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Starting with on-shell amplitudes compatible with the scattering of Kerr black holes up to Compton-
amplitude contact terms, we produce the gravitational waveform and memory effect including spin at their
leading post-Minkowskian orders to all orders in the spins of both scattering objects. For the memory
effect, we present results at next-to-leading order as well, finding a closed form for all spin orders when the
spins are anti-aligned and equal in magnitude. Considering instead generically oriented spins, we produce
the next-to-leading-order memory to sixth order in spin. Compton-amplitude contact terms up to sixth order

in spin are included throughout our analysis.
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I. INTRODUCTION

The need for precision gravitational waveforms, which
are crucial for detection and data analysis at LIGO, Virgo,
Kagra, and associated experiments, has recently stimulated
renewed effort in developing novel analytic techniques for
calculating gravitational-wave observables relevant for
binary encounters of compact objects. In particular, scatter-
ing amplitudes provide compact, on-shell, and gauge
invariant expressions that encode the dynamics of binary
scatterings and their gravitational-wave emissions [1-8];
see Refs. [9,10] for recent reviews. Organized in an
expansion in the gravitational coupling, i.e., Newton’s
constant G, amplitudes are naturally suited for calculations
in the weak-field, or post-Minkowskian (PM), regime.
Progress on the PM expansion has also come from
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worldline methods [11-16] and their close cousin the
worldline quantum field theory (WQFT) [17-22].

An important point concerns the inclusion of physical
effects that go beyond the point-particle description of the
scattering objects, notably those due to their tidal defor-
mations [23-30] and to their spins [22,31-59], which can
be introduced in the amplitude context by means of an
effective-field-theory approach. A crucial conceptual issue
consists in uniquely fixing the Wilson coefficients that
are appropriate for describing a spinning black hole
[48,51,57,58,60-64], and recent progress in this direction
has been achieved by comparing amplitude calculations to
fixed-background scattering described by the Teukolsky
equation [61,63].

Several works have already endeavored to produce
state-of-the-art gravitational waveforms using scattering-
amplitude or scattering-amplitude-inspired techniques. In
the former category, the Kosower-Maybee-O’Connell
(KMOC) formalism [2,65] was recently employed in
Refs. [66-70] to connect the one-loop five-point ampli-
tude with one graviton emission to the subleading PM
waveform (see Ref. [71] for a comparison with post-
Newtonian results). Also making use of the KMOC
formalism, Ref. [72] produced the leading-order wave-
form for Kerr scattering up to fourth order in the spins of
each black hole.

Published by the American Physical Society
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An alternative approach to the generation of waveforms
is WQFT [17-19], which was shown in Ref. [8] to be
equivalent to the extraction of observables through the
KMOC formalism. The applicability of this method to the
generation of waveforms was demonstrated in Ref. [18]
through the derivation of the waveform without spin.
Reference [19] was then the first to include spin in the
leading-order waveform, considering effects up to quad-
ratic order in the spins of both black holes.

Yet another equivalent setup for extracting the leading
order waveform employs the eikonal operator [73,74], in
which graviton exchanges combine with coherent graviton
emissions that build up gravitational waves (see Ref. [75]
for a review).

In this paper, we incorporate state-of-the-art knowledge
about the amplitudes’ description of Kerr black holes into
the leading-PM gravitational waveform produced during a
two-body encounter. This observable is related by Fourier
transform [19,65,76] to (the factorizable portion of) the
tree-level five-point amplitude describing the emission of a
graviton from the scattering of two massive, spinning
particles [65,72,77,78]. We construct this amplitude recur-
sively from the all-spin Kerr three-point amplitude
[32-34,79] and all-spin Kerr-compatible Compton ampli-
tudes [51,80] (see also Ref. [64]). Our Compton amplitude
includes the contact terms up to sixth order in spin which
are needed to match the black-hole-perturbation-theory
(BHPT) description of (superextremal) Kerr [63]. Above
sixth order in spin, the spinning objects described here
deviate from Kerr only by contact terms in the Compton
amplitude. To accommodate for this discrepancy, we write
the five-point amplitude and the waveform in a manner
that automatically allows for the inclusion of higher-spin
contact terms.

The waveform descending from the amplitude is pre-
sented to all spin orders in terms of two classes of arbitrary-
tensor-rank integrals into impact-parameter space. We
explain the systematic evaluation of these integrals, and
generate explicit results completing the waveform up to
fifth order in spin in the Supplemental Material [81].
Describing the emitted graviton through spinor-helicity
variables, we observe remarkable compactifications of the
waveform stemming from the amplitude. Illustrating this is
a novel form of the leading-order waveform without spin;
see also Refs. [18,72,82].

The low-frequency behavior of the spectral waveform,
which translates to the one at early/late times via Fourier
transform, is governed by soft theorems [83-86], which
provide crucial nonperturbative cross-checks for PM calcu-
lations. Here, we leverage the universality of the leading soft
theorem [87,88]—or memory effect in the time domain
[89,90]—which entirely fixes the leading soft behavior of the
waveform sourced by the scattering objects in terms of their
initial and final momenta, to calculate the memory to leading-
and next-to-leading-PM orders. At leading order we evaluate

the memory to all spin orders and for generic orientations.
Making use of the all-spin 2PM amplitude derived in
Ref. [58], we produce the next-to-leading-PM memory for
all spins when the spins are anti-aligned and equal in
magnitude, and to sixth order for general configurations.

The paper is organized as follows. In Sec. II, we
construct the part of the all-spin five-point amplitude
relevant to the waveform computation in Sec. III. The
gravitational soft-theorem is applied to the extraction of the
memory effect up to next-to-leading-PM order in Sec. IV.
We conclude in Sec. V.

II. CONSTRUCTING THE GRAVITON-EMISSION
AMPLITUDE

Classical radiative observables at leading order are related
to the tree-level five-point amplitude with a graviton emitted
from the scattering of two massive (spinning) particles. More
specifically, the relevant portion of the amplitude has non-
vanishing residues when an internal graviton is taken on
shell; see Fig. 1. Physically, the fact that only this portion of
the amplitude is needed reflects the assumption that through-
out the classical scattering the massive bodies are well
separated. As is evident from that figure, extracting the
observables of interest thus requires the three-point and
Compton amplitudes consistent with Kerr black holes.

The identification of classical spin effects in scat-
tering amplitudes has been treated in numerous works
[33-36,40,42,44,47,55,80,91-93]. We will not review this
material here, and will simply write spinning amplitudes
directly in terms of the classical spin vector S* of an object
of mass m through the ring radius, o = S*/m. This
satisfies the covariant spin-supplementary condition
p-a=0, where p* is the classical momentum of the
spinning object.

The three-point amplitude describing a Kerr black hole
of momentum p*, mass m, and ring radius o/ emitting a
helicity-A graviton with momentum g¢* is [32-34,79]

M;(=p.q") = —[p - e4(q))* exp (hg -a), (1)

where « is related to Newton’s constant G through x =
\/327G. The graviton polarization is & (¢) = €. (q)e%(q).'
Negative momentum arguments indicate incoming
momenta.

A convenient writing of the Compton amplitude for the
absorption of a graviton of momentum ¢ and emission of a
(negative-helicity) graviton of momentum k is

2 4
K n —
M4(—P,k_,—qh)zz§ ¥ vy @) MY (=p, k= —q"),
n=0

(2)

'We expect our results to be larger than those of Refs. [18,19]
by a factor of 2, due to differing conventions for graviton
polarization tensors.
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FIG. 1. Cuts of the five-point amplitude relevant for the

extraction of leading-order radiative observables. All shown
momenta are taken on shell.

where y, =2p - w), and

wh = —(k|pa*|q).  (3)

1 1
w' == (kloH , _
=5 (Klold) —
The form factors accompanying different powers of
wy - a are

M (=p k= —q") = e E Y (—p k. —g")
+C (=p ke =gh). (4)

The Fg") carry all the physical residues of the Compton
amplitudes and the CE‘”) contain all information about
contact deformations. Our interest in leading-PM radiative
observables for Kerr black holes requires that the F§">

are such that Eq. (2) factorizes to Eq. (1) on physical

residues [51], and that the Cg") contain contact terms whose
coefficients depend only on the mass (and not on G) [80].
We have left the dependence of the form factors on the ring
radius implicit and relegate their explicit expressions to the
appendixes; see Egs. (A2)—(AS5) and (A12)—(A17).

The five-point amplitude is constructed from these
lower-point amplitudes by demanding that it factorizes
correctly on the physical graviton poles; see Fig. 1. The
momenta obey the momentum-conservation constraints

Pi—Pi=4» G t+@=k (5)
We abbreviate the cut part of the five-point amplitude as
M (k™) = M (=py. —pa, Py, Ph. k™). Putting every-
thing together, the cut part of the five-point amplitude
relevant to Kerr observables at leading PM order is

3 4 rh,ﬂl/
_ K 1) _ .
M) = =5 4y D~ e e
86]2 h=+ n=0 2
x M (=py k™. —h) + (1 < 2),  (6)

valid to all spin orders. The helicity weight of the emitted
graviton is carried by the ré'liﬁf " (recall that h here is the

helicity of the cut graviton, not the emitted one), which are
defined in Eq. (A1). This abbreviation of the amplitude is

useful for making explicit the powers of ¢4 while hiding
what is not needed to perform the waveform integration.

f’lg";l are O(|k*)?) and
O(a’). The former of these will affect the integration to the
time domain from frequency space.

At this point, let us make a remark on notation.
Throughout the remainder of the paper, we will use the
subscripts in parentheses (1) or (2) to denote quantities
relevant to the amplitude on the g3 or g} pole, respectively.
An object indexed in this way has only the labels in
parentheses swapped under the relabelling (1 <> 2), so

that, for example, ré'l’)‘”l - r?z”)‘f’l, while pf — p5. Generally,

However, we highlight that the r

(1+2)
Xl <> X2,

(1+2)
Yoo < Yor=Yurlz, oz, xex (D)

where L and J are arbitrary (multi-)indices which remain
unchanged under the relabelling. The second relabelling is
applied recursively at every level of an expression.

The five-point amplitude for the other graviton helicity is
related to Eq. (6) through

MEHKT) = M=Ky, (8)
where the asterisk represents complex conjugation.
The effect of conjugation is simply swapping the angle
and square massless spinors.

By construction, the cut part of the five-point amplitude in
Eq. (6) gives the correct factorization when an exchanged
graviton goes on shell. This is achieved by writing the
amplitude in a form with spurious poles using the identity

i S B 1 :
pops Wea )~ 2 E [77], which ensures that the

physical graviton poles are not overlapping and the cut part
of the amplitude can be constructed by gluing the lower-point
amplitudes. However, it does not guarantee that the spurious
poles cancel after the gluing. In fact, the freedom of rewriting
the lower-point amplitudes using on-shell conditions and
momentum conservation allows for various representations
of the cut part of the amplitude which differ by terms that
vanish when internal gravitons are cut. In particular, the
difference between Eq. (6) and the complete five-point
amplitude with no unphysical poles has no pole when internal
gravitons go on shell. Luckily, these complications are
irrelevant for extracting the waveform from the amplitude
because terms with a spurious pole and no physical graviton
pole do not contribute. This is a consequence of the classical
limit, and manifests as the tracelessness of the integrals in the
next section; see Appendix B.

III. ALL-SPIN WAVEFORM
AT LEADING-PM ORDER

With the cut part of the five-point amplitude in hand, we
move now to the extraction of observables. The waveform
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in the time domain is given by the expectation value of the
metric perturbation [10,65-69]:

f/ll/(w"i:) )

x|

%xw—mw—umxm»—[“&w4w (9)

Here, w is the frequency of the emitted gravitational wave,
x* = (x°,x) is the position of the observer located a large
distance from the scattering event, and u = x° — |x| is the
retarded time. The spatial unit vector in the direction of the
observer is £ = x/|x|. The spectral waveform f,, (@, %) is
written at leading order in terms of the tree-level five-point
amplitude as

, (10)

k=wp

A K * * cu
Fulw8) =55l [ s )
. q1:92

h

where p* = (1,%), [

v = Jd°q1d° g5, and

14 N ) «
u(k) = ZS(PI - q1)8(pa - q2) e N FLIEP (g 4 gy — k).

Factors of 2z have been absorbed into the notation as
5(x) = 278(x) and dx = dx/(2x) [2], and we work in four
dimensions, D = 4.

The sum over helicities in Eq. (10) can be dropped by
projecting onto a graviton of a fixed helicity. We can do so
without losing any information about the waveform since the
projection onto a graviton of the opposite helicity will be
given by complex conjugation of our result. In the following,
we write &,¢, (h"(x)) = h(x) = hy(x)+ ih.(x), where
the subscripts refer to the “plus” and “cross” polarizations
of the gravitational wave.

Inserting Eq. (6) into Eq. (9), we proceed to integrate
following Ref. [19]. Specifically, on the part of the cut
amplitude capturing the g3 residue, it is advantageous to
use the delta functions to integrate over d* g, and dw first;
on the other part of the amplitude, one instead integrates

over 214612 before performing the dw integral. Indeed, this
procedure remains simple for the infinite-spin amplitude in
Eq. (6). Splitting the waveform into a part without and with
Compton-amplitude contact terms,

7G>

hix) = ————
kh(x) x|mym,

[y (x) 4 he(x)]. (11)
and writing pf = m;v and y = v, - 1)2,2 the former is

’In previous works using heavy particle effective theory
(HPET) [24,27,40,42,49,51,58,60,80,94], the symbol @ = v -
v, was used as an homage to the literature on heavy quark
effective theory [95-98]. In this paper, @ is reserved for
the frequency of the gravitational wave, so we revert to the
notation here.

hy(x) =

Doy, 92u, { iga b1y 2= HiH2
Vargy) o [T F
[1 CI% (g2-p)(v1-q2) (1.0

[s9)
+elth Z Doy -+ 9opg,, 7!’6”1 ﬂx+2:| (1 e 2)'

(12)
In a similar vein to Ref. [19], we have defined
ui :p[(x_lal)_bl] (13)
(1.1 vy p ’
p-l(x—iay) —by Fila; + ay)]
u(il),z _ 1 2 1 2 , (14)

Uy p

by =bh =V +ufy 05 —ufy) vy £ild +ah). (15)
These variables expose a Newman-Janis-like shift of the
position coordinates by the spin vector [99]. Unlike the
Newman-Janis shift, however, the amplitude contains spin
dependence which does not readily admit this interpreta-

tion, such as in the 7’?1.’;‘. * and E’(’ 1?)':;””2. Nevertheless, the
presence of this shift is computationally convenient, as it
implies that the highest tensor rank needed to obtain the

O(a!'a}?) part of the waveform is max(n, n,) + 2 instead
of n; + n, + 2. The tensors ?é’;‘ Z are functions only of p*

_ 2=huw
=T

defined through rlgi’) . Finally, E’(‘ l.‘)','s'” 2 s given
in Eq. (A11). This tensor is a complicated polynomial of
degree s in the spin of particle i, which, importantly,
contains no dependence on the final variable of integration,
and can therefore be removed from the integral. Then,

defining

Hn lq2

z—ﬂl...ﬂn(b)z/ 3(7] q) q2- -4, €
. o 2 4(q2p)(v1 - q2)

. (16)

the part of the waveform free from Compton-amplitude
contact terms is

1 =M1
Iwm:@y@JMHTWWﬂmJ
=1
+ Z;[f(l]l);ﬂwzz(l)’ﬂl---ﬂ\-+2(b(1>’+) + (1 < 2).
s=0 """
(17)

We are left now with the evaluation of the arbitrary-rank
integral in Eq. (16). The variables defined in Egs. (13)—(15)
produce p- b =0, which means that the integrals
appearing in Eq. (17) are identical in structure to the ones
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in Ref. [19], justifying the use of the rank-2 integral
evaluated there. Higher-rank integrals can be generated
by differentiation, keeping in mind that the result must
remain orthogonal to v%:

Vo] ...0, - —id v
Ty (baye) = (Hm)ffn(bmi% (18)
i=1 »,0i

for b‘(’l)‘ L =(67 - . More details can be found
in Appendix B.

As an illustration of Eq. (17), consider the spinless part
of the waveform. When setting the spin to 0, b’(‘l.), om0 =
by _la=o and b{ =b{y) la=0 = by Then,
since the rank-2 1ntegra1 is even [see Eq. (B4)], the
waveform is

”gUZr)bfl).i
i'a =0 —

+ r+ v

2
( ) ()0
Z (p p)2 I(l).ﬂv(bo)’ (19)
i=1 !

hy(¥)]a,=0 =
in agreement with Refs. [18,19,72,82]. Much like for
scattering amplitudes, the incorporation of spinor-helicity
variables greatly compactifies the form of the waveform,
eliminating gauge redundancies associated with the polari-
zation of the emitted graviton; cf. the compact Eq. (32) of
Ref. [72], which expresses this same result using polari-
zation tensors.

The extraction of the contributions to the waveform
originating from the Compton-amplitude contact terms is
slightly different from above because of the simpler pole
structure which enters the Fourier transforms. Explicitly,
the contact-term contribution to the waveform is
ho(x) = 32m v VPP [

5.1),
(vy-p)° CE M (@) T (1) gy (B(1)

3
Z C(6 i M4M5l46

i=1

+J + (1 < 2),

)t ~~I46

(20)

where we have used Cg”)( —p1.k~,—g5) = 0 and repack-

aged the remaining contact terms in the C( /) The explicit
forms for these can be found in Eqs (A20)-(A23).

Organized like this, the Cfti’j)(a,) are all free of the

variable of integration, so we have removed them from
the integrals

fi. 2 e'®bw wooop
Ju) "(b(l)):/ 5(1)2'%)7% gy (21)
92

2

. . . . woo_ g
The impact parameter in this context is b(l) = b(1>_+|a]_,0.

This integral for n =1 has also been evaluated in
Ref. [19], with higher-rank integrals being generated
by differentiating with respect to b’(‘l). See Appendix B

for more details.

Two final remarks about h.(x) are in order. First,
note that all dependence on a4 in Eq. (20) (o in the
relabelled part) is encapsulated in the impact parameter.
Consequently, Eq. (20) encodes the contributions from the
O(a>9%) coefficients to all spin orders. Second, the inclu-
sion of higher-spin contact terms is nearly automatic:
contact terms at (O(a®) enter the square brackets of
Eq. (20) through

Vi T (Wit ()T (@), (22)

All that must be specified are the contact terms one wishes

to include in the C.

With that, we have produced the leading-order Kerr-
compatible waveform to all spin orders, including
BHPT-matching contact terms up to sixth order in spin.
The waveform expanded up to fifth order in spin is
provided in the Supplemental Material [81]. Our results
agree with Ref. [19] up to second order in the spin, and with
Ref. [72] up to fourth order in the spin.

Further checks of our results come from the expansion of
the waveform in large |u| (frequency space, small ). In the
next section we will consider the memory effect and its
connection to the leading classical soft theorem. The
subleading classical soft theorem predicts instead the
1/|u| (frequency space, logw) tail term [85], which is
spin independent to this order in G; we have verified its
agreement with the spinless part of the waveform given in
Eq. (19). To this order in G, the next order in the soft
expansion features a 1/u? (frequency space, w log @) term
whose expression was predicted in Ref. [100] and contains
both spin-independent and linear-in-spin contributions.’
We have verified that our waveform agrees with that
prediction—the spinless and linear-in-spin contributions
to the waveform exactly match the 1/u? soft term given in
Ref. [100], while higher-spin contributions decay faster
than 1/u? for large |ul.

IV. GRAVITATIONAL MEMORY EFFECT

Rather than requiring the full five-point amplitude,
or even its cut part used above, the gravitational memory
effect is related to the limit of the five-point amplitude as
the emitted graviton is soft [90]. Combining this with
existing high-spin, two-to-two amplitudes compatible with

*We thank Biswajit Sahoo for bringing this to our attention.
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Kerr scattering up to 2PM order puts the next-to-leading-
order (NLO) memory effect including high-spin orders
within reach [36,58] (see also Refs. [50,52,57] for high-but-
finite-spin scattering amplitudes at 2PM order). In this
section we present the gravitational memory effect at
leading order to all spin orders and for generic spin
orientations, before computing the next-to-leading-order
memory effect to all spin orders for anti-aligned spins and
to sixth order for generic orientations.

A. Leading order

At leading order in Newton’s constant, the memory
effect is expressed simply in terms of the soft limit of the
tree-level two-to-two amplitude as [67,90]

o K N
Az 4 ) = 55 23(ps - 4)

X eiq'bé"ié"iS(,Us Q)ﬂth(Q)- (23)

Here, S,,(p.q) = @S, (k. q) is the soft factor multiplied
by the frequency of the soft graviton, and M,(g) is the
t-channel graviton-exchange amplitude. Orienting the
transfer momentum such that ¢ = p; — p| = p) — p,,
these take the forms [36,88]

. M. v
X exp FMMH@]. (25)

V7t =1

The soft factor admits an # expansion when scaling
k, g ~ h, which we can write as
Suk.q) = Sy + Sulpe(K)gq" + O, (26)
with Sff,};,,],,,p,.ﬂ (k) ~A~!. The classically relevant portion
of Eq. (23) only needs the leading term in Eq. (26).

The fact that the spin dependence of the amplitude in
Eq. (25) is contained entirely in an exponential means that
the evaluation of the gravitational memory effect for all

spins at leading order is nearly identical to the scalar case
[53]. Defining

eﬂmﬁv v (01 + a2>

Vrr =1 ’

b’izb":l:

(27)

the memory effect is

(h°° + lh°°)|LO

iK>mim3 2
s Ui =/ -1)
1287[x| £ (y 4

x e'e S\ (p) / d*q8(p1 - q)

1‘1 by

x 8(py- q) 4" (28)

From this expression, it is immediate to explain an
observation made in Ref. [19] up to quadratic order in
spin and to see that it extends to all spin orders: for the anti-
aligned spin setup, o) = —a}, the leading-order memory
effect for two scattering Kerr black holes is equivalent to
that for Schwarzschild black holes. This is because the
shifted impact parameters are identical to the unshifted
impact parameter in this configuration.

We recognize in Eq. (28) the expression for the leading-
order classical impulse, Q) |p\y = p!' — pf{, experienced by
particle 1 in the scattering [2]:

/d4q5
3223;’"—22(”‘/ Ve

In terms of the impulse, the leading-order, all-spin memory
effect is

T,lPM Pz fI)CI elqut(CI)

ket el

=S\,
8zlx| T )

A(h? + k)0 = Tieme (30

with generic spin orientations. Equation (30) thus agrees
with the leading-PM expansion of the leading classical soft
theorem [85,86,101,102], which fixes the memory effect
in the time domain, equivalently the 1/w terms in the
frequency domain, in terms of the initial and final momenta
of the scattering. We have also checked that the spinless
contribution is in agreement with Ref. [67]. Specializing to
the aligned spin case and expanding to quadratic order in
spin, we find agreement with the result in Ref. [19], taking
into account the factor of 2 mentioned in footnote 1.

B. Next-to-leading order

To subleading PM order, following Ref. [70], we modify
the integrand of Eq. (23) to contain the classical part of
the 2PM instead of the tree-level amplitude and include a
two-massive-particle cut contribution that arises from the
KMOC formalism.* Additional classical cuts involving
intermediate on-shell massless and massive particle lines
are subleading in the soft limit [66—69]. The next-to-
leading-order memory effect is thus given by

*We thank Zvi Bern for discussions on this point.
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A(h + ih)NO =

N 2
x5<p2'f—|—2>[8(pq ) —Sp.7)

The first term in curly brackets is the 2PM analog of
Eq. (23), and will be related to the portion of 2PM impulse
transverse to the incoming momenta, Q’f opme While the
second term is the cut contribution. One must account for
the full delta functions [2,70,75], and not only their
linearized versions, because the cut contribution is super-
ficially superclassical, so it must be expanded to subleading
order in 7 to extract classical information.

Scrutinizing the cut contribution in more detail, we must
be careful to correctly interpret M, (g) when spin is
involved. Importantly, in contrast to the spinless case,

M (q) # [M,(q)]*. Rather, for the S-matrix defined by
S=1+iT]

8P (p)M(q) = (ph. P5IT 1. p2) = ({1, P2|TIPY. PA))*
=8"(p)M(=q)]" (32)

where we can safely make the final identification in the
classical limit, in which O(#) modifications of the massive
momenta do not affect the scattering amplitude [49,51].
Specializing to tree-level two-to-two scattering, Eq. (25),
we find

Mi(gq) = M,(q). (33)

This conclusion is consistent with unitarity of the S-matrix,
a consequence of which is that the T-matrix is Hermitian
for the leading-order two-to-two scattering process.

Now, as the first quantum corrections to M, are sup-
pressed by two powers of 7, the expansion of the cut
contribution to next-to-leading order in 7 is controlled by
the expansion of the product of the delta functions and
soft factors. A consequence of Eq. (33) is that the super-
classical part of this expansion vanishes at the level of the
integrand, meaning Eq. (31) is classical at leading order in
h. Evaluating the remaining classical part of the cut
contribution, the NLO memory effect expressed in terms
of the 1PM and 2PM (transverse) impulses on particle 1 is

A + i) MO

Kkelel [ ) . « v
= 87| {Sﬂvlf(p)QI,ZPM - QI.IPMQI,IPM

X [S,(lg);f(p) (i— % >rlaﬂ+8—ﬂyaﬂ(p):|} (34)

2m1 2m

The overall momentum-conserving delta function has the
abbreviated argument p = p; + p, — p}| — pb.

. 2
IK Aq A q
L i PP ~T )5

2

q ig- v i o 4
2> qu’iE_{S(p,q)ﬂyszM +8/d4f5<pl f—2>

| Mila- 100}, (1)
[
where
H H o op
. yvh — v . yuh — v
}14: ;_11’ Ug: 5_12 (35)
4 Y

This is in precise agreement with the gravitational memory
(see, e.g., Refs. [86,101,102]) expanded to next-to-leading
PM order, when the initial and final momenta are related by
the classical impulse

—(p¥ = ph)
= QI;,]PM + Qlll,2PM - ( >Q1 IPM* (36)

Without the cut contribution in Eq. (31), Eq. (34) would be
missing the contributions quadratic in Qf |, Note that, up
the PM order considered here, we were able to focus on the
so-called linear memory, whose expression is captured by
the soft factor (24) and in which only the massive-particle
momenta p;, and p' , appear. Nonlinear memory, which
is produced by radiation itself, will only appear in the
subsubleading waveform [101,103].

As we have evaluated the 1PM impulse above, the last
ingredient for writing the NLO memory effect explicitly is
the evaluation of the 2PM transverse impulse. We will do so
for generic and anti-aligned spin orientations, beginning
with the latter.

In the anti-aligned spin setup, where a,, = a; = —a,, the
complexity of the all-spin amplitude is dramatically
reduced, granting it a remarkably compact form to all spin
orders. The amplitude in this configuration is

— M Ho_
Qﬂfpl - P =
v
R
2my;  2m

402 ,2
K mym5

512v/—¢*

where the even- and odd-in-spin parts are

MZPM,aa = ( E\P,’?\])I,aa + M(Z)lcl?\/l,aa)’ (37)

even  __ even, (5) even,(6)
2PM,aa — (ml + m2> |:CZPM aa + CZPM,aa

3
159 2; Qaa>

—%Qaa + 12], (38)

N[ =

11
+15(7 - 1)2F3(—4,4;

®The results i 1n t is sectlon are based on the 2PM amplitude of
Ref. [58] with d (=1)727=2i("=4=J) — 168,,4. This maps the
Compton amphtude used there to construct the 2PM amplitude to
the one incorporated in the waveform computation above, up to
the contact terms in Appendix A. We add the latter separately.
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o . odd, ( odd, (
MZ%%/I,aa = i(m; —my)y [Csz T Copm, d¢)1
1335 2
+55aa2F3<4 4 2 vE;Qaa>+y2—_lgaa:|‘

(39)

‘We have abbreviated contributions from Compton-amplitude

contact terms as C%ﬁ{;ﬁd'(s’@ for readability; see the

Supplemental Material [81] Mathematica package
NLOMemory.m for their explicit expressions. When
v; - a; = 0, which is the case for aligned and anti-aligned
spins, all contributions to the 2PM amplitude from nonana-
lytic-in-spin contact terms—that is, those proportional to |a]
in the Compton amplitude—vanish, as previously observed
in Refs. [57,63].

K*mym,

40967|b|*\/7? — 1

Q{,ZPM,aa ==

The spin dependence in Eq. (37) is encoded in the
variables Q,, = (- a4,)* — g*a2, and &y, = €,,,,q" v vhad,.
The amplitude thus does not reduce to the Schwarzschild-
scattering amplitude in this configuration, unlike the 1PM
amplitude. The NLO memory effect will therefore distin-
guish the scattering of two Schwarzschild black holes from
two Kerr black holes with anti-aligned spins. This state-
ment is true independently of contact-term contributions,
as contact terms enter from the hexadecapole while the
memory effect is sensitive to lower spin multipoles.
Notably, however, the dependence on odd spin orders
vanishes if we additionally take the two masses to be equal.

In this configuration the anti-aligned spins are collinear
with the orbital angular momentum, which implies - a,, =
0 and consequently allows us to find a compact closed form
for the anti-aligned spin transverse impulse at 2PM to all spin
orders. Defining &4, = €% vy,v5,a,, 5, we find

5(}/2 - 1) (2}’1 - 1/2) (22) >even, ( ven,(6)
3b° 47— C
X { (ml + m2) |: < 2\/7—[ nZ:o (n T 1) (2”) + NLOaa + NLO,aa
1 b°b* r'2n+1/2) b°b*
2 — E — (33— oT 2 3 ot ) (27)2n

20 = e | (355 )+ S EE S (n 3 T 2

+ G+ @] (o)
where z = |a,,|/|b|, |x] = V—x*. The infinite sums can be K mym, (q‘i"z"g}hf[ + q(l)dzci:';/l) .
performed to give radicals and hypergeometric functions, Qf 2pm o™ (42)

but we find this expression to be more compact. The
portions involving Compton-amplitude contact coefficients
can be found in the Supplemental Material [81] file
NLOMemory .m.

The anti-aligned spin configuration is an interesting
one as the simplifications it brings with it render the
infinite-spin 2PM amplitude much more manageable.
Phenomenologically, however, it is a rather restrictive
setup. For this reason, we additionally consider the
NLO memory effect for generically oriented spins. We
restrict our attention up to sixth order in spin in this
most general configuration. Analogously to Eq. (37),
we write the amplitude up to sixth order in spin as

4272 ,2
K mym5

MZPM <6 — m( ;F;’\/nl + MZPM)| n<6 o (41)
while the 2PM transverse impulse on particle 1
becomes

VT 4096z = 1

In this configuration we relegate all further analytical
details of the amplitude and the impulse to the
Supplemental Material [81] NLOMemory.m. The
amplitude in Eq. (41) and transverse 2PM impulse
in Eq. (42) are in agreement with Ref. [57] for the
BHPT coefficient values in Appendix A.

V. CONCLUSION

In this paper, we have employed on-shell amplitudes and
spinor-helicity variables to access all-spin-order contribu-
tions to the leading-order waveform and the gravitational
memory effect up to next-to-leading order. In particular,
gluing the Kerr-compatible, all-spin gravitational Compton
amplitude derived in Ref. [51] (but in the form written in
Ref. [60]) with the all-spin Kerr three-point amplitude
[31-34,79] gives the portion of the single-graviton-
emission, five-point amplitude containing long-distance
information to all spin orders.
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The KMOC formalism [2,65] provides a means for
relating this portion of the five-point amplitude to the
leading-order gravitational waveform, producing an
expression for the waveform, which is valid to all spin
orders. As written, Eq. (17) describes the interaction of Kerr
black holes up to fourth order in the spins of either black
hole. Above fourth order in spin, contributions from
Compton-amplitude contact terms are needed to properly
describe Kerr scattering dynamics. Indeed, our analysis
included these corrections up to sixth order in spin in
Eq. (20), where information from BHPT exists to fix the
coefficient values pertinent to (superextremal) Kerr [63].
Together, Eqgs. (17) and (20) sum as in Eq. (11) to describe
the leading-order Kerr waveform—at least in the super-
extremal limit—up to sixth order in the spins of the black
holes. We have written the cut portion of the five-point
amplitude in Eq. (6) in a way that immediately accom-
modates higher-spin contact terms, and Eq. (20) is not
difficult to extend to include such contributions.

The gravitational memory effect can be extracted from
the limit of the five-point amplitude needed for the wave-
form as the emitted graviton goes soft. Then, through soft
theorems [88], including also the cut contribution to the
waveform kernel of Ref. [70], it becomes easily related to
the impulse derived from the amplitude through the KMOC
formalism [2]. Using the all-spin 1PM Kerr [36] and 2PM
Kerr-compatible [58] amplitudes, we thus derived the
leading-order memory effect to all spin orders at leading
order and to sixth order in spin at next-to-leading order for
generic spin orientations. Specializing to anti-aligned spins
yielded dramatic simplifications of the 2PM amplitude,
enabling us to extract the next-to-leading-order memory
effect to all spin orders in this configuration.

On the note of contact terms, those needed in
Egs. (A13)-(A17) to match the BHPT solution in
Ref. [63] all break the spin-shift symmetry highlighted
in Refs. [51,52,60]. This observation is suggestive of a
relation between the Compton amplitude in the form of
Ref. [60] with all contact coefficients set to zero and the
superextremal-Kerr Compton amplitude which maps
onto the BHPT description. Let us denote the former by
MIPET and decompose the latter as

MBHPT — pflact | om 4 cisym, (43)

Here, M contains all physical residues of the Compton
amplitude, C;’™ represents contact terms preserving the
spin-shift symmetry, and C;”™ contains contact terms
breaking this symmetry.” We reiterate that the latter two

"In principle, the spin-shift-symmetric and asymmetric contact
terms can be mixed by Gram determinant relations as in Ref. [51].
However, we observe that this separation is well defined for the
contact terms appearing in the BHPT solution if one writes the
amplitude manifestly locally.

are not generic functions of contact terms, but rather the
specific contact terms arising from the BHPT computation.
The separation between Mt and C;”™ is not unique, but
their sum is fixed. What we have observed up to O(a’)* and
might conjecture to hold to all spin orders is that

Mffm +Czym — MZIPET, (44)

thus yielding predictions for the values of an infinite family
of the contact terms needed to match the BHPT description
of superextremal Kerr. Whether this regrouping of contact
terms results in a discernible structure in ;™. which can
be extended to higher spins is left to future investigation.

Along similar lines, the extremely compact form of
Eq. (37) suggests that the anti-aligned spin configuration
may be a useful departure point in the search for contact-
term-dependent structure of the amplitude proposed in
Ref. [58]. In fact, we have observed that choosing the
shift-symmetric contact terms conjectured by Eq. (44) to
describe Kerr black holes—that is, the contact terms
specified in footnote 6—compactifies Eq. (38) relative to
the choice d") = 0; in the latter case, the spin dependence
is described by two hypergeometric functions as opposed
to one.

Note added. Recently, Ref. [104] appeared, which com-
bines the integration method of Ref. [72] with the Compton
amplitude of Ref. [64] to incorporate spin in the leading-
order waveform. The Compton amplitude employed in
Ref. [104] exhibits spin-shift symmetry at fifth order in
spin, which is in tension with the available BHPT data for
superextremal Kerr; see Refs. [51,52,63] and Appendix A.
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APPENDIX A: FORM FACTORS AND
HELICITY VECTORS

The tensors r; hopw ., Which carry the helicity weights of the

five-point amphtude in Eq. (6) are

rifo = (klpipar* pilk) (kI pipar* pilk),  (Ala)
rty = (klpupar* pilk) (K p1par*ailk),  (Alb)
”(ﬂw (klp1partai|k)(klp payrailk),  (Alc)
’”H)ﬂ (k|pypar*ai|k)(klaypayailk),  (Ald)
rzr)” (klay poyay k) (klay pay¥a k), (Ale)
and
Pt = i (k| oy k) k| par ). (ALf)
r]ﬁ‘”l = mi (k| pay|k) (klai p1 pay*|K), (Alg)
ral)wz = (kla; py par*|k) (kla; py p2r*|k), (Alh)
w1 )
roys = _2<k|01P1P2}’”|k><k|‘11P1P2}’ piailk), (Ali)
(1), m>
—w 1 ) .
r(l),4:%<k|01P1P27"P1‘11|k> (klaypipor* pragk). (Alj)
1

The r?z”)”'jl are obtained from these using Eq. (7). When a

positive-helicity graviton is emitted from the binary scat—

N1

tering, the amplitude will depend on ?Eé’ , in place of r(l)

n’
which have square spinors rather than the angle spinors
above. These tensors are already inert under the waveform
integration over the g;; we can render them inert under the

2 ~huv
= r()n,

integration over @ as well by noting that ré'l.’)
where the tensors on the right-hand side are written with
spinors for p instead of k. The same holds for the tensors

with square instead of angle brackets.

The F\" form factors are
(0) h h 1
F,”(—=p, k", —q") = ., (A2
o ) 8(q-k)(p-k)(p-q) (A2)
FU2Y (=p. Kt —g") =0, (A3)

and, fixing the helicity of the graviton with momentum g,

FU< (=p.km —q*) = sn!([?k.)((ifk];)(];-q)’ (A9
FU'2) (=p. k. —q)
el RN ii‘”] |
(A5)
where
3
and
8, =(k+q)-a (A7)
= 4(k-a)(g- a) - (2q - k)a? (A8)

The form factors for F 4((1)(— p,kT,—q™) are obtained from

Eqgs. (A4) and (A5) by replacing {k*, ¢*} — {—k*, —q"}.
As the extraction of the waveform involves integrals over

momenta represented here by ¢*, it is useful to rewrite

an>3)( —p,k=,—q") as an expansion in ¢, which entails

expanding L,, as such. This actually becomes easier after
integrating over one of the d*q; and dw using a delta
function as described in Sec. III. For example, let us
consider the L,, contributing to the g3 pole, which we
write as Ly),,. After integrating over d*q, and dw, this

becomes

/41 Hm

L(l),m|m:7’bll_qﬂ2 = q2ﬂ1 qzﬂm ( )m ’ (Ag)

lm/2] m=2j
Hi---Hm — m+1 pi i
Liym" = Z <2j+1 H v, - pv] ta

=0 i=1
(m=1)/2
% H |:<ia1 vlllzk _alllzk> (p'(‘ll Ul1¢2k+l _al142k+1>
k=2t 1P vy-p
2
aZ
+2v/1‘2kpﬂ2k+l ! :| , (AIO)
vi-p

which subsequently enters the waveform through
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ml'??'l)”‘”z(2v’f3)...(2v’f“*2),

£M1 ceMs2

(21)’{3).”(21)/146) m‘lt?+ﬂlﬂ2Lﬂ7 Hsi2

(D4 (1).s—4

The tensors L’(‘zln’: " and L5 can be obtained from
these by swapping the labels 1 <> 2. Note that L;) o = 1.
Instead of computing with the full set of contact terms
compatible with Kerr scattering at the PM order considered,
we will focus only on those entering up to sixth order in
spin. Moreover we will fix to zero all contact term
coefficients that are not needed to match the superextremal
analytic continuation of the BHPT solution in Ref. [63].

This means we consider
) (=p.k". =g

) =0, (A12)

(tpq — tpk)

0 -
€ (=p k™. =g7) =L fala

x |f500+ £§011(=a = B - al]

s t,—1t.)?
+a(6) mL/2<06_~_a§6) (pq pk) 6

1,0,0 0T A a
© _ (6 a’
- 2(“0,0,0 - ao,o,z) (q-a)(k-a) PR
(A13)
gty = Tpa = 1ok) afs) L p6)
2 (=p.k",—q")= ;) a*|bgo0+bop.1[(—q—k)-a]
6) Sqk 6) (Tpg—1p1)?
o0 lalat + g} o= fala

1
6 6
~2(gb00 =902 ) - lala*(g-a)k-a).

(A14)
t t
C(2>(—p k- ) = ( Pq pk) \a|a2
5 6
x [p8,3 + poil(=g =) a]}
6 6 6
 elgat ~2(ch— k)
x (q-a)(k-a)a?, (A15)

3 — 5 6
Y (=p k. =g%) = (tg = 1,00 [ + (=g = 1) -al]
(6)

+ gy gms g |ala®, (A16)

4 _ 5 6
Y (=p k=" ) =mltyg = t)lal [+ 7 [(~g =) -al

+ egi))mzskqaz. (A17)

3=t po pay M7 g O\ 7 M8 Hsi2
_ > 4,
)3 (2w“ - L] s>

|
We have defined sqk = (k—q)* ty,=(p+q)* —m? and
ty = (p — k)* — m?. The coefficients used here are those
from Ref. [58], and their values matching the superextremal
solution to the Teukolsky equation at fifth order in spin,
according to Ref. [63], are

S 1 5 1
b = ~51 diy = 3
5 1 ) 1
fé,3.0:_240’ P()())Zg,
1
5
oo = =3 (A18)

At sixth order in spin, the coefficient values in Eq. (6)
matching Ref. [63] are

00~ "¢ ayio = 576"
6 6 1 6 11
aogo_aég,zzg’ béglz—n,
6) 6 1 6 1
Cé,o—cé,gz—g» 05,32—5’
o 7 o 1
dy) =13’ s =3
6 1 6 1
f(<),()),1 =~ 360" 95,3.0 =3
6 © _ _2 6 _ 1
9000_90,02—_@ 9”0_6_0’
6 |1 6 4 6
Pé,l)zgv 615,2):57 o =—5 (A19)

It is immediate to augment Eq. (6) with more Compton-
amplitude contact terms since the Cf‘”) are inert under the
gluing of the three-point and Compton amplitudes in Fig. 1.

The contact terms repackaged in preparation for the

waveform integration are encoded in the form factors
CE{ ) (a;) introduced in Eq. (20). Written explicitly, these are

~+.uv 7_+.ﬂv
5.0).v (0.0 (5 ()1 5 (5
() = e f(g,g.o|ai\a?+2—mlgb<(),(>),oaf
~+.uv ~+.uv
Fa s Fia s
o pholala? + - dfga?
1

i
i), 5
T ”(<),()>|ai|,

(A20)
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i
6,1) uva a i),
Cé(t b (a;) = 4p; ( n? a|

i

(62) pip-a;\ (7100 o) Fi
6,2) uva iP & i), 6 4 i),

C a;) =—(af + a;|a +

4 ( ) ( i P > < m? f0,0,1| | i 2m,’

S 4pyp
~+.uv

7 7
6 6 i),3 (6 )4 (6
+ (cfyy = chpaal | = 2m=G% g\ aila? — 2m2 L2 effyeraz .

8

APPENDIX B: INTEGRALS

There are two classes of integrals that we must compute
to convert from momentum to impact-parameter space: one
for the evaluation of the waveform and one for the memory
effect. These are

B {x.b1. b2} f(q)]
_/a“)3461514Q'3(v1 -q)3(v2-¢')

% S(4>(k— g- q/)e—iwp-xei(q'bl+q/‘b2)q"1 .q"f(q), (BI)
x eltbgh . g f(q), (B2)

respectively. For amplitudes involving arbitrary spin
powers, these integrals generally must be evaluated for
arbitrary rank. Instead of evaluating each rank individually,
higher-rank integrals can be generated from lower ranks by
differentiation.

1. Waveform integration

Extracting the waveform in an explicit form requires that
we evaluate the integrals in Eq. (16):

Iﬂl"'ﬂn (b )
%:Iﬁ}mm |:{)C— ial,bl,bz + i((ll + (12)};

|
a3(q2-p)(vy '%J ' (B3)

The lowest-rank integral we need is [19]

6) 6 L (6) 4
109 + 391,1,o|‘1i|ai )
1

r,. r
o3 mayy _ P8 {_2 09 4448~ alf) )aza? 2

T
v A21
. (A21)

©) s ) s o) P (o
by .10} +4_’11’1'190,1|‘1i|az2 +T’d0,la% +m; 16 r0,1|a,»|>,
(A22)
e
6 6 a b i), 0) a
A |ai|a%(9((),(;,o - 95),(;.2)01' aé - ZT‘I% [C((m)ﬂ Yo
~~§i,ﬂy
A23
16 1 ( )
|
K (01K y-p) =2(v1 K1) #(p- Ky
Iélf)(b): (H\Y1 2(1) 21 2(1> S (1) , (B4)
4x(y>=1)(p-v2)*[D]*[b] 1| b3
where
o 2 gy
K1) = g b1y + b0y
g ) = 0" —vhvs.  Thy =" — {0} — 0315,
bl(ll) = Hg;,(l)bl” |b|%1) = —bﬂbyHg‘g’(l),
|bl5g = —b,b, 1T, |b|> = =b,b". (B5)

An important feature of the integral in Eq. (B4) is that it is
traceless, n#yI’(‘i’; = 0. This means that contributions from

parts of the amplitude with spurious poles but no physical
graviton poles do not contribute to the waveform. Said
otherwise, this justifies our use of the cut amplitude in
Sec. II (which has unphysical poles in g¢;- k) for the
extraction of the waveform rather than the whole amplitude.

All higher-rank integrals can be obtained from Eq. (B4)
by differentiating with respect to b, with the constraint that
the result should remain orthogonal to v,; that is to say that
we differentiate with respect to b’(‘ I For the most part, this

is straightforward, using

ab’(’l)
= Hz§(1>’
o, 7
0 v
5 (ib,) = Tt (B6)
(Dp

The derivative of ||? is more involved. We must write b* in
terms of b?n’ considering that p - b = v, - b(;) = 0:
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. P by
bH :b’m —mv’z‘. (B7)
Then, the quantity which must be differentiated is
b )?
|b|? = _b21 _M. (B8)
M (v2-p)
Its derivative is
0 P b(1)
b> = =2b" -2 I . (B9
6b(1)’/,| | (1) (- 1,) 3d,(1)Pv (B9)

This result is orthogonal to both p# and v’z‘, and holds with
or without spin dependence.

Accounting for the Compton-amplitude contact terms
further requires that we evaluate the integrals in Eq. (21):

75" (ba)

_ I/v«lvl-Hﬂn [{X, bl’ b2 + iaz}; l/q%]
vy-p

(B10)

Computing with the method in Appendix C of Ref. [65],
the rank-0 integral is

1

b ==, Bl11
Ty(bay) anlby) (B11)
where b’(’l) = b(l)yHg’;’(l). Differentiating,
—id i b
Th(lay) = ab(l)”j“)(b(l)) = praTonES (B12)

We have corroborated this expression through explicit
computation as for the rank-0 case, thus verifying the
validity of this derivative operation even in the presence of
spin. Equation (B12) is in agreement with Ref. [19], only
the result here encodes effects at all spin orders. Generating
higher ranks is straightforward with the integral written in
this form, keeping in mind that

u"
abm
0b(1)’y

= H’;g_(l), (B13)

such that the result remains orthogonal to v5.

2. Memory-effect integration

For the leading-order memory effect, the only integral
we need is [2]

b 1/¢% = - (B14)

i b+
2m\/7* -1 b*’

where |x| = V/—x2. In terms of this, the all-spin leading-
order memory effect is obtained by a redefinition of the
impact parameter.

At next-to-leading order, all integrals we need can be
obtained by differentiating the base integral [27]

1 1
I,[b;1/q]] = ———. (B15
[b:1/14l] =110 )
In terms of this, the rank-n integral is
Iyt = =iy I (B16)

When employing this relation, it is crucial to keep in mind
that

ob"

B I,

(B17)

such that the result of the differentiation remains in the 2-
plane containing b*. We needed an arbitrary number of
such derivatives to present all-order-in-spin results for the
anti-aligned configuration. This task was simplified in two
ways. First, the complexity of the derivatives is reduced by
considering instead 1,,[¢*"/|q|], which enter in the calcu-
lation for 0 < n < 3. Then, taking advantage of the fact that
v; - g = b - a,, = 0, we were able to find a closed form for
the projection of the rank-2k Fourier transform into the
hyperplane orthogonal to ahiaz, for 1 < i < k. Specifically,

(aaa.yiaaa.ui My, Qaa aaa)lﬁflbl A [b; 612"/|61|]

1
:—i4n(]/2)" (_4)k(3/2>k+n<1)k+n azab* (B18)

(1), 2n\/7? =1 |p[h2et3

k
H (Qaagy Qaa, = My, Qaa Q) I b q*"/q|]
=1

k

1

4n(1/2)n (_4)k(3/2)k+n(1)k+n a§§_2

(1), /i -1 [P
2 TTHv 2 b+b* k H v
X aaaH + (2k —+ 2n —+ 3)aaa W + m QaaQy, | -
(B19)

These integrals are sufficient for completely determining
the next-to-leading-order memory effect in the anti-aligned
configuration to all spin orders, including in the presence of
higher-spin-order Compton-amplitude contact terms than
those considered here.

For the case of more generally oriented spins, we
evaluated the next-to-leading-order memory effect up to
sixth order in spin. This necessitated up to six derivatives of
Egs. (B18) and (B19) with £k = 0.
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