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A neutron star harbors O(1056) electrons in its core, and almost the same number of muons,
with muon decay prohibited by Pauli blocking. However, as macroscopic properties of the
star such as its mass, rotational velocity, or magnetic field evolve over time, the equilibrium
lepton abundances (dictated by the weak interactions) change as well. Scenarios where
this can happen include spin-down, accretion, magnetic field decay, and tidal deformation.
We discuss the mechanisms by which a star disrupted in one of these ways re-establishes
lepton chemical equilibrium. In most cases, the dominant processes are out-of-equilibrium
Urca reactions, the rates of which we compute for the first time. If, however, the equilibrium
muon abundance decreases, while the equilibrium electron abundance increases (or decreases
less than the equilibrium muon abundance), outward diffusion of muons plays a crucial role
as well. This is true in particular for stars older than about 104 yrs whose core has cooled
to ≲ 20 keV. The muons decay in a region where Pauli blocking is lifted, and we argue that
these decays lead to a flux of O(10MeV) neutrinos. Realistically, however, this flux will
remain undetectable for the foreseeable future. �
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1. INTRODUCTION

Neutron stars are among the most fascinating objects in the Universe, and a treasure trove of
information on matter under extreme conditions (see for example ref. [1] and references therein).
Born in the violent collapse of a massive star, a neutron star begins its life at a very high tempera-
ture T ≫ MeV, before rapidly cooling down, reaching a surface temperature of order keV after just
one day [2]. Because of the large initial temperature and large chemical potentials, a neutron star’s
core harbors not only neutrons, but also protons, electrons, and muons [3]. Muons are prevented
from decaying because of Pauli blocking; given the large electron density, there are no unoccupied
final states available that muons could decay into. The sizable population of muons can for instance
be leveraged as a tool to constrain physics beyond the Standard Model, in particular related to
dark matter [4–8].

In this paper we add several new aspects to our understanding of both electrons and muons in
neutron stars:

1. The equilibrium lepton abundances in a neutron star are not static, but can change through-
out the star’s life. In the subsequent discussion, we use the term ‘equilibrium’ to specifically
denote the state of beta-equilibrium, which is maintained through the weak interactions. No-
tably, changes in its magnetic field or rotational velocity can affect the lepton populations.

2. How the star responds to such changes depends on its age. In young stars (≲ 1 × 104 yrs)
weak interactions (so-called Urca processes) can efficiently produce and destroy electrons
and muons. In older and colder stars, however, these reactions become less efficient due to
their strong temperature dependence. This implies that old neutron stars may go at least
temporarily out of chemical equilibrium if their equilibrium lepton abundances change.

3. If the equilibrium muon abundance, neq
µ decreases, while the corresponding quantity for

electrons, neq
e increases (or decreases less than neq

µ ), an efficient way to at least partially
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restore chemical equilibrium even in cold stars is muon diffusion towards the surface. Once
a muon reaches a region where Pauli blocking is less severe, it will decay, and the decay
electron propagates back into the core to compensate the charge imbalance left behind by
the muon. We will investigate both standard free muon decay, as well as “assisted muon
decay”, where a spectator nucleon absorbs significant energy and momentum.

4. Muon decays in the outer regions of the star can lead to a neutrino flux at energies up to tens
of MeV, well above the star’s core temperature. This neutrino flux could be observable above
background if the equilibrium muon abundance in all neutron stars in the Milky Way were
to gradually decrease over O(Gyr) time scales. Most likely, though, the opposite happens –
stars accrete matter, which leads to an increased muon abundance.

In the following, we will first elaborate in more detail on the conditions under which the equilibrium
lepton abundances in a neutron star change (Section 2), before discussing in detail the dynamics of
muon diffusion and decay in Section 3. In Section 4 we will then investigate the resulting neutrino
fluxes. We will conclude in Section 5. The appendices contain detailed discussions of lepton pro-
duction and absorption via out-of-equilibrium Urca processes (Appendix A), the calculation of the
muon decay width in dense electron gases (Appendix B), a short summary of the different neutron
star equations of state considered in this work (Appendix C), and a discussion of backgrounds in
MeV-scale neutrino experiments. Throughout the paper, we will predominantly focus on muons,
as their behavior is more intricate owing to their instability in a vacuum. However, we will state
at each step which of our results apply also to electrons.

The numerical codes we have developed for this paper are available from https://github.com/

koppj/muons-in-neutron-stars.

2. ELECTRONS AND MUONS IN NEUTRON STARS.

In spite of the term “neutron star”, it is well known that such stars contain significant numbers
of protons, electrons, and muons (and possibly hyperons as well as more exotic matter) in addition
to neutrons. This is illustrated in Fig. 1, which shows the abundances of different particle species
inside a neutron star as a function of density (left) and of radius (right), for two particular equations
of state. The presence of particles other than neutrons can be understood from thermodynamic
arguments: if the star contained only neutrons, their chemical potential would be so large that
decay to protons and charged leptons would be energetically favorable. Similarly, in a configuration
without muons, charge neutrality would require a very large electron chemical potential, which is
again thermodynamically unfavorable. A different, but equivalent, justification for the existence
of muons in neutron star cores is that they simply cannot decay because all possible quantum
states for Michel electrons are occupied. Reaching equilibrium is possible thanks to the extreme
temperatures a neutron star reaches during its formation in a supernova explosion (≳ 10MeV),
which allow for thermal production even of heavy particles like muons. Depending on the neutron
star mass and details of the equation of state (EOS), a neutron star typically harbors O(1056)
electrons in its core, with the muon abundance at most a factor 2–3 smaller.

However, the neutron star’s equilibrium lepton abundances can change during the star’s life.
Factors that influence it include the following:

1. The rotational velocity. In a fast rotating star, the centrifugal force leads to deformation—
the star is no longer spherical, but slightly oblate [11–18]. This deformation comes with a
slight increase in the star’s volume and consequently a decrease in the core density. This
in turns implies slightly reduced lepton abundances. For instance, for rotational frequencies

https://github.com/koppj/muons-in-neutron-stars
https://github.com/koppj/muons-in-neutron-stars
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FIG. 1. The abundances of electrons (black), muons (red), protons (blue), neutrons (purple), and hyperons
(green) inside a 2.0M⊙ neutron star for two different equations of state, namely the Akmal–Pandharipande–
Ravenhall (APR) [9] and DD-MEX (density-dependent relativistic mean-field) [10] EOS. In the left panel,
the horizontal axis shows the density, in the right panel it shows the radial coordinate. Note that the
DD-MEX EOS includes hyperons, which is the reason why at very high density, the electron and muon
abundances drop – in this regime, all negative electric charge is carried by Σ− hyperons.

f ∼ 700Hz (corresponding to the fastest-spinning millisecond pulsar discovered to date,
PSR J1748-2446ad, with f = 716Hz [19]) the predicted equilibrium muon abundance is
several per mille lower than in a non-rotating star. For the limiting case of a star rotating
at its Kepler frequency, fK (beyond which the centrifugal force for lead to immediate disin-
tegration), ref. [17] predicts at most a 1% change in density, irrespective of the underlying
equation of state. We estimate that at intermediate rotation frequencies, the change in core
density and therefore the relative change in muon abundance, ∆Nµ/Nµ scales as f2, given
that this is the scaling of the centrifugal force:

∆Nµ

Nµ
∝ 0.01

(
f

fK

)2

≃ 4× 10−4

(
f

700Hz

)2

. (1)

Here, fK = (2/3)3/2(GNM⋆/R
3
⋆)

1/2, and on the right-hand side we have taken M⋆ = 2M⊙
and R⋆ = 12.1 km for the mass and radius of the static non-rotating neutron star, respec-
tively.

Neutron stars radiate off rotational energy over time and spin down. The time scale over
which this happens varies widely, between ∼ 100 yrs and 10Gyr [20]. Over these time scales,
the equilibrium lepton abundances in the star are therefore expected to experience a slight
increase.

2. Accretion. A neutron star in a tight binary systems can accrete substantial amounts of
matter from its companion star [21–24]. In this process, which typically occurs over giga-year
timescales, two competing effects influence the electron and muon abundances: on the one
hand, the increase in the star’s mass leads to an increase in the equilibrium abundances.
Simultaneously, accretion can spin up the star, which favors a decrease in the lepton abun-
dances. As discussed above, the latter effect is only a per mille level perturbation, while
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accretion can easily be at the 10% level. This leads us to the conclusion that also dur-
ing accretion-powered spin-up, the equilibrium lepton abundances increase. The additional
electrons originate simply from the accretion flow, but as the accreted material does not
contain muons due to its lower density, the star must produce them internally in significant
numbers to maintain equilibrium. We will discuss below the mechanisms through which this
can happen, and the limitations to the muon production efficiency.

3. The magnetic field. Similar to rotation, also a strong magnetic field leads to a deformation
of the star, a decrease of the core density, and a reduction in the electron and muon abun-
dances compared a non-magnetized star [15, 18, 25–47]. The physics behind the reduced core
density is magnetic pressure: the magnetic field resists the increase in energy density that
compression would cause. In the extreme magnetic field of a magnetar (up to 1015Gauss at
the surface, possibly up to 1018Gauss in the core), this can be a per cent level effect.

We are not aware of any mechanism through which a neutron star’s magnetic field can
significantly increase over time. (It has been noted in ref. [48] that the magnetic field could
rapidly increase to gigantic values – even larger than in magnetars – during a binary neutron
star merger. We will not consider this scenario here as the merging stars will not have time
to equilibrate before collapsing into a black hole. (Binary neutron star mergers might avoid
collapse only if the initial masses of the stars are very small and the equation of state is
rather stiff, allowing for neutron star masses significantly above 2M⊙.)

Neutron stars born with strong magnetic fields tend to slowly expel them from their core [18,
44, 49]. The exact processes responsible for this are not understood in detail, but mechanisms
under discussion include Ohmic dissipation (energy loss caused by the currents carrying the
magnetic field experiencing Ohmic resistance) and ambipolar diffusion (rearrangement of
magnetic field lines that occurs when the magnetic field moves electrons and protons under
the constraint of maintaining charge neutrality), possibly aided by Hall drift (electron motion
due to the Hall effect, which does not directly dissipate energy, but can amplify Ohmic losses)
[49]. Also the timescale over which magnetic fields decay is a topic of active study [50–53].
What is clear is that the details of the process depend heavily on the magnetic field strength.
Weaker magnetic fields (≲ 1013G in the core) appear to be expelled relatively fast (< Myr)
[52], while fields above this threshold may only be expelled over Gyr timescales, if at all [51].
On the other hand, only the strongest magnetic fields (core field strength ∼ 1018G) lead to
appreciable changes in the star’s composition [18, 44].

4. Tidal deformation. When a neutron star comes close to another compact star, tidal forces
can deform the star in much the same way as the centrifugal force can in case of rapid
rotation. Such close encounters can happen for neutron stars in dense clusters of stars, or
for stars in tight binary systems. Taking the analogy between tidal and centrifugal forces
further, we can use Eq. (1) to estimate the change in the muon abundance due to tidal
deformation by calculating, for a given tidal force, the rotation frequency that leads to an
equivalent centrifugal force. This implies that the muon abundance in the tidally deformed
star differs by

∆Nµ

Nµ
≃ 1.7× 10−6 ×

(
M2

M⊙

)(
d

1000 km

)−2

, (general tidal deformation) (2)

≃ 1.7× 10−6 ×
(

M

M⊙

)−1/2( τ

10 000 sec

)−1/2

(deformation during binary inspirals)

from the abundance in an isolated star of the same mass. Once again, the relative change
in the electron abundance can be expected to be similar to the relative change in the muon
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abundance. In Eq. (2), M2 is the mass of the passing object, and d is the separation of the
two stars. In the second line, which is valid for tidal deformation during binary inspirals,
we have expressed the distance between the stars in terms of the time to coalescence, τ
[54]. In doing so, we have assumed both binary partners to have equal mass, M . (The full
dependence on the individual masses, M1 and M2, is ∆Nµ/Nµ ∝ [M1/M2×(M1+M2)]

−1/2.)
Equation (2) is based on a Newtonian treatment of gravity. It neglects general relativistic
corrections, which reach a few per cent at d ∼ 100 km. Such small separations are reached
only during binary inspirals, where they correspond to a time to coalescence of τ ≲ 0.4 sec.

We see that tidal deformation will only appreciably affect the equilibrium lepton abundances
in neutron stars that are very close to another compact object, that is, very shortly before a
binary coalescence event. The timescales over which the disruption happens in this case are
so short that the star has no time to react and re-equilibrate.

3. LEPTON PRODUCTION, ABSORPTION, DIFFUSION AND DECAY.

3.1. General Arguments and Back-of-the-Envelope Estimates

When the equilibrium lepton abundances, which correspond to the thermodynamically most
advantageous configuration, change, the star will try to respond. In young neutron stars (≲ 106 yrs,
with core temperatures T ∼ 100 keV), this will happen dominantly through Standard Model weak
interactions, notably through “modified Urca processes” of the form n + n + ℓ ↔ p + n + νℓ.

1 In
thermal equilibrium, the rate of these processes scales ∝ G2

Fm
∗3
n m∗

ppFp/(m
4
πµ

2
ℓ ) · T 6, where GF is

the Fermi constant, m∗
n and m∗

p are the effective nucleon masses in the dense neutron star medium,
mπ is the neutral pion mass, pFp is the proton’s Fermi momentum, and µℓ is the lepton chemical
potential (ℓ = e, µ). pFp and µℓ are both of O(100MeV). The detailed derivation of the Urca rates,
both in thermal equilibrium and out of equilibrium, is given in Appendix A, for the equilibrium
case see also Refs. [2, 57, 59].

The strong temperature scaling of the Urca rate implies that lepton absorption and production
through weak interactions become inefficient after several thousand years as the star cools. If
the equilibrium abundances of a cold neutron star change by one of the mechanisms outlined in
Section 2 above, the star will therefore react only very slowly, and it will spend some time out of
chemical equilibrium. One exception is the case where the equilibrium muon abundance decreases,
but the equilibrium electron abundance increases, or decreases less than the equilibrium muon
abundance. In this case, the star may react quickly, but not only via Urca absorption. Rather,
two additional processes become relevant: muon diffusion and decay.

In fact, with absorption via Urca processes suppressed, muons are able to diffuse over macro-
scopic distances in old stars, allowing them to eventually leave the core if doing so is thermodynam-
ically favorable (see below for a discussion of the conditions under which this is the case). Once
outside the core, they become unstable and decay. More precisely, muon decay becomes allowed
once the electron Fermi momentum, pFe, drops below mµ/2. (A Michel electron energy of mµ/2
corresponds to the extremal kinematic configuration where the electron recoils against two collinear
neutrinos.) These decays produce a flux of neutrinos which will be the main focus of Section 4
below. The Michel electron will then diffuse back into the core to restore charge neutrality.

We can estimate the mean free path of muons and electrons inside a neutron star by starting
from their thermal conductivity κℓ, which in turn is an output of established neutron star cooling

1 The term “Urca process” was allegedly coined by Gamow and Schoenberg in 1939 to emphasize the fact that these
processes result “in a rapid disappearance of thermal energy from the interior of the star, similar to the rapid
disappearance of money from the pockets of gamblers at the Casino da Urca [in Rio de Janeiro]” [55]. Indeed,
by absorbing and emitting muons and electrons, Urca processes produce an abundant thermal neutrino flux that
constitutes the main energy loss mechanism for a neutron star during the first ∼ 106 yrs of its life [2, 56–59].
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calculations. We use in particular the public code NScool [60–62]. The thermal conductivity is
related to the lepton relaxation time τℓ by [63]

κℓ =
π2Tnℓτℓ
3pFℓ

. (3)

where T is the local temperature, nℓ the lepton number density, and pFℓ the lepton Fermi momen-
tum. From the relaxation time, we obtain the mean free path

λℓ = τℓvFℓ , (4)

with vFℓ the leptons’ Fermi velocity. (For ℓ = e, this will be essentially the speed of light.) We
use vFℓ as an estimate for the average velocity, taking into account that only leptons close to their
respective Fermi surfaces are sufficiently mobile to contribute to the thermal conductivity. As λℓ

is roughly inversely proportional to T , it increases from around 10−8 cm hours after the supernova
explosion to 10−6 cm after 105 yrs. For a lepton undergoing a random walk the average net travel
distance after a time interval ∆t is then

⟨∆x⟩ =
√
∆t vFℓλℓ , (5)

For vFℓ ∼ O(1), we see that diffusion over O(km) distances may be possible over timescales of
order years.

Let us now discuss in more detail electrostatic effects. When a muon or electron diffuses away
from the core of a neutron star, it leaves behind a proton or Σ+ hyperon. Hadrons are more
tightly bound in the neutron star lattice and therefore cannot follow the muon—they can only be
destroyed in Urca reactions. If the charge imbalance becomes too large, it will prevent further
lepton diffusion. Therefore, every electron or muon diffusing from the core of the star to the
outer layers needs to be replaced by another lepton diffusing the opposite way. For electrons,
this implies that there cannot be any net outward diffusion. For muons diffusing away from the
core, however, charge neutrality may be restored if the Michel electrons produced in muon decay
travel back inside. This will indeed happen if the star is in an out-of-equilibrium state where the
abundance of muons in the core is larger than the equilibrium abundance, and the abundance of
electrons is smaller. We are, unfortunately, not aware of an astrophysical scenario where this is the
case. What can occur, though, is a situation where the number of excess muons is larger than the
number of excess electrons. In fact, in typical configurations where the equilibrium Fermi energies
of both lepton species, Eeq

Fµ and Eeq
Fe, are the same, a small decrease in Eeq

Fµ = Eeq
Fe translates

into a larger reduction in the muon number density than in the electron number density. Then,
muon outward diffusion and decay, combined with inward diffusion of Michel electrons, can bring
an out-of-equilibrium star into a thermodynamically more favorable state, though it cannot fully
restore chemical equilibrium. The latter has to be achieved through Urca reactions, which, as we
will show quantitatively in Section 3, are typically much slower.

Regarding muon decays, note that the requirement pFe < mµ/2 may be avoided in presence of
to a spectator nucleon which absorbs excess momentum,

p+ µ− → p+ e− + νµ + ν̄e . (6)

This process, which we call “assisted muon decay”, may allow muons to decay further inside the
star than without a spectator. We consider only protons as spectators here as the coupling between
the muon and the spectator is via photon exchange. A näıve back-of-the-envelope estimate for the
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rate of assisted muon decay is

Γamd ∼
α2G2

FT
8k2Fek

2
Fp

m7
µ

,

≃ 5.7× 10−27 sec−1 ×
(

kFp

250MeV

)2( kFe

200MeV

)2( T

108K

)8

. (7)

The factor α2G2
F in this estimate describes the electromagnetic coupling of the muon or electron to

the spectator nucleon as well as the weak interaction destroying the muon. The remaining factors
originate from considering the 12-dimensional phase space; a factor T 6 arises from the neutrino
momenta, which are of order T in regions with severe Pauli blocking (pFe ∼ pFµ ≳ mµ). For the
electron and proton we acquire factors k2FeT and k2FpT , respectively from scattering around their

Fermi surfaces. The remaining factor m7
µ restores the correct dimensions for the rate. Assisted

muon decay will be discussed in more detail in Section 3.3 below, and a rigorous derivation of its
rate will be given in Appendix A.Equation (7) shows that assisted muon decay is severely impeded
compared to free muon decay. Nevertheless, it may still be relevant in regions where the latter
process is Pauli-blocked.

Let us estimate the neutrino flux from a neutron star losing a significant fraction of the muons
in its core via diffusion and decay:

ϕν ≃ ∆Nµ

4πd2τNS

∼ 1.3× 10−10 cm−2 sec−1

(
∆Nµ/Nµ

0.001

)(
d

10 kpc

)−2(1Gyr

τNS

)
. (8)

Here, ∆Nµ is the number of muons lost, τNS is the time scale over which this loss happens, and d is
the distance to the neutron star. In the second line, we have replaced ∆Nµ by the relative number
of expelled muons, ∆Nµ/Nµ assuming a total muon abundance of 5 × 1055. (The latter number
varies by an O(1) factor depending on the mass of the neutron star and the equation of state.)
Clearly, this neutrino flux is too small to be observable for the foreseeable future. At ∼ O(10MeV)
energies, experiments are just now reaching flux sensitivities ∼ 1 cm−2 sec−1, corresponding to the
expected flux of diffuse supernova neutrinos [64]. But at sub-MeV energies, no experiment with
even comparable sensitivity is on the horizon – and even if it was, it would have to contend with
the large solar neutrino background.

Detection prospects would be significantly better if all 108–109 neutron stars in the Milky Way
[65] were to suffer substantial muon loss simultaneously. This would be the case if spin-down led
to a decrease rather than an increase in the equilibrium muon abundance. In fact, the results from
ref. [18] suggest that this is the case for certain equations of state (notably the NL3ωρ equation of
state [66] in regular neutron stars, and the DD-ME2 equation of state [67] in magnetars). However,
we believe this conclusion to be spurious as we are not aware of any physical mechanism that would
explain why the volume of a star should increase as it spins down.

3.2. Out-of-Equilibrium Lepton Production

We have argued in Section 2 above that the equilibrium electron and muon abundances in a
neutron star can change due to changes in its rotational velocity or magnetic field, or through
accretion or tidal deformation. We have conjectured that in many of these dynamic scenarios, the
star will not be able to respond immediately and will therefore remain in an out-of-equilibrium
configuration for an extended period of time. Let us now put this statement on a more quantitative
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foundation by studying the rates of out-of-equilibrium lepton production, absorption, and decay
processes. Detailed derivations of these rates are given in Appendix A; here we only quote the
results and discuss their physical implications.

For lepton production, it is convenient to parameterize the deviation from equilibrium through
the quantity

B ≡ β(µp − µn + µℓ) , (9)

with β = 1/T and ℓ = e, µ, using the fact that, in beta-equilibrium the muon, electron, neutron,
and proton chemical potentials satisfy µµ = µe = µn − µp. The lepton production rate per unit
volume via the direct Urca process n → p+ℓ−+ ν̄ℓ is then found to be (see Eqs. (A25) and (A27))2

Γprod
DU =

m⋆
nm

⋆
pµℓΘnpℓ

4π5β5
G2

F cos2 θC(1 + 3g2A)I
′
DU , (10)

with

I ′DU = −B2π2

2

(
B + log[1 + e−B]− log[1 + eB]

)
− (B2 + π2)Li3(z)− 6BLi4(z)− 12Li5(z) . (11)

In Eq. (10), m⋆
n and m⋆

p are the neutron and proton effective masses, respectively, which take
into account the effects of many-body interactions on the particles’ dispersion relations, GF is
the Fermi constant, θC the Cabibbo angle, and gA ≃ 1.26 the axial coupling of the nucleon. The
Heaviside function Θnpℓ ≡ Θ(|p2|−||p3| − |p1||)Θ(|p3|+ |p1|−|p2|) enforces the triangle inequality
pFn ≤ pFp + pFℓ, which is a precondition for direct Urca production to occur and is typically only
satisfied in the cores of the heaviest neutron stars (≳ 2M⊙). The functions Lin(z) appearing in
I ′DU are polylogarithms, while z = −exp(−B).

As detailed in Appendix A, the strategy for arriving at Eq. (10) is to first neglect the neutrino
momentum compared to the nucleon and charged lepton momenta, to neglect any anisotropy in the
matrix elements, and then to first evaluate the angular part of the phase space integral. The energy
integrals are evaluated afterwards, making use of the residue theorem multiple times. Throughout
the derivation, it is assumed that the nucleon and charged lepton energies are close to the respective
Fermi surfaces of these particle, that is, that the star is not too hot.

Following this strategy, we can also compute the rate of out-of-equilibrium modified Urca pro-
cesses of the form n + n → n + p + ℓ− + ν̄ℓ. Here, the spectator nucleon can absorb momentum,
thus rendering this process viable also in light neutron stars. Our result is

Γprod
MU =

G2
F g

2
Am

⋆3
n m⋆

p pFp

π9β7

pFℓ

µℓ
αnβn

(
gπNN

mπ

)4

I ′MU , (12)

with

I ′MU = −3

8
B2π4

(
B + log[1 + e−B]− log[1 + eB]

)
− 1

12
(B2 + π2)(B2 + 9π2)Li3(z)

−B(B2 + 5π2)Li4(z)− 2(3B2 + 5π2)Li5(z)− 20BLi6(z)− 30Li7(z) . (13)

The notation used here is the same as in Eq. (12) above, with the additional appearance of the
proton and lepton Fermi momenta pFp and pFℓ, respectively, with the neutral pion mass mπ, with
the factor gπNN ≃ 1 parameterizing the pion–nucleon vertex, and with

αn ≃ 1.76− 0.634(n0/nn)
2/3 , βn ≃ 0.68 (14)

2 By assuming interactions with individual nucleons, we neglect the possible impact of nucleon superfluidity in the
core of the neutron star. We expect superfluidity to suppress Urca rates, but the out-of-equilibrium corrections we
are interested in here would remain unchanged. In other words, the ratio of the out-of-equilibrium and equilibrium
rates is expected to be largely independent of these corrections.
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FIG. 2. Direct (left) and modified (right) Urca muon production rate as a function of the radial location
in the star (radial axis) and of the departure from equilibrium (azimuthal axis). We have assumed a
2.0M⊙ neutron star, heavy enough to sustain direct Urca production in its core. For this plot, we have
made the (in general inaccurate) assumption of a constant temperature throughout the star. For electrons
(not shown here), the direct Urca production rate is identical to the one for muons, with the obvious
replacement pFµ, p

eq
Fµ → pFe, p

eq
Fe, since µe = µµ; the modified electron Urca production rate differs by a

factor peqFe/p
eq
Fµ ∼ O(1) from the one shown here, see Eq. (12).

(see Appendix A.1 and ref. [59, 68] for details). In the expression for αn, nn is the neutron number
density, and n0 ≃ 0.16 fm−3 is the canonical nuclear density. The prime on I ′MU indicates that this
integral is closely related to, but different from, the integral I introduced in refs. [59, 68] in the
calculation of the Urca luminosity.

In Fig. 2, we show the direct and modified muon production rates as a function of radial location
for an exemplary neutron star at a core temperature of 5×107Kelvin, which is reached after about
100 years. Results for electrons are similar. Through the polylogarithms in Eqs. (11) and (13),
the muon production rate depends very strongly on the departure from beta-equilibrium. Already
a sub-per-mille-level deviation of B from unity leads to muon production rates that are increased
(B < 1) or decreased (B > 1) by several orders of magnitude. Note also the peculiar, but not
unexpected, behavior of the direct Urca rate. First, it is non-zero only in the very inner region of
the star. Moreover, for a particular range of radii, direct Urca production is allowed close to beta
equilibrium, but becomes impossible further away.

Note also that Eqs. (10) and (12) exhibit a very strong temperature dependence. In beta
equilibrium, this dependence is due to the high negative power of β appearing in the prefactor.
Away from equilibrium, also the factor β in the definition of B is relevant, which implies that at
low temperature, the Urca rates are sensitive to smaller deviations of µℓ from its equilibrium value
than at high temperatures. On the other hand, the overall rates at low T are lower because of the
prefactor.

3.3. Out-of-Equilibrium Lepton Absorption and Decay

In full analogy to lepton production, we can also calculate the lepton absorption rate away from
beta equilibrium. In this case, for a lepton of energy Eℓ, the deviation from beta equilibrium is
parameterized as

A ≡ β(µn − µp − Eℓ) . (15)
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FIG. 3. Direct (top left) and modified (top right) Urca muon absorption rates, as well as assisted muon
decay rate (bottom) as a function of the radial location in the star (radial axis) and of the muon energy
relative to the Fermi energy (azimuthal axis). We have assumed a 2.0M⊙ neutron star, heavy enough to
sustain direct Urca processes in its core. For this plot, we have made the (in general inaccurate) assumption
of a constant temperature throughout the star. For electrons (not shown here), the direct Urca absorption
rate is identical to the one for muons, with the obvious replacement Eµ, µµ → Ee, µe; the modified electron
Urca absorption rate differs by a factor pFe/pFµ ∼ O(1) from the one shown here, see Eq. (18). Assisted
decay exists only for muons.

The direct Urca absorption rate is then

Γabs
DU =

m⋆
nm

⋆
pΘnpℓ

4π3β4pFµ
G2

F cos2 θC(1 + 3g2A)I
′′
DU , (16)

with

I ′′DU = 2
[
ALi3(e

−A) + 3Li4(e
−A)

]
, (17)

and with the same notation as in Section 3.2. Similarly, the modified Urca absorption rate is

Γabs
MU =

G2
F cos2 θCg

2
Am

⋆3
n m⋆

p pFp

π7β6E2
µ

αnβn

(
gπNN

mπ

)4

I ′′MU , (18)

with

I ′′MU =
1

3

[
(A3 + 4π2A)Li3(e

−A) + 3(3A2 + 4π2)Li4(e
−A) + 36ALi5(e

−A) + 60Li6(e
−A)

]
. (19)
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Finally, for assisted muon decay, we find

Γamd =
16(m∗

p)
2µeE

2
µα

2G2
F

π5β8m8
µ

Iamd , (20)

with the definitions

Iamd = −2 (C2 + π2) Li6(−e−C)− 24ALi7(−e−C)− 84Li8(−e−C) . (21)

and

C = β(µe − Eµ) . (22)

We show these rates in the “pizza-slice” plots of Fig. 3 for ℓ = µ. Once again, results for the
electron Urca rates will be very similar to the ones for muons; of course, assisted decay is possible
only for muons. As for Urca production (Fig. 2), we observe a very strong dependence of the
rates on the deviation from equilibrium – note that the color scale in Fig. 3 covers 40 orders of
magnitude. And once again, direct Urca processes are only allowed in the very core of the star.

3.4. Interplay of Absorption, Diffusion, and Decay

For muons, the interplay between different loss processes, namely absorption, diffusion, and
decay is particularly complex in the outer layers of a neutron star, where the macroscopic properties
of the background matter change rapidly. We therefore investigate this region in more detail in
Fig. 4. The left panel in this figure shows the muon absorption, diffusion and decay rates around
the muon-sphere (the radius beyond which the equilibrium muon abundance vanishes), the core–
crust boundary (defined as in NScool as the radius at which the density drops below a certain
threshold), and the edge of the star (which we define here for simplicity as the radius beyond
which there are no more neutrons). The right panel shows the electron and muon mean free paths,
which are important in determining the muon diffusion efficiency.

We clearly observe qualitatively different behavior in the different regions delineated by these
boundaries:

• Deep inside the star, muons can diffuse fairly quickly, and at the late times considered
here unimpeded by absorption or decay. Note that the diffusion rate in Fig. 4 is somewhat
arbitrarily defined as the time it takes a muon to travel on average 100m according to
Eq. (5). The increase in the diffusion rate at r ≃ 10.3 km is related to an increase in the
muon thermal conductivity at that radius, as determined by NScool.

• Beyond the muon-sphere, the Urca absorption and assisted decay rates shoot up because
any muon finding itself in this region that has no background muons is by definition out-
of-equilibrium. And we have seen above that the out-of-equilibrium absorption and assisted
decay rates can be enormous. The diffusion rate changes slightly as well, but this is to some
extent related to the fact that we have to change the way we calculate it. Without the
notion of a muon thermal conductivity κµ in this region, Eq. (3) can no longer be used to
determine the muon mean free path, so instead we use the mean free path of electrons. This
is conservative as it tends to underestimate the true muon mean free path.

• The core–crust boundary marks the radius beyond which absorption becomes irrelevant
due to the steep drop in the density of spectator nucleons (see, however, ref. [69]). The
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FIG. 4. Left: muon absorption, diffusion, and decay rates in the outer layers of a neutron star. Right:
electron and muon mean free paths. We assume a 2M⊙ neutron star with the BSk24 equation of state, and
we show results for three different ages, namely 104 yrs (dotted), 105 yrs (dashed), and 106 yrs (solid). We
also indicate the edge of the muon-sphere, the core–crust boundary, and the edge of the star. Beyond the
muon-sphere, diffusing muons pass through a region of strong absorption, before reaching layers in which
their decay is allowed.

density of protons even goes to zero, and even though there is a residual possibility of muons
being absorbed by interacting with protons bound in nuclei, we neglect this possibility due
to the relatively low density. Instead, we set the Urca absorption rate and the assisted muon
decay rate to zero where pFp = 0. This implies that beyond the core–crust boundary, there
is a region where muon diffusion is largely unimpeded, before decaying via free decay once
they reach a point where the electron Fermi momentum drops sufficiently low.

We conclude that a muon wishing to escape the confines of the neutron star encounters an absorp-
tion barrier between the muon-sphere and the core–crust boundary, which it will only be able to
overcome in old and cold stars, where the diffusion rate is largest. Once beyond the core–crust
boundary, however, its decay is unhindered.

3.5. Integrated Rates

To get a more global view on the processes affecting the electron and muon populations inside a
neutron star, it is instructive to consider the radially integrated production, absorption, and decay
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FIG. 5. The integrated muon production, absorption, and decay rates from Eqs. (23) to (25) as a function
of the deviation from equilibrium. We also show the rate at which muons can diffuse out of the neutron
star. As expected, direct Urca (DU) rates are much larger than modified Urca (MU) rates where they are
kinematically allowed. Assisted muon decay is always subdominant. In equilibrium (pFµ = peqFµ, indicated
by the vertical gray line), the production and absorption rates are identical as expected. For an older and
colder neutron star (dotted lines), the equilibrium rates are much smaller than for a young star (solid lines).
Horizontal gray lines indicate the production rate needed to maintain the star in equilibrium for several
processes driving it away from equilibrium. While this plot is for muons, Urca rates for electrons are almost
identical, differing at most by O(1) factors. Assisted decay is of course impossible for electrons.

rates,

Γprod,integ
DU,MU ≡

∫
dr 4πr2 Γprod

DU,MU electrons + muons (23)

Γabs,integ
DU,MU ≡

∫
dr 4πr2

∫
2× 4πEℓpℓdEℓ

(2π)3[eβ(Eℓ−µℓ) + 1]
Γabs
DU,MU electrons + muons (24)

Γinteg
amd ≡

∫
dr 4πr2

∫
2× 4πEµpµdEµ

(2π)3[eβ(Eµ−µµ) + 1]
Γamd . muons only (25)

For the production rates, we simply integrate over the volume of the star (as Γprod
DU,MU is already

integrated over lepton energies), while for the absorption and decay rates, we integrate over both
spatial coordinates and lepton energies, properly weighted with the leptons’ Fermi–Dirac distri-
bution function. The extra factor of two in Eqs. (24) and (25) accounts for the two lepton spin
polarizations.

The integrated muon production, absorption, and diffusion/decay rates are plotted in Fig. 5
as a function of pFµ/p

eq
Fµ, which parameterizes the departure from equilibrium. As before, results

for electrons are very similar, except for the absence of assisted decay. As in Figs. 2 and 3, we
find again that the rates very sensitively depend on the deviations from equilibrium, which agrees
with our expectations. This dependence is even more pronounced for cold neutron stars (dotted
lines) than for hotter stars (solid lines): in a cold star, production (absorption/decay) shuts off
completely when the muon Fermi momentum is only slightly above (below) its equilibrium value.
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At higher temperatures, the Fermi surface is more smeared out, softening this behavior. Note that
in equilibrium, production and absorption balance each other, so that the net muon abundance
remains constant. This observation serves as a useful cross-check of our results.

We also note that assisted decay is always subdominant compared to Urca processes and com-
pared to diffusion followed by free decay (except at extreme deviations from equilibrium). This is
due to the extremely strong temperature dependence of the assisted decay rate, and due to the α2

suppression – in assisted decay, the coupling to the spectator is via a photon, whereas in modified
Urca processes it is mediated by a pion.

We also show in Fig. 5 an estimate for the rate at which muons diffuse out of the neutron star.
We obtain this estimate by computing the time ∆t it takes a muon to travel from the center of
the star to the surface using Eq. (5), assuming the muon mean free path λµ to be constant at its
median value throughout the star. We then plot Nµ/∆t, where Nµ is the total number of muons
in the star. We see that diffusion and decay is a more efficient muon loss mechanism than Urca
processes, except at very large deviations from equilibrium.

Figure 5 allows us to gauge the deviations from equilibrium that can be expected in realistic
situations. In particular, the horizontal gray lines indicate, for a few benchmark cases, the rate
at which the equilibrium muon abundance changes while the star is being tidally deformed, expels
its magnetic field, accretes matter from a companion star, or spins down. To compute the rates
corresponding to these benchmark scenarios, we proceed as follows:

• For spin-down, we assume a typical spin-down rate of Ṗ = 10−15 sec/sec and a typical
rotation period of P = 0.5 sec [20]. Based on ref. [17], we further assume that the core
density differs by O(1%) between a non-rotating star and a star spinning at its Kepler
frequency (the extremal frequency at which the gravitational and centrifugal forces at the
equator are equal). In between these two extremes, we assume that the relative change
in core density, δρ/ρ scales quadratically with 1/P , based on the fact that this is how the
centrifugal force scales with P . To compute the change in the total number of muons, dNµ,
we then rescale the muon density everywhere in the star by δρ/ρ. We also take into account
the decrease in overall volume as the star becomes more spherical during spin-down. The
rate plotted in Fig. 5 is given by dNµ/(P/Ṗ ), where P/Ṗ is the spin-down timescale.

• To model accretion, we assume a 10% increase in the star’s mass over a time scale of 1Gyr.
We assume that during this time, the muon density everywhere in the star grows linearly.

• A magnetar expelling its B-field becomes more spherical (less oblate) in the same way
a star spinning down does. To the best of our knowledge the modifications to the BSk
equations of state in presence of a magnetic field have never been computed. Therefore,
we estimate the change in muon abundance based on the calculations from ref. [45] for the
DD-MEX equation of state [10]. In particular, we assume that the field drops linearly from
2.28× 1017G in the core / 8.98× 1016G at the surface to zero over a time scale of 1Gyr.

• Tidal deformation can be modeled in complete analogy to spin-down, by simply replacing
the centrifugal force by the tidal force. For the chosen separation, d = 1200 km, of two equal-
mass neutron stars, we compute the gravitational pull of the companion star and determine
the frequency at which the star would need to rotate for the centrifugal force to be equal to
this tidal force. We then compute the impact on the muon abundance in the same way as we
did for spin-down, using for the time scale of tidal deformations d/(dR/dt), where dR/dt
is the rate at which the orbital separation shrinks due to gravitational wave emission [54].

While any of these processes is ongoing, the star will settle in an out-of-equilibrium state where
the rate at which the equilibrium abundance increases or decreases (given by the corresponding
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horizontal gray line) equals the muon production, absorption, or decay rate (colored lines). For
instance, we can read off from Fig. 5 that a 2.0M⊙ neutron star accreting from a companion will
settle down at 1 − pFµ/p

eq
Fµ ≲ 10−4 thanks to strong direct Urca production. (If only modified

Urca processes were active, the deviation from equilibrium would be 1 − pFµ/p
eq
Fµ ≃ 5 × 10−4.)

Magnetars pushing out their magnetic field are expected to depart from equilibrium by similar
amounts, while stars undergoing merely conventional spin-down are even closer to equilibrium.
Tidal deformations prior to a merger can in principle drive a star much further from equilibrium;
however, the phase where this happens lasts only a very short time. In the example given in Fig. 5
– a binary system of two equal-mass neutron stars with a separation of 1200 km – the merger is
only 46 minutes away.

4. NEUTRINO FLUXES FROM MUON DECAY

While we are currently not aware of any mechanism by which a neutron star’s equilibrium
muon abundance may decrease significantly over extended periods of time, it may well be that
such mechanisms exist. As we have discussed in Section 3.1 above, we then expect muon diffusion
and decay to play a role, and to lead to the emission of O(10MeV) neutrinos. In the following,
we will estimate the flux and spectrum of this hypothetical neutrino flux. In doing so we assume
deviations from equilibrium are small and that direct Urca absorption is kinematically forbidden.

4.1. Monte Carlo Simulation

We have written a simple Monte Carlo simulation which tracks individual muons inside a neutron
star [70]. We use the NScool package [60–62] to solve the Tolman–Oppenheimer–Volkoff (TOV)
equations [71–74] to construct a neutron star based on an equation of state, and then to simulate
the thermal evolution of the star over the first ∼ 106 yrs, until its effective surface temperature has
dropped to 1 keV. We then use snapshots of the star at fixed times as a constant background in
which we evolve ensembles of muons. In doing so, we proceed as follows:

1. Generation of a muon ensemble. Each ensemble of muons consists of 1000 particles whose
radial distribution is given by the solution to the TOV equations. We consider only muons with
momenta close to the Fermi surface as only these muons are mobile enough to diffuse. In particular
we determine the number density of “mobile” muons at a given radius as

∫
dEµ

8π p2Fµ

(2π)3
w(Eµ, µµ) f(Eµ, µµ) , (26)

with the Fermi–Dirac distribution

f(Eµ, µµ) ≡
1

1 + exp[(Eµ − µµ)/T ]
. (27)

The weight factor

w(Eµ, µµ) = f(Eµ, µµ) [1− f(Eµ, µµ)] , (28)

which selects a small momentum interval around the Fermi surface, is identical to the factor
appearing in the calculation of the thermal conductivity due to muons [75].
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2. Muon diffusion. Each muon’s location is tracked in time steps ∆t taken to be significantly
longer than the average collision time (to keep the code’s running time manageable), but much
smaller than the timescale over which the neutron star’s properties change significantly (to keep
the computation accurate). The mean distance ∆x a muon travels during a time step ∆t is given
by Eq. (5). In the simulation the diffusion distance in each time step is drawn from a normal
distribution with width ∆x, while the direction of diffusion is drawn from a uniform angular
distribution. Once a muon has propagated out of the region of high ambient muon density towards
larger radii, where only electrons are abundant, we cannot use Eqs. (3) and (4) to estimate its
mean free path. Instead we use the electron mean free path as a proxy in this region.

To account for gravity, we add in each time step an extra radial shift

∆rgrav =
1

2

Fg

mµ
∆t

λµ

vFµ
, (29)

corresponding to the displacement towards the center of the star between collisions, times the
number of collisions in a time interval ∆t. The gravitational force at a specific radius r is estimated
as

Fg = −GNrmµMNS

R3
NS

+
G2

Nr(r2 + 3R2
NS)mµM

2
NS

2R6
NS

, (30)

including the leading general relativistic corrections in an interior Schwarzschild geometry. HereGN

is Newton’s constant while MNS and RNS are the mass and radius of the neutron star, respectively.

The time step ∆t is adapted dynamically for each muon to ensure that the average radial displace-
ment |∆xdiff|+ |∆rgrav| stays between 50m and 500m in the core of the neutron star, and between
15m and 40m at radii within 0.5 km or the core–crust boundary.

3. Muon absorption. In each time step, we check whether the muon is absorbed. The rates
for the relevant Urca reactions are computed as discussed in Section 3.3 and Appendix A.3 using
methods from refs. [57, 68]. The energy of each muon in each time step is chosen as µµ + x · T ,
where x is a random number drawn from the a distribution ∝ exp(x)/[1 + exp(x)]. This is again
motivated by the factors appearing under the phase space integrals in the calculation of the thermal
conductivity [75].

4. Muon decay. We also check in each time step whether the muon decays, accounting for
the reduction of the decay width by Pauli blocking due to the large electron chemical potential,
µe, see Appendix B. In particular, we include a factor 1 − f(Ee, µe) in the phase space integral,
where f(Ee, µe) is the Fermi–Dirac distribution for an electron with energy Ee and chemical po-
tential µe. Besides regular free muon decay, we also include assisted muon decay (see Section 3.1
and Appendix A.4), even though the latter is subdominant.

5. Neutrino Spectrum. Each muon decay yields two neutrinos whose 4-momenta we randomly
draw based on the kinematics of three-body decay with the appropriate squared matrix element.
Once again, Pauli blocking is taken into account as explained in Appendix B.

We take the neutrino emission to be isotropic, neglecting possible O(1) violations of this assumption
which could be caused by strong magnetic fields polarizing the decaying muons. (Magnetic fields
may also lead to anisotropic diffusion; but as long as the decays are isotropic, this would not affect
the angular distribution of neutrinos.)

6. Neutrino evolution outside the neutron star: We redshift each neutrino by a factor√
1− 2GNMNS/r where r is the radius at which the neutrino is produced. We neglect here the
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[66] equations of state. Overall, we find that the flux from a single neutron star will be undetectably small
even for the large muon loss rate assumed here (for which we are not aware of any possible astrophysical
origin).

departure of the gravitational potential from strict 1/r scaling inside the neutron star because
muon decays happen only near the crust, which is thin and much less dense than the core.

We also include neutrino oscillations, assuming non-adiabatic flavor transitions. In other words,
we use oscillation probabilities in vacuum, in particular

P (νµ → νe) ≃
1

4
sin2 2θ12 ,

P (ν̄e → ν̄e) ≃ 1− 1

2
sin2 2θ12 .

(31)

As there are no µ+ in a neutron star, νµ and ν̄e are the only neutrino flavors produced. In Eq. (31),
we have neglected the mixing angle θ13 and have set θ23 = π/4. For θ12, we use a value of 33.82

◦ [76].

4.2. Neutrino Spectra

In Fig. 6, we show the expected all-flavor neutrino flux at Earth from a single neutron star
1 kpc away losing 0.1% of its muons over a time span of 1Gyr. (We re-emphasize that we are
not aware of a mechanism that actually leads to such loss of muons – but this does not mean
that no such mechanism can exist.) We show results for different neutron star masses (different
colors) and equations of state (different line styles). Not unexpectedly, we observe a significant
dependence on the neutron star mass: at the same muon loss rate Ṅµ/Nµ, a 2M⊙ star (light red)
expels significantly more muons than a 1.4M⊙ star (dark red), simply because it contains more
muons. We also indicate in Fig. 6 the dependence of the neutrino flux on the equation of state
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FIG. 7. Spectra of electron neutrinos (left) and electron anti-neutrinos (right) at Earth from muon decay in
neutron stars, assuming a mechanism exists that incentivizes neutron stars to slowly expel muons. Each of
the colored bands corresponds to a muon loss rate Ṅµ/Nµ, and the width of the bands shows the uncertainty
due to the number of neutron stars in the Milky Way, their masses, and their spatial distribution. We
compare to backgrounds due to solar neutrinos [80], atmospheric neutrinos [81], diffuse supernova neutrinos
[82], and reactor neutrinos at Kamioka [83], see Appendix D for details. Finally, for ν̄e, we show the 90%
confidence level exclusion limits from KamLAND (light-blue) and SuperKamiokande (gray & black) [84].
While an observation above background in detection channels without angular resolution (notably inverse
beta decay) would be possible only for extremely large Ṅµ/Nµ, prospects would be better in a detector
exploiting neutrino–electron scattering, which can use angular resolution to suppress backgrounds. We have
here assumed an angular resolution corresponding to the 1σ deviation between the incoming neutrino and
outgoing electron direction in neutrino–electron scattering. As this deviation varies slightly between different
neutrino flavors, the angular resolutions in the two panels are not identical.

(different line styles), concluding that different choices could change the neutrino flux by almost
an order of magnitude. This can be traced back to the fact that different equations of state predict
different muon abundances.

From the overall scale in Fig. 6, it is clear that the neutrino flux from a single neutron star,
even a nearby one, will be unobservably small for the foreseeable future. Current experimental
sensitivities are around 0.1 cm−2sec−1MeV−1, whereas we predict fluxes that are 8–9 orders of
magnitude smaller, even for the sizeable muon loss rate assumed here.

The picture would look somewhat more promising if all the neutron stars in Milky Way (of
which there are between 108 and 109 [65]) were losing muons simultaneously. To study this—still
fairly hypothetical—scenario in more detail, we have generated 1000 pseudo-galaxies with random
populations of neutron stars, picking the exact number of stars in each population from the above
range. We also choose a random equation of state (APR, BSk22, BSk24, BSk25, BSk26, DD-MEX,
or NL3ωρ) for each pseudo-galaxy, see Appendix C.3 Keeping the equation of state fixed would
reduce the uncertainty in our results by a few tens of per cent. For the radial locations of neutron
stars in the galaxy, we choose an exponential distribution with a scale length of 2.48 kpc [78], and
we assume the thickness of the Milky Way’s disk to be 1 kpc. Neutron star masses are assumed to
follow the “preferred” mass function from ref. [79].

3 We have used a fixed model for neutron and proton superfluidity across all equations of state, see Appendix A.1
for details. However, we do not expect superfluidity to play a significant role in this rate. For muons escaping the
muon-sphere the absorption rate is dominated by the out-of-equilibrium enhancement, see Fig. 4.
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The resulting predictions for the integrated neutrino flux are shown as colored bands in Fig. 7,
with the width of the bands corresponding to the 68% confidence level spread among the 1000
pseudo-galaxies. We only show fluxes for νe and ν̄e as other neutrino flavors are far more difficult
to detect at O(10MeV) energies. Comparing to the relevant backgrounds [64, 76, 80–82, 85–87], we
find that in detectors without directional sensitivity only a hypothetical signal from neutron stars
losing ∼ 1% of their muons over a Gyr time scale may be observable in the face of atmospheric
and diffuse supernova neutrino backgrounds. This is the situation that most current and future
neutrino detectors will be facing: neither DUNE observing νe + 40Ar interactions [88–90] nor
HyperKamiokande [91] and JUNO [92, 93] observing inverse beta decay will have angular resolution.
For a detection channel with decent angular resolution (for instance DUNE or HyperKamiokande
observing neutrino–electron scattering), also signals that are 1–2 orders of magnitude smaller could
be observable. This is possible because most of the signal will come from the Galactic Center region,
which covers only a ∼ 10◦×10◦ degree region in the Sky. Assuming a detector resolution of ∼ 40◦,
based on the typical angular distance between the direction of an incoming ∼ 25MeV neutrino
and the outgoing electron in neutrino–electron scattering, the atmospheric and diffuse supernova
backgrounds can be suppressed to the level of the dashed lines in Fig. 7, while the solar and reactor
backgrounds can be eliminated completely. However, due to the smaller cross section for neutrino–
electron scattering, significantly larger detector masses and/or exposure times are required.

5. SUMMARY AND CONCLUSIONS.

We have discussed the dynamics of electrons and muons in neutron stars, considering in par-
ticular situations where the star departs from equilibrium. This can happen for instance due to
changes in its rotational velocity or magnetic field, due to accretion, or due to tidal interactions
with another compact object. Under such conditions, the star’s core density, and therefore the
equilibrium particle abundances in its core, change. In response to this change the processes that
create and destroy muons—direct and modified Urca reactions—go out of equilibrium. We have for
the first time calculated these out-of-equilibrium Urca rates and have used our results to estimate
the time scales over which the star adjusts to the new equilibrium conditions.

Moreover, we have for the first time studied a process we dubbed assisted muon decay (that
is, muon decay in presence of a spectator nucleon), which opens an additional muon depletion
channel in regions where regular muon decay is Pauli-blocked. We have, however, found assisted
muon decay to be subdominant compared to Urca absorption.

We have finally pointed out that in neutron stars older than about 10 000 yrs, an efficient way
to deplete muons is their diffusion out of the core into a region where their decay is no longer
Pauli-blocked. This could be relevant in case of tidal interactions, which can deform or spin up
a neutron star, leading to a decrease in its equilibrium core muon abundance. It is quite possible
that there are astrophysical mechanisms that we are not aware of leading to a similar outcome.
(The other mechanisms discussed in this paper lead to an increase rather than decrease of the
muon abundance.)

Developing this argument further, we have then shown that muon depletion via diffusion and
decay implies a flux of neutrinos with energies up to about 40MeV which, to the best of our
knowledge, has never been studied before. This flux could be observable above the atmospheric
and diffuse supernova neutrino backgrounds if all neutron stars in the Milky Way were to expel
0.01–1% of their muons over Gyr-timescales.

A possible direction of further study is lateral diffusion of leptons: a neutron star in a tight
binary system experiences tidal forces that cause it to bulge in the direction of the companion star
as well as diametrically to it. As the neutron star spins and orbits its companion, the bulge moves
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around it in complete analogy to the tides on the Earth’s oceans. This leads to moving density
gradients in the neutron star that should cause electrons and muons to drift laterally. The relevant
time scale is the spin period, which can be long in a very old neutron star.
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A. ELECTRON AND MUON PRODUCTION, ABSORPTION, AND DECAY

In this appendix, we show in detail the calculation of the charged lepton production and ab-
sorption rates in out-of-equilibrium neutron stars. To simplify the discussion and the notation, we
show only results for muons here. The Urca rates for electrons can be obtained from the ones for
muons with the obvious replacements mµ → me, µµ → µe, pFµ → pFe, etc. Assisted muon decay
has no electron analogue.

The three classes of processes we will discuss in the following are:

Direct-Urca (DU) Processes: n → p+ µ+ ν̄µ ,

µ+ p → n+ νµ ,

Modified-Urca (MU) Processes: n+ n → n+ p+ µ+ ν̄µ ,

n+ p+ µ → n+ n+ νµ ,

Assisted Muon Decay: p+ µ → p+ e+ νµ + ν̄e .

Direct and indirect Urca processes in equilibrium have been widely studied in the literature, while
to the best of our knowledge out-of-equilibrium Urca reactions and assisted muon decay have not
been considered before.

Additional branches of modified Urca processes exist, including a proton instead of a neutron as
the spectator nucleon. However, for the equations of state and neutron star masses considered this
branch is subdominant. Importantly, direct Urca reactions are only allowed if the Fermi momenta
of protons (pFp), neutrons (pFn), and muons (pFµ) satisfy the inequality pFn < pFp + pFµ. This
can be understood from momentum conservation, together with the fact that the neutron star is
in beta equilibrium (µn = µp + µµ), which implies that neutrons, protons, and muons involved in
the Urca reactions have energies within ∼ ±T of their respective Fermi energies, while the energy
of the neutrinos is of order T and therefore negligible.

Our determination of the muon production, absorption, and decay rates is based largely on
methods from Refs. [59, 68] for modified Urca processes, and on Ref. [94] for direct Urca reactions.
The relevant techniques are also described in Ref. [57]. In these references, the main focus lies
on the neutrino luminosity which determines the neutron star cooling rate. Here we are instead
interested in the underlying rates.
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A.1. Matrix Elements

The matrix element for the direct Urca reactions follows from completely standard techniques
(see Refs. [2, 59, 94]):

∑

spins

|MDU|2 = 8G2
FEµEν cos

2 θC(1 + 3g2A) ≡ EµEν

∑

spins

|M̃DU|2 . (A1)

Here, θC is the Cabbibo angle, GF is the Fermi constant, and gA ∼ 1.26 is the nucleon axial-
vector coupling. We have averaged over the outgoing neutrino direction, simplifying the energy
dependencies. In the last equality of Eq. (A1), we have separated the energy dependent factors
that will be integrated over from the constant piece of the matrix element. Note that the nucleon
wave functions are normalized to unity, while the leptons have Lorentz-invariant normalization.

For the matrix element of modified Urca processes, a number of assumptions are made in
determining the interaction of the nucleon system:

1. The nucleon–nucleon interactions are factorized into long-distance and short-distance com-
ponents. For the long-distance interactions the one-pion-exchange (OPE) component is
calculated, which given the typical nucleon separation is expected to dominate. ρ-meson ex-
change is neglected. While for the short-distance interactions an effective description using
Landau theory is adopted.

2. The nucleon system is assumed to be non-relativistic.

3. The matrix element is determined to leading order in an expansion of the nucleon propagator
in the inverse nucleon mass.

4. Diagrams with the exchange of the initial/final state nucleon legs are neglected.

Based on these assumptions the matrix element for modified Urca processes is (see Refs. [59, 68])

∑

spins

|MMU|2 =
256G2

F cos2 θCg
2
AEνEµ

(Eν + Eµ)2

[
2

(
gπNN

mπ

)4( k2

k2 +m2
π

)2

(A2)

+ 2
[(
g′ − g

)
+
(
f ′ − g′

)](gπNN

mπ

)2 k2

k2 +m2
π

+ 3
[(
g′ − g

)2
+
(
f ′ − g′

)2]
]
,

=
EνEµ

(Eν + Eµ)2

∑

spins

∣∣∣M̃MU

∣∣∣
2
, (A3)

where gπNN ≃ 1 is the coupling constant in the πNN interaction vertex, and mπ is the neutral
pion mass. g′, g and f ′ are the parameters of the effective Landau theory, while k is the momen-
tum exchange between the nucleons. Following Refs. [59, 68], αn is used to encode the density
dependence of the parameters entering in the square brackets of Eq. (A2). While a fudge factor
βn is applied to correct for the effect of short distance interactions neglected in the OPE potential
used above. In what follows for comparison purposes we will utilize the matrix element in the form
[59]

∑

spins

|MMU|2 ≃ 256G2
F cos2 θCg

2
A

EνEµ

(Eν + Eµ)2
αnβn . (A4)

We take αn = 1.76 − 0.634(n0/nn)
2/3 (where nn is the neutron density and n0 = 0.16 fm−3) and

βn = 0.68 as implemented in NScool. In our Monte Carlo simulations from Section 4.1, neutron
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and proton superfluidity effects are included through the extraction of the neutrino luminosity from
NScool, which amounts to modifications of the αn and βn coefficients. Here we again use default
NScool settings. This corresponds to refs. [95] and [96] (model ‘a’) for the 1S0 and 3P2 neutron
pair gaps, respectively. While for protons ref. [97] is used for the 1S0 gap.

To calculate the matrix element for assisted muon decay, we use the Mathematica packages
FeynArts 3.11 [98, 99] and FeynCalc 9.3.1 [100–102] to handle the algebra. We make the
following approximations:

1. We assume the nucleon to be at rest before and after the interaction. This is equivalent to
treating its electromagnetic field as a static, classical, Coulomb field.

2. We treat the electron as ultra-relativistic.

3. We neglect neutrino momenta (of order T ) compared to the muon and electron momenta.
This is justified by the large chemical potentials of the charged leptons.

The result for the spin-averaged squared matrix element is

∑

spins

|Mamd|2 =
4096π2α2G2

FE
3
µEeEν̄eEνµ

m8
µ

≡ E3
µEeEν̄eEνµ

∑

spins

∣∣∣M̃amd

∣∣∣
2
, (A5)

with the obvious notation for the various particle energies. We have once again assumed the nucleon
wave functions to be normalized to unity, while for the leptons we use the usual Lorentz-invariant
normalization.

A.2. Muon Production

We write the muon production rate per unit volume per unit time as the sum of the direct and
modified Urca rates,

Γprod = Γprod
DU + Γprod

MU . (A6)

A.2.1. Muon Production via the Direct Urca Process

We begin with the computation of Γprod
DU before turning to the more involved modified Urca

case. The rate of interest is obtained by integrating over the phase space for the process

n(p1) → p(p2) + µ(p3 or pµ) + νµ(pν) , (A7)

yielding

Γprod
DU =

∫ [ 3∏

j=1

d3pj
(2π)3

]
d3pν

2Eν(2π)3
(2π)4

2Eµ
δ(4)(pf − pi)Lblocking

∑

spins

|MDU|2 . (A8)

In the above expressions, j = 1, 2 labels the nucleons, while p3 ≡ pµ and pν are the muon and
neutrino 4-momenta, respectively. Note that the integration measures for nucleons and leptons are
different because of the different wave function normalizations assumed in the matrix element. In
the 4-momentum-conserving δ-function, pi = p1 and pf = p2 + pµ + pν are the sums of the initial-
and final-state 4-momenta, respectively. Lastly Eq. (A8) contains the phase space factor

Lblocking = f1(1− f2)(1− f3) , (A9)
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which describes the distribution of initial state neutrons as well as Pauli blocking for the proton
and the muon in the final state. fk denotes the Fermi–Dirac phase space distribution for the k-th
particle species, that is,

fk ≡ fk(Ek, µk) =
1

1 + exp[(Ek − µk)/T ]
. (A10)

Here, Ek is the particle energy, µk is the chemical potential (or Fermi energy), and T is the local
temperature of the neutron star. In order to analytically evaluate the phase space integrals in
Eq. (A8), we exploit the hierarchy between the Fermi energies and the temperature of the system.
Consequently the integrals are dominated by the region within O(T ) about the equilibrium Fermi
momenta of the nucleons and muons. We begin by introducing spherical coordinates in momentum
space to separate the angular integrals from the integrals over the absolute value of the momenta:

Γprod
DU =

1

4(2π)8

∫ [ 3∏

j=1

|pj |2 d|pj | dΩj

]
d|pν | dΩνEν

Eµ
δ(3)(pf − pi)δ (Ef − Ei)Lblocking

∑

spins

|MDU|2 .

(A11)

Neglecting the neutrino momentum of order T compared to the much larger nucleon and muon
momenta in the δ-function, the angular integrals can be performed

∫ [ 3∏

j=1

dΩj

]
dΩν δ

(3)(pf − pi) = 4π

∫ [ 3∏

j=1

dΩj

]
δ(3)(p2 + p3 − p1)

=
4π

|p2|2
∫ [ 3∏

j=1

dΩj

]
δ(|p2| − |p1 − p3|) δ(2)(Ω2 − Ω1−3)

=
4π

|p2|2
∫
dΩ1 dΩ3 δ(|p2| −

√
p2
1 + p2

3 − 2|p1||p3| cos θ1)Θnpµ

=
2π(4π)2

|p1||p2||p3|
Θnpµ . (A12)

Here, Θnpµ = Θ(|p2| − ||p3| − |p1||)Θ(|p3| + |p1| − |p2|) is a Heaviside step-function ensuring
this process is present only when the triangle inequality of the sum of three momenta is satisfied,
pFn ≤ pFp+pFµ. This is necessary to ensure that the argument of the delta function has real roots
in |p2|, and it is the deeper mathematical reason for why direct Urca processes are forbidden in
most neutron stars. Next, we express the momentum integrals in terms of energy integrals using
d|pν | = dEν for the neutrinos and |p|d|p| ≃ m⋆ dE for the massive particles. Here m⋆ is the
effective particle mass which, for nucleons, includes the effects of many-body interactions inside
the neutron star. For muons, it is simply given by the muon Fermi energy, m⋆

µ = µµ, as can be
inferred from the relativistic dispersion relation, expanded around pFµ. The rate now becomes

Γprod
DU =

m⋆
nm

⋆
pµµΘnpµ

(2π)5

∫ [ 3∏

j=1

dEj

]
dEν

Eν

Eµ
δ(Ef − Ei)Lblocking

∑

spins

|MDU|2 . (A13)

Turning to dimensionless integration variables, we introduce xj ≡ ±β(Ej − µj), where the plus
sign is for incoming particles and the minus sign for outgoing particles, β ≡ 1/T , and xν ≡ βEν .
Firstly with these definitions the Pauli-blocking factor simplifies to

Lblocking =

3∏

j=1

1

1 + exj
, (A14)
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while the remaining delta function becomes

δ(Ef − Ei) = δ(E2 + Eµ + Eν − E1) ,

= δ
(
β−1

[
xν −

3∑

j=1

xj

]
+ µp + µµ − µn

)
≡ β δ




3∑

j=1

xj − xν


 , (A15)

with the definitions

xν ≡ xν +B and B ≡ β(µp − µn + µµ) (A16)

The latter quantity is a measure of how far the neutron star is from equilibrium. Combining these
results gives

Γprod
DU =

m⋆
nm

⋆
pµµΘnpµ

(2π)5β5

∑

spins

∣∣∣M̃DU

∣∣∣
2
∫ [ 3∏

j=1

dxj
1

1 + exj

]
dxν x

2
ν δ
( 3∑

j=1

xj − xν

)
, (A17)

where we have pulled out the energy dependence of the spin-summed matrix element, see Eq. (A1).
The final set of integrals to evaluate is thus:

I ′DU ≡
∫ ∞

0
dxνx

2
ν JDU , with JDU =

∫ ∞

−∞

[ 3∏

j=1

dxj
1

1 + exj

]
δ
( 3∑

j=1

xj − xν

)
(A18)

Here, we have adjusted the lower integration limits in JDU from −βµj to −∞ to simplify the
integration. This modification introduces only a negligible error, as the region with xj < −βµj

corresponds to fermions deep within the Fermi sea. Due to Pauli blocking, the contributions from
fermions in these lower lying states are exponentially suppressed. To evaluate JDU, we use standard
complex integration techniques as described for instance in Appendix F of Ref. [57]. More precisely,
we introduce an auxiliary variable z and write

JDU =

∫ ∞

−∞

dz

2π
e
iz

(∑3
j=1 xj−xν

)[∫
dx

1

1 + ex

]3

=

∫ ∞

−∞

dz

2π
e−izxν

[ ∫
dx

eizx

1 + ex

]3
(A19)

The integral in square brackets, f(z) ≡
∫
dx eizx(1 + ex)−1, has an integrand that has poles at

x = i(2n+1)π, with n ∈ Z. It can be evaluated by closing the integration contour as shown in the
left-hand panel of Fig. 8. The segment along the real axis is just f(z), the added segment at Im(x) =
2π gives −e−2πzf(z), and the two vertical segments vanish in the limit Re(x) → ±∞. Putting
everything together and using the residual theorem, we obtain f(z) − e−2πzf(z) = −2πi e−πz, or,
equivalently, f(z) = −iπ/ sinh(πz) . The remaining integral over z,

JDU =

∫ ∞−iϵ

−∞−iϵ

dz

2π
e−izxν

( −iπ

sinh(πz)

)3

, (A20)

converges only if z has an infinitesimal negative imaginary part ϵ, hence the modification of the
integration boundaries compared to Eq. (A18). We can construct a closed integration contour as
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FIG. 8. (Left) Complex contour C for evaluation of the integral in Eq. (A19). (Right) Complex contour C′

that results from summing the contributions JDU and J ′
DU for evaluation of the integral in Eq. (A22).

shown in the right-hand panel of Fig. 8, where once again the vertical segments do not contribute
in the limit Re(z) → ±∞. The upper horizontal segment yields

J ′
DU =

∫ −∞+i−iϵ

∞+i−iϵ

dz

2π
e−izxν

( −iπ

sinh(πz)

)3

,

=

∫ −∞−iϵ

∞−iϵ

dz′

2π
e−iz′xν−xν

(
iπ

sinh(πz′)

)3

,

= e−xνJDU . (A21)

Combining the two contour segments and using the residue theorem, it then follows that

JDU + J ′
DU = (1 + e−xν )JDU =

1

2
(π2 + x2) , (A22)

or, equivalently,

JDU =
π2 + x2ν

2(1 + exν )
, (A23)

The final integration over xν in Eq. (A18) is now readily performed:

I ′DU =

∫ ∞

B
dxν

(xν −B)2(π2 + x2ν)

2(1 + exν )
, (A24)

= −B2π2

2

(
B + log[1 + e−B]− log[1 + eB]

)
− (B2 + π2)Li3(z)− 6BLi4(z)− 12Li5(z) , (A25)

where z = − exp(−B) and Lin(z) is the polylogarithm. In beta equilibrium, where B = 0 and
z = −1, Eq. (A25) simplifies to

lim
B→0

I ′DU =
3

4

(
π2ζ(3) + 15ζ(5)

)
≃ 20.6 . (A26)

Putting everything together, our final expression for the direct Urca muon production rate now
reads

Γprod
DU =

m⋆
nm

⋆
pµµΘnpµ

4π5β5
G2

F cos2 θC(1 + 3g2A)I
′
DU , (A27)
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with I ′DU from Eq. (A25).

For practical purposes, it is useful to relate Γprod
DU to the neutrino luminosity (energy loss in neutrinos

per unit volume per unit time assuming beta equilibrium) from direct muon Urca processes, Qν
DU,

which is tracked, for instance, by NScool. Qν
DU is obtained by inserting an extra factor Eν = xν/β

under the integral in Eq. (A11), which propagates into the integrand in Eq. (A17). Qν
DU is therefore

given by an expression analogous to Eq. (A27), but with I ′DU replaced by

IDU = β−1

∫ ∞

0
dxνx

3
νJDU

B→0−−−→ β−1

∫ ∞

0
dxν

π2 + x2ν
2(1 + exν )

=
457

5040

π6

β
. (A28)

In other words,

Qν
DU = Γprod

DU

2IDU

I ′DU

=
457

10080

πm⋆
nm

⋆
pµµΘnpµ

β6
G2

F cos2 θC(1 + 3g2A) , (A29)

in agreement with eq. (120) of ref. [2]. The factor 2 multiplying the ratio IDU/I
′
DU arises because

neutrinos are emitted both when muons are produced and when they are absorbed. (The production
and absorption rates are equal in beta equilibrium.)

A.2.2. Muon Production via the Modified Urca Process

The rate of muon production from the modified Urca process,

n(p1) + n(p2) → n(p3) + p(p4) + µ(p5 or pµ) + νµ(pν) , (A30)

follows from similar arguments as the direct Urca rate. The starting point is again a phase space
integral which now includes also the momenta of the spectator nucleons:

Γprod
MU =

∫ [ 5∏

j=1

d3pj
(2π)3

]
d3pν

2Eν(2π)3
(2π)4

2Eµs
δ(4)(pf − pi)Lblocking

∑

spins

|MMU|2 . (A31)

Here, s = 2 is a symmetry factor, j = 1, . . . , 4 labels the nucleons in the system 1 + 2 → 3 + 4,
while pµ = p5 and pν are the muon and neutrino four-momenta, respectively. In the 4-momentum-
conserving delta function pi and pf are the sums of the initial- and final-state four-momenta. The
phase space factor that also accounts for Pauli blocking is

Lblocking = f1f2(1− f3)(1− f4)(1− f5) , (A32)

with the same conventions as in Eq. (A9). We begin as before by separating the angular and
absolute momenta integrations:

Γprod
MU =

1

8(2π)14

∫ [ 5∏

j=1

|pj |2 d|pj |dΩj

]
d|pν |dΩνEν

Eµ
δ(3)(pf − pi)δ(Ef − Ei)Lblocking

∑

spins

|MMU|2 .

(A33)

To proceed, we make two important assumptions:

1. As in Appendix A.2.1, we assume a hierarchy between the Fermi energies and the temperature
of the system, so that the integrals are dominated by the region within O(T ) about the
equilibrium Fermi momenta of the nucleons and electrons.
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2. The angular integration is simplified in scenarios where the neutron Fermi momentum is
much larger than the Fermi momenta of protons and muons, pFn ≫ pFp, pFe, pFµ.

Neglecting the neutrino momentum of order T and assuming |p2| ≫ |p4+p5| (which amounts to the
second assumption above) the angular integrals can be performed in analogy to Appendix A.2.1:

∫ [ 5∏

j=1

dΩj

]
dΩνδ

(3)(pf − pi) = 4π

∫ [ 5∏

j=1

dΩj

]
δ(3)(p3 + p4 + p5 − p1 − p2) ≃

2π(4π)4

|p1||p2||p3|
.

(A34)

Expressing the momentum integrals in terms of energy integrals by using d|pν | ≃ dEν for the
neutrino and |p|d|p| ≃ m⋆ dE for massive particles, the rate becomes

Γprod
MU =

2m⋆3
n m⋆

p

(2π)9

∫ [ 5∏

j=1

dEj

]
dEν |p4||pµ|Eν δ(Ef − Ei)Lblocking

∑

spins

|MMU|2 . (A35)

As in the discussion following Eq. (A13), we now turn to dimensionless integration variables xj =
±β(Ej − µj), where the ± refers to incoming/outgoing states. Firstly with these definitions the
Pauli-blocking factor simplifies to

Lblocking =
5∏

j=1

1

1 + exj
, (A36)

while the remaining delta function becomes

δ(Ef − Ei) = δ(E3 + E4 + E5 + Eν − E1 − E2) ,

= δ
(
β−1

[
xν −

5∑

j=1

xj

]
+ µp + µµ − µn

)
= β δ

( 5∑

j=1

xj − xν

)
. (A37)

Combining these results gives

Γprod
MU =

2m⋆3
n m⋆

p pFp

(2π)9β7

pFµ

µµ

∑

spins

∣∣∣M̃MU

∣∣∣
2
∫ [ 5∏

j=1

dxj
1

1 + exj

]
dxν x

2
ν δ
( 5∑

j=1

xj − xν

)
, (A38)

where we have pulled out the energy dependence of the spin-summed matrix element, see Eq. (A3),
and set the momentum of the proton to its Fermi momentum. The last step is the evaluation of
the final integrals:

I ′MU =

∫ ∞

0
dxν x

2
νJMU , (A39)

with

JMU =

∫ [ 5∏

j=1

dxj
1

1 + exj

]
δ
( 5∑

j=1

xj − xν

)
. (A40)

Following standard complex integration techniques as described above in Appendix A.2.1 or in
Appendix F of Ref. [57], JMU evaluates to

JMU =
1

1 + exν

(
3π4

8
+

5π2

12
x2ν +

1

24
x4ν

)
. (A41)
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The final integration over xν is then

I ′MU =

∫ ∞

B
dxν

(xν −B)2

1 + exν

(
3π4

8
+

5π2

12
x2ν +

1

24
x4ν

)
, (A42)

= −3

8
B2π4

(
B + log[1 + e−B]− log[1 + eB]

)
− 1

12
(B2 + π2)(B2 + 9π2)Li3(z)

−B(B2 + 5π2)Li4(z)− 2(3B2 + 5π2)Li5(z)− 20BLi6(z)− 30Li7(z) , (A43)

where again z = − exp(−B). In beta equilibrium (B = 0), Eq. (A43) simplifies to

lim
B→0

I ′MU =
3

32

(
6π4ζ(3) + 100π2ζ(5) + 315ζ(7)

)
≃ 191.6 . (A44)

Our final expression for the muon production rate via modified Urca reactions is

Γprod
MU =

G2
F cos2 θCg

2
Am

⋆3
n m⋆

p pFp

π9β7

pFµ

µµ
αnβn

(
gπNN

mπ

)4

I ′MU , (A45)

with I ′MU from Eq. (A43). Note that the factor pFµ/µµ arises for muons but not for electrons
because the rest-mass of the muon is not negligible compared to the Fermi momenta in the problem.

As for the direct Urca case, it is once again useful to relate Γprod
MU to the neutrino luminosity due to

modified Urca processes involving electrons, Qν,e
MU, which is commonly found in the literature [2]:

Qν,e
MU = Γprod

MU

µµ

pFµ

2IMU

I ′MU

=
11513

30240

G2
F cos2 θCg

2
Am

⋆3
n m⋆

p pFp

2πβ8
αnβn

(
gπNN

mπ

)4

, (A46)

with

lim
B→0

IMU ≡ lim
B→0

β−1

∫ ∞

0
dxν x

3
νJMU

= β−1

∫ ∞

0
dxν

x3ν
exν + 1

(
3π4

8
+

5π2

12
x2ν +

1

24
x4ν

)
=

11513

120960

π8

β
. (A47)

The factor 2 multiplying the ratio IMU/I
′
MU in Eq. (A46) arises as the neutrino luminosity includes

the process in both the forward and inverse direction. The result in Eq. (A46) agrees with that of
Ref. [2], but is in contradiction with earlier results and with the routines implemented in NScool,
where the final result depends on pFe rather than pFp. We have corrected this in the version of
NScool used to produce the numerical results shown in this paper.

To summarize this section, we put together both the direct Urca and modified Urca contributions
to the muon production rate and obtain

Γprod = Γprod
DU + Γprod

MU , (A48)

= Qν
DUfDU +Qν,e

MUfMU , (A49)

where

fDU =
I ′DU

2IDU
=

2520

457

β

π6
I ′DU , (A50)

fMU =
pFµ

µµ

I ′MU

2IMU
=

60480

11513

β

π8

pFµ

µµ
I ′MU , (A51)

and with I ′DU from Eq. (A25), I ′MU from Eq. (A43).
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A.3. Muon Absorption

We now turn to the calculation of the absorption rate of muons (per unit time), which as before
contains two contributions

Γabs = Γabs
DU + Γabs

MU . (A52)

A.3.1. Muon Absorption via the Direct Urca Process

The rate in Eq. (A52) is dominated by the direct Urca process,

p(p1) + µ(p3 or pµ) → n(p2) + νµ(pν) , (A53)

where kinematically accessible, with the rate given by

Γabs
DU =

∫ [ 2∏

j=1

d3pj
(2π)3

]
d3pν

2Eν(2π)3
(2π)4

2Eµ
δ(4) (pf − pi)Lblocking

1

2

∑

spins

|MDU|2 . (A54)

The factor 1/2 in front of the matrix element squared takes care of the spin averaging of the
additional fermion in the initial state compared to the muon production case. Specifying the form
of the Pauli-blocking factor

Lblocking = f1(1− f2) , (A55)

as well as performing the angular integrals results in

Γabs
DU =

m⋆
nm

⋆
pΘnpµ

4(2π)3

∫ [ 2∏

j=1

dEj

]
dEν

E2
ν

|pµ|
δ(Ef − Ei) f1(1− f2)

∑

spins

∣∣∣M̃DU

∣∣∣
2
. (A56)

Using the same arguments as in Appendix A.2 and introducing again the dimensionless variables
xj = ±β(Ej − µj), the delta function becomes

δ(Ef − Ei) = δ(Eν + E2 − E1 − Eµ) , (A57)

= δ
(
β−1

[
xν −

2∑

j=1

xj

]
+ µn − µp − Eµ

)
= δ
(
β−1

[
x̃ν −

2∑

j=1

xj

])
, (A58)

where we define

x̃ν ≡ xν +A and A ≡ β(µn − µp − Eµ) . (A59)

A is a measure of the muons’ distance to the Fermi surface. In dimensionless integration variables,
the absorption rate can now be written as

Γabs
DU =

m⋆
nm

⋆
pΘnpµ

4(2π)3β4pFµ

∫ [ 2∏

j=1

dxj(1 + exj )−1

]
dx̃ν(x̃ν −A)2δ

(
x̃ν −

2∑

j=1

xj

) ∣∣∣M̃DU

∣∣∣
2
. (A60)

The remaining integrals are

I ′′DU =

∫ ∞

A
dx̃ν (x̃ν −A)2 J ′

DU . (A61)
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With

J ′
DU =

∫ [ 2∏

j=1

dxj
1

1 + exj

]
δ
(
x̃ν −

2∑

j=1

xj

)
=

x̃ν
ex̃ν − 1

, (A62)

they evaluate to

I ′′DU = 2
[
ALi3(e

−A) + 3Li4(e
−A)

]
. (A63)

Putting everything together we get the expression for the direct Urca muon absorption rate,

Γabs
DU =

m⋆
nm

⋆
pΘnpµ

4π3β4pFµ
G2

F cos2 θC(1 + 3g2A)I
′′
DU

= Qν
DU

βπ2

4µµpFµ

I ′′DU

IDU
, (A64)

with IDU from Eq. (A28) and I ′′DU from Eq. (A63).

A.3.2. Muon Absorption via the Modified Urca Process

We now turn to muon absorption via the modified Urca process,

µ(pµ) + n(p1) + p(p2) → n(p3) + n(p4) + νµ(pν) , (A65)

where the quantities in parenthesis are again the four-momenta of the particles in question. In
order to determine the rate we take the matrix element of Eq. (A3) and perform the phase space
integration as before (but keeping the muon 4-momentum fixed). That is,

Γabs
MU =

∫ [ 4∏

j=1

d3pj
(2π)3

]
d3pν

2Eν(2π)3
(2π)4

2Eµs
δ(4)(pf − pi)Lblocking

1

2

∑

spins

|MMU|2 , (A66)

where s = 2 as before. The two differences compared to Eq. (A31) are the omission of the
integration over muon momenta and the Pauli-blocking factor, which changes to

Lblocking = f1f2(1− f3)(1− f4) . (A67)

As before we begin by performing the angular integrals

∫ [ 4∏

j=1

dΩj

]
dΩν δ

(3)(pf − pi) = 4π

∫ [ 4∏

j=1

dΩj

]
δ(3)(p3 + p4 − p1 − p2 − pµ)

=
2π (4π)

|p3|

∫
dΩ2 dΩ4

1

|p1||ps − p4|
≃ 2π(4π)3

|p1||p3||p4|
, (A68)

where ps = p2+pµ−pν , and we have used the approximation pFn ≫ pFp which implies |ps−p4| ≃
|p4|. Inserting this result into Eq. (A66), pulling the energy-dependence out of the matrix elements
as in Eq. (A3), and replacing momentum integrals by energy integrals, we obtain for the rate

Γabs
MU =

m⋆3
n m⋆

p pFp

2(2π)7

∫ [ 4∏

j=1

dEj

]
dEν

E2
ν

(Eν + Eµ)2
δ(Ef − Ei)Lblocking

∑

spins

∣∣∣M̃MU

∣∣∣
2
. (A69)
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Pulling |p2| ≃ pFp out of the integral is justified by the fact that only nucleons whose energy
falls within ∼ ±T from the Fermi surface contribute significantly to the rate, combined with
T ≪ pFp. Introducing dimensionless variables xj = ±β(Ej − µj), the energy conserving delta
function becomes

δ(Ef − Ei) = δ(E3 + E4 + Eν − E1 − E2 − Eµ) ,

= δ
(
β−1

[
xν −

4∑

j=1

xj

]
+ µn − µp − Eµ

)
= β δ

(
x̃ν −

4∑

j=1

xj

)
, (A70)

with x̃ν ≡ xν +A and A ≡ β(µn − µp − Eµ) as in Eq. (A59). The absorption rate is now

Γabs
MU =

m⋆3
n m⋆

p pFp

2(2π)7β6E2
µ

∫ [ 4∏

j=1

dxj
1

1 + exj

]
dx̃ν (x̃ν −A)2 δ

(
x̃ν −

4∑

j=1

xj

)∑

spins

∣∣∣M̃MU

∣∣∣
2
. (A71)

In this expression we have neglected the neutrino energy in comparison to the muon energy in the
denominator. We perform the remaining integrals in the complex plane using the same techniques
as above (see also Ref. [57]). The result is

I ′′MU =

∫ ∞

A
dx̃ν (x̃ν −A)2 J ′

MU . (A72)

with

J ′
MU =

∫ [ 4∏

j=1

dxj
1

1 + exj

]
δ
(
x̃ν −

4∑

j=1

xj

)
=

4π2x̃ν + x̃3ν
6(ex̃ν − 1)

, (A73)

and therefore

I ′′MU =
1

3

[
(A3 + 4π2A)Li3(e

−A) + 3(3A2 + 4π2)Li4(e
−A) + 36ALi5(e

−A) + 60Li6(e
−A)

]
. (A74)

The modified Urca absorption rate is thus

Γabs
MU =

m⋆3
n m⋆

p pFp

2(2π)7β6E2
µ

∑

spins

∣∣∣M̃MU

∣∣∣
2
I ′′MU , (A75)

=
G2

F cos2 θCg
2
Am

⋆3
n m⋆

p pFp

π7β6E2
µ

αnβn

(
gπNN

mπ

)4

I ′′MU =
βπ2

2E2
µ

Qν
MU

I ′′MU

IMU
, (A76)

with I ′′MU from Eq. (A74) and IMU from Eq. (A47).

In summary, the total (direct + modified Urca) muon absorption rate is

Γabs = Γabs
DU + Γabs

MU , (A77)

= Qν
DUhDU +Qν

MUhMU , (A78)

where

hDU =
βπ2

4µµpFµ

I ′′DU

IDU
=

1260β2

457π4µµpFµ
I ′′DU , (A79)

hMU =
βπ2

2E2
µ

I ′′MU

IMU
=

60480β2

11513π6E2
µ

I ′′MU , (A80)

and where I ′′DU and I ′′MU can be read off from Eq. (A63) and Eq. (A74), respectively.
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A.4. Assisted Muon Decay

The calculation of the rate of assisted muon decay,

µ(pµ) + p(p1) → p(p2) + e(pe) + ν̄e(pνe) + νµ(pνµ) , (A81)

proceeds in the same way as the derivation of modified Urca production/absorption rates. In
analogy to Eq. (A66), and with the matrix element from Eq. (A5), the rate is given by

Γamd =

∫ [ 2∏

j=1

d3pj
(2π)3

]
d3pe

2Ee(2π)3
d3pν̄e

2Eν̄e(2π)
3

d3pνµ
2Eνµ(2π)

3

(2π)4

2Eµ
δ(4)(pf − pi)Lblocking

∑

spins

|Mamd|2 ,

(A82)

Note that the matrix element from Eq. (A5) uses a Lorentz-invariant normalization for all external
particles, including the nucleons, hence the extra factors of mp in the denominator. To shorten the
notation, we define p3 ≡ pe, p4 ≡ pνe , and p5 ≡ pνµ . The Pauli blocking factor in Eq. (A82) is

Lblocking = f1(1− f2)(1− f3) . (A83)

The angular integral evaluates to

∫ [ 5∏

j=1

dΩj

]
δ(3)(pf − pi) = (4π)2

∫ [ 3∏

j=1

dΩj

]
δ(3)(p3 + p2 − p1 − pµ)

=
(4π)2

|p3|2
∫ [ 3∏

j=1

dΩj

]
δ(|p3| − |p2 − p1 − pµ|)δ(2((Ω3 − Ω1−2−µ)

=
(4π)2

|p3|2
∫ [ 2∏

j=1

dΩj

]
δ(|p3| −

√
|p2|2 + |p1 + pµ|2 − 2|p2||p1 + pµ| cos θ2)

=
2π(4π)2

|p3||p2|

∫
dΩ1

1

|p1 + pµ|

≃ 2π(4π)3

|p3||p2||p1|
(A84)

In the last step, where we have evaluated the integral
∫
dΩ1 |p1 + pµ|−1 ≃ 4π/max(|p1|, |pµ|),

we have used the fact that the proton Fermi momentum is typically larger than the muon Fermi
momentum. Replacing the momentum integrals by energy integrals then leads to

Γamd =
(m∗

p)
2

2(2π)7

∫ [ 5∏

j=1

dEj

]
Eν̄eEνµ

Eµ
δ(Eνµ + Eνe + Ee + E2 − Eµ − E1)Lblocking

∑

spins

|Mamd|2

=
(m∗

p)
2µeE

2
µ

2(2π)7β8

∫ [ 5∏

j=1

dxj

]
x2ν̄ex

2
νµ δ
( 3∑

j=1

xj − x̂ν

)[ 3∏

j=1

1

1 + exj

]∑

spins

∣∣∣M̃amd

∣∣∣
2
, (A85)

where in the second line we have again defined xj ≡ ±β(Ej − µj) (with a plus sign for incoming
particles and a minus sign for outgoing particles), xνµ ≡ βEνµ , xνe ≡ βEνe , and x̂ν = xνe + xνµ −
β(Eµ − µe). We have moreover pulled the energy-dependent factors out of the squared matrix
element from Eq. (A5), and in the resulting prefactor have set the electron energy equal to the
corresponding Fermi energy.



34

We first evaluate the integral over the nucleon and charged lepton momenta,

Jamd ≡
∫ [ 3∏

j=1

dxj
1

1 + exj

]
δ
( 3∑

j=1

xj − x̂ν

)
. (A86)

This expression is identical to the one we found in the case of muon production via the direct Urca
process, JDU, in Eq. (A18), so we can immediately read off the result from Eq. (A23):

Jamd =
π2 + x̂2ν

2(1 + ex̂ν )
(A87)

The remaining integral over dimensionless neutrino energies, xν̄e and xνµ , is then

Iamd ≡
∫ ∞

0
dxν̄e dxνµx

2
ν̄ex

2
νµ

π2 + x̂2ν
2(1 + ex̂ν )

= −2 (C2 + π2) Li6(−e−C)− 24C Li7(−e−C)− 84Li8(−e−C) . (A88)

with the shorthand notation C ≡ β(µe − Eµ). We conclude that the rate for assisted muon decay
is

Γamd =
16(m∗

p)
2µeE

2
µα

2G2
F

π5β8m8
µ

Iamd . (A89)

B. MUON DECAY WIDTH AND NEUTRINO SPECTRA

In this section, we calculate the muon decay width including Pauli blocking effects in presence of
a degenerate electron gas. Moreover, we discuss the computation of the resulting neutrino spectra
as a function of the electron Fermi energy.

The muon decay width in presence of a dense background of electrons with chemical potential
µe is given by

dΓ =
(2π)7

2mµ

∑

spins

|M|2 dΦ2(q; p1, p2) dΦ2(Pµ; q, pe) dq
2[1− f(|pe|, µe)] . (B1)

Here q2 is the invariant mass of the two outgoing neutrinos, whose individual four-momenta are
labeled p1 and p2 (where q/2 = |p1| = |p2|), while Pµ and pe are the four-momenta of the muon
and electron, respectively. The last term on the right-hand side is the Pauli-blocking factor, with
the Fermi–Dirac distribution from Eq. (27). Note that we have sub-divided the usual three-body
phase space into the product of two two-body decays (see Eq. (49.13) in Ref. [103]), with

dΦ2 =
|p|

4(2π)6M
dΩ(θ, ϕ) . (B2)

In the above, M is the center-of-mass energy of the two-body system, while dΩ = d(cos θ) dϕ is
the solid angle and p is the three-momentum of one of the outgoing particles in the two-body
center-of-mass frame (neglecting particle masses).
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FIG. 9. Sketch of the three different frames where kinematic quantities relevant to muon decay are defined.

B.1. Decay Width for Muons Decaying at Rest

While we are ultimately interested in the decay width and the neutrino spectra for boosted
muons, it is useful to first compute these quantities in the muon rest frame. To avoid confusion we
will label frame dependent quantities with neutron star rest frame (NF), muon rest frame (MF) and
finally q rest frame (QF), where q is the four-momentum of the two-neutrino system, illustrated in
Fig. 9. Specifying these frames leads to the simplifications

PMF
µ = (mµ;0) , pQF

1 = |p1|(1; cθνQF
, cϕν

QF
sθνQF

, sϕν
QF

sθνQF
) , (B3)

pMF
e = Ee(1;−1, 0, 0) , pQF

2 = |p2|(1;−cθνQF
,−cϕν

QF
sθνQF

,−sϕν
QF

sθνQF
) . (B4)

Here pQF
1 and pQF

2 are the neutrino momenta defined in the QF, and we abbreviate cθνQF
≡ cos θνQF,

sθνQF
≡ sin θνQF. Finally, for the muon at rest the boost is absent. This allows us to choose the

q-vector along the x-axis, corresponding to θνMF = 0. Note that we are neglecting both electron
and neutrino masses which allows the electron energy to be expressed as

q2 = (PMF
µ − pMF

e )2 = m2
µ − 2EMF

e mµ =⇒ EMF
e =

m2
µ − q2

2mµ
. (B5)

The boost factors for the Lorentz transformation ΛQF–MF from the QF to the MF are

γ =
m2

µ + q2

2mµq
, βγ =

m2
µ − q2

2mµq
. (B6)

Taking this boost to be along the x-axis we obtain

pMF
1 = ΛQF–MF pQF

1 ,

=

(
1

4mµ

[
m2

µ + q2 + cθνQF
(m2

µ − q2)
]
;

1

4mµ

[
m2

µ − q2 + cθνQF
(m2

µ + q2)
]
,
q cϕν

QF
sθνQF

2
,
q sϕν

QF
sθνQF

2

)
,

(B7)

pMF
2 = ΛQF–MF pQF

2 ,

=

(
1

4mµ

[
m2

µ + q2 − cθνQF
(m2

µ − q2)
]
;

1

4mµ

[
m2

µ − q2 − cθνQF
(m2

µ + q2)
]
,−

q cϕν
QF

sθνQF

2
,−

q sϕν
QF

sθνQF

2

)
.

(B8)

The Lorentz-invariant matrix element, expressed in terms of muon rest frame quantities, is
∑

spins

|M|2 = 64G2
F (p

MF
e · pMF

1 )(pMF
2 · PMF

µ )

= 4G2
F (m

2
µ − q2)(1− cθνQF

)
[
m2

µ(1 + cθνQF
) + q2(1− cθνQF

)
]
. (B9)
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FIG. 10. Muon decay width as a function of both the muon momentum (left) and the the electron chemical
potential (right) at a typical neutron star temperature T = 100 keV.

Putting everything together and performing the angular integrals over those angles which do not
appears in the matrix element or in the Fermi–Dirac distribution yields

dΓ =
G2

F

128π3m3
µ

(m2
µ − q2)2(1− cθνQF

)
[
m2

µ(1 + cθνQF
) + q2(1− cθνQF

)
]
[1− f(|pe|, µe)] dq

2 d(cθνQF
) .

(B10)

It can be verified that in the limit µe → 0 the usual muon decay width ΓSM = G2
Fm

5
µ/(192π

3) is
recovered. The above differential width is required to determine the distribution of the angle θνQF

for the boosted case and need not be further integrated here.
For the following section we also need the distribution of the electron energies. This is easily

obtained by using Eq. (B5) to write dq2 = 2mµ dE
MF
e . This leads to

lim
µe→0

dΓ

dEe
=

G2
Fm

4
µ

48π3
(3− 2xe)x

2
e , with xe =

2EMF
e

mµ
. (B11)

B.2. Decay Width for Boosted Muons

We boost the muon relative to the rest frame of the neutron star’s degenerate electron gas
and again calculate its width, carefully taking into account Pauli blocking. We begin with the
calculation of the muon width in the rest frame of the neutron star. The first quantity that we
need is the energy of the electron in the NF. To simplify this expression we choose the boost along
the x-direction with the appropriate boost factors

γMF–NF =
Eµ

mµ
, βMF–NF =

√
1− γ−2

MF–NF =
|pµ|
mµ

. (B12)

We define the four-momenta in the MF as

PMF
µ = (mµ;0) , pMF

e = EMF
e (1;−cθqMF

,−sθqMF
cϕq

MF
,−sθqMF

sϕq
MF

) . (B13)
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After boosting to the NF, we have

pNF
e =

(
EMF

e (Eµ − |pµ|cθqMF
)

mµ
;
EMF

e (|pµ| − EµcθqMF
)

mµ
,−EMF

e sθqMF
cϕq

MF
,−EMF

e sθqMF
sϕq

MF

)
. (B14)

The required value for the electron momentum in the Pauli-blocking factor is therefore

|pNF
e | =

(m2
µ − q2)(Eµ − |pµ|cθqMF

)

2m2
µ

. (B15)

As we cannot choose both the boost of the muon and the direction of the two-neutrino subsystem
to be aligned along a single axis we must define boosts in an arbitrary direction and then re-do
the angular integrals compared to the muon-decay-at-rest case above. For a boost in the direction
of a general unit vector v̂, the Lorentz transformation matrix is

Λ(v̂, γ, β) =

(
γ γβv̂

γβv̂T I3 + (γ − 1)v̂T v̂

)
. (B16)

Choosing specifically v̂ = v̂QF–MF to define the transformation ΛQF–MF ≡ Λ(v̂, γ, β) from the QF
to the MF, we transform the neutrino four-vectors from the QF to MF,

pQF
1 =

q

2

(
1; cθνQF

, sθνQF
cϕν

QF
, sθνQF

sϕν
QF

)
, pQF

2 =
q

2

(
1;−cθνQF

,−sθνQF
cϕν

QF
,−sθνQF

sϕν
QF

)
,

(B17)

pMF
1 = ΛQF–MFp

QF
1 , pMF

2 = ΛQF–MFp
QF
2 . (B18)

We do not write out the expressions for pMF
1 and pMF

2 explicitly here as they are rather lengthy.
The matrix element in the MF, on the other hand, is relatively compact,

∑

spins

|M|2 = 4G2
F (m

2
µ − q2)(1 + cθνQF

cθqMF
+ cϕν

QF−ϕq
MF

sϕν
QF

sθqMF
)

×
[
m2

µ + q2 − (m2
µ − q2)(cθνQF

cθqMF
+ cϕν

QF−ϕq
MF

sϕν
QF

sθqMF
)
]
. (B19)

Putting all the pieces together yields the final differential decay width

dΓboosted =
(2π)7

2Eµ

∑

spins

|M|2
[ |pMF

e |
4(2π)6mµ

dΩ(θqMF, ϕ
q
MF)

]

×
[

|pQF
1 |

4(2π)6q
dΩ(θνQF, ϕ

ν
QF)

]
[
1− f(|pNF

e |, µe)
]
dq2 , (B20)

and its integral,

Γboosted =
G2

F

384m3
µπ

4

∫ m2
µ

0
dq2

∫ 1

−1
d(cθqMF

)
(
m6

µ − 3m2
µq

4 + 2q6
) [

1− f(|pNF
e |, µe)

]
. (B21)

Between Eqs. (B20) and (B21) we have performed all the angular integrals which are independent
of the electron momentum |pNF

e |. The remaining integrations over q2 and cθqMF
do not yield closed

formed solutions and must be done numerically. Results for Γboosted are shown in Fig. 10.
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B.3. Neutrino spectra

Based on the above determination of the muon width, the probability of a muon decaying can
be determined at each random-walk step in our simulations. If a muon is determined to decay we
need to draw the energies of the ν̄e and νµ neutrinos based on the decaying muon’s momentum
and the Fermi-energy of the electrons at the given radius of the neutron star. We use the following
procedure:

1. Draw θqMF, ϕq
MF and EMF

e . We begin by drawing the angles θqMF, ϕq
MF between the two-

neutrino system and the muon boost vector from uniform distributions, θqMF ∈ [0, π] and
ϕq
MF ∈ [0, 2π]. We randomly choose the electron energy in the muon rest frame (EMF

e ) using
the distribution from Eq. (B11).

2. Determine ENF
e . Once chosen in the muon rest frame, the electron energy is boosted to the

NF using Eq. (B14) and compared to the Fermi energy of the neutron star electrons at that
radius, pFe(r). We then require ENF

e > pFe(r), i.e., here we neglect temperature effects. If
this criterion is not fulfilled we go back to step 1 and choose new θqMF, ϕ

q
MF, and EMF

e until
a configuration is found that allows for an electron energy above the Fermi surface of the
electron gas.

3. Draw θνQF. The next step requires randomly drawing the angle of the outgoing neutrinos
with respect to the center-of-mass of the two-neutrino system. We use the distribution from
Eq. (B10) to draw θνQF randomly (with q2 already fixed by the previous steps according to

Eq. (B15)). Note that we drop the Pauli-blocking term 1− f(|pNF
e |, µe) in Eq. (B10) when

drawing from this distribution for θνQF as we have already assured that the chosen electron

energy lies above the Fermi surface. Having chosen θνQF, the neutrino 4-momenta pQF
1 and

pQF
2 are unique determined. (The remaining angle ϕν

QF is unimportant given the initial choice
of muon boost in the x-direction.)

4. Determine pNF
1 and pNF

2 : With the neutrino 4-momenta determined in the QF, we finally

apply the transformation pNF
i = ΛMF–NFΛQF–MFp

QF
i , for both neutrino four-vectors, yielding

the desired outgoing neutrino energies in the rest frame of the neutron star.

The resulting neutrino energy distributions are shown in Fig. 11 for different values of the elec-
tron chemical potential. For clarity, we show spectra from muon decay at rest and before taking
into account gravitational redshift and neutrino oscillations. The key takeaway is that larger elec-
tron chemical potentials significantly soften the neutrino spectra, in addition to smearing out the
spectral-shape differences between the different neutrino flavors.

C. NEUTRON STAR EQUATIONS OF STATE

In this section we provide additional information about our implementation of the various
equations of state (EOS) used in the body of the paper. Beyond the Akmal–Pandharipande–
Ravenhall (APR) equation of state already implemented in NScool we have added Skyrme-type
equations of state (BSk2X) as well as both the DD-MEX and NL3ωρ EOS for the neutron star
core to NScool.
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FIG. 12. Effective neutron mass (left) and effective proton mass (right) as a function of the mean neutron
density for the four Skyrme-type functionals, BSk22 through BSk26, as well as the default APR equation
of state used in NScool. For the DD-MEX and NL3ωρ EOS we use an APR-like effective masses as an
approximation, see Appendix C.2.

C.1. Skyrme-Type Equations of State

Our starting point for the BSk2X EOS are the fitting functions for the macroscopic properties
of the neutron star matter provided by Ref. [77], building upon earlier work [104]. Beyond the
relationship between mean nucleon density, pressure, and energy density, NScool also requires the
effective nucleon masses as well as the relative abundances of protons, electrons and muons. Once
this information is given, the Tolman–Oppenheimer–Volkoff (TOV) equation is solved numerically
and a profile is generated. Note that we modify only the EOS of the neutron star core, matching
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BSk22 BSk24 BSk25 BSk26

t1 [MeV fm5] 404.461 395.766 431.093 439.536

t2 [MeV fm5] ≃ 0 ≃ 0 ≃ 0 ≃ 0

t4 [MeV fm5+3β ] −100 −100 −200 −100

t5 [MeV fm5+3γ ] −150 −150 −150 −120

x1 0.0627540 0.0563535 0.111366 −0.404961

x2t2 [MeV fm5] −1396.13 −1389.61 −1387.47 −1147.70

x4 2 2 2 -3

x5 −11 −11 −11 −11

β 1/2 1/2 1/2 1/6

γ 1/12 1/12 1/12 1/12

TABLE I. Relevant parameters of the BSk-type Skyrme models from Ref. [108].

the Skyrme-type core models to the default crust model implemented in NScool. The crust–core
boundary is taken be at the densities indicated in Table 14 of Ref. [77].

The effective nucleon masses which parameterize the effects of many-body interactions of the
respective nucleons, sensitively control a host of the neutron star’s macroscopic properties, see for
example Ref. [105]. The deviation of the effective masses m⋆

n,p from the free nucleon masses mn,p

are given by Eq. (A10) in Ref. [106], namely

m⋆
q

mq
=

[
1 +

mq

2

(∑

i

Xi

)
n̄

]−1

, (C1)

with

∑

i

Xi = t1

[(
1 +

1

2
x1

)
−
(
1

2
+ x1

)
Yq

]
+ t2

[(
1 +

1

2
x2

)
+

(
1

2
+ x2

)
Yq

]

+ t4

[(
1 +

1

2
x4

)
−
(
1

2
+ x4

)
Yq

]
n̄β + t5

[(
1 +

1

2
x5

)
+

(
1

2
+ x5

)
Yq

]
n̄γ . (C2)

Here q = {n, p} labels either the neutron or proton effective mass, Yq is the relative abundance, and
n̄ is the mean neutron density of the neutron star matter under consideration. The ti and xi are
fit parameters. Our implementation of this expression has been cross-checked for the parameter
values given in Ref. [107], and a comparison has been made with NScool’s default APR equation of
state [9]. For the case at hand we show the effective masses for the up-to-date Skyrme parameters
of Ref. [108] in Fig. 12, with the relevant parameters entering summarized in Table I.

The final validation for the Skyrme-type neutron star core EOS is the mass–radius relations
obtained through integrating the TOV equation. The results of which are shown in Fig. 13. Small
differences from the curves in Fig. (28) of Ref. [77] arise from gluing the two different crust and
core EOS together as discussed above. Regarding the impact of the EOS on the neutrino fluxes
from muon decay, differences between different EOS chiefly arise from the different core radii.

C.2. Relativistic mean field equations of state

For comparison to the Skyrme-type models we also show results using two mean field equations
of state, NL3ωρ [66, 109–111] and DD-MEX [45, 67]. For both DD-MEX and NL3ωρ EOS we utilize
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FIG. 13. Mass versus radius curves for the different neutron star equations of state used in this work.

the public CompOSE library and code [112–114] to build neutron star EOS and profiles for use in
NScool. While for the DD-MEX we have also cross-checked these results using additional material
supplied by the authors of Ref. [45]. Note that the effective masses are required to run NSCool,
which are missing when using the EOS data from CompOSE. To run NSCool for these equations
of state we use dummy effective masses that resemble the APR EOS. These masses typically enter
only linearly in the particle production rates, leading to additional order-one uncertainties in these
rates.

D. BACKGROUNDS

Here, we outline how we have estimated the backgrounds shown in Fig. 7.

• Solar neutrinos. We take the solar neutrino fluxes from ref. [80], in particular from the
solar model dubbed BS05(AGS,OP) in this reference. Even though in a realistic detector
it will be possible to suppress the solar neutrino background by a factor of a few using
directional information, in Fig. 7 we conservatively plot the unsuppressed solar neutrino
flux. As the Sun only produces neutrinos, but no antineutrinos, this background is relevant
only in DUNE, but not in HyperKamiokande and JUNO.

• Reactor neutrinos. We take this background from ref. [83], where it was calculated for
SuperKamiokande, and rescale it to the larger fiducial mass of HyperKamiokande. ν̄e from
reactor neutrinos are not a relevant background in DUNE, where the main detection channel
νe +

40Ar → e− + 40K
∗
is sensitive only to neutrinos, but not anti-neutrinos.

• Atmospheric neutrinos. We use the fluxes of atmospheric neutrinos computed in ref. [81]
using the FLUKA Monte Carlo code [85, 86]. To the best of our knowledge, this is the only
available calculation that covers the energy range between 10MeV and 100MeV.

• Diffuse supernova neutrinos. Our estimate for the diffuse supernova neutrino background
in the νe and ν̄e channels is taken from ref. [82].
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