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Towards the super Yang-Mills spectrum at large 𝑁𝑐 Sofie Martins

1. Motivation

We are interested in studying the large-𝑁𝑐 limit of a one-flavour theory with one fermion in the
two-index antisymmetric representation, following the proposal of [1] to use this theory as a proxy to
predict the low-lying mesonic spectrum of a supersymmetric theory. In order to test phenomenological
predictions made in [2] and [3], we have performed a lattice study for the case 𝑁𝑐 = 3 published in [4].
We now wish to, on the one hand, produce this result for larger numbers of colours and, on the other
hand, estimate the impact of cut-off effects on the result we have obtained so far. This is a progress
report on this project.

2. 𝑁𝑐 = 3 summarized

We are using the Symanzik-improved gauge action and one flavour of clover-improved Wilson
fermions in the two-index antisymmetric representation at 𝑐sw = 1 with OpenQCD [5]. Due to having
just a single flavour, we need the RHMC [6].

Evaluating the spectrum of this one-flavour theory yields the low-lying mesonic states that are
the supersymmetric analogon to the lowest-energy states of the glueball spectrum. We can obtain
masses for these gluodynamic states by evaluating the connected and disconnected contributions to the
correlation function and extracting the mass.

However, constructing the theory like this, we assume massive gluinos. In order to predict the
actual realisation of massless gluinos, we need to take the chiral limit. As demonstrated in [7], the chiral
point is characterized by vanishing topological susceptibility. Extrapolating to the point of vanishing
topological susceptibility is equivalent to taking the mass in the connected contributions to zero. As in
[4], we denote the particle with this mass 𝑚fake

𝜋 as fake pion. Taking the mass of the fake pion to zero is
equivalent to taking the mass of the gluino constituents to zero.

Our 𝑁𝑐 = 3 study focused on testing the phenomenological predictions [2, 3] for the ratio between
pseudoscalar and scalar masses 𝑚P/𝑚S. This has the advantage that we can estimate the size of 1/𝑁𝑐

effects by using 𝑁𝑐 = 3 without a number of technical difficulties; for example, there is no necessity to
set the scale.

The phenomenological prediction we aim to reproduce has been derived by [2] and [3] with
different methods. Here, [2] states the ratio between the scalar and pseudoscalar meson to be

𝑚P
𝑚S

= 1 − 22
9𝑁𝑐

− 4
9
𝛽 ≲ 0.185 (1)

up to unknown O(1/𝑁2
𝑐) effects, whereas [3] arrives at a consistent result of

𝑚P
𝑚S

=
𝑁𝑐 − 2
𝑁𝑐

. (2)

Note that 𝛽 in (1) denotes a real, positive constant at O(1/𝑁𝑐).
Our lattice study published in [4] finds

𝑚P
𝑚S

= 0.356(54) . (3)
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The predictions from [2] and [3] are trivially compatible in the large-𝑁𝑐 limit but differ in the way
they approach this limit. We now aim to test this result using a larger number of colours. This approach
reduces the O(1/𝑁2

𝑐) effects in the estimate (1) and can therefore give an indication which of these
two predictions, which are based on different sets of assumptions, describe the O(1/𝑁𝑐) effects more
accurately.

In addition, we are tuning ensembles without clover-improvement in 𝑁𝑐 = 3 to gauge how much
the estimate at 𝑁𝑐 = 3 from [4] is affected by cut-off effects.

3. Larger 𝑁𝑐

For testing this prediction for 𝑆𝑈 (𝑁𝑐)-theories with 𝑁𝑐 > 3, we use HiRep [8, 9] using again
Symanzik improvement in the gauge action and one flavour of clover-improved Wilson fermions at
𝑐sw = 1 in the two-index antisymmetric representation for 𝑁𝑐 = 4, 5, 6. We have explored the parameter
space for these three 𝑁𝑐 to find approximate fake pion masses in the range of 𝑎𝑚fake

𝜋 ≈ 0.2 - 1.0 and
lattice spacings around 0.1 fm.

3.1 Matching physical parameters

For a reasonable estimate for the coupling 𝛽 to yield lattice spacings of approximately 0.1 fm, we
are following the suggestion from t’Hooft in [10], to keep the t’Hooft coupling 𝜆 = 𝑔2𝑁𝑐 constant.
Since

𝛽 =
𝑁𝑐

𝑔2 ⇒ 𝜆 =
𝑁2
𝑐

𝛽
, (4)

we can naively rescale

𝛽 ∼ 𝑁2
𝑐 , (5)

yielding the parameters displayed in table 1.
In practice, the rescaling described in [10] features the renormalised coupling, and we initially

expected the need to adjust 𝛽 due to significant deviations from the target physical parameters.
Surprisingly, we found good agreement in the resulting physical parameter space, yielding the same
lattice spacings as for 𝑁𝑐 = 3 by just using the naive scaling. Subsequently, it seems that the naive
scaling suggested by t’Hooft works well in this setting, even if it is only a tree-level estimate.

Unfortunately, when naively scaling the 𝛽(𝑁𝑐 = 3) = 4.5 to 𝑁𝑐 = 4, 5 and 6, we observed strong
topological freezing in all simulations within the interesting physical parameter space. In the following,
we detail ensembles to explore the parameter space to stay within target physical parameters but avoid
topological freezing.

3.2 Parameter dependence of topological freezing

For periodic boundary conditions, the parameter dependence of the number of topological sectors
explored depending on volume and quark mass is derived in [12]. For one-flavour theories, they derive
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𝑁𝑐 𝛽naive 𝛽 ≈
3 4.50 4.5
4 8.00 7.6
5 12.50 12.1
6 18.00 –

Table 1: Naive estimates to rescale 𝛽 in order to simulate at the right t’Hooft coupling, following [10] and an
approximate value for 𝛽 at which the freezing is sufficiently reduced.
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Figure 1: Severity of topological freezing depending on the parameter space. The left and middle image show
pure gauge simulations over 500 trajectories depending on the spatial lattice extent at fixed 𝑁𝑐 = 4 (middle) and
depending on the number of colours at fixed 𝐿/𝑎 = 24 (left). The figure to the right shows the development
of the topological charge for dynamic ensembles after thermalization for a fixed 𝜅 = 0.1450 depending on the
spatial lattice extent 𝐿/𝑎. Note that the data for pure gauge was already published in [11].

that the probability of finding a gauge configuration in a given topological sector is normally distributed
around 𝑄 = 0 as

𝜎 = Var(𝑄) = ⟨𝑄2⟩ = 𝑉Σ𝑚 (6)

where 𝑉 is the volume 𝑇 × 𝐿3, 𝑚 the quark mass and Σ describes a low energy constant related
to the quark condensate in the chiral limit. Correspondingly, the probability of movement between
different topological sectors is increasing with 𝑉𝑚, so we can compensate a decrease in 𝑚 with a
corresponding increase in 𝑉 . The topological susceptibility will, in any case, go to zero in the chiral
limit. The strength of the freezing may also depend on 𝑁𝑐 and become worse when increasing 𝑁𝑐. For
this case we need to consider additional options to avoid autocorrelations of our ensembles.

Another stronger predictor for topological freezing is the lattice spacing, which we control over
𝛽. Since 𝛽 is inversely proportional to the lattice spacing, a slight change in 𝛽 can have a significant
effect on the lattice spacing; the autocorrelation time of the topological charge behaves as 𝜏𝑄 ∼ 𝑎−5 for
lattice spacings of ≲ 0.1 fm [13]. Relaxing 𝛽 is a way to reduce topological freezing if this is sufficient
for the precision one wants to achieve in the continuum limit.
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𝑁𝑐 𝛽 𝜅 𝐿/𝑎 𝑇/𝑎 BCs start 𝑄

3 4.50 0.1410 24 64 periodic hot suff.
3 4.50 0.1400 32 64 periodic hot suff.
4 8.00 0.1470 12 48 periodic hot (-1)
4 8.00 0.1450 24 48 periodic hot (-20,-19,-18,-17)
5 12.50 0.1520 16 48 periodic cold (0)
4 7.60 0.1520 16 48 periodic cold suff.
5 12.00 0.1530 16 48 periodic cold (0,1,2)
4 7.80 0.1440 16 96 open cold suff.
4 7.80 0.1440 16 192 open cold suff.

Table 2: Selected ensembles for 𝑁𝑐 > 3 to explore parameter space and technical study setup and two
representative ensembles from the 𝑁𝑐 = 3 study [4]. The column BCs denotes the choice of boundary conditions,
and the column start the chosen start configuration using either a cold or a hot gauge configuration. All
simulations were performed at 𝑐sw = 1.0 with trajectory length 𝜏 = 2.0. The column 𝑄 indicates the topological
sectors sampled after thermalisation, with suff. indicating that there is no problem with topological freezing and
that sufficiently many sectors were sampled.

3.3 Overview of simulation parameters

We see the effects described above in our ensembles. Table 2 shows a small selection of ensembles
𝑁𝑐 > 3 and two representative ensembles at 𝑁𝑐 = 3 from [4] to illustrate the steps necessary to generate
ergodic ensembles.

For 𝑁𝑐 > 3, all ensembles are at approximately 0.1 fm, and all ensembles are frozen in a single
topological sector if the lattice is small. For these simulations, 𝛽 is scaled naively. Increasing the
lattice size can reduce the freezing, but using a hot start ensemble we may still only explore topological
sectors far from zero, while a cold start allows thermalization near 𝑄 = 0.
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Figure 2: The topological charge moves after adjusting 𝛽 to 7.6. We do see some signs of freezing again for
light fake pion masses. Promisingly, 𝜅 = 0.1520 corresponds to 𝑎𝑚𝜋 ≈ 0.3 and is therefore light enough for
production.

We also generated ensembles with a slightly adjusted 𝛽. As described in [13], one can see that
adjusting the spacing has the most significant effect on increasing the number of topological sectors
explored. For the precision requirements of this study, it is sufficient to avoid lattices that are too fine for
this technical reason and perform the continuum extrapolation from spacings that are not too strongly
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subjected to freezing. We found in our simulations that decreasing 𝛽 from 8.0 to 7.6 completely solves
the problem of topological freezing at sufficiently small fake pion masses and lattice spacings of around
0.1 fm at 𝑁𝑐 = 4; see figure 2.

Boundary Conditions open, T/a=192 open, T/a=96 periodic, T/a=48
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Figure 3: Finite-size effects for open boundary conditions. We see good agreement between periodic boundary
conditions and open boundary conditions with T/a=192. The agreement is less good for T/a=96, however the
effects are at subpercent level.

In case of topological freezing at light quark masses, for example, at 𝑁𝑐 = 5 or 6 with fine lattice
spacing, we have explored the option to use open boundary conditions in addition to large lattices. While
open boundary conditions explore more topological sectors, we have to increase the temporal extent by
a factor of two to measure sufficiently far away from the boundary. Our preliminary evaluations of the
plaquette and the fake-pion mass show finite-size effects contributing at the per cent level. See figure 3
for comparing the plaquette between simulations with open and periodic boundary conditions.

4. Cut-off effects

𝑁𝑐 𝛽 𝜅 𝐿/𝑎 𝑇/𝑎 𝑎𝑚fake
𝜋 𝑡∗

3 4.555 0.1420 24 48 0.676(7) 5.85(5)
3 4.555 0.1450 24 48 0.508(7) 6.37(5)
3 4.555 0.1478 24 48 0.34(1) 6.90(5)

Table 3: Overview of parameter choice for understanding cut-off effects. All ensembles are with periodic
boundary conditions, hot start, 𝜏 = 2.0 and 𝑐sw = 0.0. Results for 𝑎𝑚fake

𝜋 and 𝑡∗ are preliminary.

The deviations from the prediction found in the case of 𝑁𝑐 = 3 might not only be due to effects of
order 1/𝑁2

𝑐 but can also arise due to cut-off effects. To understand the order of magnitude of cut-off
effects, we are generating ensembles for 𝑁𝑐 = 3 without clover-improvement that are tuned to achieve
the same physical parameters as their clover-improved counterparts. We list planned ensembles with
preliminary fake pion masses and 𝑡∗ in table 3.

5. Computational cost

For 𝑁𝑐 = 3, the two-index antisymmetric representation coincides with the fundamental represen-
tation. This one-flavour QCD theory is supported well by different lattice community software libraries.
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Figure 4: Finite-size effects in scale setting for 𝑁𝑐 = 3, clover-improved data from [4]. 𝑡∗ is defined as the
reference scale for scale setting using the Wilson flow [14], using the symmetric definition of 𝐸 . We show
preliminary results from ensembles at 𝑐sw = 0 with rescaled baseline 𝛽 = 4.555.

Larger-𝑁𝑐 with Wilson fermions are supported by HiRep and Grid [15], with some GPU-support in
Grid and upcoming GPU-support for HiRep.

We compared benchmarks between HiRep and Grid for CPUs on LUMI-C and found that HiRep
significantly outperformed Grid for Wilson fermions. However, the growing computational expense is
unavoidable due to larger requirements for memory and compute. One can estimate that the necessary
computational time scales at least with 𝑁2

𝑐 due to the matrix multiplication in the Dirac operator.
However, larger memory requirements degrade this scaling.

6. Conclusion

This is a progress report on the project. Moving from 𝑁𝑐 = 3 to higher 𝑁𝑐 presents several
challenges. These challenges are a substantial growth of computational expense of the dynamical
lattice calculations, severe topological freezing at sufficiently low masses and high coupling, and
substantial finite-volume effects. We found that the right recipe for conducting a study of this kind
at a relatively fine lattice spacing is to offset a decrease in quark mass with a proportional increase
of the lattice volume, consider a possible increase in lattice spacing for ensembles that suffer from
topological freezing, use GPUs to offset the significant computational and memory overhead, simulate
at large lattices of, at the very least, 𝐿/𝑎 = 20 to control finite-size effects in scale setting, start from a
unit configuration to thermalize around 𝑄 = 0, and, if needed, use open boundary conditions to avoid
freezing additionally.
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