively
analyzed the contribution of these two extra states on the corresponding branching ratios.
First, we find that the top quark FCNC branching ratios do not depend on the light quark
masses but only on their coupling to x and S (denoted by Y;). Second, we find that
the branching ratios BR(t — ¢H) and BR(t — ¢Z) are related by phase space factors
and the coupling of S to the SM Higgs boson doublet. We then analyzed the DM relic
density in this model which is mainly due to the annihilation of the y particles into quarks
unless the mass splitting between y and S is small in which case co-annihilation into SM
particles starts to dominate. The bounds from the LHC searches of DM in monojet are
analyzed. After analyzing all these constraints, we have defined four benchmark points
that can lead to high discovery potential at the HL-LHC and FCC-hh. We discussed in
details the characteristics of these benchmark points and the different methods to probe
them at high-energy colliders. This work provides a novel interesting connection between
top quark FCNC, the DM problem and collider searches of new physics BSM.
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Figure 7. The dependence of k., (left) and x4 (right) on the colored scalar mass (Mg) for A3 = —1

(turquoise), Az = 0 (blue), A3 = 1 (purple) and A3 = 3 (red). In the same plots we show the best-fit

values of k, = 1.02700% and x, = 1.0175(} along with the 1o (green) and 20 (yellow) bands as

was reported on by the ATLAS collaboration [80].

A Impact on Higgs boson couplings

As pointed out in section 2, the Higgs boson couplings get contributions from the param-
eters of this model. Here, we show explicitly the impact of the Higgs measurements on
the allowed range of the model’s parameters. There are two different categories of decay
channels that can be affected by this model: bosonic decays into vy and gg and fermionic
decays into uu, cc. In this appendix, we do not consider the contribution to bosonic decay
processes like ZZ* WW™ since it was found that they are small and do not go beyond a
few percents, see refs. [81-83]. The main aim of this section is to evaluate the following
ratio

I'H —1)

Ki = m, (A.1)

where ¢ = ¢,7,u,c. We start with the bosonic decay channels. In this model, the new
contribution to these decay widths depends solely on the mass of the colored mediator
(Mg) and the quartic coupling (A3). The partial decay widths for vy and gg channels are
given by

(H = 77) GFQ%Mm%IEZQQN Avja(rp) + Ar(rw) + Nes @222 do(rs)|
e =—— c T T c — T y
Y 128\/5773 - fiVefA1/2\Ty 1\Tw S 52M§ olTs
Gpoﬂm%{ )\31}2 2
I'H = — 5 4 A = _A A2
(H — gg) 64/ Ef 1/2(Tf)+2M§ o(7s)| , (A.2)
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with N.x = 3 being the number of colors for the quarks and the scalar mediator, 7; =
m/(4m2), Ayo(r) = 252 (r + (1 = DF(1)), Alr) = —r2(272 + 37 + 3(27 — 1)f(7)),
Ao(t) = —772(7 — f(7)), and f(7) is the one-loop function which can be found in e.g.
ref. [84]. In the SM, the contribution of the W-boson to I'(H — 77y) is dominant as
compared to the contribution of the top quark and it comes with an opposite sign. The
contribution of the colored scalar is mainly controlled by the value of A3. We can see that
there are destructive (constructive) interference for positive (negative) values of A3 with
the dominant W-boson contribution. The situation is different for the case of H — gg
since the only dominant contribution in the SM is that of the top quark. The new scalar
contribution comes with the same sign as the top quark contribution for A3 > 0 leading to
enhancement while it reduces the rate of H — gg for negative A\3. These features can be
clearly seen in fig. 7 where we show the dependence of k., (left) and x4, on Mg for different
values of A\3. We can see that x4 and s, are anticorrelated in this model since for example
the new scalar loops induce positive (negative) contributions to k. (k) when A3 < 05. To
compare with the experimental data, we also show the recent measurements of x, and &,
reported on by the ATLAS collaboration [80]. We can see that the recent measurements
of k, and Ky do not prefer light scalars as masses of order 200-300 GeV are excluded for
all but A3 = 0.

We turn now into a brief discussion of the contribution of the new states to the fermionic
rates i.e., H — uu and H — c¢. The partial width for these channels is given by

I'(H — qq) =T'(H — qq)nsro + AT(H — qq)np, (A.3)

where I'(H — qq)nspo is the decay width in the SM calculated at N3LO including renor-
malized running quark masses [85, 86] and AI'(H — ¢g)np is the model contribution to
the decay width which is given by

AT(H — qq)xp = % Re(fr +dfL) +Re(fr +0fr)|, (A.4)

with fr, g being the one-loop form factors which depend on Yj, A3, M, and Mg and they
are given by

3A3mvY 2
fL = ﬁCQ(mgam%{7m37M§7MgvMb%)>
3 zm Y2
fr= Wcl(m?pm%bmgaMingng) (A5)
dfr and ¢ fr are the counterterms given by [87]
mee osw ~ om oMy 1 1
of = = |14 0Z. — g _ 62+ = (628 45211
Ji QSWMW[+ © SW+mq MW+2 H+2< aq 0% | |

o mqe . 58W 5mq . (SMW 1 } L RvT
ofr = Tow Mo [1 +0Ze s e My + 5020 + 5024 +0Z44" ) |,(A6)

5The choice of a negative value of A3 may lead to vacuum configurations that break the color symmetry.
Here we only show the results for comparison since an analysis of the color-breaking minima is beyond the
scope of this work.
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Figure 8. Dependence of k, on the dark-matter mass (M) for A = 100 GeV (left panel),
A = 300 GeV (middle panel) and A = 500 GeV (right panel). Here, we show the results for x.
(solid lines) and ,, (dashed lines). For each panel, the results are shown for Y, = 1 (purple), Y, = 3
(blue), Y, =5 (purple) and Y, = 10 (red).

the renormalization constants §Z are easily calculated:

2
—asty (=2 4
oM = 5 (2 ag(0a3) + S B (M3 MBMD)). 508G =,

C%VW 3
1 sw 2 M2, M2
02, = =\ =62y — —0Z Ssyy = 2 — W Z
¢ 2( LR Z”)’ w 2sw< M2, Tz )
40 O 3aliM2, O
67 = — ——=Boo(q*, M2, M?2 . 0Zp="3"W Z Bo(g?, M2, M2 ,
T 37 02 00(q”, Mg, Mg) 20 H 2 O¢ o(q”, Mg, Mg) P
—2asw [ —2 9 4 9 9 19
0Lz = —————— | —Ag(M —Boo(M7, Mz, M%) |, A7
= cWM§Tr<3 0(Ms) + 5 Boo(Mz, Ms, M) (A7)
22 2
L mgYy 0 2 as2 42 _ —1mgYy, 2 ar2 a2
5qu - 1672 8q2B1(q ’MX’MS) q2:m27 5mq_ ﬁ 2 Bl(manXaMS)7
q
2
52R _ Yq B 2 M2 M2 2 a B 2 M2 M2
qq — 2 1(mq7 X? S) +mq 2 1(q ) X’ S) .
167 0q P=m?

The numerical evaluation of the fermionic decay widths has been done using a customised
Python code employing PYCOLLIER [88]”. The results of our calculations are shown in fig.
8 where we show k, (solid) and k. (dashed) as a function of M, for A = 100 GeV (left),
A =300 GeV (middle) and A = 500 GeV (right). We can see that unless the couplings Y
are very large, i.e. Y, > 5 or so, the corrections to x4 are always small. For large M,, all
the corrections are decoupling and k, reach their SM values.

B Contribution to the p parameter

In this section, we demonstrate that our model give a zero contribution to the p param-
eter (this was mentioned in section 2). We explicitly calculate the contribution to the p

"PYCOLLIER is a Python wrapper of the COLLIER library [89)].
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Figure 9. Examples of Feynman diagrams that contribute to ZZ and Z+ self energies at the
one-loop order.

parameter at the one-loop order where the leading order Feynman diagrams in this model
are shown in fig. 9. The expression of Ap is given by

Ap _ <HZZ(0) _ wa(O) _ 2SW sz(0)>
M2 M, cw MZ )

where Iy (g?) is the contribution to the 1PI two-point function and sy = sin? fyy is the

(B.1)

sine of the Weinberg mixing angle. Since the colored scalar mediator is a singlet under
SU(2), its contribution to the W-boson self energy is exactly zero. Using FEYNARTS and
ForMCALC, we have:

_ _9%312/11 }A 2y 1 2 2
Hzz(0) = 0(Mg) — 5 Boo(0, M5, M3) |,

72 \6 3
2
giswew (1 1
z,(0) = 17T2<6A0(M§) - 3B00(0aMg’aM§')>7 (B.2)

where Ap(x) and Boo(0,z,z) are the one- and two-point scalar loop functions and g; =
e/cw is the U(1)y gauge coupling. We get

ap = =398 (L o2y~ Lo, a2 ). (B.3)
72M2 \ 6 3

We must note that Ap given above is free of UV divergences since the UV divergent part
of the two Passarino-Veltman functions is
mi+mi p

Div[Ag(m?)] = m2A, Div[Bgo(p?, m3,m3)] = <4 - 22> A, (B.4)

where A = 2/e + log(4m) — vg. In our case the UV divergent part of Ay and By satisfy
Div[Ap] = 2 x Div[Byo] which imply that Div[Ap] = 0.
C Renormalization group equations and high-energy behavior

In this section we show the details of the renormalization group equations (RGEs) relevant
for the analysis of section 6. The beta function for a parameter X is given by

0= = L sy L sy (1)

M T (a2 (4m)
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where 6(1)(){ ) and (2) refer to the beta functions at the one-loop and two-order respec-
tively. Higher order corrections are encoded in the ---. The calculation of the beta func-
tions was performed using PyR@Te version 3.0 [90]. Below we give the expression of the
beta functions for the new parameters of the model at the one- and the two-loop orders.
In what follows, L; = (Yy, Y., Y;)T.

C.1 Dark-matter couplings

4
BO(Ly) = + YIYyLy + AL LI L, + 2Tk (LILt) L, — ggth 4L,

1 1 3
BA(L) = — ZYJ Y, YV, L — ZYJ YaY Y, L — thLIYJ YuLi 4+ 5L L L L] Ly

- gTr (Yj Yu> Y1V, L, — 3Ty (YJ Y, LL] ) L — 9Tr (YTYd) Y1V, L,
. gTr (Yte) YIY,L, — 12T¢ (LILtLtLt> L, —12Tr (LILt) LiL} L,

49
— 8A3Y, [V Ly — 128Xo L, LI Ly + 12873 Ly + 4Ly + —

120
268 124

5 16
@YY L - @YY L+ S gL LIL + — g2 L, L] L
892 t 393 t + 159 t t + 393t t

232 64 , 181 ,

27 L,
22591t 15919“ 9 B3

EYIY, Ly

4 20
+3 C P Ty (LTLt) L, + ?g3Tr (LTLt> L+ 2%

C.2 Quartic couplings

9 27 , 9 9,

W(A) = + 2472 + 1222 — Zg2A A 20T (YY)
BUO) = + 2407 +1203 — £gih — 993\ + 5501 + 559165 + g2 + 120 Tr

120 Tr (Y Ya) + 4T (YY) = 6T (vvayiv,) - oTr (vivay[va)

— 2T (Vv fv),

108 128
BA(A) = — 31223 — 120A,02 — 9673 + (5) 222 £ 108302 + —9 22 4+ 128¢2)\2

2063 ) AT g 00 T3 2y BT o 1789 4 0 289
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- %gQTr <YJYU> - %gQTr <YTYd> - Z;;‘*Tr <Y Y) — 3\ T (YTY Yly, )
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- gngr (YTYY Y> — 32¢2Tr (YTY vy, ) — 32¢2Tr (YTYdYTYd)

+ 30T (Yj Y YV, v Yu) +12Th (YJ Y VIV, L L] ) — 6T (YJ Y, Y v,y Yu>

— 6Ty (YJ Yvivy) Yu> +30Tr (YdT vvivvi Yd) +10Tr (Yj }@Yj}@yjl@) ,

16 8 4 13
B (Ag) = + 11222 + 222 — Eg%)\g — 1693 + 75g1 + 159195 - 2495 + 8o Tr (L Lt)
— Ty (LILtLILt) ,
2816 4., 2816 ,
B@(Ag) = — 6144X3 — 80X A2 — 16A3 + 59 g+ T gaNE 4 ggl/\ + 1292\
5182 4 T 212 Lo P46 o 2554 4 o
) 2) Do+ —ging — 22
+ 595 9 2+ 15 —— G195 — 5 93 2+ 591 37 337591 T gop 9193
308 349
O 2 28 448N TY (LTLt) —12\2Ty (YTYU) —12A2Ty (Y*Yd)
1357 979
32
ATy (Ye Ye) —gl)\gTr (LTLt) —93)\2Tr (LTLt) — 59l Tr (LTLt)
16 13 ,
- T (LTLt) - ST (LTLt) — 12\, Tr (YT Y, LtLT)

— 160 T (L{L L] L) + 4Te (VIVaLoL{L,L]) + 24Tr (LfLoL{L L] L)

6
%)
5591+ 6ATr (Y Y,

+ 63 Tr (Y;Yd) + 203 Tr (YJ Ye> + 4y Tr (LI Lt> — 4Ty (YJYuLtLI) ,

5 9
BO(A3) = + 1201 A3 + 64d9)3 + 8A2 — 59‘93 — §g§A3 — 8¢2\3 +

2
B@(A3) = — 144X 02 — T68XoA2 — 60AZ A3 — 128003\3 — 52A3 + %g%AlAg + 726201 A3

2048 , 2048 , 10 5., 32 000 1240 64
20\ 2)a\ A2+ 6202 + 224202 ) 4\
+15 2A3 + = 23+391 +923+393 5 "‘5 2
BTAST 4o 9 5 5 32, 145 A 2603 L9 4,
_ 44 _
3600 917+ g9192As + g g 91937 = 16 Tg 9278 — Hgshs - 750 1T 10

8
— —g1g3 — T2\ ATy (YJ Yu> — 720 A5 Tr (YdT Yd> — UM A Tr (nge)
— 2560 \3Tr (LILt) — 24N\3Tx (Y*Y ) — 24Ny (YdT Yd> — 8ATY (YTY)

—16A2TY (LILt) lglAgTr (YTY) 42 “giTr (YTYd) —5g1)\3Tr (YTY)
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8
+ SgPA Ty (LILt) —gQ)\gTr (Y Y) —92)\3Tr (YTYd)

LN (VIYe) +40g3rTr (ViYL ) + 00T (Y[Y2)
goggx\gTr (L Lt) - %g%T (YT Y) 5 2 imy (YTYd> —2g Ty <YTY6>
27

4
— SeoiTr (L Lt> — 16¢3Ty (YTY ) — 16¢3Ty (YTYd) - ST (YTY Yy, )
4 A3Tr (Yu YuLtLt) — 213 Tr (YJ Y,y Yu> — 3A?,Tr (Yj Y,y Yd>

9 ty vt trort 8 f
— A Tr (Ye Y.Y, Ye) — 24\ Th (LtLtLtLt) — ot (Y Y, L, L] )

32
- ST (VIYaLL]) + 14T (YT Y, Yy, LtLT) +44Tr (VYo Lo LI L))

— Ty (YJ YV Y, L, Lf ) .
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