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Abstract. In the recent years, primordial black holes (PBHs) have emerged as one of the
most interesting and hotly debated topics in cosmology. Among other possibilities, PBHs could
explain both some of the signals from binary black hole mergers observed in gravitational
wave detectors and an important component of the dark matter in the Universe. Significant
progress has been achieved both on the theory side and from the point of view of observations,
including new models and more accurate calculations of PBH formation, evolution, clustering,
merger rates, as well as new astrophysical and cosmological probes. In this work, we review,
analyse and combine the latest developments in order to perform end-to-end calculations of the
various gravitational wave signatures of PBHs. Different ways to distinguish PBHs from stellar
black holes are emphasized. Finally, we discuss their detectability with LISA, the first planned
gravitational-wave observatory in space.
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1 Introduction

1.1 A brief history of primordial black holes (PBHs)

The idea that black holes could have been formed in the early Universe dates back to the late
1960’s with the pioneering work of Zel’dovich and Novikov [1] and to the early 1970’s with the
work of Hawking [2]. This triggered Hawking’s famous discovery of black hole evaporation [3].
Subsequently, Carr, Hawking’s PhD student at the time, continued to investigate PBHs [4, 5].
Already in [2, 4, 6], it was suggested that such primordial black holes (PBHs) could contribute
to the suspected Dark Matter (DM) in the Universe or to the seeds of supermassive black
holes. The first formation scenarios in the context of inflation were proposed in the 1990’s
[7-17], but these usually led to (evaporating) PBHs of very small mass, except for [11] who
predicted solar mass PBHs that could account for the MACHO microlensing events observed
towards the Magellanic clouds [18, 19]. Other mechanisms were also proposed, e.g., based on
phase transitions [20, 21], an early matter era [22—-24], scalar field instabilities [25], collapse of
topological defects [26], modified gravity [27-29], string theory [30-32], bouncing cosmological
scenarios [33-37] as well as quantum gravity setups [38]. In the late 1990’s stellar-mass PBHs
were seriously considered as a dark matter candidate, following the possible detection in the
MACHO survey [18, 19] of several microlensing events towards the Magellanic clouds. However,
the EROS [39] and OGLE [40-43] surveys later set more stringent limits on the PBH abundance,
and at the same time, very stringent constraints from cosmic microwave background (CMB)
observations were claimed in [44].

Despite some pioneering numerical studies [45-47], only more recently it has become pos-
sible to fully understand the mechanism of PBH formation with detailed spherically-symmetric
numerical simulations [48-50], showing that superhorizon cosmological perturbations would col-
lapse to PBHs after re-entering the cosmological horizon, if their amplitude § is larger than a
certain threshold value .. This quantity, measured at horizon crossing, was initially estimated
with a simplified Jeans length argument in Newtonian gravity [5], giving 6, ~ ¢2, where ¢? = 1/3
is the sound speed of the cosmological radiation fluid measured in units of the speed of light.
More recently this argument has been generalized within general relativity using a three-zone
model [51, 52] which gives 0. ~ 0.4 for a radiation-dominated Universe. Numerical simulations
showed that the mechanism of critical collapse characterizing perfect fluids [53] arises naturally
in the context of PBH formation [16, 21, 49, 54]. In particular, the collapse is characterized by a
relativistic wind which progressively separates the collapsing perturbation from the expanding
background, approaching a self-similar critical solution characterizing the threshold [55, 56].
Finally, a very recent detailed study has found a clear relation between the value of the thresh-
old, ., and the initial configuration of the curvature (or energy density) profile used to set
the initial condition of the numerical simulations, with 0.4 < §. < 2/3, where the shape is
identified by a single parameter [57, 58]. This range is reduced to 0.4 < §. < 0.6 when the
initial perturbations are computed, using peak theory [59], from the primordial power spectrum
of cosmological perturbations [60].

Since 2016, the real game-changer that has rekindled the idea that PBHs may exist and
constitute a significant fraction to the total dark matter [61-63] has been the first gravitational-
wave (GW) detection from a black hole merger by LIGO/Virgo [64]. Initially, the merger rate
of early PBH binaries seemed to only allow a small fraction of the dark matter to be made of
PBHs [63], but N-body simulations later showed that these rates are in fact significantly sup-
pressed [65, 66]. Nowadays, the importance of the different PBH binary formation channels, the
possible abundance of PBHs, their viable mass function, are a subject of intense activity and
are hotly debated (for recent reviews, see e.g. [67, 68]). Recent analysis based on the rate and
mass [65, 69-76], or spin [77-79], or both [80-87] distributions of compact binary coalescences
observed in the first, second [88] and third [89, 90] observing runs of the LIGO/Virgo/Kagra
collaboration (LVK), suggest that some black holes may be primordial. Some are based on a
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Bayesian approach [65, 69, 71, 75, 77, 79, 81-84, 87, 91, 92] that will ultimately allow us to
compare statistically the different possible origins and scenarios. However due to the broad
variety of PBHs and astrophysical models as well as the large theoretical and observational
uncertainties, it is still premature to firmly affirm (or deny) a PBH origin of GW observations.
In this context, the next generation of GW detectors like Einstein Telescope [93], Cosmic Ex-
plorer [94] and the Laser Interferometer Space Antenna (LISA) [95] will play a crucial role.
Also, the development of ultra-high frequency GW detectors may additionally complement the
search for GW signatures of asteroid-mass PBHs [96, 97] (see also e.g. [98-102]).

Important progress has also been made on the limits on the allowed PBH abundance set
by various types of observations. Shortly after the first GW detection, the CMB limits were
re-analysed and found to be much less stringent than initially thought [103], thereby re-opening
the stellar mass region. At the same time, the degree of validity of the microlensing limits has
been questioned [70, 104-108] for more realistic scenarios than monochromatic and homogeneous
distributions of PBHs. New probes, like ultra-faint-dwarf galaxies [109-111] and X-ray sources
towards the galactic center [112], have revived the mass region between 1 and 100Mg, while
the constraining power of other probes like high-cadence microlensing [113], neutron stars [114]
and white dwarves [115], have been reduced, which has reopened the asteroid-mass region [116].
Finally, a series of recent microlensing events from OGLE [117, 118], HSC [113], as well as
quasars [119-122], may hint at the existence of an important population of planetary-mass
and solar-mass dark compact objects. The unexplained spatial correlations between infrared
and X-ray backgrounds at high redshift [123] could also be due to an important population of
stellar-mass PBHs [124-126].

Furthermore, since PBHs are formed by the collapse of large density fluctuations, there is
an associated stochastic GW background (SGWB) sourced by these perturbations at second-
order. It has been calculated [127, 128] that if BHs detected by LVK have a primordial origin,
there is an inevitable accompanying SGWB peaking around pulsar-timing-array frequencies.
In September 2020, NANOGrav claimed the possible detection of a SGWB at nanohertz fre-
quency using pulsar timing arrays [129], which may have been sourced by primordial density
perturbations which could be the origin of stellar-mass PBH formation [130-132]. Remark-
ably, such claim was confirmed by more recent pulsar timing array data released in 2023 by
the NANOGrav [133, 134], EPTA (in combination with InPTA) [135-137], PPTA [138-140] and
CPTA [141] collaborations, who found evidence for a Hellings and Downs angular correlation,
typical of an homogeneous spin-2 GW background and consistent with the quadrupolar nature
of GWs in GR [142]

On the theory side, a plethora of new models have been proposed in the last four years.
Most of them are still subject to fine-tuning issues related to the amplitude of fluctuations
required to form PBHs with a significant abundance. Nevertheless, one should note a new
class of models that do not require a modification of the primordial power spectrum on the
cosmological scale, the PBH formation being related to a modification of the Gaussian tail of
the distribution of primordial perturbations [143, 144]. In these models, a large population
of PBHs could arise much more naturally. PBH masses of order of the solar mass and around
30M, could also arise naturally due to the thermal history of the Universe and the change in the
equation of state at the QCD epoch [20, 21, 70, 76, 87, 145], which should strongly boost PBH
formation. Finally, besides explaining the dark matter or a significant fraction of it, PBHs could
also be related to baryogenesis and different mechanisms have been proposed [144, 146-150].

Any firm detection would open a new window on the physics at play in the very early
Universe and a possible way to solve various long-standing astrophysical and cosmological puz-
zles [69, 70]. Ultimately, the best way to distinguish PBHs from stellar black holes would be to
detect sub-solar-mass black holes. Recently, four sub-solar black hole triggers have been found
in the second observing run of LVK [151, 152], and three in the third observing run [153]. These
are not statistically significant enough to claim a firm detection, but if confirmed, these would
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strongly support a PBH origin of some LVK black holes and make a significant contribution to
the dark matter in the Universe.

1.2 Why a(nother) review on PBHs?

There already exist a few recent and relatively complete review articles dedicated to PBHs,
see e.g. [67, 68, 154-156]. Earlier reviews that pre-date the first GW detection also exist,
see e.g. [157, 158]. All of them are written by only a few authors. It has therefore been
quite challenging for them to include detailed discussions and analysis of the broad range of
topics covered by PBHs. Indeed, these include early Universe cosmology, numerical relativity,
dark matter, astrophysics, celestial mechanics, GW astrophysics, etc. Those reviews therefore
summarize some of the results obtained in these topics but do not include model specific A-to-Z
calculations of PBH related observables. Very often, some of the most recent developments like
the precise determination of the critical threshold density leading to PBH formation, which is
highly model-dependent and varies with the evolution of the equation of state of the Universe, or
the rate suppression/boost linked to Poisson clustering, are not always considered when models
are compared to observations.

The goal of this paper is to review these most recent developments and discuss how they
impact the GW signatures of PBHs. Compared to other recent reviews, we aim at integrating
together the most recent and accurate models, e.g., of PBH formation, evolution, clustering,
merger rates, in order to compute the GW signatures of PBHs, and to explore their detectability.
For this purpose, we have developed in parallel a numerical code that implements all those
models and recent scenarios. The code will be released soon in a separate publication, but it
has been already used in this paper in order to produce the key figures. The task of including
these increasingly complex models has been eased by the specific expertise of many authors,
who have actively contributed to these developments, covering a broad range of topics.

Finally, another original aspect of this work is the fact that we plan to have a living review
format, with bi-yearly updates of the present manuscript, in order to track the rapid progress
in this very active field of research and provide at all times an up-to-date reference publication.
In future, this review could be expanded to include new sections on the detectability by PTAs
and ground-based GW detectors, or on the cosmological signatures of PBH scenarios.

All of this encourages us to go beyond the present state, and provide a new kind of review
on PBHs.

1.3 Probing PBHs with LISA

This project is hosted by the cosmology working group of the LISA consortium. Therefore our
discussion has been focused on the GW signatures of PBHs in the particular context of the
LISA mission.

PBHs cover a very wide range of masses and therefore frequency ranges of GWs. In par-
ticular, LISA will be sensitive to a broad band around the millihertz GW frequencies [128, 159—
161], which is complementary to the ground-based GW detectors [93, 94] and electromagnetic
probes [162]. The search for a SGWB from PBH formation in the radiation era can be in-
directly used for their discovery or alternatively to constrain their existence in the 1072 Mg
mass range [128, 159161, 163]. Moreover, the coalescence of the heavy seeds of supermassive
black holes (SMBH) in the late Universe could leave clear signatures of their primordial origin,
or even detect individual events at high redshift which could not have arisen from astrophysical
mechanisms.

The great sensitivity of LISA at mHz frequencies [164—-167] opens the possibility to detect
the mergers of 103 — 10* M, PBHs all the way to z ~ 100. Furthermore, the isotropic SGWB
from the coalescence of PBHs since recombination should have an amplitude and spectral shape
that will make it easily detectable by LISA. In this review, we will describe the different features
of known PBH scenarios that can be probed with LISA.
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LISA will not only probe the GWs from individual PBH mergers and we will review
numerous other types of signatures of PBHs that can be probed with LISA. Among them,
the GW background from second order curvature fluctuations will probe the very interesting
asteroid-mass range. Other backgrounds include the one from ultralight, evaporated PBHs,
the ones from early and late PBH binaries as well as from hyperbolic encounters. GW from
individual sources could also be observed by LISA, for instance from intermediate-mass PBH
mergers, including at high-redshifts, as above mentioned, or from inspirals with extreme mass
ratios which are expected for extended PBH mass distributions. LISA will also have a key role if
data are combined to LVK or other detector observations at higher frequencies, for long-duration
signals including mergers with a subsolar component. Subsolar-mass PBHs could also produce
detectable quasi-monochromatic continuous waves in the LISA frequency range. Finally, a more
exotic possibility is to use LISA as a detector of near-Earth asteroid-mass PBHs.

1.4 Outline of this review

This review is organized as follows. In Section 2, we present the different classes of theoretical
PBH formation scenarios, with a focus on recent inflation models but including a discussion
of other production mechanisms such as (p)reheating, curvatons, phase transitions, topological
defects and primordial magnetic fields. Among inflationary scenarios, we especially focus on
recent proposals in which the usual Gaussian distribution of primordial curvature fluctuations
is modified in a more complex way than can be described in terms of conventional non-Gaussian
deviation parameters (fnr, etc). Ultimately this could be one possible way to resolve the long-
standing fine-tuning issue for primordial fluctuations as the origin of PBHs.

Section 3 is dedicated to PBH formation and the computation of the PBH mass distri-
bution. We start with the standard formation formalism but then we summarize and include
in our calculations the results of the most recent and accurate studies based on simulations in
numerical relativity, such as non-linear and non-Gaussian effects, the impact of the shape of the
spectrum and the curvature/overdensity profiles, the changes in the equation of state linked to
the thermal history, the mass and spin evolution after formation, etc.

Once the PBH mass distribution is known, the next important step is the calculation of
PBH merger rates, covered in Section 4. PBH mergers are due to two dominant channels: early
binaries that are formed before matter-radiation equality, and late binaries formed in PBH
clusters. We use the latest prescriptions, e.g., based on N-body simulations, in order to derive
merger rates for different mass scales and for some representative models, including for very
low mass ratios and intermediate-mass BH mergers. Finally, we consider the case of hyperbolic
encounters in PBH clusters that can also lead to a large number of GW burst events.

In Section 5, we review the different sources of stochastic backgrounds related to PBHs.
One particularly relevant source of SGWB comes from the curvature fluctuations that source
GWs at second order in perturbation theory. Other SGWBs are due to early or late PBH
binaries as well as due to PBH isocurvature fluctuations.

In Section 6, we review the possible ways to use the cross-correlations between gravitational
wave observations of individual mergers or the stochastic background, and large-scale structure
(LSS), in order to constrain the existence and abundance of PBHs.

The current limits on the abundance of PBHs from various probes, including GWs, are
reviewed and discussed in Section 7. In particular, we aim to present them in a model-dependent
way. We emphasize and comment on the underlying hypotheses and discuss how these limits
change according to the different classes of models.

Finally, the detectability of various GW signatures from PBHs with LISA is discussed in
Section 8, including individual merger events with extreme mass ratios or intermediate-masses,
hyperbolic encounters, stochastic backgrounds, continuous waves, high-redshift signals, signal
combination with other ground-based detectors, etc.
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At the end of each section, we provide an augmented discussion of recent results, the current
limitations and pave the way for future analyses by listing some interesting perspectives. Our
conclusions are presented in Section 9.

2 Theoretical models

In this Section, we provide an overview of the principal mechanisms that can lead to large
curvature fluctuations and PBH formation. We start with inflationary scenarios (see [168] for
a recent review), either in single-field (quasi-inflection point) or multi-field realisations (hybrid
inflation, turns in field space, gauge field interactions, etc.). Where possible, we provide some
general formulae for the calculation of the primordial power spectrum. Then we consider recent
models relying on quantum diffusion of the inflaton or of a stochastic spectator field, generically
leading to non-Gaussian distributions of the curvature fluctuations. The third part of this
Section is dedicated to other models of PBH formation, due to curvaton fields, preheating, phase
transitions, early matter era, cosmic strings, domain walls and primordial magnetic fields.

2.1 Single-field inflationary models

In the following, we provide a review of the main production mechanisms of primordial black
holes in the context of single-field inflationary models.

2.1.1 The basic idea and the slow-roll approximation

The inflationary epoch provides an ideal setting for producing PBHs in the very early Universe,
with single-field inflation being the minimal framework. While a nearly scale-invariant spec-
trum of primordial curvature perturbations is remarkably consistent with the observations of
CMB temperature anisotropies at large scales, the spectrum on smaller scales remains largely
unconstrained. When small-scale perturbations with sufficiently large overdensities re-enter the
expanding horizon during the radiation-dominated epoch, their gradients induce a gravitational
collapse that cannot be overcome even by the radiation pressure of the expanding plasma,
thereby producing PBHs with a mass of the order of the horizon mass at the time of re-entry
of a given wavemode, k. The abundance of PBHs crucially depends on the collapse process
and the nature of primordial curvature perturbations, which are discussed later. If PBHs start
evaporating due to Hawking radiation right after their production, one finds that PBHs with
mass mppy 2, 10718 Mg will survive until today and dominate the expansion of the Universe
at matter-radiation equality unless their initial abundance is strongly suppressed.

Since single-field slow-roll inflationary models typically predict a nearly scale-invariant
power spectrum of curvature perturbations on all scales, most slow-roll single-field inflation
models do not produce PBHs, because a significant abundance of PBHs requires a substantial
growth of the power spectrum on small scales. Nevertheless, a large positive running of the
scalar primordial power spectrum can lead to PBH formation [9]. Another possibility is to have
a transition in the slope of the potential, with the scalar field slowly rolling towards a region of
almost constant potential, as one gets for instance in the original hybrid inflation model along
the valley. But the difficulty is then to end inflation in a limited number of e-folds while, in order
to produce a large power, the potential is extremely flat. Another possibility for producing PBHs
in single-field inflation is through the violation of the usual slow-roll conditions [10, 169-173],
although one should then pay a special attention to perturbative control [173]. Moreover, not
all single-field inflationary models can produce the relevant abundance of PBHs as it crucially
depends on the shape of the potential and various model parameters. This typically leads to a
high degree of fine-tuning of model parameters.
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Figure 1. A schematic plot of the inflationary potential with an inflection point. Adapted from
Ref. [155].

The power spectrum of curvature perturbations in single-field models is given at first order
and in the slow-roll approximation, by

H? k
— T 11— 2(C+2)en = (et e)n (2], 2.1
Pe(k) 71'77112;,161* (C+2)e1x + Cea — (2614 + €24) H(k*)} (2.1)

where C' = 0.578 +2In2 — 2, ¢; = —H/H2 is the first slow-roll Hubble-flow parameter, e =
dIne; /dN is the second Hubble-flow parameter, mp; is the Planck mass (and Mp; = V81 mpy
denotes the reduced Planck mass) and a star denotes a quantity evaluated at the time the
comoving wavenumber, k,, crosses the Hubble radius during inflation when k, = a,H,. There-
fore, one can naively expect that an enhancement of P¢ can occur if there is a dynamical phase
during the inflationary expansion in which €; becomes much smaller than unity. Such an epoch
is often called an wultra slow-roll (USR) phase which can be achieved by means of a plateau
region in the inflationary potential, which slows down the inflaton field more rapidly than in
slow roll, before ending inflation. An efficient and interesting way to produce this plateau is
with the introduction of an inflection point in the potential. However, one must ensure that the
inflaton does not stay too long at the inflection point otherwise all the inflationary fluctuations
that had successfully imprinted the metric perturbations on large scales to explain the CMB
anisotropies will be expanded away. A schematic plot of the potential with an inflection point
is shown in Figure 1.

2.1.2 Inflection point potentials

The simplest way to achieve an inflection or a near-inflection point in the potential is to use
a suitable polynomial potential or ratio of polynomials so as to obtain the desired nearly scale
invariant spectrum on CMB scales [169]. A very generic feature of such a potential is that
although the inflaton starts in a slow-roll regime, it dynamically enters into an USR stage
close to the inflection point for a short duration of e-folds that induces an enhancement in
the spectrum. Nevertheless, it is possible to evade the USR regime in quasi-inflection point
potentials [174]. However, one must always be careful that this new feature in the potential does
not affect the large-scale dynamics which is already strongly constrained by CMB and large-
scale structure (LSS). These types of potentials arise naturally in models of Higgs inflation
[174, 175], MSSM inflation [176, 177], accidental inflation [178], string inflation [30, 179], a-
attractor models [180-182], punctuated inflation [183, 184], non-canonical inflation [185-187],
as an effective description of multifield inflation [188] and in more general inflection point
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inflation [189]. However, to produce sufficient PBHs in these models, one crucial difference is
that, rather than imposing the initial conditions on the inflaton evolution close to the inflection
point, one must assume that the field starts in the slow-roll regime at larger values of the
potential well above the inflection point, and then slow-rolls down towards the minimum of the
potential, crossing the inflection point, typically 30 to 40 e-folds before the end of inflation.
Such a dynamical evolution must ensure that large-scale dynamics are consistent with the CMB
constraints, PBHs are produced at some intermediate smaller scales during the USR regime
and inflation naturally ends when the field finally rolls down towards the true minimum of
the potential. In this context, note that there has been an intense discussion recently on loop
corrections induced on CMB scales by enhanced scalar perturbations on PBH scales [190—
198]. Hints for significant one-loop contribution, to the point of undermining the consistency of
such set-ups, have appeared in computations including a subset of vertices as derived from the
interaction Hamiltonian. However, it has been recently shown that these effects disappear due
to cancellations once all relevant interaction terms, at least at cubic order, are taken into account
[199], and this subject will likely deserve further studies. Note also that enhanced fluctuations
can truly lead, through loop effects, to an increase of power on (intermediate) larger scales
due to infrared rescattering [200], in single-field models and beyond, with potentially important
consequences for the PBH population.

2.1.3 Example model: critical Higgs inflation

Critical Higgs Inflation (CHI) is probably among the best physically-motivated single-field mod-
els of inflation which can give rise to a quasi-inflection point [174] and a high plateau in the
matter power spectrum. The non-minimally coupled Higgs action is given by

2
5= [ateva | (M2 + £ ) r J002 - proret (2.2
with the running of the couplings is parametrized by
A(9) = do + by In? (&) . (2.3)
£(¢) = & +beln(d/p) , (2.4)

around the critical point ¢ = p.
After standard metric and scalar field redefinitions,

Guv — (1 + Mf?12€(¢)¢2) Guv (2.5)

\/1 + M2E(6)¢2 (146 (6(6) + 30€(9))?)
1+ MpPE(¢)¢?

6= [0 | (2.6)

the effective inflationary potential becomes

. W(l+a In? z) z*
Viz) = (1+c(1+blnz)a?)?’ (2.7)

with Vo = Aopt/4, a = by/Xo, b = be/& and ¢ = & Ml§12u2. The potential has a flat plateau
4

at large values of the field © = ¢/pu, see Fig. 1, where V(z > x.) ~ Vj ﬁ = % Z—% < Mj,.

The potential also has a short secondary plateau around the critical point, ¢. = p, where the

inflaton-Higgs slows down and induces a large peak in the curvature power spectrum. This

second plateau is induced by a quasi-inflection point at & = ., where V'(z.) ~ 0, V" (z.) ~ 0.

As a consequence, the number of e-folds has a sharp jump, AN, at that point, plus a slow rise
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Figure 2. Power spectrum Pr=c(k) for the single-field Critical Higgs Inflation model, with an inflection
point at N ~ 36 satisfying the Planck 2018 constraints. Adapted from Ref. [169].

towards larger field values, corresponding to CMB scales. This behavior is very similar to the
one discussed in Ref. [169].

In order to have large PBH production and good agreement with the CMB constraints, the
allowed range of CHI parameters can be found to be A\g ~ (0.01-8)x 1077, & ~ (0.5—15), 22u? ~
(0.05-1.2), by ~ (0.008-4) x 107¢ and be ~ (1-18), for the USR phase to occur N € (30,35) e-
folds before the end of inflation. The question arises whether these values, corresponding to the
model parameters at the critical scale i, are consistent with the values of the SM parameters
at the EW scale. Given the latest values of the top quark mass my., and strong coupling
as [201, 202], the values of A9 and by that we consider for the Higgs quartic coupling, are
consistent, within 20, with the existence of a critical point.

Taking into account the running of both the Higgs self-coupling A and the non-minimal
coupling to gravity &, there are regions of parameter space allowed by the Standard Model for
which the inflaton-Higgs potential acquires a second plateau at smaller scales, around the critical
point A\(u) ~ Bx(n) = 0. This plateau gives a super-slow-roll evolution of the Higgs, inducing
a high peak in the curvature power spectrum which is very broad. When those fluctuations
reenter the horizon during the radiation era, they collapse to form PBHs with masses in the
range 0.1 to 100 Mg .

In single-field models with a near-inflection point, the inflaton slows down right before the
end of inflation, creating a stronger backreaction and a quick growth in curvature fluctuations,
giving rise to a significant increase in the power spectrum at scales much smaller than those
probed by CMB and LSS observations. Since the spectral amplitude is essentially inversely
proportional to the parameter €1, whose exact evolution can deviate significantly from the slow-
roll approximation [169], the power spectrum has to be calculated by integrating numerically the
evolution of the inflaton field ¢ following the exact (beyond slow-roll) equations. In Fig. 2, we
show a typical P(k) produced in quasi-inflection-point models like CHI [174]. One can notice the
difference between the exact power spectrum and that obtained in the slow-roll approximation.
The power spectrum can be parametrized as a double step with different amplitudes and different
tilts:

ng1—1
A (E)T for k<ke
'Pg(k) = eg—1 (2.8)
Ay (£)7 dor k> ke
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Figure 3. Examples of primordial power spectra of curvature fluctuations, leading to (stellar-mass) PBH
formation: power-law, broken power-law, Gaussian and log-normal models (solid lines), and particular
examples of multifield and axion-gauge models (dashed lines).

where A;, ng, k; are two different amplitudes, spectral tilts and arbitrary pivot scales for the
power spectrum, before and after the cut at k.. It is also possible to introduce some small
amount of running of the tilt. This power spectrum neglects quantum diffusion, which induces
non-Gaussian contributions [203, 204] and exponential tails [143], which can be responsible for
a large probability of PBH formation even with a relatively small power spectrum amplitude,
as will be discussed in subsequent sections.

2.1.4 Reverse engineering approach

In single-field inflationary models, the commonly adopted strategy is to start from some scalar
potential that features an approximate stationary inflection point, as shown in Fig. 1; the
latter is controlled by various free parameters, which are fine-tuned to guarantee the desired
enhancement of the power spectrum of curvature perturbations [28, 169, 180, 181, 205-211].
Following Ref. [212], a different, and much more powerful, approach can be entertained. In a
reverse engineering procedure, the model building can be moved away from the scalar potential—
that from this perspective is the output of the analysis instead of the starting point—and focused
on the underlying inflationary dynamics (see refs. [213-216] for a similar viewpoint).

The inflationary background dynamics can be captured by specifying a minimal set of
inputs. Consider the Hubble parameters €; and n = €; — €2/2, and the number of e-folds N,
defined by dN = Hdt. Ref. [212] devised the following analytical ansatz for the time-evolution
of n

N - N N - N
2n(N) = {771 — i+ (mun — mi) tanh <6NII>] + [7711 + nr + (o — min) tanh <6NHH>] +
N — N
{UIV — 1 + (v — o) tanh <6N1HHI>] ' (2.9)
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The inflationary dynamics is therefore divided in different stages: i) a first stage where ny
is constant and negative (necessarily taken to be small to reproduce the conventional slow-
roll dynamics) so that €; increases relatively gently; ) a USR phase characterized by ni >
(34 €1)/2 ~ 3/2 , where negative friction makes the parameter ¢; decrease abruptly 4ii) an
optional intermediate stage where €; remains constant, achieved if n ~ 0, thus generating a
second slow roll phase (i.e. an enhanced plateau in the curvature power spectrum [131, 212]);
iv) a final phase characterized by nry < 0, that brings €; back to O(1) values for inflation to
end. The parameters 6Ny 1,111 control the sharpness of the transitions.

As shown in Refs. [87, 212], it is possible to choose the parameters controlling the ansatz
of Eq. (2.9) in such a way that the power spectrum of curvature perturbations is compatible
with CMB constraints at large scales as well as featuring an enhanced peak or plateau at scales
beyond the FIRAS constraints (i.e. for k > 10*/Mpc), where a sizeable PBH abundance can
be obtained, corresponding to the possible formation of masses smaller than O(10%)M,.

Once the Hubble parameters are known, one can compute the inflationary potential by
means of

YO oy { /N]:de’ E e | R Ry iwm (210

where N, denotes an arbitrary reference e-fold time, and where in the second equation we
consider the minus sign having in mind a large-field model in which the field value decreases
as inflation proceeds. Combining V(NN) and ¢(N), we reconstruct the profile V(¢) of the
inflationary potential in field space [217]. Eq.(2.10) shows the convenience of modelling the
inflationary dynamics directly at the level of n instead of V(¢). This is because the Hubble
parameters enter in the exponent in the definition of V(N), and thus allow for a much finer
control on power spectral features when performing the reverse engineering procedure. This
approach facilitates model building, even though it does not provide an interpretation of the
reconstructed potential in terms of high-energy theories of inflation.

2.2 Multi-field inflationary models

As seen above, a common challenge of PBH formation within single-field inflationary models is
keeping control over the two phases that lead respectively to the seeds for the CMB at large
cosmic scales and for PBHs at smaller scales.

Multi-field inflationary scenarios can help separate and better control these two phases
of perturbation generation, while also being very natural candidates from the UV perspective.
Furthermore, violation of the standard slow-roll conditions can be efficiently realized in a context
with more degrees of freedom [105].

2.2.1 Hybrid inflation

In a setup with two scalar fields, the most studied scenario is perhaps hybrid inflation [218, 219].
In this class of models, inflation takes place along an almost flat valley in the direction of an
initial slowly rolling scalar field, ¢. Inflation ends with a waterfall instability when ¢ crosses a
critical point, ¢, due to the presence of a second field, 1. The original hybrid potential can be
written as

A 2 2 ¢2¢2
Vg, ¢) = A [(1—MQ+M2+2¢3M2>] . (2.11)

The general shape of the hybrid potential is shown in Fig. 4.

When pM < Mgl, the waterfall phase transition is nearly instantaneous and lasts less than
one e-fold. The global minima of the potential are located at ¢ = 0 and ¢ = £ M. Inflation can
take place along the valley ¢ = 0 with the effective potential

(1.9
V(g,1) =A (H/ﬂ) (2.12)
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that most often produces a blue-tilted power spectrum for the original potential (a red-tilted
spectrum can nevertheless be obtained for some specific parameter values [105]). Other hybrid
realisations, like F-term or D-term inflation, can produce other shapes for the effective potential,
leading to a red-tilted spectrum, compatible with the Planck observations (see e.g. [220], which
realises this scenario via hybrid a-attractors models with scalar potentials with no tachyonic
directions and, therefore, bounded from below). PBHs of tiny mass can be produced during a
fast waterfall phase [11], which would have evaporated today, eventually leading to the reheating
of the Universe.

In the other regime uM > M3, the waterfall phase is slow, lasting N > 60 e-folds [221],
and it is then crucial to consider the exact two-field dynamics to calculate the shape of the
primordial power spectrum, which is however not compatible with Planck CMB measure-
ments [222].

Hybrid inflation becomes interesting for the production of massive PBHs in the transient
regime, when puM ~ ME,I, producing a significant but not too large number of e-folds, 10 < N <
40. During the mild waterfall phase, the multi-field perturbation dynamics leads to a strong,
exponential power spectrum enhancement (that can be sharper than the typical maximal oc k*
increase in single-field models [217]) followed by a relatively sharp decrease, when going from
large to small scales. The position and amplitude of the resulting broad peak is driven by
a single combination of the hybrid potential parameters, II = M+/¢cu1 /M3, where py comes
from a linear expansion of the potential around the critical point V' o (¢ — ¢¢)/p1. Numerical
calculations of the primordial power spectrum of curvature fluctuations using either the exact
multi-field perturbation dynamics or the JN formalism, were first done in Ref. [105]. The
resulting power spectrum is well approximated by a log-normal in mass spectrum,

(Nk — Np)Q] 7

2.13
20% ( )

Pc(k) ~ P,exp {—

of maximal amplitude P, and width o,. Some examples of power spectra are shown in Fig. 5.
Finally, let us emphasize that the exact amplitude of the power spectrum also depends on the
quantum stochastic dynamics of the auxiliary field ¥ close to the critical instability point. In
principle, this should lead to slightly different power spectrum amplitudes in different regions
of the Universe, and therefore different PBH abundances. A natural outcome of the hybrid
inflation scenario would thus be that PBHs are formed in clusters whose mass and size depends
on these quantum stochastic dynamics. This can be also somehow used to reduce the fine-

Figure 4. Representation of a typical hybrid inflation potential, V', with a possible trajectory in two-
field space (dotted line). CMB perturbations are created along the valley at 1) = 0, during a first phase
of inflation. Curvature perturbations suitable for production of PBHs are generated in a second flat part
of the potential (red dotted line), when the mass-squared of the field 3 changes sign.
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Figure 5. Power spectrum of curvature perturbations for hybrid inflation parameters values M =
O.IMpl, H1 = 3 X 105Mp1 and gf)c = 0.125MP1 (red),O.lMPl (blue), 0075MP1 (green), and 0.05MP1
(cyan). Those parameters correspond respectively to I1? = 375/300/225/150. The power spectrum
is degenerate for lower values of M, ¢ and larger values of p;, keeping the combination IT? constant.
For larger values of M, ¢. the degeneracy is broken: power spectra in orange and brown are obtained
respectively for M = ¢. = Mp; and p; = 300Mp;/225Mp). Dashed lines assume . = 1y whereas
solid lines are obtained after averaging over 200 power spectra obtained from initial conditions on ).
distributed according to a Gaussian of width 9. The power spectra corresponding to these realizations
are plotted in dashed light gray for illustration. The A parameter has been fixed so that the spectrum
amplitude on CMB anisotropy scales is in agreement with Planck data. The parameter pus = 10Mp so
that the scalar spectral index on those scales is given by ng = 0.96. Figure from Ref. [105].

tuning linked to the required power spectrum amplitude, since many realisations would have
been generically produced within the Universe.

2.2.2 Turns in multi-field inflation

Embeddings of inflation in high energy physics motivate scenarios in which multiple scalar fields
participate in the inflationary dynamics. An ubiquitous phenomenon in this context is the one of
turns in field space, corresponding to a bending of the inflationary trajectory, or more accurately
to its deviation from a geodesic of the field space,! quantified by a dimensionless parameter 7 (t)
measuring the acceleration of the trajectory perpendicular to its direction [224, 225]. When such
a turn is sufficiently strong, with n; = 1 (see [226] for a short overview), it leads to a transient
tachyonic instability of the scalar field fluctuations before Hubble crossing [227-229)], similar in
essence to the one arising in axion gauge-field inflation (see section 2.2.4). This gives rise to
an exponential enhancement of the power spectrum on those scales, compared to the ones that
cross the Hubble radius before and after the turn, and thus constitutes a natural mechanism
to seed PBH formation [181, 230-232]. Interestingly, owing to its inherently multi-field origin,
the growth rate of the power spectrum can overcome the bound deduced in single-field setups
[217, 233, 234], i.e., the peak of the power spectrum can be sharper. An important parameter
is the duration of the turn in e-folds § = é N, which leads to qualitatively different behaviours
for broad (6 2 1) and sharp turns (6 < 1). While broad turns lead to a featureless bump of the
power spectrum, sharp turns lead to a localised peak of the envelope of the power spectrum,
modulated by order-one rapid oscillations, as described in simple cases by the analytical power

In the context of string theory compactifications, it has recently been shown [223] that deviations from
geodesic trajectories must be negligible near the boundary of the moduli space. Large turns can therefore be
engineered just in the moduli space bulk.
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spectrum (assuming a constant value of 1, during the turn) [230, 235]

24/ (2—K)kn 10
P;(Ok) = ¢ 22— m)n x sin? [e_‘s/zmu + arctan ((2}6_&)”)] . (2.14)

Here, Py denotes the amplitude of the power spectrum in the absence of the transient instability,
k = k/k¢ is the dimensionless wavenumber in units of the maximally enhanced one, with k¢ the
scale crossing the Hubble radius at the time of the sharp turn, and the formula is valid for k < 2
(see [235] for generalisations). The oscillations there, which are to a very good approximation
periodic in k, are characteristic of a sharp feature, and go hand in hand with a boosted power
spectrum generated by an event localised in time [235]. The mass function of PBHs is highly
sensitive to the tail of the probability density function (PDF) of the smoothed density contrast,
which is not yet known for the class of models described here. However, tentative results
for the mass function indicate that the oscillatory patterns are washed out when assuming
Gaussian statistics of the primordial curvature fluctuations [231], and hence further investigation
is required to assess the observational consequences for PBHs of the oscillatory features. What
is known, however, is that the SGWB generated by scalar fluctuations at horizon re-entry does
keep an imprint of the oscillations of the scalar power spectrum: they manifest as oscillations in
the frequency profile of the SGWB, providing a robust probe of small-scale features that would
be inaccessible otherwise [235-239].

If one uses the standard criterion that the power spectrum has to reach values P¢ ~ 102 to
generate a substantial amount of PBHs, it is interesting that the required enhancement from the
baseline value Py ~ 10~ necessitates a total angle Af = 1, § swept by the trajectory during the
turn exceeding the value 7w obtainable in flat field space, and hence requires the inflationary field
space to be curved [230]. Such large values of the power spectrum are not without consequences
however, and considerations of backreaction and perturbative control are important to take
into account to delineate the space of theoretically viable models [235]. Indeed, the criterion for
perturbative control parametrically depends on the large parameter 7, in a way that imposes
the bound 7$ P, < 1 (or 51 P < 1) for broad [240, 241] (or sharp) turns [235]. Thus, an
important open question is whether the inevitably present non-Gaussianities of the curvature
fluctuations in these models, enhanced in flattened configurations [240, 242, 243], are such that
a substantial amount of PBHs can be generated with a value of the power spectrum less than
102 while ensuring perturbative control.

2.2.3 Two-stage models

There are several concrete examples of PBH formation resulting from a turn in the field space
during inflation that separates two stages of inflation. The first stage produces the primordial
power spectrum on CMB scales while the second stage is responsible for the enhancement of
power on smaller scales, leading to PBH formation. Oscillations are expected at the transition,
as explained in the previous Section. Pi et al. [244] have proposed a model combining Starobin-
sky inflation with a scalaron field that becomes massive at the end of the first stage of inflation
and a curvature field that plays the role of the inflaton in a second stage. Kawasaki et al [245]
proposed a scenario with a second phase of double inflation in a supergravity framework. One
should notice that non-Gaussianity is typically small in these models, since most of the field
trajectories are effectively single-field. Other advantages of these models are that one does not
especially need to tune the position of a peak in the power spectrum, since it can be nearly
scale invariant, as generically predicted by slow-roll inflation, and that the transition between
the two regimes can be very sharp. Due to the features at the transition in the power spectrum,
such models can also produce multi-modal distributions of black holes, as proposed in [246].
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2.2.4 Axion-gauge scenario

PBHs can also arise in models in which rolling axions interact with gauge fields, enhancing
primordial density perturbations [128, 247-252]. In natural inflation [253, 254], the couplings
of the inflaton to matter respect a shift symmetry, ¢ — ¢ + constant. Therefore, they do not
provide by themselves quantum corrections to the inflaton potential (that arise from a breaking
of the shift symmetry, as for instance from instanton effects), which can therefore be technically
naturally small and flat. Also, UV-completed theories, such as string theory or supergravity
models of inflation, contain a large number of pseudo-scalar particles that could be identified
with the axion inflaton, or some other dynamically relevant axion. The shift-symmetric coupling
between the axion and the gauge field is

£>LFF, (2.15)
f

where a is the pseudoscalar axion, F' is the gauge field strength, F' its dual, and f is the axion
decay constant. Shift-symmetry is satisfied due to the fact that FF is a total derivative and
the constant term becomes a topological invariant. This interaction amplifies one helicity of the
vector field around horizon crossing. The amplified gauge quanta might affect the evolution of
the axion field [255] or, even if produced in a smaller amount, source scalar density perturbations
[256] and parity violating tensor modes [257]. These effects are exponentially sensitive to the
parameter £ = QfLH’ and visible effects are obtained for f ~ 10~2Mpj, namely for an axion decay
constant parametrically equal to the string scale. On one hand, this enhances the possibility
that models of string cosmology have a rich phenomenology. On the other hand, no effect is
expected for models of a single axion inflaton, that are required to have a super-Planckian
excursion, unless some specific mechanism allows excursions much greater than the scale of
inflation, such is the case for monodromy [258] or for aligned axion inflation [259].

Scalar perturbations are produced via inverse decay A+ A — a (where A denotes the gauge
field), and therefore, they obey a non-Gaussian x? distribution. The amplified gauge fields also
produce GWs via an analogous 2 — 1 process. We note that these primordial GWs, which
are produced during inflation, form a different stochastic GW background with respect to the
secondary GWs that are sourced by density perturbations in the process of horizon re-entry in
radiation or matter-dominated eras.

The power spectrum of density perturbations can be parametrized as [250, 260, 261]

Pc(k) = Pvacuum(k) + Psourced(k) ) (216)

where Pyacuum ~ 2 x 1079 (k/ kcmb)”rl is the standard nearly scale invariant vacuum signal
(with kemp being some pivot wavenumber at CMB scales). As already mentioned, the sourced
signal is exponentially sensitive to the parameter £ = a/2fH, and it is therefore highly sen-
sitive to the speed of the axion, and, ultimately, to its potential. For axion inflation with a
single monomial potential the signal is typically blue, and one simply needs to require that the
production is sufficiently small so that no stable PBH is produced via this mechanism [247].
This does not need to be the case for a more complicated potential, or in the case in which
the axion is not identified with the inflaton [128, 250]. In this second case, one can imagine a
situation in which the axion rolls significantly only for a limited number of e-folds [260, 261]
and the sourced spectrum can be described as a nearly log-normal bump, peaked at the scales
that were exiting the horizon while @ was rolling. The infra-red part of the spectrum scales as
P o k3 due to causality, while, close to the peak, the spectrum is well parametrized by [260]

B an(k;/k‘*) ] ’ (2.17)

Prourced (k) = A(&, W) e"p[ 20%(&, W)

where the amplitude A, the central position k,, and the width o of the peak are functions of
the maximum value of the particle production parameter £ and of the amount of e-folds W
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Figure 6. The stochastic GWs produced by axion inflation at four main scales of interferometers for
which we show the approximate sensitivities, nHz (PTAs and SKA), pHz (Gaia and Theia), mHz (LISA
and BBO) and Hz (LVK, Einstein Telescope, and Cosmic Explorer). The enhanced density perturbations
may produce PBHs which are a significant fraction of dark matter for 1 — 100Mg and the totality in
the 10714 — 107 My, mass range and, remarkably, the enhanced perturbations leave inevitable GW
backgrounds at the most sensitive regimes of GW detectors: for the first range of BHs this corresponds
to PTA frequencies (and possibly future SKA) and LISA frequencies for the second range. The PBHs
formed from fluctuations peaking at Hz scales will be so light that they are expected to be part of
thermal history through Hawking radiation. The Figure is updated (with slight modifications) from
Refs. [128, 161, 262

during which the axion is significantly rolling. An analogous parametrization also holds for the
amount of sourced GWs [260].

The sourced scalar perturbations are highly non-Gaussian [256]. For a nearly scale-
invariant signal (as is the case if the axion is the inflaton), their bispectrum has a shape which is
very close to the equilateral one. For the case of short-duration production leading to Eq. (2.17),
the bispectrum is a maximum when the magnitude of the three momenta is parametrically equal
to ki, and its scale-dependence can also be described accurately via a log-normal shape [260)].
The fact that the sourced scalar perturbations obey a x? statistics makes PBH production much
more significant compared to Gaussian perturbations with the same power. Therefore, an equal
amount of PBHs is produced with a much smaller power spectrum than in the Gaussian case.
This results in a significantly smaller amount of stochastic GWs produced at second order by
the scalar perturbations, with a different prospect for detection at LISA and PTA-SKA, see for
example Fig. 6. This is discussed in more detail in Subsection 5.1.

2.2.5 False-vacuum models

It is also possible to form PBHs in both single and multi-field scenarios if some spatial regions
end up in a false-vacuum. These regions can collapse into black holes before the field can pass
the potential barrier through quantum tunneling and evolve towards the true vacuum. Several
examples have been proposed.

For instance, the Higgs field is suspected to be metastable. If it is a spectator field during
inflation, some regions may have ended in this region of the potential, thereby leading to the
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formation of black holes [263]. Nevertheless, their abundance cannot be significant enough to
contribute to the dark matter. Another possibility is a tiny step in the inflaton potential that
can basically be overcome by most of field trajectories, but not all [264]. This can radically
change the tail of the Gaussian fluctuations, even if the conventional non-linearity parameters
(fNL; gNL,-..) remain small. The regions with large curvature fluctuations later form PBHs.

It has also been proposed that a light spectator field during inflation, having an asymmetric
polynomial potential, experiences stochastic fluctuations that displace the field from the global
minimum of its potential and populate a false vacuum state [265]. Lattice simulations have been
used to show how when the Hubble radius reaches the false-vacuum bubble size, the potential
energy is transferred to the kinetic and gradient energies of the bubble wall, such that it begins
to contract and possibly collapse into a black hole. Finally, multi-field realisations have been
proposed, for instance in [266, 267].

2.3 Non-Gaussian models
2.3.1 Motivations

In Subsection 2.1 we discussed how PBHs could be generated in single-field models due to an
enhancement of the power spectrum caused, for example, by a second plateau in the potential.
However, as we will discuss in more detail in Subsection 3, what really matters to determine
the PBH formation is the full profile of the PDF of the primordial curvature perturbations, in
particular the probability to be above a given threshold. This implies that PBH abundance is
largely controlled by the tails of the PDF, which at the same time are highly sensitive to any
non-Gaussian corrections.

Non-Gaussian corrections can either enhance or suppress the production of PBHs depend-
ing on their effect on the tail of the PDF. One way of accounting for these effects is to compute
the different statistical moments of the distribution. Gaussian profiles are fully characterized
by the second moment (the power spectrum), while general PDFs can have contributions from
any of the higher moments. For illustrative purposes, we plot in Fig. 7 the effect of the third
and fourth moment as determined by the skewness and kurtosis, respectively. As it can be
clearly seen, a positive kurtosis has a large impact in the tail of the PDF. Interestingly, one can
analytically compute the effect of non-zero higher order moments in the abundance of PBHs
[268, 269].

Non-Gaussian corrections are known to be relevant in multi-field models of inflation. For
instance, models of axion inflation in which the gauge field sources the curvature perturba-
tions [250] display x? statistics for the curvature perturbation. This has implications both for
the PBH abundance and for the GW signature, as studied in detail in [128]. In particular,
a strong increase of the PBH abundance associated with a greater tail of the PDF does not
correspond to a strong increase of the associated GW production. Therefore, for equal PBH
abundance, a smaller GW signal is produced with respect to the Gaussian case.

Moreover, these non-Gaussian corrections can also enhance the abundance of PBHs in
single-field models due to the dynamics of the ultra-slow roll phase [270, 271] and the effect of
quantum diffusion beyond slow-roll [203, 204, 272, 273]%. In fact, in general terms, quantum
diffusion introduces an exponential tail in the PDF of curvature perturbations [143, 275]. For
this reason, we discuss next the effect of quantum diffusion in the production of PBHs.

2.3.2 Quantum diffusion

Primordial curvature perturbations are expected to be well-described by a quasi-Gaussian dis-
tribution when they are small and close to the maximum of their probability distribution. This
can be modelled using conventional cosmological perturbation theory where the free field fluc-
tuations during inflation describe a Gaussian distribution and higher-order interactions lead

2A violation of slow-roll is necessary for non-Gaussian effects to be sufficiently large to change the PBH
abundance in single-field models [274].
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Figure 7. Tllustration of the effect of a positive skewness, &3, and a positive (excess) kurtosis, &4, for
the probability density function P(z) (left) and its logarithm (right) in comparison with a Gaussian
distribution (F,~2 = 0). The dominant effect in the tail is given by a positive kurtosis. Plots reproduced
from [204].
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Figure 8. Probability density functions of the curvature perturbations generated by an inflection-point
inflationary potential (see inset). Solid lines correspond to the full distribution functions computed by
mean of the stochastic-6 N formalism, where different colours correspond to different locations in the
potential v(¢) where the scale under consideration emerges from the Hubble radius and where A¢yen
denotes the field range for which stochastic effects dominate over the classical dynamics. The dotted
lines correspond to the standard result, which provides a good Gaussian approximation for the maximum
of the distribution but that however fails to describe the exponential tails, where PBHs are nonetheless
produced. This figure is adapted from Ref. [143].

to non-Gaussian corrections. However, PBHs result from the collapse of large density pertur-
bations, which may be far from the peak of the distribution. In this regime, we require a
non-perturbative approach, such as the stochastic-d N formalism [276-278].

Stochastic inflation [279] splits the inflaton field into small-scale quantum fluctuations and
a large-scale effectively classical field above a coarse-graining scale (typically around the Hubble
length). The large-scale field follows the non-linear evolution of a (locally) homogeneous and
isotropic cosmology [280-282], except that small-scale modes are constantly swept up from the
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quantum vacuum state, crossing into the coarse-grained field, leading to quantum diffusion
(Ap?) ~ (H/2m)? per Hubble volume per Hubble time. In regimes where PBHs are formed,
the inflaton must undergo large quantum fluctuations (for instance as the result of travelling
through a very flat potential), which implies that stochastic corrections are important and must
be taken into account [143, 203, 204, 275].

In order to derive the predicted abundance of PBHs in stochastic inflation, we make use
of the 6N formalism [279, 281, 283-285], in which the primordial curvature perturbation is
identified with the perturbation in the number of e-folds N = [ Hdt with respect to the
average, ( = N — (N) (where N denotes the duration of inflation starting from an initial field
configuration, measured in number of e-folds V). One thus has to extract the distribution P,(N)
of the number of e-folds of expansion N from a given inflaton field value ¢ to the end of inflation.
This is the program of the stochastic 0 N formalism, in which it can be shown [143, 275, 278, 2806]
that the Fokker-Planck equation driving the stochastic evolution of the coarse-grained field with
respect to the integrated expansion during inflation, 0Pn(¢)/0N = Lrp(¢)-Pn(¢), can be recast
in terms of the adjoint Fokker-Planck operator acting on the duration distribution P4(N), such
that Ps(N)/ON = LI (¢) - Py(N).

By solving this equation in different setups, one can show that quantum diffusion leads
unavoidably to non-Gaussian tails [143, 275]. In particular, if the classical evolution gives a finite
number of e-folds N, from a given field value to the end of inflation, then the large-A limit (where
N > N.) is inevitably dominated by quantum diffusion since it requires many quantum kicks to
evade the classical drift towards the end of inflation. Quite generally, the probability distribution
approaches an exponential tail, Ps(N) = 3, ane 2N oc e720N as N — oo [143, 275, 287,
which cannot be described by a quasi-Gaussian distribution (see Fig. 8). Thus predictions
for the abundance of PBHs, which will be described by the integrated probability distribution
function above a given threshold, may differ by several orders of magnitude from results obtained
assuming a Gaussian distribution [143, 270, 275, 288-290).

Let us also stress that these exponential tails cannot be properly described by usual,
perturbative parametrisations of non-Gaussian statistics (such as those based on computing the
few first moments of the distribution and the non-linearity parameters fxr, gnr, etc.), which
can only account for polynomial modulations of Gaussian tails. A non-perturbative approach,
such as the one presented here, is therefore necessary.

It is also worth mentioning that the details of the tail (such as the value of ap and Ap) are
determined by the specifics of the inflationary model under consideration. For instance, in the
simplest setup where inflation is realised with a single scalar field, if the potential energy V is
constant across a field region of size A¢, then [275] Ag = V/(96 M3 A¢?) and A,, = (2n+1)2A,.
Wider “quantum wells” (i.e. larger values of A¢) thus lead to smaller Ay and to wider tails. This
result is valid if the initial velocity of the inflaton into the quantum well is vanishing. Otherwise,
a transient period of “ultra slow roll” takes place until the inflaton relaxes to the slow-roll
attractor, and on top of the eigenvalues A,, given above, a second set of decay rates A/, = A,, +3
also arises [273]. When the initial velocity is large compared to the velocity that would be
required to cross the well classically, the amplitudes a}, associated with those eigenvalues are
larger than those for the rates A,,, hence the tails are more suppressed. Another way to suppress
the tails is to add a tilt in the inflationary potential, V = 2472 M2 vo(1+ap/Mpy), for which the
decay rates are all shifted by a constant value [143], i.e. A’ = A, + a?/(4vp). Unless o? is fine
tuned to values less than the potential energy in Planckian units, the exponential tails are heavily
suppressed. As a last example, let us mention the case where the potential features an inflection
point, close to which one can approximate V = 2472 Mg vo[l + 8(¢/Mp1)?]. In such models, if
slow roll is not violated when approaching the inflection point (which depends on the details of
the inflationary potential away from that point), one finds [143] A,, = (3/2)%/372(vo)Y/?(n +
1/2)2, such that primordial black holes are always overproduced.

These examples show that the abundance of primordial black holes is ultimately related
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to the details of the inflationary potential where quantum diffusion plays an important role.
PBHs would thus provide access to regions of the inflationary potential that can otherwise not
be probed with other cosmological measurements such as the cosmic microwave background.

2.3.3 Stochastic spectator field

Another recent scenario [144] takes the advantage of the dynamics of a stochastic spectator
field to produce PBHs, while the primordial power spectrum remains at the CMB level almost
everywhere in our Universe, except in subdominant regions where PBHs can form. If PBHs are
linked to the generation of the baryon asymmetry of the Universe, thereby connecting 1) the
PBHs and baryon abundance, 2) the baryon-to-photon ratio to the PBH density at the time of
their formation, the stochastic and quantum nature of the spectator field fluctuations allows one
to invoke an anthropic selection mechanism to resolve the long-standing parameter fine-tuning
issues related to PBH formation [144, 148, 149].

In this scenario, the stochastic spectator field experiences quantum fluctuations during
inflation that lead it to explore a wide range of the potential, including its slow-roll part, in
different Hubble patches. But the field does not have any impact on the inflationary dynamics,
thus being a spectator field. Because the number of patches is huge, there necessarily exist
some in which the spectator field, at the time of Hubble exit, has the required mean value for
subsequent quantum fluctuations (but sub-Hubble at that time) to later induce large curvature
fluctuations. Our observable Universe would correspond to one of these patches.

After inflation, the spectator field and its fluctuations within these patches remain frozen
during the radiation era until its potential energy starts to dominate the density of the Universe,
well after inflation but also possibly well before the time of PBH formation. At this point, in the
regions where the field is in the slow-roll part of the potential, a very short second inflationary
phase (for at most a few e-folds) takes place, whereas in the rest of the patch the field quickly rolls
down its potential without inflating. Such an extra expansion corresponds to the production
of local non-linear curvature fluctuations that are still super-horizon at that time. Only later
they re-enter the horizon and collapse into PBHs. But in the rest of the Universe the curvature
fluctuations are statistically Gaussian and behave as expected in standard slow-roll inflation,
unaffected by the spectator field.

The probability to form a PBH in a given region (that can be connected to the function g
introduced in the next Section) has been calculated as [144]

Pppy = \/5 =i X exp |— (¥)?
™ R /4?4 (542N 2(H2 /47 + (507N 1)

(2.18)

where Ay is the size of the slow-roll region where the field can induce O(1) curvature fluctu-
ations. The subscript IV is used to indicate that a quantity is evaluated at the e-fold time at
which the scale exited the horizon during inflation. It can be noticed that the mathematical
form of Pppy is quite similar to the one of 5 (see next Section) in more standard models of
Gaussian inflationary perturbations. As a consequence, the shape of the PBH mass function is
also very similar and driven by the evolution of H during inflation. There is also no need to
precisely fix the potential parameters in this model, the only condition being that the potential
is of plateau or small-field type and that it can dominate the density of the Universe prior the
QCD epoch (if one is interested to get stellar-mass or heavier PBHs).

2.4 Curvaton

A different possibility to generate PBHs, while keeping the generation mechanisms for curvature
perturbations at different scales decoupled, is represented by a simple modification of the original
curvaton scenario (in the original curvaton model [291, 292], one field, the inflaton, is responsible
only for sustaining the inflationary background evolution while the other field, the curvaton,
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produces the primordial curvature perturbations). In this setup with two fields, the primordial
curvature perturbations on CMB scales are produced by the inflaton, which acts very similarly to
the standard single-field scenario, while the curvaton field becomes responsible for perturbations
on smaller scales and thus formation of PBHs.

The power spectrum of curvature perturbations will be given as the sum of the contribu-
tions of the inflaton and of the curvaton

P(k) = ,Pinﬂ(k:) + Pcurv(k) . (219)

where Peyrv(k) can be described by a lognormal function such as in Eq. 2.17.

At large scales (reasonably k& < 1 Mpc™!), the first term will be dominating, with its
magnitude being determined by CMB normalization, that is Piq(k) ~ 2 x 107?. Moving to
smaller scales (larger k), the second contribution, given by the curvaton field, increases and
becomes dominant.

So, as long as the curvature perturbation on large cosmological scales is dominated by
inflaton fluctuations with an almost scale-invariant spectrum, the curvaton field is not required
to be light during inflation and its fluctuations may have a steep blue spectrum. Curvaton
fluctuations could then give the dominant contribution to the primordial density perturbations
on small scales after the curvaton decays. The curvaton may have a steep blue spectrum either
due to interactions with the inflaton or other fields evolving during inflation [293], a non-trivial
kinetic term [294] or in an axion-like model, where the curvaton is identified with the phase of
a complex field whose modulus decreases rapidly during inflation [295].

An important characteristic of any curvaton model is that the fluctuations originate from
non-adiabatic field fluctuations during inflation, a fact which gives rise to a non-Gaussian dis-
tribution in the primordial curvature perturbations, including a finite non-Gaussianity in the
squeezed limit. Although this local-type non-Gaussianity is typically small (fxg, ~ 1), it can
nonetheless have a significant effect on the abundance of PBHs, as discussed in Subsection 2.3.

2.5 Preheating

Another way through which one can produce PBHs is the preheating instability. During the
preheating period after inflation, when the inflaton oscillates coherently at its ground state and
decays to other degrees of freedom, it is widely argued that resonant amplification of quantum
field fluctuations, responsible for particle production, take place [296, 297]. These amplified
quantum fluctuations should be accompanied by a resonant amplification of the scalar metric
fluctuations (usually quoted as metric preheating [298-301]), responsible for gravitational fluc-
tuations in the curvature, since the two are coupled through Einstein’s equations. One then
expects that the amplified metric perturbations give rise to large curvature/matter perturba-
tions, which in their turn collapse and form PBHs.

Historically, PBHs emanating from the preheating instability were speculated in the con-
text of multi-field inflation and in particular in the context of two-field chaotic inflation [302—
305] and more recently in [306, 307], since in this case the parametric amplification of en-
tropy/isocurvature fluctuations can source the parametric amplification of the adiabatic/curvature
fluctuations in the regime of broad resonance. Thus, these amplified curvature fluctuations could
break the scale-invariance of the primordial power spectrum and give birth to PBHs through
non-linear gravitational fluctuations inducing large density contrasts [308, 309].

It is predicted as well [310] (see also [311]) that in the context of single-field inflation, there
is a pronounced resonant instability structure in the narrow regime where amplified metric
perturbations can induce the production of PBHs as recently studied in [312, 313]. At this
point, one should point out that the narrow resonant structure of metric preheating was shown
in [314] to be immune to the decay of the inflaton into a radiation fluid, ensuring in this way
the transition to the Hot Big Bang phase of the Universe.
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The case of metric preheating Most of the studies in which PBHs are produced during
preheating treat them in the context of multi-field and especially in the context of two-field
inflation. This makes it difficult to predict in an analytic way the matter power spectrum
responsible for the PBH formation, which is constructed consequently numerically. On the
contrary, in the context of single-field inflation, one can in principle extract in a direct way the
matter power spectrum responsible for the PBH production. In what follows we emphasize on a
specific scenario studied in [312, 313], in which PBHs are produced during the preheating phase
due to the emergence of a resonant instability structure concerning the equation of motion of
the scalar metric perturbations that are enhanced on small scales (metric preheating), which
exit the Hubble radius close to the end of inflation. Specifically, the modes concerned satisfy
the relation

aH < k <av3Hm, (2.20)

where k is the comoving scale concerned, a is the scale factor, H is the Hubble parameter and
m is the mass parameter of the inflationary potential. For these modes, as shown in [312], the
density contrast scales linearly with the scale factor, i.e. d; ~ a, manifesting in this way an
effective “dust” behavior during the instability phase in which PBHs can be easily produced.

Considering only the modes entering the instability band from above, namely the left hand
side of the inequality (2.20), the matter power spectrum responsible for the PBH formation at
the end of the preheating instability phase can be written analytically as [312]

k E Y/ o \ 22 162 k
=)= Z = 2.21
P(5 <tl—‘7 kend) <kend> ( Pr ) (5> ,Pgend <kend> ’ ( )

where konq is the comoving scale exiting the Hubble radius at the end of inflation, pi,¢ is the
energy scale at the end of inflation, pr is the energy scale at the end of the preheating instability

phase and P¢ enq (ﬁ) is the curvature power spectrum at the end of inflation which in the

slow-roll approximation reads as [315, 316]

N\ kena )~ 872 M2 €1 (K)
(2.22)

The functions H.(k), €1.(k) and eg.(k) denote respectively the values of H, €; and ey at the
time when the mode k exits the Hubble radius during inflation. The parameter C' ~ —0.7296
is a numerical constant.

The relevant range of the density contrast at the end of the preheating phase is

2/3
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while the relevant parameter space (pr, pint) so that we do not have PBH overproduction during

preheating reads as
5/2
or 4 < Pinf )
< . (2.24)
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Below, in Fig. 9 we see the behavior of Ps (tp, ﬁ) [see Eq. 2.21] by fixing piln/f = 10"GeV and

p;/4 = 10"GeV. At this point, it is important to stress out that exactly at k = kenq, Eq. (2.22)

is not trustful since there the slow-roll approximation breaks down.
The corresponding mass of the PBHs produced is related to the mass inside the Hubble
radius at the time when a scale k re-enters the horizon, namely

(3M§1)3/ e
mppH = YMu =7 NG (k: d) ; (2.25)
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Figure 9. The matter power spectrum at the end of the preheating instability phase. The energy scales
at the end of inflation and at the end of the preheating instability phase are fixed as piln/;l = 10"GeV
and p;/4 =10"GeV.

where v is an efficiency parameter of order one depending on the details of the gravitational
collapse. Here, it is important to notice that in (2.25), one clearly sees the dependence of the
PBH mass on the energy scale at the end of inflation and as a consequence on the underlying
inflationary model.

Regarding the characteristic PBH mass produced during preheating one can choose k/keng =
0.1, and using a relative high energy scale at the end of inflation piln/;l = 10MGeV, from Eq. (2.25)
one obtains mppy ~ 102" M. This mass, around which the matter power spectrum peaks, is
very small compared to the mass range LISA can detect through the GW portal of PBH merg-
ers. However, as pointed out recently in [313], in which the PBH mass function is computed
more accurately with the use of the excursion-set formalism, the mass of PBHs produced from
the metric preheating instability, at which the PBH mass function peaks, is higher than the
PBH mass quoted above and can be as high as the solar mass, lying in this way within the mass
range probed by LISA.

At this point, one should also stress that ultralight PBHs, such as the ones produced
from the preheating instability, can be potentially detected by LISA through the stochastic
background of GWs induced at second order from PBH isocurvature perturbations, as argued
in [317]. For these GWs, the peak frequency could lie within the LISA band despite the smallness
of the PBH mass.

2.6 Early matter era

An early prolonged period of matter domination — after the end of inflation — could arise
due to the domination of moduli fields which are a natural prediction of any supergravity or
superstring-inspired theory of the early Universe. Since the curvature threshold for the PBH
collapse depends on the equation of state of the Universe, it might be easier to obtain the same
abundance of PBH during the moduli dominated epoch from a peak in the inflationary power
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spectrum less strong than the typical O(1072) required in the standard scenario of radiation
domination. Several mechanisms have been proposed to lead to such a production during an
early matter dominated era, see e.g. [22, 24, 25, 318-325]. In such scenarios, the mass and
fraction of PBHs produced from a given inflationary potential depend on whether the moduli
dominated epoch is immediate or delayed after the end of inflation. Recently, it has also
been pointed out that even if PBHs are formed during radiation domination, the presence of a
reheating epoch can still crucially affect the PBH abundance [326, 327].

In models of inflation based on moduli stabilisation in string theory compactifications,
for example, the inflaton may be identified with a modulus field which is only gravitationally
coupled to the visible sector, leading to a slow-reheating phase, where the inflaton decay is via
Planck-suppressed operators, and hence a prolonged duration of matter-domination after infla-
tion [24, 323]. Ref. [323] finds that PBH formation is most effective for reheating temperatures
< 10% GeV, in which case PBHs can form a significant fraction of the dark matter density today
when primordial curvature fluctuations from inflation are of order 10~* in a matter-dominated
era, rather than ~ 1072 usually required in a radiation-dominated era.

2.7 Phase transitions

The formation and abundance of PBHs can also be affected by phase transitions in the early
Universe. During the radiation era, the formation of PBHs may be facilitated if pre-existing
super-horizon density fluctuations enter the cosmological horizon during a first order phase
transition which proceeds in approximate equilibrium [25, 54]. During this phase transition the
speed of sound tends to zero and the pressure response of the fluid vanishes and does not counter-
balance the gravitational collapse of horizon-sized primordial over-densities. Detailed numerical
simulations using general-relativistic hydrodynamics show that the overdensity threshold re-
quired for PBH formation by fluctuations that enter the cosmological horizon around the phase
transition is smaller than the ordinary value for PBH formation during the radiation epoch.
This would produce an increase in the PBH mass spectrum around the corresponding horizon
mass in which the phase transition occurs.

It has been argued that the QCD phase transition could produce an enhancement of the
population of PBH’s around 1M, [20], but lattice QCD calculations have shown that the QCD
phase transition in the Standard Model is not first order but a continuous cross-over [328].
Nevertheless, it is possible to collapse a significant amount of PBHs at the QCD transition if
there are large fluctuations and radiation pressure drops as the relativistic quark and gluon
degrees of freedom disappear from the plasma [70, 73, 145]

Alternative scenarios have been proposed, where the dynamics of the QCD phase transi-
tion incorporates extra degrees of freedom, like lepton number violation [329] and solitosynthe-
sis [262]. In other models, the QCD transition could be first order if the number of light quarks
were larger than three at the confinement. Models in which the dynamics of a light scalar field
have been tailored to suppress quark masses before the QCD transition, while recovering the
measured values after the transition, have been developed in [330].

Another possibility is that the collision of bubbles formed during a first order phase transi-
tion in the early Universe could create a sufficiently large local concentration of the energy stored
in the walls to cause gravitational collapse and the formation of a primordial black hole [331—
333]. This process could be affected by spatial clustering properties of bubble generated in
high-energy phase transitions [334, 335], Recent models [336] consider the possibility that there
may be particles whose mass increases significantly during the phase transition, suppressing the
transmission of the corresponding particles through the advancing bubble walls. This effect can
build a sufficiently large overdensity in front of the walls that collapse into a primordial black
hole. The primordial black hole density and mass distribution depend on the model parame-
ters. Other models [337] consider fermion species that gain big masses in the true vacuum, so
that the corresponding particles get trapped in the false vacuum as they do not have sufficient
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energy to penetrate the bubble wall. After the first order phase transition, the fermions are
compressed into the false vacuum remnants to form Fermi-balls that finally collapse to PBH
due to the Yukawa attractive force.

Higher-order phase transitions periods in the early Universe may also lead to the forma-
tion of PBHs. For example, domain walls can be generated during a non-equilibrium second
order phase transition in the vacuum state of a scalar field with a flat direction during infla-
tion [338]. The background de Sitter fluctuations of such an effectively massless scalar field
could provide non—equilibrium redefinition of correlation length and give rise to the islands of
one vacuum in the sea of another one. After the phase transition takes place in the Friedman—
Robertson-Walker (FRW) epoch, the two vacua are separated by a wall. Some of these closed
and sufficiently large walls could accumulate enough energy to collapse and form a massive
black hole. The mass spectrum of the PBHs which can be created in such a way depends on
the details of the potential of the scalar field that has the flat direction during inflation and
triggers the phase transition.

2.8 Domain walls and cosmic strings

Topological defects in the early Universe may also lead to the production of PBHs. S. W.
Hawking [339] was the first to show that PBHs could form from the collapse of cosmic string
loops. He argued that loops that collapse by a factor (Gu)~!, where p is the mass per unit
length of the strings, will inevitably collapse to form black holes. PBH production can be
used to place bounds on the cosmic string network [26, 340-346] or cosmic strings nucleated
during inflation [347]. More recently it has been argued that cosmic string cusps can collapse
gravitationally into PBHs with a mass function that could extend up to stellar-masses [348],
although this claim has been disputed in Ref. [349]

Moreover, domain walls, which arise in theories with a broken discrete symmetry, can
also form PBHs when such domain walls are smaller than a critical radius fall within the
cosmological horizon and collapse due to their own tension [350] or are produced by tunnelling
during inflation [351]. In such scenarios, the mass function of PBHs in general has a spikelike
structure. Moreover, in QCD axion models, PBHs can form either by the collapse of long-lived
string-domain wall networks or from the collapse of closed domain walls [350, 352]. The mass
and abundance of PBHs formed in these scenarios crucially depends on the QCD axion mass.
However, interestingly, various observational constraints on the PBH abundance in turn limit
the QCD axion parameter space.

2.9 Primordial magnetic fields

Primordial magnetic fields generated in the early Universe are considered one of the feasible
candidates to provide the required seeds for the observed large-scale intergalactic magnetic
fields. In addition, such primordial fields also generally induce an anisotropic stress that can
act as a source for the evolution of the super-horizon curvature perturbations, leading to the
formation of PBHs with a broad possible range of masses. Since a large abundance of PBHs
requires a large amplitude of density perturbations, the strength of these primordial magnetic
fields on small scales should also be large enough for this mechanism to work [353]. Based on this
idea, strong constraints on the amplitude of primordial magnetic fields have been established,
a few hundreds nano-Gauss on scales in the wave-number range 102 Mpc™! < k < 10" Mpc™.

Alternatively, it has been proposed that PBHs can act as seeds of cosmic magnetic fields
due to their accretion disks, either due to a Biermann battery [354, 355] mechanism or more
exotic mechanisms such as monopoles [356, 357] or Kerr-Newman PBHs [358]. In particular,
in [355] it was shown that locally isothermal disks around supermassive PBHs with masses
M > 10'9M), can generate a seed primordial magnetic field of the order of 1073°G, which can
be later amplified by various dynamo/instability processes and provide the seed for the present
day magnetic field in intergalactic scales. Interestingly enough, this population of magnetised
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supermassive PBHs can induce a stochastic GW background which can be used to set tight
constraints on the supermassive PBH abundances [See [359] for more details].

2.10 Summary

In this Section, we have explored multiple mechanisms described in the literature for generating
primordial black holes, from gravitational collapse of primordial fluctuations and inflation to
preheating, phase transitions, collisions of bubble walls and cosmic strings. Each of these
mechanisms has its own mass spectrum and individual characteristics, which makes it possible
to differentiate between them. The most predictive one is that of primordial fluctuations, where
specific models exist that can be put to test by present and future observations. But we also
emphasized the possible role of non-Gaussian tails in the distribution of curvature fluctuations,
which arise in models with an ultra-slow-roll phase of inflation or in models with a stochastic
spectator field. This is an interesting, recent and active research area since this could soften
or even resolve the fine-tuning issues associated to the formation of PBHs with significant
abundances. In the next Sections, we will explore the dynamics of gravitational collapse and
how it depends on the thermal history of the Universe, with its impact on the PBH mass
function, their spin distribution and merging rates.

3 PBH formation, mass function and clustering

3.1 From curvature perturbations to density contrast

PBHs form after cosmological perturbations re-enter the cosmological horizon. Assuming spher-
ical symmetry on superhorizon scales, the local region of the Universe describing such pertur-
bations has the following asymptotic form of the metric

dr? ¢
; 5+ r?dQ?| = —dt? + a®(£)e* ) [d7? + 72407, (3.1)

2 _ 2 2
ds® = —dt* + a*(t) =K

where a(t) is the scale factor, while K(r) and ((7) are the conserved comoving curvature per-
turbations, defined on a super-Hubble scale, converging to zero at infinity where the universe is
taken to be unperturbed and spatially flat. The equivalence between the radial and the angular
parts of these two forms of the metric gives

r = 7eS() ,
__ 4
1— K(r)r?

and the difference between the two Lagrangian coordinates r and 7 is related to the parametri-
sation of the comoving coordinate, fixed by the curvature perturbation chosen in the metric
(i.e. K(r) or ¢(7)). From a geometrical point of view, the coordinate 7 considers the perturbed
region as a local FLRW separated universe with the curvature perturbation {(#) modifying the
local expansion, while the curvature profile K (r) is defined with respect to the background
FLRW solution (K = 0) and measures more directly the spatial geometry of space-time.
On superhorizon scales, where the curvature profile is time independent, these two are
related as
K(r)r? = —#('(7) [2 + 7' (7)] (3.3)

In this regime, we can use the gradient expansion approach [48, 50, 280, 360], based on expanding
the time dependent variables, like energy density and velocity profiles, as power series of a small
parameter € < 1 up to the first non zero order, where € is conveniently identified with the ratio
between the Hubble radius and the length scale of the perturbation. Although this approach
reproduces the time evolution of the linear perturbation theory, it also allows having non linear
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curvature perturbations if the spacetime is sufficiently smooth on the scale of the perturbation
(see [285]). This is equivalent to saying that in this regime pressure gradients are negligible,
not playing an important role in the perturbation evolution, which grows with the Universe
expansion in a self similar way.

In this approximation, the energy density profile can be written as 3 [57, 361]

op _ p(rit) —pu(t) 1 3(1+w) [K(r) 7,3]’
Pb po(t) ~ a?H? 5+ 3w 3r2

1 A0 4w) sery2g2,c)/2
_ P P 4
ZH? 51 3w e V<e , (3.4)

where H(t) = a(t)/a(t) is the Hubble parameter. The parameter w is the coefficient of the
equation of state p = wpy, relating the total (isotropic) pressure p to the total background
energy density pp.
In the linear regime of curvature perturbations, when { < 1, this expression can be written
as
2
dp o 21 2(1+w)V2C(f) _ Kk 2(1 4+ w)
Pb a’H? 5+ 3w a’H? 5+ 3w

where the second equality is obtained from the Fourier transformation V2¢ = k2(},, showing
that in the linear regime there is a simple one to one mapping between the real space, where
the perturbations collapses, and the Fourier space where the power spectrum of cosmological
perturbations is defined. If the curvature perturbation ( is a Gaussian variable, the density
contrast dp/pp has also a Gaussian distribution within the linear regime described by (3.5).
However, because the amplitude of the threshold d. for PBHs is non linear, the linear regime
does not give an accurate description of the statistics of the density contrast, and the mapping
between the Fourier space and the real space requires a more elaborate approach. As we will
see later, this allows to compute the threshold d. from the shape of the power spectrum Pe.

For this reason, the definition of the threshold in terms of (. computed from the linear
approximation given by (3.5), does not give an accurate description and should be dropped in
favour of §. which is clearly defined in the following Section. We anticipate that the nonlinear re-
lation between the density contrast and the comoving curvature perturbations causes the former
to obey non-Gaussian statistics, even in absence of primordial non-Gaussianity. Computations
based on peak theory and on threshold statistics show that this unavoidable non-Gaussianity
makes the production of PBHs more difficult. In case of a peaked power spectrum, this effect
is compensated by an increase of the amplitude by an order 2-3 factor [362, 363].

Ck (3.5)

3.2 Perturbation amplitude

To define the amplitude of a cosmological perturbation, it is useful to introduce the compaction

function [48, 57], defined as

SM (r,t)
R(r,t) ’

where R(r,t) is the areal radius and 0M (r,t) is the difference between the Misner-Sharp mass
within a sphere of radius R(r,t), and the background mass M, (r,t) = 4mpy(r, t)R3(r, t)/3 within
the same areal radius but calculated with respect to a spatially flat FLRW metric. In the
superhorizon regime (i.e. € < 1) the compaction function is time independent, and directly
related to the curvature profile as

cC=2 (3.6)

3(1 4+ w)

5+ 3w K(r)r2, (3.7)

C(r)=

3K’(r) denotes differentiation with respect to  while ¢/(#) and V?((#) denote differentiation with respect to
7.
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where this expression can be written in terms of {(7) using (3.3).

The comoving length scale of the perturbation can be conveniently identified with the
distance where the compaction function reaches its peak (which is a maximum for a positive
perturbation and a minimum for a negative one) when r = ry, [57](i.e. C'(ry,) = 0), characterized
by a constraint relation in terms of the curvature profile

K(rm) + 5K (rn) =0, or /() + ¢ (Fm) = 0. (3.8)

Given the curvature profile, the parameter € of the gradient expansion is therefore defined as

Ru(t) 1 1
Rp(rm,t)  aHrm  aHigeStm)’

€= (3.9)
where Ry = 1/H is the cosmological horizon and Ry, (r,t) = a(t)r is the background component
of the areal radius. With these definitions, the expression written in Eq. (3.4) is valid with good
accuracy for € < 1.

According to this, we can now consistently define the perturbation amplitude as being the
mass excess of the energy density within the scale 7y, when € =1 (aHry, = 1). This corresponds
to defining the horizon crossing time ty with a linear extrapolation from the superhorizon
regime. Although this is not very accurate, it provides a well defined criterion to measure and
compare consistently the amplitude of different perturbations, understanding how the threshold
is varying with respect to the initial curvature profiles.

The amplitude of the perturbation measured at ¢y, which we refer to as oy, = 6(rm, ti), is
given by the excess of mass averaged over a spherical volume of radius Ry, defined as

4 (B §p

3 [rwg
O = — PRaRr =5 | 2Pp2ar, (3.10)
Ve Jo  pb Tm Jo Pb

where Vi = 47R3 /3. The second equality is obtained by neglecting the higher order terms in
€, approximating Ry, ~ a(t)ry, which allows to simply integrate over the comoving volume of
radius . Inserting the expression for dp/py given by (3.4) into (3.10), one obtains dy = C(rm),
and with simple calculation seen in [57], one obtains the fundamental relation

1)
Om = 3L (rom, th1), (3.11)
Pb
showing that at 7, the perturbation amplitude is not affected by the location where this is
measured.

3.3 Threshold for PBH formation

PBHs form when the perturbation amplitude 8, > ., where the value of the threshold &,
depends on the shape of the energy density profile and the equation of state. For a radiation-
dominated Universe (p = %p), it has been found that 2/5 < é. < 2/3, with the shape of the
cosmological perturbation simply characterised by one dimensionless parameter corresponding
to the width of the peak of the compaction function [57, 58]

_CM(rm)r,

Cire) (3.12)

o =

This allows to compute the threshold d. as a function of the shape parameter «, with an analytic
expression up to a few percent precision [58]
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where I' identifies the special Gamma-functions. This is consistent with the numerical analysis
made in [57], where it was shown that the effects on the threshold of additional parameters are
negligible, because the collapse in spherical symmetry is basically characterized by the config-
uration of the region within the forming apparent horizon (r < ry,), whose initial configuration
is fully described by the shape parameter a.

The mass of a PBH is determined by the amplitude ¢ of the perturbation with respect to
the corresponding threshold 6., according to the scaling law of critical collapse

MpBH — ’C((S - 5C)nMH (3.14)

where the critical exponent 7 depends only on the equation of state (n ~ 0.36 for a radiation-
dominated Universe), while K, as for d., depends on the initial configuration of the energy
density profile, roughly varying between 1 and 10. For the standard scenario of a radiation-
dominated Universe, expression (3.14) describes the mass with good accuracy when (§ — dc) <
1072, corresponding to mppg < M.

Although non linear cosmological density perturbations are described by a non Gaussian
random field, when the Universe is still radiation-dominated one can compute the threshold 6.
from the shape of the Gaussian inflationary power spectrum following a simple prescription. The
algorithm, divided into a few simple steps, accounts for both the non linear effects associated
with the relation between the Gaussian curvature perturbation and the density contrast as well
as for those arising at horizon crossing. While a more refined description of the various steps
will be found in [60], we give here a synthetic overview of the prescription one needs to follow.

1. The power spectrum of the curvature perturbation: take the primordial power
spectrum P¢ of the Gaussian curvature perturbation and compute, on superhorizon scales,
its convolution with the transfer function 7'(k,n)

272 2
Pe(k,n) = —5 Pe(k)T=(k, m). (3.15)

2. The comoving length scale 7, of the perturbation is related to the characteristic scale
k, of the power spectrum P. Compute the value of k.7, by solving the following integral
equation

(e
/dk;k;2 [(szfn - 1)w + cos (kim) | Pe(k,m) = 0. (3.16)
T'm

3. The shape parameter: compute the corresponding shape parameter « of the collapsing

perturbation, including the correction from the non linear effects, by solving the following

equation

F(a)[1+ F(a)]a = 2aq (3.17)
with

4 Am P
00 =~ 1, LUK cos W) Bk )],
4 [ dkk3 sin (kPm) P (k, )
2 1 al_%
Fla)= |1 2e-2 , (3.18)

5 5 1
5 T(e) T 3)
A numerical fit of the shape parameter « as a function of o, which represents the solution
of Eq. (3.17) with a percent accuracy, is given by [84]

1.758 a233° +1.912 aq 01< a<45,
a N (3.19)
4ag +3.930 ag a2 8.

In the intermediate region where 4.5 < a < 8, no simple power law fit with a percent
accuracy was found, and one needs to solve Eq. (3.17) numerically.
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Figure 10. Threshold 6. and critical collapse parameter K as a function of the shape parameter «,
assuming a universe dominate by perfect radiation (i.e. w = 1/3). Figure adapted from Ref. [60]

4. The threshold J.: compute the threshold as function of «, fitting the numerical simula-
tions.

e At superhorizon scales making a linear extrapolation at horizon crossing (aHry, = 1).

%97 —0.50 01<a< 7
6 =~ { o935 _0.475 7< a<13 (3.20)
%026 _ .45 13< a<30

e At horizon crossing taking into account also the non linear effects.

%125 —0.05 01<a<3
be > ¢ ™06 10.025 3<as<s (3.21)
1.15 a>8

This prescription is using the fact that, if P follows a Gaussian distribution, ®1, = —7('(7)
is also a Gaussian variable, and one can write dy, as

4 1
de = gq)c,L <1 - 2‘1>C,L) (3.22)

where @y, 1, = @, (7 ), and @ is such that 0.37 < &1, < 1.

In Fig. 10, we show the threshold density contrast as a function of the shape parameter
(left panel). Also, in the right panel, we report the critical collapse parameter K defined in
Eq. (3.14). We recall that the critical collapse exponent 7 is independent from the shape of
the collapsing overdensity peak (i.e. independent from «) and it is fixed to be n = 0.358 in
a perfect radiation fluid. In the following, we will discuss how these parameters are modified
when thermal effects during the evolution of the universe, causing a significant departure from
the perfect radiation fluid approximation.

Before concluding this Section, we mention two relevant points. First, it has been recently
observed that corrections from the non-linear radiation transfer function and the determination
of the true physical horizon crossing tend to decrease the PBH abundance [364]. Secondly, a
recent study [365] which investigated the formation of PBHs with an anisotropic relativistic
perfect fluid, using a covariant form of the EoS in terms of pressure and energy density gradi-
ents. This indicates that the value of the threshold d. is increasing with the amplitude of the
anisotropy, if this is not large, while further studies are necessary for a nonlinear modification
of the EoS.
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3.4 Gravitational collapse of primordial curvature perturbations - standard for-
malism

Although PBHs can be generated by many different mechanisms, we will focus here on the
collapse of cosmological perturbations. In this case, the fraction f¢ of PBHs formed in the
early Universe is determined by the probability that a given primordial curvature fluctuation
¢, characterized by an amplitude § of the density contrast, is above a certain threshold d.. The
fraction of PBHs at formation is then usually given by

6f(mPBH) = /500 P(mpBH, 5)d5, (3.23)

and the abundance of PBHs is sensitive to the PDF P(mppp, d) as to the value of the threshold
dc. In the previous section, we have discussed in details how the amplitude ¢ is computed
from the curvature ¢, understanding how this is related to the shape of the cosmological power
spectrum of curvature perturbations P¢(k). Later we will also discuss the effects of primordial
non-Gaussianity on the abundance.

In Eq. (3.23), we have expressed the PDF in terms of the mass mppy of the PBHs formed
instead of the number of e-folds because in first approximation the mass of PBHs is related to
the size of the causal horizon collapsing, depending on the time of formation (see e.g. [11]).
This implies that

MpBH &= ’yMH (324)

where My is the mass of the cosmological horizon computed at horizon crossing, while -,
varying roughly between 0.1 and 1, is the efficiency parameter encapsulating the details of the
gravitational collapse.

Given the fraction of PBHs [¢(M), one can compute the contribution of PBHs to the
energy density of the Universe and determine the fraction of DM they represent today. In this
sense it is convenient to compute this quantity at the time of matter-radiation equality

Meq
Qppy = Beq(mppn)dInmppn (3.25)

where M., is the lower bound due to Hawking evaporation, i.e. PBHs with M < M., would
already been evaporated by now. We assume that the fraction of PBH at the time of matter-
radiation equality has grown because of the cosmic expansion followed after the time of forma-
tion, which gives

Beq(mppn) = eNea™N0) Bt (mppy) . (3.26)
The PDF is characterized by the physics in the early Universe while the threshold depends on
the conditions at the time of formation. The analysis of the gravitational collapse of curvature
perturbations to form PBHs and the appropriate threshold condition has been an active line
of research in the past years [49-51, 366, 367], with recent analysis on the dependence of the
threshold on the shape of the power spectrum [361, 368] and on the non-linear relation between
the curvature perturbations and the density contrast [57, 60], which affects significantly the
computation of the abundance with respect to the standard calculation done with the linear
Gaussian approximation [362, 363].

Note that the threshold is also sensitive to the equation of state (EoS). For example, the
QCD phase transition is lowering the ratio between the pressure and the energy density, reducing
the threshold and therefore increasing the production of PBHs formed during the QCD phase,
characterized by a typical mass of the order of 1Mg [20, 145].

Large curvature fluctuations can be produced by very different means in the early Universe.
If the curvature perturbations were Gaussian, then the PDF would be described only by its
variance o2 and the fraction of PBHs measured at the time of formation is usually computed as

>~ 1

52 ) )
=2 “27dd=1—erf | — | =erfc | — | , 3.27
Be(mpsn) /a Varo© < <ﬂ0> erc(\/io) (3:27)
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where the factor 2 outside the integral is sometimes introduced when the abundance is computed
using the excursion set method (see, for example, [369, 370]). This expression, however, does not
take into account that when 0 is larger then a certain value dpyax (originally estimated dpax ~ 1
by Bernard Carr in 1975 [5]), the perturbation forms a separate closed universe, topologically
disconnected. A more accurate version can nevertheless be obtained re-normalizing the previous
expression as

/ - ) /71 2745 f f c fc Omax
e 20 S —
— 5c 27TU2 _ 1 “ <\/>O-) _ e (\/i()') e <\/>0-> (3 28)

/Bf (mPBH> - /6max 1 _ﬁzdé B erf < 5max ) 1 — erfc <5max>
20 -
0 2702 € \/§ 7 \/50-

PBHs are produced through the tail of the PDF, ie. the area left under the PDF curve where § is
larger than the critical threshold d.. Therefore, PBH abundance is exponentially sensitive to the
threshold and the statistical properties of the primordial perturbations. Even tiny modifications
in the tail of the distribution can change the PBH abundance by many orders of magnitude.

The variance of the field of density perturbations o, according to the Gaussian distribution
of 9, consistent with the linear approximation of the relation between the energy density contrast
and the curvature perturbation (see next Subsection), is given by

dk:

16 [ dk
= (6%) = — Palk,m) 8615/14: (kr) W2 (k, ) T2 (k, ) Pe (k) (3.29)
0

0

where Ps(k,r) and P (k) are the density and the curvature power spectra, while W (k, r) is the
Fourier transform of the top-hat smoothing function and T'(k,r) is the linear transfer function

Wk.r) = 3 [sin(k?“)(;f;gcos(kr)] (3.30)
Tlhr) = sin (f/g) — 75008 (%) ' (3.31)

(%)

V3

The quantities d. and o, giving the critical threshold v. = §./0, are typically computed at
super horizon scale, when the curvature perturbation { for adiabatic perturbations is time
independent, making a linear extrapolation at horizon crossing time, which is approximately
the time when PBHs are formed (we will discuss this later in more details). All this shows that
a larger amplitude of the power spectrum, combined with a shape decreasing the corresponding
value of v, could increase significantly the fraction of PBHs because the abundance of PBHs is
exponentially sensitive to the value of d..

The linear transfer function? ensures that the variance would always converge, because the
window function by itself, chosen consistently with the top-hat window function in real space
used in the definition of ., does not guarantee convergence if the power spectrum considered is
sufficiently broad. An alternative approach is to use a Gaussian window function, which provides
always convergence of the variance, but this is contaminating the value of J., introducing an
error in the final computation of the abundance [371].

“Ref. [364] has recently investigated the role of non-linear corrections, coming from the non-linear radiation
transfer function and the determination of the true physical horizon crossing, on the PBH abundance, showing
that, while the critical threshold is larger than what routinely assumed, the variance is unlikely to be changed
with respect to the linear one.
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3.5 The inevitable non-Gaussianity of the primordial black hole abundance

The non-linear relation between the curvature perturbation and the density contrast in (3.4)
induces an inescapable non-Gaussianity of the density contrast, even assuming a Gaussian
primordial initial condition [57, 362, 363]. This can be captured in the non-linear expression

[363]

6m = 0] — 2512, 6 = —%rmg’(rm). (3.32)

It highlights two key points. First of all, the probability of forming PBHs does not depend
on the comoving curvature perturbation itself {, but on its derivative ¢/. This is expected,
given that on superhorizon scales one can always add or subtract to the comoving curvature
perturbation a constant by a coordinate transformation and this may not influence any physical
result. Secondly, thanks to the conservation of the probability

dom

P(61) = Plom(0)] | =

Tk (3.33)

one can compute the abundance of PBHs simply using the Gaussian probability of §), integrating
it from the critical amplitude for §;

4 / 3
5170 - g (1 - 1 - 25C> 3 (334)

in terms of the critical amplitude ..

3.6 Collapse of some initial non-Gaussian perturbations

It has been observed that nearly all models discussed in Sec. 2 generate a considerable amount
of primordial non-Gaussianity. We briefly summarize the 8 function in case of large local non-
Gaussianity, which turns the PDF into a x? distribution, explicitly 0y2 = G? — (G?); and also
in case of large cubic interactions, which turn the PDF into a cubic-Gaussian distribution,
explicitly §cs = G2, with G a field obeying Gaussian statistics [247, 248, 372, 373].

B 2 (mppu) = erfc (1 / % + \j%@') )

1/3
dc

8
ﬁa

ﬁﬂ G3 (mpBH) = erfc (335)

We also note that the threshold density d. depends slightly on the non-Gaussianity [288, 374,
375].

3.7 Non-perturbative abundance from non-Gaussian perturbations

Refs. [290, 376] addressed the problem of computing the impact of a general form of local
primordial NG on PBH abundance beyond the perturbative approach. In particular, let us
focus on the functional form

() = F(Ca(T)) , (3.36)

where F' is a generic non-linear function of the Gaussian component (. There is a large
number of relevant cases in the literature of PBH formation where the NGs can be modelled as
in Eq. (3.36). We summarize few relevant examples in Tab. 1 (adapted from Ref. [376]).

It is important to stress here that going beyond the perturbative approach becomes a
necessity at least when dealing with broad spectra of curvature perturbations. This is because,
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Power-series expansion [361, 373, 375, 377-384] ¢ =Co+ 2fnCa+ okgNLCE + ...
Curvaton [294, 385] ¢ = log [X (Tdec, Ca)]

USR [386] ¢=—(8fw) log (1 &fuls)
USR with an upward step [271] (= —% V1= |hl¢e — 1}

Table 1. Some examples of PBH formation scenarios characterised by local non-Gaussianity of the
form defined in Eq. (3.36). The function X (7gec, () given in the second row is defined in [385].

as shown in Ref. [376], in these cases the probability distribution function of (s is evaluated
beyond the radius of convergence of the series expansion, leading to inaccurate results if the series
is truncated at finite order. Notice that in non-attractor models the sign of non-Gaussianity is
always positive [387], thus enhancing the PBH abundance.

Using the relation between the curvature perturbation and the compaction function in the
gradient expansion (3.4), it is possible write

C(r) = =207 ¢(r) [1+ 5] = Cilr) = )7, Ci(r) = —20r('(r), (3.37)
where C; (1) defines the so-called linear component of the compaction function and we introduced
the prefactor ® that accounts for potential thermal effects (see more in depth discussion below

Eq. (3.46)). Substituting in the previous expression the relation ¢ = F'({s) (see eq. (3.36)), one
obtains that the linear component of the compaction function takes the form

dF dF
— 20 (r) 2 = o .
Ci(r) r(s(r) i Cq(r) i (3.38)
with Cq(r) = —2®r ¢,(r). Consequently, the compaction function reads
B dF 1,  (dF\?

Crucially, C(r) depends on both the Gaussian linear component C and the Gaussian curvature
perturbation (. Both these random variables are Gaussian; (o is Gaussian by definition while
Cg is defined by means of the derivative of the Gaussian variable (.

Adopting threshold statistics on the compaction function, one can express the non-Gaussian
mass fraction as an integration of the joined PDF in the domain which results in overthreshold
perturbations, i.e.

B = /D K(C — Con) " Pa(Cass (o) ACeds (3.40)
D={Ce, (e €R : C(Co,Ce)>Cin A Ci(Ca,C) < 20 (3.41)

where the multivariate normal distribution of (Cg, (g) can be written as

Po(Co, (o) = ! exp (— S Yexp |- L (Cedele) (3.42)
e (27r)0'car\/1—'7027~ P 20'1% P 2(1_'%21") Oc Or . .
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To shorten the notation, we have followed Ref. [388] and defined the element of the covariance
matrix as

(CaCq) = 02 = 4(52 Ooo %(krm)4wz(l§,rm)TQ(k,rm)Pg(k:) , (3.43)

(Cala) = 02 = ? h %(krm)QW(k,rm)Ws(k, ) T2 (k) P (K) (3.44)
0

(Cate) = o = [ FWER r) T ) Pelh), (3.45)

where W,(k,r) = sin(kr)/kr, W(k,R) and T(k,7) are given in Eqgs. (3.31) and (3.30), while

— 2
Yer = 05/ OcOp.

3.8 Thermal history
3.8.1 The equation of state and the number of relativistic degrees of freedom

The reheating at the end of inflation should have filled the Universe with radiation. In the
absence of extensions beyond the Standard Model (SM) of particle physics, the Universe remains
dominated by relativistic particles with an energy density decreasing as the fourth power of the
temperature as the Universe expands and cools down. The number of relativistic degrees of
freedom remains constant (g. = 106.75) until around 200 GeV, when the temperature of the
Universe falls to the mass thresholds of SM particles.

As shown in Fig. 11 (left panel), the first particle to become non-relativistic is the top
quark at T' ~ my = 172 GeV, followed by the Higgs boson at 125 GeV, and the Z and W
bosons at 92 and 81 GeV, respectively. These particles become non-relativistic at nearly the
same time and this induces a significant drop in the number of relativistic degrees of freedom
down to g, = 86.75. There are further changes at the b and ¢ quark and 7-lepton thresholds
but these are too small to appear in Fig. 11. Thereafter, g, remains approximately constant
until the QCD transition at around 200 MeV, when protons and neutrons condense out of the
free light quarks and gluons. The number of relativistic degrees of freedom then falls abruptly
to g. = 17.25. A little later the pions become non-relativistic and then the muons, giving
gx = 10.75. After that, g, remains constant until e™e™ annihilation and neutrino decoupling at
around 1 MeV, when it finally drops to g. = 3.36.

100+
80+

60[
" 028f
40l
026}

20+

0.24

. . . . 1022 . . . L
0.1 10 1000 10° 0.1 10 1000 10°

T [MeV] T [MeV]

Figure 11. Relativistic degrees of freedom g, (Left panel) and equation-of-state parameter w (Right
panel), both as a function of temperature T' (in MeV). The grey vertical lines correspond to the masses of
the electron, pion, proton/neutron, W, Z bosons and top quark, respectively. The grey dashed horizontal
lines indicate values of g, = 100 and w = 1/3, respectively.

Whenever the number of relativistic degrees of freedom suddenly drops, it changes the
effective equation of state parameter w. As shown in Fig. 11 (right panel), there are thus three
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Figure 12. PBH density fraction at formation %™ (left panel) and the corresponding PBH mass
function fppn today (right panel), neglecting the effects of PBH growth by accretion and hierarchical
mergers, for two models with a power-law primordial power spectrum and including the effects of thermal
history: Model 1 from [70, 74] with spectral index ns = 0.97; Model 2 from [131, 145] with ny = 1. and
a cut-off mass of 107'14M. The transition between the large-scale and small-scale power spectrum is
fixed at k = 103Mpc ™. The power spectrum amplitude is normalized such that both models produce an
integrated PBH fraction fpgy = 1, i.e. PBH constitute the totality of Dark Matter. A value of v = 0.8
(ratio between the PBH mass and the Hubble horizon mass at formation) was assumed. Figure produced
for [390].

main periods in the thermal history of the Universe when w decreases. After each period, w re-
sumes its relativistic value of 1/3 but each sudden drop modifies the probability of gravitational
collapse of any large curvature fluctuations present at that time.

3.8.2 Thermal effects on PBH formation and abundance

Because the threshold d. is a measure of the pressure gradients working against the gravi-
tational collapse, it depends on the equation-of-state, and since the PBH abundance depends
exponentially on the value of the threshold, the thermal history should have left imprints in the
PBH mass distribution. In particular, one finds that the PBH mass distribution is sufficiently
broad, in the form of a high peak at the solar-mass scale, a bump around 30Mg, which would
have implications for LVK observations, as well as one bump at planetary-masses from the
electroweak scale and a final one for intermediate-mass PBHs [70, 145].

The expected mass distribution for an almost scale invariant power spectrum Fig. 12 for
two representative models of PBH formation from a (nearly) scale invariant power spectrum with
spectral index ng = 0.97 and ng = 1. These models are later used in this review for computing
the PBH merger rates and SGWB. However to obtain Fig. 12 the effects of the variation of
the equation-of-state and of the pressure gradients during the PBH formation process were
neglected.

More recently new numerical simulations of PBH formation at the QCD epoch have been
performed [76, 389], including the time and radial variations of the equation of state. These
modify significantly the PBH mass function characterised by a lower but broader QCD-induced
peak. The physical reason of this broadening is the time duration of the formation process,
during which the changes in the equation-of-state favor the collapse. As a result, the threshold
and the resulting PBH mass distribution do not only depend on the fluctuation mass at horizon
crossing, but also on the precise evolution of the equation of state, as well as the details of the
curvature fluctuation profile.

The thermal history, affecting the equation of state of the fluid dominating the energy
density at the time of PBH collapse, impacts many aspects of the PBH formation. Following
Refs. [87, 389], here we discuss how the threshold is varying according to the equation of state,
focusing on the modification of the relation between the density contrast and the curvature
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Figure 13.  Figure taken from [87]. Left panel: the equation-of-state parameter w = p/p (red)
and squared speed of sound (blue) as functions of the cosmological horizon mass Mpy. Right panel:
Evolution of the equation-of-state dependent parameter ®, relating the density contrast to the curvature
perturbation as functions of the cosmological horizon mass Mpg.

perturbation when the equation of state is varying with time. This has an impact also on the
PBH masses with a modified scaling behaviour of the critical collapse.

When the equation-of-state is not constant, Eq. (3.4) is modulated by an overall factor
®(t), which we can define in the long wavelength approximation as [87]

op 4o (LY —setryzon o)

®(t) can be computed by solving the equation [50]

1dB(1) | 5+ 3uw(t)
H dt 2

B(t) — %(1 +w(®) =0 (3.47)
integrated from past infinity to the time when the amplitude of the perturbation is computed.
Assuming the standard models of the very early Universe, the initial condition for Eq. (3.47)
is derived assuming a radiation dominated medium, with an equation-of-state p = wp and
w = 1/3. When a constant w(t) = w characterises the fluid dominating the energy budget of
the Universe, we have d®(t)/dt = 0 and one obtains

- 3(1+w)
o = 51 30) (3.48)
yielding ® = 2/3 for a radiation fluid with @w = 1/3. Such a prefactor is standardly reported
in Equation (3.4). The behavior of ® across the QCD phase transition, obtained by solving
Eq. (3.47), differs from the average ®, particularly in the region where w and cg are quickly
varying with respect to My (left panel of Fig. 13). The resulting evolution of ® as a function
of horizon crossing mass is shown in the middle panel of Fig. 13.

Overall, the QCD phase transition introduces an additional degree of freedom into the
problem, which is the characteristic scale of the horizon crossing of the cosmological perturba-
tion. In Figure 14, obtained from the computations done in [389], we summarise the modified
behaviour of the threshold d. for different values of the shape parameter a defined in (3.12).
The different lines with a color varying between red, for smaller values of a and blue, for larger

values, shows as the threshold is varying during the QCD epoch, as function of the cosmological
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Figure 14. Relative variation of the threshold compared to what is obtained assuming perfect radiation
as a function of the horizon crossing time (parametrised here with Mpy) induced by the QCD thermal
effects. The color code indicates the different values of log;,(«) as indicated by the bar on top of the
frame. Figure adapted from Ref. [389].

horizon mass My. This is in agreement with the results obtained in [76], apart from a few
percent difference due to the different set up of the initial conditions.

In [389] the authors has computed also the modified critical scaling behaviour defined in
Eq. (3.14), which is modified as

mppn = K(Mp) [§ — 6¢(Mg)]" M%) My, (3.49)

where 6.(Mp), v(Mpg) and K(Mpr) are fitted to numerical simulations performed in Ref. [389]
as a function of Myz, i.e. when the perturbation is crossing the cosmological horizon, defined as

g \—L/6 k/k -2
My ~ 17M, ( ) ) .
1 = 1Mo (1575 <106Mpc—1 (3:50)

where g, is the number of degrees of freedom of relativistic particles and x = r,,k relates the
spectral wavenumber with the horizon crossing size of perturbations as derived in Sec. 3.3. The
different lines shown in Fig. 15 with a color varying between red, for smaller values of My, and
blue for larger values, shows how the scaling law is modified by the characteristic scale of the
problem. Notice that an exact power-law critical behaviour is only obtained close enough to
the density threshold (6 — 6. < 107%), where the PBH masses are significantly smaller than the
cosmological horizon mass, not able to affect significantly the collapse, while for larger values
the equation-of-state during the QCD epoch induces further modifications. Ref. [87] fits the
relation between the PBH and horizon mass using the power-law template (3.49) in the range
of § which most contributes to the abundance, i.e. (§ —d.) € [1075,2 x 1072], and finds that
deviations from the functional form used in Eq. (3.49) would only induce a small correction
which we can neglect. The resulting values of K(Mp) and v(Mp) used here are shown in the
right plot of Fig. 15. For reference, we also show the critical collapse during the radiation
dominated epoch of the early Universe, indicated with a black dashed line. A general trend is
observed: for My < 3My, there is a tendency to generate heavier PBHs, while the opposite
is found when My 2 3Mg. This can be seen in the left panel of Fig. 15, where orange (light
blue) lines fall above (below) the dashed black line indicating the result for a radiation perfect
fluid. The fitted values of K(Mp) and «y(Mp) are shown in the right panel of Fig. 15.
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Figure 15. Figure from [87]. Left panel: PBH mass mppy plotted as a function of § — §. computed
at the cosmological horizon crossing (see Ref. [389] for more details). The behavior for a radiation
dominated medium is plotted with a black dashed line. Right panel: The values of the power law
coefficients in Eq. (3.49) found by fitting the results of numerical simulations shown in the left panel.

In order to compute the full mass distribution, including both the thermal effects as well
as non-linearities (3.32), it is convenient to invert the relation between horizon and PBH mass
through the critical collapse relation (3.49), focusing only on the type-I branch [60], as

B B 5 1 (mppr\""
51—2<I><1—\/7\), where A_1—¢—¢)<KMH> . (3.51)

Finally, one can arrive at a compact expression for the computation of the mass distribution
which is

mppr) = L en _ 8 /dMH Meg\"? (o1 )’
PP = Qppn dmpsn 37 Qpeumpsn J My \ My aHoy

3
(I)3IC MPBH H%/ <1 o \/K) 2(1)2 2

and the integration range of My is subject to the condition A > 0 (because we require ¢ > Jd.).
An extension of this formula that includes both thermal effects and non-Gaussianities of (,
as discussed in Sec. 3.7, is presented in Ref. [376]. The quantities K(Mg), v(Mg), ®(Mp),
d¢(Mp), and o;(Mp) are left within the integration over the horizon mass scale, as they all
explicitly depend on My when thermal effects are included. The variances can be computed
integrating the curvature power spectrum as

o

o2(r) = S? / O T2 (k) T2 (K, o K25 P (), (3.53)
0

W

9 k

where ¢ = 0,1 and the window and transfer functions are defined in Egs. (3.30) and (3.31),
respectively. If a nearly scale invariant spectrum of curvature perturbations is assumed, the
smoothing scale r,, is related with power spectral modes as r,,k = k = 4.49, as discussed in
Sec. 3.3. This relation is strictly valid for a shape parameter o = 3 [60]. Notice that in the low
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Figure 16. Plot taken from [87]. Mass function obtained with a few choices of the curvature power
spectrum. This plot assumes fppy = 1072, the minimum horizon mass to be < 10725My, the largest
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mass M®* = 10%>8M; and a variable tilt ns. The black dashed line reports the lognormal mass
distribution found as the best fit in the analysis of Ref. [83].

mass limit, that is when we consider masses much below the smallest My, one can find that
the mass distribution (3.52) scales as

W (mppr) o (mpsn)"” (3.54)

where 1/ ~ 2.8 if one assumes the energy density of the Universe behaving as a relativistic
fluid with w = 1/3, which gives vy ~ 0.36 [21].

We conclude this section with a note of caution. While it is true that the QCD era
produces a natural boost of formation around the solar mass, the physics of collapse alone is
not predictive. This is because all the model dependence is retained in the spectrum and in
the statistics of curvature perturbations. Without strong assumptions on the tilt and running
of the spectrum, for instance, no prediction on the height of the QCD peak at the solar mass
compared to other scales can be obtained. This is reflected in Fig. 16, where different mass
distributions are derived, assuming a power-law curvature power spectrum with varying tilt n,
(not necessarily related to the one at large CMB scales). The different ways one can introduce
the curvature or density profiles can explain some of the differences observed between [389] and
[76], as well as the still low degree of accuracy to which we know the evolution of the equation-
of-state from QCD lattice simulations. Overall, the PBH formation remains an intrinsically
non-linear and fully relativistic process, which makes the physics quite complex, as the recent
developments have shown. The improvement of our understanding of PBH formation has been
very important and will probably be pushed further ahead in the next years, with significant
implications for the PBH mass distribution expected in the various proposed models.

3.9 Evolution of the mass function through accretion

The primordial PBH mass function would be preserved up to the present epoch unless phenom-
ena affecting the PBH masses modify it during the cosmological history. In particular, it was
shown that PBH mass accretion may be relevant for the PBH evolution [78]. In this Subsection
and in the following, we will describe the impact on the mass and spin of PBHs by a phase of
accretion.

3.9.1 Accretion onto isolated PBHs

PBHs can accrete mass if particles from the surrounding environment fall into the gravitational
potential well generated by the compact object and eventually get eaten by the PBH. It can be
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shown that the strongest impact on the PBH mass is coming from baryonic accretion. In case
PBHs are not accounting for the entirety of the DM, there exists an additional DM fluid in the
Universe. Such a secondary DM component however would only act as a catalyst of baryonic
accretion while it marginally contributes to the PBH mass growth [44].
During the cosmological history, one can model the mass variation using the Bondi-Hoyle
accretion rate [44, 391-395]
MPBH = 4TAMpNgasVos MBBH, (3.55)

2

+ ¢2 is given in terms of the relative velocity vye]

where the PBH effective velocity veg = 4/ v
with respect to the surrounding gas of hydrogen with mass my, sound speed c¢s and number
density ng,s. We denote with the Bondi radius rg the region of space under the influence of the
PBH potential well which is also determining the characteristic scale of the gas cloud accreting
onto the PBHs. The parameter A, whose explicit expression is summarized for example in
Appendix B of Ref. [78], takes into account the effects of gas viscosity, Hubble expansion and
the coupling of the CMB radiation to the gas through Compton scattering [395]. Notice that the
aforementioned treatment is based on newtonian mechanics, and general-relativistic effects may
lead to a significant increase in the mass accretion rate, depending on the specific environmental
settings, see for example Ref. [396, 397].

The presence of observational constraints for PBHs with masses larger than O(Mg,) suggest
that they can comprise only a fraction of the DM in the Universe, and therefore an additional
DM halo has to be considered when modelling gas accretion [398, 399]. The presence of a DM
halo catalyses the accretion of gas onto the PBHs, with a halo characteristic size and mass
which grows with time as [44]

Mhalo 1/3 1 + z -1 1 4+ z -1
alo — 0‘019 Pl M alo — 3 3.56
"hal pe ( M., ) 1000 halo = STPBH | 7000 (3.56)

and enhances the accretion rate [395]. In the limit in which the characteristic halo radius is
smaller than the PBH Bondi radius, accretion occurs onto a PBH with effective point mass
My a10, while for comparable sizes or in the opposite limit, the proper contribution is captured
by corrections to the accretion parameter A, see Appendix B of Ref. [78] and references therein
for additional details.

For PBHs with masses larger than O(10)Mg, accretion can reach super-Eddington values
before the reionization epoch and play an important role in both the mass and spin evolution
of PBHs, see Refs. [78, 395]. The increase of the PBH masses due to accretion also affects their
mass distribution function in a non-linear fashion [400, 401]. Indeed, for an initial mass function
Y(mbpgy, 21) at formation redshift z;, its evolution is governed by the identity [78, 402)]

¥ (mpgu(Mpp, 2), 2)dmper = ¥ (Mppy, 21)dmppy, (3.57)

where mpBH(miPBH, z) is the final mass at redshift z for a PBH with mass miPBH at redshift
zi. The main effect of accretion on the mass distribution is to make the latter broader at high
masses, producing a high-mass tail that can be orders of magnitude above its corresponding
value at formation [402].

Accretion may be also particularly relevant for the formation of SMBHs with masses
mppu > 107Myg, from PBHs lighter than 10*M, formed at high redshift [403]. In particular,
assuming Gaussian initial conditions and PBH abundance fpppg < 107 in order to be compat-
ible with the strong observational constraints by CMB spectral distortions [404-407], epochs of
Eddington accretion onto PBHs with masses ~ 200M may be responsible for the formation of
SMBHs at redshift z 2 6 [403], whose merging will possibly be detected by LISA.

At the onset of structure formation and reionization epoch, the increase of the PBH char-
acteristic velocities and the gas speed of sound reduce the accretion efficiency [408-410]. One

— 42 —



can adopt an agnostic view and consider a cut-off redshift z.,t_of below which accretion is neg-
ligible [78, 80]. Its value is relatively unconstrained due to the large uncertainties in modelling
accretion at relatively small redshift, such as X-ray pre-heating [411], details of the structure
formation and feedback effects. In particular, the emission of X-rays from accreting PBHs may
heat the plasma locally (local type) or produce Stromgren spheres of ionised H-II which may
impact the gas sound speed and thus the PBH accretion rate (global type) [44, 103], while the
generation of outflows may reduce the accretion efficiency depending on the outflow velocity
and direction (mechanical type) [412].

3.9.2 Accretion onto PBH binaries

When accretion occurs onto binary PBHs, one has to take into account both global accretion
processes (i.e., of the binary as a whole) and local accretion processes (i.e., onto the individual
components of the binary). In particular, as the typical binary separation is smaller than the
binary Bondi radius, the infall of gas is driven by the total mass M. of the binary system. In
this configuration, both PBHs experience accretion from the gas with an enhanced density, and
their individual accretion rates are modulated by their masses and orbital velocities [80]

) . 1 . : q

my = Mot ————=, My = MtotL (3.58)
2(1+9q) 2(1+q)

where the accretion rate Mo is computed using Eq. (3.55) adopting the binary system param-

eters. For binary systems, one always finds that the relative accretion rate for the secondary

component is larger than the one for the primary component, resulting in a growth of the mass

ratio of the binary towards unity according to the equation [80]

i—g (mQ _ ml) > 0. (3.59)

3.10 Spin Distribution

In this Subsection, we discuss the theoretical expectation for the PBH initial spin and how it
evolves when accretion is effective.

The collapse of density perturbations generating a PBH is expected to be a rare event due
to the fact that their cosmological abundance cannot exceed that of the DM, and applying the
peak theory formalism one finds that the high (and rare) peaks in the density contrast giving
rise to PBHs are primarily spherical [59]. At first order in perturbation theory, however, small
asymmetries introduce torques induced by the surrounding matter perturbations, which are
ultimately responsible for the generation of a small angular momentum before collapse. The
small time of collapse makes however the action of these torques limited in time. At formation,
the mean PBH dimensionless Kerr parameter y = J/m2gy; is estimated to be [401]

xi ~ 1072 /1 — 42, (3.60)

in terms of the power spectrum shape parameter ~pg, defined as the ratio between the cross
and auto-correlations of the density contrast and its spatial derivatives (close to unity for very
narrow power spectra). The initial PBH spin is therefore expected to be below the percent level
(see also Refs. [413, 414])5. The distribution of the dimensionless Kerr parameter at formation
takes the form as found in [401]

P(xi)dxi = uexp [-2.37 — 4.12 In (ux;) — 1.53 In? (ux;) — 0.13 In3 (uxi)] dxi, (3.61)

5The formation of PBHs in non-standard scenarios, like during an early matter-dominated epoch following
inflation [415] or from the collapse of Q-balls [416], may lead to higher values of the initial spin.
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where for simplicity we defined

5 VgsV
7/2 )
2 o54/1 — 'yg,s

in terms of the rescaled critical peak amplitude v = d./05 and the density contrast variance oy.

The initial PBH spin will be retained until the time of merger unless an efficient phase
of accretion underwent during the PBH cosmological evolution. Indeed, since the accretion
rate and the geometry of the accretion flow are intertwined, for accretion rates slightly above
the super-Eddington limit, the angular momentum carried by the infalling accreting gas may
lead to the formation of a geometrically thin accretion disk along the equatorial plane of the
PBH [44, 417, 418]%. Apart from efficient accretion, the formation of a disk happens if the
typical gas velocity is larger than the Keplerian velocity near the PBH, which translates into a
condition on the minimum PBH mass [78]

(3.62)

u =

(14 2/1000)*3°
0.687
1+ 0.031 (1 4 2/1000) "

mpgH 2, 6 - 10° Mg D¢ (2)

(3.63)

in terms of the constant factor D ~ O(1 — 10), which takes into account relativistic effects,
and the parameter £(z) = Max|[1, (vegr) /cs|, which describes the effect of the PBH motion with
respect to the gas.

In such a configuration, mass accretion is accompanied by an increase of the PBH spin
perpendicularly to the disk plane, whose growth rate can be described following a geodesic
model for circular disk motion as [78, 420] (see also Refs. [420-423])

X = (F() — 20 ok, (3.64)
MPBH
in terms of the combination F(x) = L(mppu, J)/mppuF (mppy, J), which is a function of the
energy and angular momentum per unit mass [420]

MPBH 2mpBH TISCO
Em ,J)=4/1—2 and L(m ,J) = 1+2,/3 —2>,
(mesi, J) V 3risco (mepi, J) 3v3 ( ' mpBH

(3.65)

depending on the ISCO radius

risco(mppn, J) = megi [3+ 22 = /(3= 21) 3+ Z1 + 223)| (3.66)
with 71 =1+ (1 — X2)1/3 [(1 + X)1/3 +(1- X)l/?’} and Zy = /3x2 + Z%. The spin evolution
continues within the relevant accretion timescale until it reaches the extremal limit xpmax = 0.998
dictated by radiation effects [421]. An analytical fit of the spin as a function of mass induced
by accretion onto PBH binaries can be found in Ref. [85]. This fit is based on the accretion
model presented in Ref. [78, 80] which is valid in the mass range currently observed by LVKC
experiment. Detailed modelling of accretion on PBH with masses above around O(10%)M,
particularly relevant for PBH mergers observable by LISA, is still lacking in the literature,
due to the difficulty in modelling accretion with the inclusion of feedback effects at such large
masses.

If instead accretion occurs onto a PBH binary, the fact that total mass of the binary drives
accretion leads to a much more efficient angular momentum transfer on each PBH [78, 80]. In

SFor accretion rates slightly smaller than the Eddington limit, accretion is non-spherical and an advection-
dominated accretion flow (ADAF) may form [419]. In the opposite case, the accretion luminosity might be so
strong that the disk “puffs up” and becomes thicker, resulting in less efficient angular momentum transfer.
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Figure 17. Figures taken from Ref. [85]. Left: Predicted primary (x1) and secondary (x2) spins as a
function of primary mass m; and mass ratio ¢ for various values of zeut—of (indicated by colors specified
in the right panel). Right: Predicted distribution of x.g as a function of PBH mass m; (assuming equal
mass binaries) for three choices of zeut—oft-

this case, the accretion onto the binary components is never spherical and disks can form easier
around the PBHs. Moreover, since the lighter component of the binary experiences a stronger
accretion rate, this results into a higher spin with respect to the one of the primary and heavier
component [80].

An important parameter measurable through GW observations is the effective spin

_ X1C0S( + X2 COS Qg

= 3.67
Xeff 1+ q ( )

)

which is a function of the mass ratio ¢, of both BH spin magnitudes x; (j = 1,2), and of their
orientation with respect to the orbital angular momentum, parametrized by the tilt angles o;.
In Fig. 17, we show the expected distribution of y.g by averaging over the spin angles, as a
function of PBH masses in binaries for various choices of zoyt—oft-

An alternative scenario for inducing spin on PBH occurs in the context of dense PBH
clusters, where close hyperbolic encounters [424, 425] may spin up both black holes [426, 427] due
to the fundamental frame-dragging effect of general relativity, analogous to magnetic induction
in electromagnetism, in this case due to a current of matter as one black hole scatters off another.
In the case of highly asymmetric binaries with large mass ratios, the induced spin can reach
up to x ~ 0.8 for the most massive one [427]. Nevertheless, the distribution of spins of PBH
in dense clusters is still characterized by a Gaussian around zero-spin with a width of order
o~ 0.2 [79].

3.11 Comments on the clustering from Poisson initial conditions

In the absence of non-Gaussian initial conditions, PBHs are Poisson distributed, as shown in
Ref. [428]. In such a case, the PBH clustering evolution has been studied with a cosmological
N-body simulations in Ref. [429] up to redshift of O(10?) and confirmed analytically in Ref. [430]
assuming a monochromatic PBH mass distribution. In this Subsection we briefly summarise
the main conclusions.

To characterize the PBH two-point correlation function as a function of the comoving
separation = = |Z|, we introduce the overdensity of discrete PBH centers at position Z; with
respect to the total background DM energy density,

dppBH(T, 2) 1 L
= op(®¥—Ti(z)) — 1, 3.68
JfPBHPDM npBH Z p( () (3.68)

%
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Figure 18. Figure taken from Ref. [429]. The abundance of halos Nyp, containing a given number of
PBHs, Nppn/uL, i-e. halo mass function. Solid lines report the results of the N-body simulations while
dashed lines are indicates the theoretical prediction assuming Poisson statistics.

where dp (%) is the three-dimensional Dirac distribution, and
20 Mu/h
npBH =~ 3.2 frBH (G/) (h/kpc)3 (3.69)
mMpBH

is the average number density of PBHs per comoving volume. Here, i runs over the positions of
PBHs. The two-point correlation function of this discrete point process takes the general form

<(5ppBH(:E’,z) 5,0PBH(0,Z)> fPBH5 (%) + &(z, 2). (3.70)
PDM DM nPBH 7

This expression emphasizes that £(z, z) is the so-called reduced PBH correlation function and,
thus, is distinct from the additive Poisson noise proportional to the Dirac delta. As mentioned
before, initially the reduced correlation function is negligible. The corresponding PBH power
spectrum

A%(k,z) = o 2/d3 ik-& 5”PBH(”” 2) 9ppeu (0, Z)>, (3.71)
PDM PDM

is conveniently defined relative to the total cold dark matter average density.
After a linear growth, the PBH power spectrum enters in the so called ” Quasi-Linear”
regime during which

—3/4 3/2 9/4
) 34 (20 My/R\ 100 k
AQL(k) ~ (0.04 fPBH (mPBH 1+ 26 fpu 1 g 7h/kpc . (3.72)

When the power spectrum becomes larger than around 200, it enters in the ” Non-Linear” regime
during which

3/5 6/5 9/5
2 3/5 MPBH 100 k
Axp (k) ~ 0.2 fppy <2OM@/h> {1 + 26 fpH <1 e ke . (3.73)

PBHs form halos whose mass distribution may be described by the Press-Schechter theory
[431] with an initial Poisson power spectrum. The resulting number density of PBH halos with
mass between M and (M + dM) reads

dn(M,z) _ppgy (M \Y? e MM -
dM VT \ M. (2) Mz ‘
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where pppy is the average PBH energy density and [410]

, (26002
M*(Z) == N*(Z) - MpBH &~ fPBH <1+Z> mMpBH (3.75)
is the typical mass of halos collapsing at redshift z. This prediction agrees with the results of
cosmolocial N-body simulations, as shown in Fig. 18.

If we restrict ourselves to small scales, both members of a PBH pair are almost certainly
drawn from the same PBH halo. In this limit, if the PBH density profile is pppy(x) ~ x~“PBH
then the two-point correlation function must behaves like ~ x~2PBH+3 [432433] as it is pro-
portional to the square density profile. Imposing (—2eppy + 3) = —9/5, we infer that the PBH
density profile should satisfy

ppou(z) ~ 27?5, (3.76)

which is confirmed by numerical simulations presented in Ref. [65]. Notice that since clustering
is hierarchical, each halo has a certain survival time and, therefore, a given probability to be
absorbed by a bigger halo formed at a later redshift. Asshown in Ref. [430] the evaporation time
(due to dynamical relaxation) of PBH halos is typically larger than their survival time, which
implies that PBH halos are stable against evaporation. We will discuss later on the impact of
clustering on the merger rate of PBH binaries.

3.12 Summary

In this Section, we did not only review the standard formalism to compute the PBH mass
function from the curvature or density power spectrum, but also the most recent developments
on the computation of the critical overdensity threshold and of the relation between curvature
and density fluctuations, which depend on the perturbation statistics (Gaussian, non-Gaussian),
the primordial power spectrum and the evolution of the equation-of-state through different
phases like the QCD transition. The impact of these effects is important on the PBH abundance
and mass function. Even if it is possible to rescale the power spectrum amplitude in order to
obtain the required PBH abundance when one only focuses on a single observable, this is not
the case anymore when one tries to correlate multiple observations (e.g. PBH abundance and
induced GWs, as discussed in the following sections). In particular, the effects of the QCD
transition may have greatly imprinted on the mass function for stellar-mass PBHs with direct
consequences for GW observations that will be discussed in the next Sections. We also went
beyond the common assumption that the PBH mass and spin distributions do not change much
with time, by considering effects of accretion on isolated PBHs and PBH binaries. Finally we
emphasized the importance of the inevitable clustering of PBHs due to their inevitable Poisson
fluctuations.

4 PBH merging and encounter rates

In this Section, we calculate the expected PBH merging rates and their evolution with redshift
for two different binary formation channels: before matter-radiation equality and due to tidal
capture in clusters. For this purpose, we use a general mass distribution f(mpppg) that must
be specified by the underlying theoretical model and assumptions about PBH formation, as
explained in the previous sections. For the two channels, we also discuss some effects linked
to PBH clustering induced by the inevitable Poisson fluctuations in their spatial distribution.
This can cause a merging rate suppression for early binaries due to their tidal disruption by
early-forming clusters and a merger rate boost for late-binaries due to an enhanced clustering
compared to common halo mass functions in A-CDM cosmology. We also review the expected
rates of disrupted binaries. Finally, we study the rate of hyperbolic encounters in PBH clusters
that can induce GW bursts, possibly observable in Earth-based and space-based detectors.
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4.1 Early binaries
4.1.1 General rate formula

PBH binaries may have formed in the early Universe before matter-radiation equality. Because
of their random spatial distribution at formation, two PBHs can form sufficiently close to each
other for their dynamics to decouple from the Universe expansion. They form a binary instead of
directly merging, because of the gravitational influence of one or several PBHs nearby. Possibly,
the binary is sufficiently stable and it takes of the order of the age of the Universe for the two
black holes to merge.

Under the hypothesis that there is no local non-Gaussianity cross-correlating large and
small scales, PBHs do not form in clusters, but follow a Poissonian distribution [369, 428,
429, 434, 435]. The merging rates (per unit logarithmic mass of the two binary components)
of such early binaries (denoted EB) at a time ¢ were first estimated in [436] and are given
by [63, 65, 75, 80, 408, 437]

1.6 x 109
Gpciyr

t —34/37 my + ma —32/37 mims —34/37
< [— T T : (4.1)
to M@ (m1 + mg)

where m1 and mo are the two black hole masses and t is the age of the Universe. Compared to
the predictions of [63], one has to include a suppression factor fs,, to take into account several
physical effects that have been initially neglected but were revealed by N-body simulations
of [65].

Some analytical prescriptions have been proposed, e.g. in [65, 75], to calculate the sup-
pression factor fsup(fpBH,m1,m2). It can be written as the product of Si(fppu,m1, m2) and
Sa(fper) that take into account the rate suppression due to nearby PBHs or matter fluctuations
and PBH clusters seeded by Poisson fluctuations, respectively. These analytical prescriptions
have been compared with N-body simulations, but only in the case of monochromatic and log-
normal PBH mass distributions. Therefore, one must be cautious when applying them to broad
mass functions, even if they exhibit a peak, like the one from the QCD transition.

Rgp = X fsup(m1,ma, fPBH)fS%/§7f(m1)f(m2)

4.1.2 Suppression from close PBHs and matter inhomogeneities

The first suppression factor we consider (S7) takes into account the binary disruption by either
matter fluctuations, with a (rescaled) variance 01%4, usually around 0.005, or by the number N of
PBHs within a sphere centered on the binary of radius corresponding to the maximum comoving
distance at which a nearby PBH would fall onto the binary to disrupt it, before matter-radiation

equality. An analytical prescription for S; has been proposed in [65, 75], and is given by

2 2 2 72174
S1 ~ 142 | WMben) [(mesn)7) | oy e, (4.2)
N+C fEgy

with

N — mi +mg frBH ‘ (4.3)
(mpBH) fPBH + oM

Note that in Eqgs. (4.2) and (4.3), the mean PBH mass and their variance are calculated from
the mass function through

-1

d
(mppy) = 4 EBHINPEH _ [ TG V- (4.4)
npBH mpBH
d dl
(Mg = J mppndnpen _ meBfHTf(mPBH) N MPBH (4.5)
NPBH f mPPBBHH dIn MPBH
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Table 2. Different definitions of the normalized PBH mass distribution proposed in various references
with their conversion, their normalisation rule and the corresponding (m) and (m?). The asterisk denotes
the references in which an inconsistency has been found (see details in the text). In this review, we
considered both f and ¥; = v with our notations. Table adapted from [76].

where npgg denotes the total PBH number density. The function C encodes the transition
between small and large N limits. A good approximation is given by [75]

_ -1
. {”29/37)(] (21 1 5f1%BH>] e
VT 7472 60

where I is the Euler function and U is the confluent hypergeometric function.

The value of S; as a function of fpgy has been represented in Fig. 19 for different cases.
Assuming N = 2, as expected for a close-to-monochromatic distribution, the value of S; ranges
from 1072 when fpu =~ 1072 to 0.1 when fppa ~ 1. In particular, one can also obtain
a maximum value ST"®* that is independent of the mass distribution when N — 0. This
maximal value is around unity for fppy = 0.1 and goes down to 10~! for lower values. In this
limit, one recovers the results from [408, 438] that only take into account the effect of matter

C ~ fPQ’BH<m%’BH>

ol ey (4.6)

inhomogeneities.

Finally, we would like to comment on the calculation of S7 using different definitions of the
PBH mass function, which in particular modify the way to compute (m) and (m?) depending on
whether the mass distribution is defined with respect to the PBH number density n or the PBH
density p, or if the normalisation changes. The possible definitions, the way they are related,
and the corresponding calculation rules are summarized in Table 2 from [76]. It is important
to do these calcualtions carefully because they can significantly impact the resulting rates, and
because some inconsistancies were found in the litterature. As pointed out in [76], there was a
conversion factor m/(m) not considered in [87] which led to an inconsistency with [75] which
uses exactly the same definition and normalization of the PBH mass distribution, but a different
merger rate formula. There was also a typo in the Eq. A4 of [74] that has an incorrect mass
dependence even if the correct formula was used for the calculations and paper figures.

Following these rules for an extended mass function, one gets that the abundance of light
PBHs can strongly impact (m) and the resulting values of N that typically increases. In turn, Sy
and the resulting value of fq,, can be strongly suppressed due to the exponential dependence
in N, and their exact value is dependent on the chosen lower mass cut for the PBH mass
distribution. Physically, this suppression comes from the numerous light black holes, reducing
the value of the average black hole mass, at proximity of the binary that are considered as being
able to disrupt it when one uses the presented conservative approach. Such an issue was pointed
out in [74, 76, 440] and suggests that the rates of early binaries should probably be revised in the
case of a very broad mass distribution. In absence of a clear solution, the approach of [74, 76]
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was to consider the limit obtained for a monochromatic mass function, motivated by the QCD-
induced peak, and assume that N ~ 2. In [87], which used another averaging procedure,
there was a strong dependence on the high-mass PBH distribution and a high-mass cut-off was
introduced that may naturally arise from the transition in the primordial power spectrum. The
different approaches however lead to different merger rates and different possible interpretations
of the LIGO/Virgo observations, as well as different limits on the possible PBH abundance.

4.1.3 Suppression from early Poisson-induced clustering

The second factor Sa(fppm) accounts for the effect of binary disruption in PBH clusters that
rapidly form after PBH formation if their abundance is large enough [429], due to their initial
Poisson fluctuations. The interaction of binaries with other PBHs in early-Universe clusters
typically induces a modification of their semi-major axis and eccentricity, which leads to longer
merger timescales and a suppression of the merger rate [66, 72, 73]. In order to have a con-
servative estimate of the merger rate, Ref. [441] (and [430] includes an analytical modelling
of clustering evolution) computed the fraction of binaries which never enter in dense enough
environments. This fraction Sy today can be approximated by [75]

Sy~ min (1,9.6 x 107 [ e 030 foor ) (4.7)

The value of Ss as a function of fpgg has been represented and compared to S7 and the resulting
total suppression factor fq., in Fig. 19. When it is considered at a time ¢, a good approximation
is to replace fpgu by fpeult(2)/to]?**, valid for z < 100 [75].

4.1.4 Merging rates of disrupted binaries

Numerical studies find that binaries are likely to be disrupted” after formation if PBHs constitute
most of the DM. This can happen in two ways: 1) the initial configuration contains a third PBH
close to the initial PBH pair that will very likely collide with the forming binary; 2) binaries are
absorbed by dense PBH clusters that form early in the history of the Universe. A conservative
calculation of the possible merging rates of PBH binaries that have been disrupted in early-
forming halos has been proposed in [441]. Moreover, let us note that estimates indicate that
most PBH binaries are not perturbed in typical DM halos larger than 10 PBHs, and that
nearly all initial binaries might be disrupted within the age of the Universe, since the fraction
of disrupted binaries is relatively high at z = 1100 when fppy = 0.1.

For a monochromatic mass function, the merger rate of perturbed binaries at time ¢ is
given by [441]

144~y | 47

1 5v—32
259 37
Rp(t) o fppy Mt

MpRI > (4.8)

where v € [1, 2], based on the angular momentum distribution for perturbed binaries in the early
Universe. The main result of this analysis is that the rate of perturbed binaries can exceed the
rate of the unperturbed ones when fppy = 0.1. However, when fpppy < 0.02, binaries are not
expected to be disrupted. It is still unclear how this formula and results are generalized to any
broad PBH mass distribution.

~R

-1

4.1.5 Link with observations of compact binary coalescences

In Fig. 19, we represented the values of Si, Sz and the resulting suppression factor fo,, as a
function of fppy for the choice of the broad mass function of Ref. [74], at the mean masses of

"In this context by “disrupted” it is meant binaries whose semi major axis and eccentricity are modified but
remain bound after the interactions with surrounding perturbers.
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Figure 19. Suppression factor fs,, and its possible contributions S; and S5 in different cases, in terms of
the PBH abundance (from [74]). When PBH masses are specified, it assumes a PBH mass function from
a nearly-scale invariant primordial power spectrum of curvature fluctuations and including QCD-induced
features.

the exceptional GW events GW190425, GW190814 and GW190521.% We also calculated S/max
in the limit N < min(C, 1) that is independent of the two binary component masses.

For an arbitrary broad mass distribution, one critical difference with respect to a monochro-
matic or a relatively sharp log-normal mass function comes from the large number density of
tiny black holes, implying that (mppn) < Mg and (mbpy)/(mpea)? < 1. This implies that
generically N > 1. If the analytical prescription is strictly applied, this leads to a huge exponen-
tial suppression of the EB merging. However, this rate suppression is very likely overestimated
because PBHs that are much lighter than the binary components are probably not able to bring
enough energy to the system in order to disrupt it.

Instead, it is probably more realistic to consider only the disruption by nearby PBHs
whose mass is similar to the mean of the binary component masses. By doing so, one gets
(mppH) ~ (m1 + ms2)/2 and (m3gy)/(mppu)?> ~ 1. In such a case, one gets N ~ 2 (just
as in the monochromatic case) and the suppression factor obtained when fppy ~ 1 becomes
independent of the mass, slightly below S5'*, depending on the exact value of N. Different
values of N (but still of the same order) typically lead fsup to be of order S x 0(0.1 —1). In
particular, for N = 2 and fppy = 1, one gets fsup = 0.002. We have chosen this value to compute
the EB merging rate for two typical mass functions impacted by the thermal history. They are
represented on Fig. 20. One can see that these merging rates can in principle accommodate
some of the LIGO/Virgo GW events and are significantly enhanced when the binary includes a
PBH from the QCD peak.

4.1.6 Limitations

Even if the merging rates given by Eq. 4.1 are consistent with N-body simulations for monochro-
matic and log-normal mass functions in the stellar-mass range, there are still a series of un-
certainties that could limit the applicability of this formalism. Hereafter we list some of these
possible limitations.

8We note that the parameter estimation of GW events characterised by a small signal-to-noise ratio at the
LVKC detectors may still be sensitive to the priors assumed in the analysis (see e.g. Ref. [442]). Therefore, the
interpretation of some events may change if PBH motivated priors are assumed [443], in particular when focusing
on the binary mass ratio and effective spin.
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1. So far, no N-body simulations have been performed on PBH models that include thermal
features, whereas it is proven that they have an important impact for stellar-mass PBHs.
In general, broad-mass functions could see also deviations from those estimations, in
particular for binaries with very low mass ratios.

2. Eq. 4.1 including the effect described in Eq. 4.8 should be improved by more appropriate
calculation of the distribution of the binary parameters as interactions have occurred,
encoded in the parameter 7 [441]. Analytical prescriptions for non-equal mass binaries
should also be further developed and checked.

3. The fraction of PBH binaries that are disrupted as a function of the mass of an infalling
PBH is uncertain. This question is particularly relevant for binaries with strong differences
in mass components, and for broad mass functions with lots of small PBHs that would
dominate the calculation of IV, without being massive enough to disrupt a massive binary.
The same question arises in the case of sub-dominant intermediate-mass binaries that
would hardly be disrupted by a dominant population of stellar-mass or asteroid-mass
PBHs.

4. The effect of heavy PBHs in the tail of a broad mass distribution would be to seed PBH
clusters, an effect that would be superimposed to the Poisson clustering, but that has
been neglected so far in merging rate computations.

5. Slightly different results and another possible dependence in fppy have been obtained
in [437] using analytical methods.

6. The suppression due to PBH clusters depends on the exact clustering history, on the cluster
relaxation time, on the evaporation as well as on internal dynamics (see e.g. [430]).

7. PBH clustering at formation may either boost or suppress the merger rates of early bi-
naries, but this effect is very model dependent and still debated (see e.g. [444-446] for
different models and conclusions).

8. It has recently been claimed in [447] that subtle general relativistic effects may highly
suppress this PBH binary formation channel, but this result has been disputed in [430,
448, 449]. This problem is related to the question of which metric is physically relevant
to describe the PBH environment (Takhurta metric, generalized Mc-Vittie, other).

In general, one should not forget that early binaries can be impacted by their environment
during the whole cosmic history, and this environment has a complex evolution, influenced by
the clustering after matter-radiation equality, accretion, dynamical heating, etc. Therefore one
should be cautious and strong claims relying on these merging rates are probably still premature.
Nevertheless, Eq. 4.1 likely gives good estimations for some models, at least in some regimes.
To that end, they are relevant for estimating not only the merging rates but also the resulting
SGWB background, based on our current (but rapidly evolving) knowledge.

4.2 Late Binaries

4.2.1 General formula

The second binary formation channel is through dynamical capture in dense environments.
We will give a particular emphasis to the case in which PBHs comprise the totality of the
dark matter in the universe and investigate the dynamical formation in dense PBH halos. As
any other DM candidate, PBHs are expected to form halos during the cosmic history. The
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Model 1: Carr 2019, ng = 0.97
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Figure 20. Expected merging rates of PBH of masses m; and meo, for the two mass models represented
on Fig. 12 (top panels: Model 1, bottom panels: Model 2), for the two considered binary formation
channel: primordial binaries (see Eq. 4.1) on the left panels, and tidal capture in halos (see Eq. 4.9) on
the right panels. Figure produced for [390].

clustering properties typically determine the overall merging rate. For a generic PBH mass
function f(mpgm), an effective formula has been proposed [70],
(m1 + m2)10/ 7

-1 -3
()T yr - Gpc™?, (4.9)

RiB ~ Reustfopnf (m1) f(ma)
where Ryt is a scaling factor that depends on the PBH clustering properties and velocity
distribution. This formula comes from the two-body capture in a cluster and assumes that the
time it takes for the binary to merge is much shorter than cosmological times.

Hereafter, we present the estimation for Rqyus in the case of Poisson clustering. We then
discuss the implications in the context of the present LIGO/Virgo observations. Finally, we
present the possible limitations of these approaches and how different models could lead to
different merging rates.

Poisson clustering introduces a natural clustering scale, leading to Rust in the range
between 10?2 and 103 for solar-mass PBHs and fppy ~ 1 [430]. Other clustering scenarios (e.g.
clusters at formation) could induce even larger values of Rust, fixed by the model as well as
the evolution of these clusters (dynamical heating, mergers, etc.) through the cosmic history.

In general, one can consider a simplified picture where the PBH halo density is described
by the local density contrast dj,.. The number density of PBHs can be given as n(mppp) =
docPpr/MmPBH, With the mean dark matter cosmological energy density ppy = Qpmpe, where
Qpm =~ 0.25 is the density parameter for dark matter. In this case, R.uss was estimated
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as [450, 451]

Rclust%3.6h4 Qﬂ i Dtoc 0 o (410)
0.25 108 10 km/s ’

where vy is the velocity of PBHs and A is the Hubble parameter today in units of Hy =
100 h km/s/Mpc. If one assumes v ~ O(1 — 10)km/s and local densities & ~ 10® typical to
the ones of ultra-faint-dwarf galaxies, as one may also expect for Poisson clusters of size around
~ 10 — 100pc, one typically get Rgus; ~ 102 — 103. This provides an effective formula but in
realistic scenarios, several effects could impact the exact value of Ry such as the dynamical
heating, merger and disruption history of PBH clusters, how extended is the PBH mass function
leading to different efficiencies of the Poisson clustering effect, the radial distribution of PBHs
inside a cluster and their possible mass segregation for extended mass functions.

4.2.2 Merging rates of binaries induced by three-body interactions

PBH binary formation is also expected to take place in the Poisson induced PBH small scale
structure at high redshift. After the matter-radiation equality, the seeding effect of Poisson
fluctuations in the PBH distribution give rise to the formation of small scale clusters (see
Ref. [429] for a N-body simulation and Ref. [430] for an analytical treatment). In this clusters,
three-body interactions may efficiently produce binaries which can then merge in a time-scale
comparable to the age of the Universe and be visible with present day GW experiments [452]
(at odds with mergers induced by GW capture which merge promptly). In this sense, this
formation mechanism is similar to the one taking place in the early Universe out of binary
directly decoupling from the Hubble flow.

The rate density for three bodies to interact and form PBH binaries can be expressed as
[453]

39/2713/2 11 3 .
o7z Mhnin (1 F 2min) (14 30min) X Pl )

'73b(77 > 77min) = 9
Oy

3 5 -9
~ 3.8 x 10~ 2Gyrlpe—3 ( 1PBH ) PBH Tv 4.11
% yeope (p 30M, ) \km/js) (411)
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where nppyy is the number density of PBHs. We also defined the hardness ratio n = Gmppn/ aag
as the binding energy of a binary with size a normalized to the average cluster kinetic energy,
where o, is the PBH velocity dispersion within the clusters. Also, in order to require the
efficiency of binary formation to be close to unity and PBH binaries resulting from this channel
to be in the region of parameter space where binaries are hard, one should set nnin = 5 as used
in the literature (see e.g. Refs. [453, 454]).

One can compute the merger rate density of binaries produced by 3-body interactions by
integrating the binary formation rate over the PBH cluster distribution throughout the evolution
of Universe and by multiplying by the fraction of binaries merging within the remaining time
window (See Ref. [86] for more details). Depending on the assumed cluster core size and
eccentricity distribution e = /1 — j2 for the 3-body induced binaries [65, 441, 455-457] (i.e.
f(4) ~ j7 with v = 1 for thermal or v = 0 for super-thermal), this channel was found to give at
least a contribution comparable to the one from dynamical capture discussed in the following
Section [86].

One can also estimate how this contribution scales with the PBH abundance. Following
Ref. [86], this was estimated to be R3" f;;gl({l 0/ 2, showing this channel may only be relevant,
compared to the EB contribution, in case of large values of the PBH abundance fppy.

4.2.3 Link with observations of compact binary coalescences

If PBHs significantly contribute to the dark matter, late binaries merging rates are enhanced
around 30—100M,, where most compact binary mergers have been observed. Assuming Poisson
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clustering and Rt = 450, the corresponding merging rates for the PBH mass function of
Fig. 12 that includes thermal features have been represented on Fig. 20. Typically one can
obtain the LIGO/Virgo rates in this range with values of figy X f(mppn)? ~ 1073. At the
solar-mass scale, the rates for early and late binaries compete at a similar level and it is possible
to get the LIGO/Virgo rates inferred for the latest events observed. These are canonically
interpreted as neutron star binary mergers, even though the absence of the observation of tidal
effects may allow for a primordial interpretation, with the exception of GW170817 for which
the electromagnetic counterpart has also been observed.

4.2.4 Limitations

For realistic, extended mass functions, a series of effects can either boost or suppress the merging
rate of late binaries and make it a rather complex and model-dependent process, subject to large
uncertainties (see e.g. [62, 74, 369, 429, 430, 434, 434, 435, 445, 458-463] for studies on PBH
clustering). Some of these limitations or effects are listed below:

1. The Poisson clustering is modified by the mass function and could be dominated by other
mass scales than the dominant PBH masses. Therefore, one in principle needs to consider
the whole mass spectrum in order to derive the importance of Poisson clustering.

2. The mass function also impacts the process of dynamical heating and dilution of sub-halos
inside larger halos, which is essential to derive the natural clustering scale and the R st
parameter.

3. Poisson clustering should induce a broad range of cluster masses, evolving and interacting
with each others in possibly complex ways through dynamical heating, dilution, collisions,
tidal disruptions, etc, resulting in possibly complex time dependence and various possible
PBH local environments.

4. The existence of intermediate-mass and supermassive PBHs leads to a seed effect that
should also impact the clustering properties.

5. Clustering at formation, obtained e.g. for non-Gaussian models [464], also have an uncer-
tain impact.

6. For extended mass function, the role of mass segregation in a cluster should be considered.
In average, more massive PBHs falling at the center should have a higher local density
than lighter PBHs, leading to an additional mass dependence in the merger rates that was
not considered so far in most analysis.

4.3 Hyperbolic encounters

In the scenario of clustered PBH of Ref. [105], it is expected that a large fraction of BH encounters
will not end up producing bound systems, which would then inspiral, but rather produce a single
scattering event, via an hyperbolic encounter. This could happen, e.g. if the relative velocity or
relative distance of the two PBHs is high enough that capture is not possible. The emission of
GWs in close encounters of compact bodies has been studied in Refs. [424, 425, 465-470]. These
events generate bursts of gravitational waves, which can be sufficiently bright to be detected at
distances up to several Gpc. For clustered PBHs, the waveform and characteristic parameters
of the GW emission in hyperbolic encounters are different to those of the inspiralling binaries,
and both provide complementary information that can be used to determine the evolved mass
distribution of PBHs as a function of redshift, as well as their spatial distribution.

Hyperbolic encounters are single scattering events where the majority of the energy is
released near the point of closest approach, and have a characteristic peak frequency which is a
function of only three variables: the impact parameter b, the eccentricity e and the total mass
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Figure 21. The scattering of one BH of mass ms on another of mass m; induces the emission of
gravitational waves which is maximal at the point of closest approach, 7.

of the system Mot = m1 + mo. Furthermore, the duration of such events is of the order of a
few milliseconds to several hours, depending on those parameters. The case of inspiralling and
merging PBH has been studied extensively, see e.g. Refs. [62, 450], and estimated the production
of a few tens of events/year/Gpc? in the range of mppy ~ O(10 — 100) M. In Refs. [424, 425]
it was shown that, within the parameter space of the clustered PBH scenario [62, 105], we can
expect a similar but somewhat lower rate of GW burst events in the millisecond range.

The waveforms of the GW emission in hyperbolic encounters are very different from those
of the inspiralling binaries, since the majority of the energy is released near the point of closest
approach, generating a burst of GWs with a characteristic “tear-drop” shape of the emission in
the time-frequency domain [424, 425]. The burst has a characteristic peak frequency

Ble+1) AU
=0.32mHz X —— 4.12
fpeak mriz (6 _ 1) b ( )
which corresponds to the maximum GW emission and depends only on the impact param-
eter b, the total mass of the system M, and the eccentricity of the hyperbolic orbit e =
V1 + b2 /G2ME, where vy is the asymptotic relative velocity of the encounter and 8 = vy/c.
The maximum strain amplitude and power of the GW burst is given by

3 RS(km) QﬁQQmax
dL(Gpe) (1 +¢)?’
B0 (e+1)

(I+qg)*(e—1)5

h™ = 3.24 x 1072

(4.13)

Puax(€) = 5.96 x 10%° L, (4.14)

where Lg is the solar luminosity, Rg is the Schwarzschild radius associated to the total mass,
g = mj/mgy is the binary mass ratio, m; = gmg > mg and gmax = 2\/18(6 +1)+5e?/(e —1).
GW signals in the LISA range could be generated by close hyperbolic encounters (CHE) of
an IMBH and a SMBH as expected in the centers of galaxies, as well as from encounters of two
SMBHSs that could occur during galaxy collisions at low redshift. In the first case, an IMBH of
mass mo = 103M, and a SMBH of mass m; = 10°M,, with an impact parameter b = 1AU and
velocity vy = 0.05 ¢ gives an eccentricity parameter of e = 1.031 with a duration of the event
of 440 s. The maximum stress amplitude would be A = 1.02 x 107! at a distance dp, = 1,
with the peak at frequency fpeak = 1.05 mHz, well within the sensitivity band of LISA. In a
hyperbolic encounter between two SMBHs of equal masses m; = mg = 10°M; with impact
parameter b = 10 AU and relative velocity vy = 0.015¢, the eccentricity is low, e = 1.01, and
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Figure 22. Figure taken from Ref. [85]. Schematic flowchart representing how to systematically rule out
or potentially assess the primordial origin of a binary merger. These criteria are based on measurements
of the redshift z, eccentricity e, tidal deformability A, component masses m, and dimensionless spin .
Each arrow indicates if the condition in the box is met (green) or violated (red), while the marks indicate:
V) likely to be a PBH binary; X) cannot to be a PBH binary; ?) may be a PBH binary.

the stress amplitude is huge, h8* = 2.22 x 1077 at Jpeak = 1.51 x 10~*Hz, which falls again
in the LISA sensitivity range.

The event rate can be estimated by the cross-section of a CHE event, which is given by
o = 7b? = m(GMiot/vE)?(e? — 1). In the picture of the local density contrast dj, the total
event rate for a generic PBH mass function is given by [451]

QDM>2(610¢> f(my) f(mg) M? € —1

0.25 108) mi  ma mima (vo/c)3’

dTCHE

~ 6.1 x 1078 yr1Gpc ht ( (4.15)

dm1 de
These CHE events are very common in dense clusters formed soon after recombination,
while the PBH scatter off each other and puff-up the cluster. Some of these events loose so much
energy in their GW emission that they end up in bounded systems. Many also are responsible
for the disruption of previously formed binaries. All in all, there is a significant production of
gravitational waves from CHE that can contribute to a SGWB early on. In the next Sections we
will explore such a stochastic background from CHE events across the history of the universe,
and will see that it can be significant for a wide PBH mass function, even in the LISA range of
frequencies.

4.4 How to distinguish PBH from astrophysical binaries

In this Section we elaborate on which observable may be used to assess or rule out the primordial
origin of an individual merger event. We follow the comprehensive description given in Ref. [85].
A systematic strategy to use these discriminators is summarized in the flowchart of Fig. 22,
based on the predictions of the standard PBH scenario where binaries are assembled in the
early Universe. Notice that most of predictions would still apply to a much larger class of
models, see Ref. [85] for more details.

One can identify two “smoking-gun” signatures of the primordial scenario, which are high
redshift mergers and sub-solar masses. A general prediction of the PBH model is a merger
rate density which grows monotonically with redshift [65, 80, 408]. Focusing on early binaries,
one expects RFB(2) o (t(2)/t(z = 0)) 7337, extending up to redshifts z > O(10%). On the
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contrary, astrophysical-origin mergers are generically not expected to occur at z 2> 30, even
though the redshift corresponding to the epoch of first star formation is still poorly known. To
give a conservative estimate, theoretical calculations and cosmological simulations suggest star
formation does not precede z ~ 40 [471-480]. Additionally, the time delay between Pop III star
formation and BBH mergers was estimated to be around O(10) Myr [480-489], implying merger
redshifts z 2 30 to represent smoking guns for primordial binaries [82, 478, 490]. Observations
of such distant events may be characterised by large measurement uncertainties on the inferred
luminosity distance due to the low SNR at 3G detectors [85, 490-492], including LISA. However,
it was recently shown that focusing on constraining the merger rate evolution at redshift larger
than O(10) may allow to constrain PBH populations up to abundances as low as fpgy ~ 107°
[493] in the solar mass range, even accounting for the contamination of Pop III binaries.

Sub-solar BHs are not expected in standard stellar evolution . Other compact objects
like white dwarfs, brown dwarfs, or exotic compact objects [496] (e.g. boson stars [497]) may be
misinterpreted as sub-solar PBHs. Distinguishing PBHs from other compact objects requires
taking into account tidal disruption and tidal deformability measurements. Less compact ob-
jects like brown and white dwarfs are expected to be tidally disrupted well before the contact
frequency. This leads to a different GW signature, see Ref. [85] and Refs. therein for more
details on the observability of these effects.

Another key prediction of the primordial model involves the eccentricity e of PBH binaries.
While formed with large eccentricity at high redshift, PBH binaries then have enough time to
circularize before the GW signal can enter the observation band of current and future detectors.
Therefore, observing a non-zero eccentricity would rule out the interpretation as a primordial
binary formed in the early Universe, while it may still be compatible with a PBH binary formed
in the late-time universe [498, 499]. Finally, the spin distribution of PBHs inherits characteristic
mass-spin correlations induced by accretion effects, as discussed in Sec. 3.10. Using this criterion
for determining the possible primordial nature of individual GW events would require reducing
uncertainties on the accretion model. However, searching for signatures of this correlation can
also be performed on a population level. This was recently done in Ref. [86] focusing on the
GWTC-3 catalog, finding a similar correlation (indistinguishable at this stage from the one
present in dynamically formed astrophysical binaries) may be present in the data.

In Sec. 6, dedicated to correlating GWs with LSS, we will mention further possibilities of
distinguishing astrophysical and primordial merger populations through measurements of the
event bias.

4.5 Summary

The calculation of PBH merger rates or encounter rates has been a very active line of research
during the last few years, with some important twists. Two main binary formation channels
have been envisaged: early binaries that formed quickly in the radiation era when two PBHs
formed sufficiently close to each other, and late binaries that can form inside PBH clusters,
when two PBHs pass sufficiently close to each other to form a bound system. Today, it is still
unclear which binary formation channel provides the most important merger rates on the mass
scales probed by LVK, especially since these rates depend on the exact shape of the PBH mass
function, on the dark matter fraction made of PBHs, on the clustering properties, on accretion,
possible hierarchical mergers, on binary disruptions, etc. It is also debated if the limits on those
rates coming from the latest GW observations favor or disfavor PBHs as the dark matter.

We tried to list all these limitations and we now attempt to summarize the current status:
at first, the merger rates of early binaries were found to importantly surpass the ones of late
binaries in clusters, at least in the standard scenario of cosmological structure formation. How-
ever, on the one hand, N-body simulations have revealed several mechanisms that importantly

9See, however, Ref. [494] for models in which subsolar BHs are born out of dark sector interactions or capture
of asteroidal mass PBHs [495].
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suppress those rates if PBHs constitute a significant fraction of the dark matter, due to binary
disruption by other PBHs, by matter fluctuations, and above all by the PBH clusters seeded by
the inevitable Poisson fluctuations in the initial PBH distribution. On the other hand, the same
effects should be responsible for a boost of the merger rates of late binaries in these PBH clus-
ters, at a level comparable to that of early binaries on solar-mass scales, if PBHs significantly
contribute to the dark matter. An important difference between early and late binary merger
rates is the mass dependence, roughly going like 1 /771?1’323/1:}7 for early binaries and 1/ mg]_){;l, by
taking into account the halo mass distribution, for late binaries [61]. Another difference is
the redshift evolution of those rates. In both cases, however, it seems very disfavored that all
the dark matter is made of 30M black holes. The scenario where the PBH mass function
peaks at the solar mass scale, where the QCD transition should have favored PBH formation,
may represent an alternative possibility, provided the overall abundance is below the current
observational constraints in that mass range, see in particular Refs. [87, 500-503].

5 Stochastic backgrounds

5.1 From second order curvature fluctuations

If PBHs are generated by the collapse of large density perturbations, they are unavoidably
associated to the emission of induced GWs at second order by the same scalar perturbations due
to the intrinsic nonlinear nature of gravity [360, 504-508] !°. The phenomenological implications
have been investigated in various contexts also associated to PBHs [127, 128, 160, 161, 163, 213,
235, 520-531] (see recent reviews [532, 533]). Such a source of GWs is present at all scales, but
due to the necessary enhancement of the scalar power spectrum responsible for the generation
of PBHs around the characteristic scale ky, this stochastic background can become detectable
by GW experiments like LISA.

There are several current and future experiments searching for a SGWB in various fre-
quency ranges. In the ultra-low frequency range (around nHz), the observations at Pulsar
Timing Array (PTA) experiments like NANOGrav [133, 134], EPTA (in combination with
InPTA) [135-137], PPTA [138-140] and CPTA [141], give rise to the most stringent constraints
on the GWs abundance. Future experiments like SKA [534] (see also [535]) will greatly improve
the sensitivity.

In the LVK frequency range, an additional constraint has been set by the non-observation
of a stochastic background after O1-O2 runs [536]. These searches can be translated into a
constraint on the amplitude of the comoving curvature perturbation at the corresponding scales
[407, 537]. Those bounds are also affecting the maximum allowed PBH fraction of DM with
the hypothesis that they originate from the collapse of density perturbations. Detailed studies
with the LVK data affecting the mass range [10*20, 10*18] My, are reported in Ref. [538]. Also,
in [539], the dependence of the result on non-Gaussianities is also investigated, finding that
local non-Gaussianity can for example alleviate the bounds (see Section 5.3 for details). This
is possible for two main reasons : i) Non-Gaussianity can allow PBHs to be produced more
efficiently for the same power spectra, as the tail of the non-Gaussian probability distribution
function of the perturbations has more area/probability for the perturbations greater than the
threshold. ii) Due to several contractions, there is a higher symmetry factor. Hence, non-
Gaussian perturbations can produce a large fraction of PBHs with a smaller amplitude power
spectrum, and therefore with a smaller amount of sourced GWs.

SKA [535, 540] is the next generation PTA experiment that will probe primordial per-
turbations very sensitively [217, 537, 541, 542]. It has been recently shown in Ref [407] that

10We stress that we do not refer here to the GWs produced only in the overdense regions that contract at
horizon crossing due to the gravitational force [509], but from everywhere in the Universe, due to the general
increase of the power of the density perturbations at small scales. See also here [28, 29, 186, 510-519] for studies
within modified gravity setups.
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PTA-SKA combined with CMB distortions will robustly test the PBHs from inflationary fluc-
tuations, namely they will detect the stochastic GW background or distortion signatures and
possibly make a extraordinary discovery or constrain the PBHs heavier than a solar mass for
13 orders of magnitude (1 — 10'3Myg) to a completely negligible amount %7]31\? < 10719,

The origin of these multimessenger signals is not coming from PBHs themselves but from
the GW background induced at second order by cosmological curvature perturbations (including
ones that do not lead to PBHs). As a consequence, the conclusions will be robust to changes in
the astrophysical evolution of PBHs (accretion and merger history) and clustering effects[407].
This will be also a conclusive test for the intriguing proposal that the seeds of the SMBHs are
formed by PBHs [250, 460, 543-545].

The LISA experiment will be able to provide insights in the intermediate frequencies
and the corresponding masses. Since the emission mostly occurs when the corresponding scales
cross the horizon, one can relate the GW frequency to the PBHs mass mppy as (see for example
[128, 521])

—-1/2
mMpBH

Notice that the peak frequencies fall within the LISA sensitivity band for PBH masses around
mpgn ~ O (10715 — 1078) M, [128, 159, 161, 163, 523, 546].

In the following, we review the procedure to compute the induced SGWB spectrum from
primordial scalar perturbations. First of all, let us define the scalar and tensor perturbations
in the Newtonian gauge as

1 L
ds? = a? {— (1+20)dn? + {(1 —2W) &;j + 2%} daﬂdxﬂ} , (5.2)

where we neglected the anisotropic stress. The GWs emission is captured by the equation of
motion for the GWs ! as

\IJI \I’/

h;/] + 27—[th — V2hi]~ = —1672j£m [\118g8m\11 + 20,V0,, ¥ — 0y <’H + \I/> Om <’H + ‘P)] , (5.3)
where derivatives are taken with respect to conformal time 7, H = @' /a is the conformal Hubble
parameter, and the source is evaluated assuming a radiation-dominated (RD) epoch '2. The
solution of the first order equation of motion in a radiation-dominated Universe relates the
Bardeen’s potential ¥ to the gauge invariant comoving curvature perturbation through [548]

W F) = STUnCE),  where () = |

_Z2

- 9 [sm(z/\/g) — cos(z/\/g)] : (5.4)

One can decompose the tensor field in Fourier space as

3 — N .7 o
iy (1, ) = / {;7:;3 S ha(n, B egga(h) e, (5.5)

A=R,L

where h) are the two helicity modes. Introducing the dimensionless variables © = p/k and
y = |k — p|/k, the GWs emitted take the form, see for example [549],
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"'We do not consider the free-streaming effect of neutrinos on the GW amplitude [547).
12The projector ﬁjém to the transverse and traceless component is defined in Fourier space in terms of the po-
larisation tensors ey (k) the chiral basis (L, R) as 7;;“" (k) = el; (k)@e““™ (k) +ers (k) ®e™™ (k). The normalisation
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where ey (k, ) = eij,,\(l%)ﬁiﬁ}, and two functions Z ¢ are [549, 550]

82 2 2
To(z,y) = —36ww9(5 _1y, (5.7)
s2+d?—2 s2+d>—2 1—d?
I(z,y) = —36( (S;__ )2 ) ¢ (S_;_ ) ) log (|52 — 1|) +2], (5.8)

with
dz\}g|x—y|, SE\}g(m—i—y), (d,s) €[0,1/V3] x [1/V/3, +00). (5.9)

The definition of the energy density associated to GWs is [551-553]
M3

M3, N )
pow = — <hab(t, 7) hay (¢, az)>T, (5.10)

where the angular brackets denote a time average performed on a timescale T much greater than
the GW phase oscillations (T'k; > 1) but much smaller than the cosmological time (TH < 1).

Assuming that the scalar perturbations ¢ are Gaussian (see the next Sections for a possible
relaxation of this assumption), one finds

(paw (1, D) = pe(n) / dink Qaw (1, k)

- 2
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(5.11)

as a function of the curvature perturbation power spectrum P¢. In the first line, we have defined
the fractional GW energy density for log interval Qgw, in terms of the critical energy density
of a spatially flat Universe, p. = 3H8M§.

The current GW abundance can then be obtained as

Qaw (o, k) = apaw (i, k) )Qr,o _ 9:(m) (g*s(no)> O 0Qaw (e, k), (5.12)
pr(10) g«(n0) \ gxs(ny)

in terms of the present radiation energy density fraction €, o if the neutrinos were massless and
the effective degrees of freedom for entropy density g.s. For the frequencies of interest, using
f ~ 8mHz (9*/10)1/4 (T/10°GeV), one can show that the emission of GWs takes place at ng
(with corresponding scale factor ag¢) well before the time at which top quarks start annihilating,
above which we can assume a radiation-dominated Universe with constant effective degrees of
freedom.

As one can see, the GW’s abundance depends on the curvature perturbation power spec-
trum. One possibility is represented by a monochromatic power spectrum with support at the
momentum scale k,

Pe(k) = Ask,d (K —Ey) (5.13)

enhanced with respect to the power spectrum on large CMB scales, for which the current GWs
abundance can be computed analytically as (see also Refs. [520, 521])

QrOA2 g*(nf) 9*5(770) 4/3 4k, k 2 2 ke ks 9 kv ki
QO k) = 20 o BN g2k, — k) |22 (2B ) 2 (D
w10, %) = 5552 ga(0) \ ges () Fow) 0 W ) "5

(5.14)

where 6 is the Heaviside step function.
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Figure 23. Induced GWs spectra for both examples considered in Egs. (5.13) and (5.15), for the
parameters choice As = 0.033, A¢ = 0.044 and o = 0.5. For comparison, we also show the estimated
sensitivity for LISA [95], following the proposed design (4y, 2.5 Gm of length, 6 links). The PBH mass
corresponding to the characteristic frequency is depicted on the top horizontal axis, according to Eq. 5.1.

A more realistic spectrum is provided by a log-normal shape with width o

_an(k/k*)> ’

o (5.15)

Pe(k) = A¢exp <
whose abundance is shown by the black line of Fig. 23, compared to the monochromatic shape
in red. For illustrative purposes, the power spectra peak scale has been chosen to be the one
at which LISA has its maximum sensitivity, i.e. f. = frisa ~ 3.4mHz where f, = k./2m,
corresponding to PBH with masses around 107'2M, while the parameters were chosen in
order to have PBHs which account for the totality of the DM. One can see that the curves fall
well within the sensitivity curves of LISA. It is thus clear that if PBHs of such masses form the
totality (or a fraction) of dark matter, LISA will be able to measure the GWs sourced during
the PBH formation time for a wide variety of PBH masses.

The spectral shapes present differences at high frequencies, because of the absence of
the sharp cut-off at 2f, characteristic of the Dirac delta case, and at lower frequencies, since
physical spectra would typically give a white-noise (o< f3) behaviour [549, 554], while the slow
fall-off of the monochromatic case is an unphysical effect of assuming such a power spectrum.
Furthermore, in the latter a resonant effect at f ~ 2f,/v/3 produces the spike, see for example
Ref. [507].

As one can appreciate from Eq. (5.6), the non-linear coupling to the curvature perturbation
naturally leads to an intrinsically non-Gaussian GW signal imprinted in phase correlations.
However, it has been shown in Refs. [160, 523] (see also [522, 555]), that the coherence is
washed out by the propagation of the waves in the perturbed Universe mainly due to time delay
effects originated from the presence of large scale variations of gravitational potential. This is
simply a consequence of the central limit theorem applied to a number N ~ (km9)? >> 1 of
independent lines of sight [160]. Possible small deformations smearing the GW spectrum can
also arise from similar effects [556].

5.2 (auge invariance of the SGWB spectrum

The fact that tensor modes are generated at second-order in perturbation theory raises the issue
of the possible gauge dependence of the result commonly computed in the Newtonian gauge.
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Figure 24. Nonvanishing diagrams for O(f3;) (left) and O(f2;,) : center and right, called Hybrid and
Walnut diagrams due to their topology and shape [161].

Indeed, second order tensor modes, contrary to the first order ones, are not gauge invariant.
This issue has been recently highlighted in the literature [557-561].

A physical observable is however not dependent on gauge choices by definition and it can
be identified by understanding how the measurement in GW experiments is performed. The
description of the detector’s response to the GW signal can be best performed in the so-called
transverse-traceless (TT) frame [562, 563], particularly in space based experiments like LISA.
The TT frame is defined as the one where the coordinates are fixed with the position of the
mirrors and the effect of the passing GWs is captured by the delay of the arrival times between
the arms of the experiment. The peculiarity of the LISA experiment is due to the relation
between the characteristic frequency observable and the arm length L, which is frisa L ~ O(1).
The TT choice is optimal because it avoids keeping track of the otherwise large corrections
O (fL) appearing if expanding around a locally inertial reference frame. Indeed, the projected
sensitivity curves for the interferometer LISA are provided in such a frame.

One should remark that, during the period in which the source of the tensor mode is
active and therefore the tensor field is coupled to the scalar perturbations at second-order in
perturbation theory, it retains a gauge dependence and cannot be identified with the freely-
propagating GW, which can be treated linearly and is therefore gauge invariant.

In the case of the production of tensor degrees of freedom from scalar perturbation during
a radiation-dominated phase of the Universe, the source is active only when the scalar pertur-
bations re-enter the horizon. Once produced, the GWs effectively decouple from the second
order source and behave like linear perturbations of the metric in the late-time limit well within
the cosmological horizon. Therefore, the initial gauge dependence of the result is lost [563-565]
and does not affect the spectrum shown in Fig. 23.

5.3 Impact of Primordial non-Gaussianity on Scalar Induced SGWB

As discussed above, the existence of amplified primordial fluctuations at small scales can lead
to PBHs and also accompanying scalar induced (secondary) SGWB. Depending on the am-
plification/enhancement scale, this background can be detected at different frequencies with
various GW experiments including LISA, PTA-SKA, DECIGO and BBO. Since the physical
scales for PBHs of mass less than million solar mass correspond to very small sub-galactic dis-
tances (perturbation wavelength < kpc), the nonlinearity of scalar fluctuations in the current
Universe prevents us from extracting primordial information about such small scales. However,
the freely propagating SGWB sourced by primordial curvature fluctuations could be an excel-
lent probe for these scales. The spectral shape of the scalar induced (or secondary) SGWB can
be influenced by the statistical properties of the scalar density perturbations. Therefore, the
detection and spectral analysis of the induced/secondary GW background can also shed light
on the properties of the inflationary era.

Since the SGWB is sourced directly by the primordial curvature fluctuations in the horizon
re-entry, it is natural to expect to observe some statistical properties of these scalar fluctuations
in the SGWB spectrum. The SGWB includes a 4-pt function of the primordial curvature
perturbations (P, oc (h?) o (¢*) see also Egs. (5.6) and (5.11)), hence for a Gaussian case, it
can be reduced to only powers of a 2-pt function (see left panel of Fig. 24). In the presence of
non-Gaussianity, a 4-pt correlator can not be written in terms of power spectra exactly.
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Figure 25. Diagrams of O(fx; ), called (from left to right) Reducible, Planar and non-Planar due to
their topological properties [128, 161].

Curvature perturbations with non-Gaussianity that can be expressed in terms of quadratic
order Gaussian curvature perturbations contribute to GWs with 5 more diagrams given in Figs.
24 and 25. Note that the interaction could be of local form, or might include time and position
derivatives. Hence, the topologies of these five diagrams are independent of the interaction type
and universal for curvature perturbations with the form

(=Cc+0-. (5.16)

Here O is an operator acting on a quadratic order Gaussian field. It can be constant or depend
on space and time. For two powers of interaction, we have 2 diagrams in Fig. 24

e Hybrid, since the power spectrum of one leg is tree level and the other one is the interac-
tion;

e Walnut, due to the walnut shape. Note that the walnut topology diagram can be obtained
by two different contractions.

For 4 powers of interaction, there are 3 diagrams given in Fig. 25
e Reducible, since this diagram can be reduced to a 1 loop diagram:;
e Planar and Non-planar, respectively, as their topology can or cannot be drawn on a plane.

The properties of the spectrum have been studied in a number of references. For instance,
Ref. [378] estimated the order of magnitude of the SGWB in the presence of non-Gaussianity. In
Ref. [128], the SGWB spectrum was computed in the presence of large non-Gaussianities, and
in such a case the main contribution to the SGWB comes from the 3 diagrams given in Fig. 25.
The SGWB spectrum in the presence of mild and small non-Gaussianity has been computed
in [161] with the diagrams in Figs. 24 and 25. Mild and small non-Gaussianities have also been
studied in Ref. [159, 566].

It is important to note that Walnut diagram topology has two distinct contributions from
two distinct contractions. This missing point in previous studies has been identified and com-
puted carefully in [567]. With these results, the whole diagrams have been completed up to
quartic order in interaction (fx;) and quadratic order in scalar density perturbations. The
scalar induced SGWB with scalar non-Gaussianities has been worked out in Ref. [568] up to
third order in density perturbations, results are unchanged around the peak but due to convo-
lution of 3 modes, decay has not been sharp after the wavenumber 2kpcqx, Where kpeqp is the
peak scale of the scalar perturbations.

The following results about the imprints of non-Gaussianity on the secondary/induced GW
spectrum have been found:

e Non-Gaussianity can enhance the production efficiency of the SGWB. Namely, for the
same amplitude of Gaussian or non-Gaussian scalar fluctuations, the resulting SGWB has
a larger amplitude for non-Gaussian than for Gaussian fluctuations.
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Figure 26. Second peak produced by primordial non-Gaussian component of curvature perturbations.
Figure taken from [161].

e Because non-Gaussianity is a result of interactions, this leads to a convolution in the
momentum space and to a broader distribution of scalar fluctuations, with a peak at
frequencies about (O(1) higher, especially if the curvature fluctuations have a narrow
spectrum.

e In the limit of large non-Gaussianities, the diagrams in Fig. 25 are important and dominate
the signal. For small and mild non-Gaussianities, the signal is dominated by the diagrams
in Fig. 24.

Some of the results above can be visualized in Fig. 26, where Qgw indicates the total
GW spectrum, ng indicates GWs from Gaussian scalar perturbations, and Qg% GWs from
non-Gaussian scalar perturbations '3. Due to the interactions of the scalar perturbations,
the high frequency regime of the SGWB is dominated by the NG scalar perturbations. This
fact can lead to a second peak whose amplitude is set by the strength of the interactions, ie.
the non-Gaussianity parameter fyr. If the NG contribution is considerable, the SGWB leads
to two peaks, as shown in the right panel of Fig. 26. The second peak, which results from
interactions/non-Gaussian perturbations, is at a frequency about O(1) times higher with re-
spect to the first peak from Gaussian perturbations. It can be seen on the left panel of the same
Figure that even if the NG contribution is tiny, it still dominates the large frequency regime
of the GW spectrum and produces an abrupt second bump at smaller amplitudes which can
be detected with sensitive next generation GW experiments, such as LISA, Cosmic Explorer,
DECIGO and PTA-SKA, and allow probing non-Gaussianity as sensitive as fnr, ~ 0.5 [161].
This level of non-Gaussianity could be probed even better than using next generation CMB and
LSS experiments.

In [569], the impact of primordial non-Gaussianity on the scalar induced SGWB has been
studied beyond the generalized local ansatz (5.16), paying attention to whether it can self-
consistently be important in concrete early-universe scenarios. As pointed out above, the
gravitational waves spectrum can be split into two contributions: the one set by the power
spectrum, and the one determined by the connected four point function of the curvature per-
turbation, namely the primordial trispectrum. First, it is shown that this trispectrum-induced
gravitational wave spectrum can always be written as a sum of three “channels” contributions,
independently of the precise shape of the trispectrum. Second, the question addressed in [569]
is: can the trispectrum be observationally relevant for the scalar induced SGWB in conventional
set-ups where non-Gaussianity provides subleading corrections to the Gaussian scalar signal?,

13Recall that induced GWs are sourced by scalar sources at quadratic order hence they are inherently non-
Gaussian. By G and NG symbols we indicate the statistical properties of scalar perturbations sourcing GWs.
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i.e. in inflationary scenarios where interactions generating non-Gaussianity maintain pertur-
bative control. Formulating a precise quantitative criterion ensuring perturbative control in
strongly scale-dependent theories is difficult and model-dependent. Hence, the focus of [569] is
on scale-invariant theories. In this context, it is shown that neither regular trispectrum shapes
peaking in the so-called equilateral configurations, nor local trispectrum shapes diverging in soft
momentum limits, can contribute significantly. Indeed, those contributions are always bound to
be smaller than an order-one (or smaller) number multiplying the relative one-loop correction
to the scalar power spectrum, necessarily much smaller than unity in order for the theory to
be under perturbative control. This result is shown to be also valid in a toy-model for the
phenomenologically more relevant situation of a scale-dependent scalar spectrum, calling for
more in-depth investigations of this question.

5.4 Induced SGWB Anisotropies

It is interesting to note that the induced SGWB associated with PBH production '* will present
some angular anisotropies, which can be quantified by computing the two-point correlation
function of the density field in different directions. The LISA experiment will be able to detect
anisotropies with an angular resolution of ¢ < 15 [577] (see also [578]), which will require
the spatial points to be separated by a non-negligible fraction of the present horizon. Since
the characteristic scales of the perturbations generating the SGWB are much smaller than
those distances, k. |2 — ¢| > 1, and that the emission takes place near horizon crossing with
the assumption of Gaussian scalar perturbations, the Equivalence Principle dictates that the
anisotropies decay as (k«|Z—%]) 2. Therefore, the anisotropy coarse grained with the resolution
of the experiment will be undetectable [579]. Another possibility, as far as anisotropies imprinted
at formation are concerned, is given by the presence of non-Gaussianity which, by providing a
correlation between small and large scales, may allow large scale modulation of power and lead
to a large-scale anisotropy [579]. Finally, the propagation of GWs across disconnected regions
of the Universe leads to large-scale anisotropies at detection [580-588].

Assuming a local, scale-invariant, shape of non-Gaussianity ¢ = (g + % INL (g and taking
into account propagation effects, one can compute the two-point correlation function of the
direction dependent GW energy density contrast dgw(n, &, k) = Qaw(n, Z, k) /Qaw(n, k) — 1,
defined as the relative difference between the direction dependent GW energy density and its
monopole contribution, in a spherical harmonics decomposition as (following the notation used

in Ref. [579])

(SaW mOGw o) = S0t Smme Co (k) (5.17)
where [579]
(41 - 3 7 OlnQaw(n, k)| 5172

and k denotes the momentum on small-scales. Here P, denotes the power spectrum at large
scales, while the momentum dependent non-Gaussian parameter is defined as

z _ 8 /NL
Ixw (k) = 4 OnOcw(n k)’ (5.19)

Olnk

The presence of non-Gaussianity in the curvature perturbation, constrained by the Planck
collaboration to be —11.1 < fyxr, < 9.3 at 95% C.L. [589], would also induce a significant
variation on large scales of the PBH abundance through the modulation of the power on small
scales induced by the long modes. If PBHs compose a non-negligible fraction of the DM, the
presence of isocurvature modes in the DM density fluid associated to the non-Gaussianity [590]
is strongly constrained by the CMB observations [591].

14The generation of a SGWB in the early Universe may also happen due to other mechanisms, possibly with
characteristic anisotropic signatures, see for example Refs. [250, 570-576].
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Figure 27. Contour plot showing the amount of GWs anisotropy in the parameter space of fppy and
fnL allowed by the Planck constraints for the choice of a monochromatic and log-normal small-scale
power spectrum, respectively, with peak frequency around the maximum sensitivity of LISA. The dot-
dashed lines identify the corresponding present GWs abundance. Figure taken from Ref. [579].

In Fig. 27, we show the expected GW anisotropy for the choice of a monochromatic and log-
normal small-scale power spectrum of the curvature perturbation peaked at the LISA maximum
sensitivity frequency. The dot-dashed lines identify the corresponding GW abundance at the
present epoch evaluated at the peak frequency, while the colored region identifies the range of
parameters allowed by the Planck constraints, and we choose the non-linear parameter fnr, =
—1/3 to avoid the failure of the perturbative approach in the computation of the PBH abundance
happening at larger negative values, see for example [373, 381]. One finds that if a large fraction
of the dark matter is composed of PBH, one expects a highly isotropic and Gaussian SGWB,
up to propagation effects. On the contrary, the detection of a large amount of anisotropy in the
signal associated to the PBH formation scenario would imply that only a small fraction of the
DM can be accounted by PBHs [579].

5.5 From PBH Poisson fluctuations

At small scales, the gravitational interaction between individual PBHs (scattering, merging,
etc.) results in the production of GWs. In this Section, we are interested in the large-scale
counterpart of this signal, i.e. at distances much larger than the mean separation length between
PBHs, for which PBHs can be described by a pressureless fluid. This fluid is endowed with
density perturbations, which can be treated within the framework of cosmological perturbation
theory. In particular, these PBH density perturbations induce the production of GWs through
second-order effects studied both in the context of general relativity [317, 592] as well in the
context of modified gravity [512, 593].

To be explicit, we assume that PBHs form in a radiation-dominated, homogeneous Universe
(at large scales, primordial curvature perturbations provide a contribution to inhomogeneities
but they are negligible compared to the ones generated by PBHs, at least in the range of
scales we are interested in). Omne can therefore view PBHs as a dust fluid, formed from the
transition of a fraction of the radiation energy density into PBH dust matter. Assuming that
PBHs are randomly distributed at formation time (i.e. they have Poisson statistics), the energy
density associated to them is inhomogeneous while the total energy density of the background
is homogeneous. Consequently, the energy density perturbation of the PBH matter field can
be described by an isocurvature Poisson fluctuation. If the initial abundance of PBHs is large
enough, PBHs can potentially dominate the Universe energy density content and in that case
the isocurvature PBH energy density perturbation in the radiation era is converted into an
adiabatic curvature perturbation deep in the PBH dominated era. These early PBH dominated
eras can be naturally driven by ultralight PBHs, which evaporate before BBN [11, 312, 594,
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595] and addressing a plethora of cosmological problems, most importantly that of Hubble
tension [596, 597].

At second-order in cosmological perturbation theory, the gravitational potential of these
Poisson distributed PBHs induce a SGWB which may be detected by LISA [317, 592]. More
precisely, as found in [317], this gravitational potential gives rise to the following power spectrum

for ®: X )
2 [k AR\
Palk) 3m <kUV> (5 "9 k?i) ’ (5.20)

where ® is the Bardeen gravitational potential, kg is the comoving scale exiting the Hubble ra-
dius at PBH domination time and kyy = a/7, where 7 corresponds to the mean PBH separation
distance. Note that k > kyy corresponds to distances within the mean separation distance,
where the granularity of the PBH matter field and the associated non-linear effects become
important, and where the gas of PBHs cannot be described by a fluid anymore. This is why
the above expression should be restricted to k < kyy with kyy acting as a UV cutoff (hence
the notation). Since 7 x a, kyy is a fixed comoving scale. From Eq. (5.20), one can see that
Pg is made of two branches: when k < kg, P o k3, while Py oc 1/k when k > kq. It reaches
a maximum when k ~ kg, where Pg is of order (kq/kyv)?.

The energy density of the associated induced GWs can be computed according to the
prescription described in Sec. 5.1, where one should use the linear transfer function during a
matter (PBH) dominated era. One can show that it peaks at the comoving scale that exits
the Hubble radius at the onset of the PBH domination era [317]. This scale corresponds to the
frequency displayed in Fig. 5.5 as a function of the fraction of the Universe made of PBHs at the
time they form, and their mass (assuming an initial monochromatic distribution of PBHs). One
can see that a substantial fraction of parameter space lies within the LISA detection band. This
would provide a unique access to ultralight PBHs, which otherwise cannot be detected through
the PBH merging channel or the second-order induced GW channel presented in Sec. 5.1.

Let us point out that the calculation of the precise amplitude of the signal is more complex
as it implies to follow its transition from the PBH-dominated era to the subsequent radiation-
dominated (RD) era. This is why [317] was followed up by [592, 598] where, by considering
a monochromatic PBH mass function and a sudden transition from the PBH-dominated era
to the radiation era after evaporation, it was found that the GW signal discussed here is not
suppressed due to the PBH — RD transition and it can be detectable from LISA and other
GW experiments. In fact, the fate of the signal through the transition depends on whether
the transition is sharp or slow. In particular, on the one hand, when the transition is gradual,
the gravitational potential oscillates with a decreasing amplitude [599], suppressing in this way
the signal. On the other hand, if the transition is sudden, the gravitational potential oscillates
very fast with large amplitudes up to the end of the transition and therefore the GW signal is
expected to be enhanced in this case [600].

It is also important to mention that another calculation was performed in [601], where
the contribution from scales for which the density contrast becomes non linear during the
PBH-dominated era was removed (note that the gravitational potential always remains linear).
Assuming again a monochromatic PBH mass function, a reduction was found in the GW signal
which removed it from the reach of LISA, while remaining accessible by other GW experiments
like BBO. However, to fully access the signal, one should take into account more realistic
extended mass functions which will make PBHs evaporate at different times, leading in this way
to a longer period of PBH-domination, a fact which can potentially enhance the detectability of
the signal discussed here. However, if the transition is gradual due to different PBH evaporation
times, this will give an extra suppression as found in [599]. One therefore is met with two
competitive effects which should be considered together in the case of a calculation with realistic
extended mass distributions. Interestingly, as it was shown recently in [602] if one accounts for a
cosmologically motivated power-law primordial curvature power spectrum for the generation of
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Figure 28. Frequency at which the GWs induced by a dominating gas of PBHs peak, as a function
of their energy density fraction at the time they form, Qppp ¢ (horizontal axis), and their mass mppy
(colour coding). The region of parameter space that is displayed corresponds to values of mppy and
QpsH.f, such that black holes form after inflation, dominate the Universe content for a transient period
and Hawking evaporate before BBN. We also impose that the induced GWs do not lead to a backreaction
problem before they evaporate, see [317] for more details. For comparison, the frequency detection bands
of ET, LISA and SKA are shown. Figure credited to [317].

an extended PBH mass function, they can find that despite the gradualness of the transition the
GW signal can be detectable by LISA and can serve as a novel probe to constrain cosmological
parameters of the early Universe.

5.6 From PBH mergers
5.6.1 Formulation

Overlapped GWs from PBH mergers form a SGWB. The spectral shape of the SGWB, its
constraints by GW observations, and its implication to PBH physics have been discussed in the
literature [80, 439, 444, 450, 525, 603-606]. For a binary system with a circular orbit, the single

source energy spectrum fﬁ?}": for the inspiral phase is given by

dEgw _ =% 5/3 2/3

T r — 3 MG (5:21)
where f, = (1+ z)f is the GW frequency in the source frame with f being the frequency at
the observer. One may use a more accurate fitting formula, which includes the contributions of
the inspiral, merger, and ringdown parts of the BBH waveform (see [607] for the details). The
amplitude of the SGWB is given by summing up the energy spectrum of each binary system and
by taking into account the merger rate distribution. At the end, the GW spectral abundance

is written as . B N AE
/ & (2) dEaw
0

Qaw(f) = —

> (5.22)
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where p. is the critical density of the Universe, p. = . Here N(z) is the number density of
GW events at redshift z and can be related to the merger rate in a comoving volume from the
previous section Rpp 1

Rgp/1B
(1+2)H(z)

In the case of a broad mass distribution, we have to integrate Eq. (5.22) over the BH masses,
my and ma, and we get [450]

N(z) = (5.23)

85/3(5/3 zmax 1
0 /
aw(f) = “om / HZ) (1127
X /dlnml/dlnmg REB/LBME’ 3(my, ma). (5.24)

The maximum frequency at the observer is determined by the innermost stable circular orbit
which is given by
M, 1

~ 4.4kH . 5.25
fisco (e (5.25)

This can be translated to the maximum redshift as
Zmax = f —1. (5.26)

fisco

As described in Sec. 4, there are two binary formation channels, dubbed early and late binaries.
Below, we discuss the SGWB for each case.

5.6.2 Early binaries

The SGWB from early binaries is obtained by inserting the corresponding merging rate distri-
bution of Eq. 4.1 into the above expression, Eq. 5.24. Since the merging rate depends on the
redshift z, Rgg(z,m1, ms) = Rep(mi,ma) x (t(2)/to) 243702 for fppy = 1, with #(z) being
the elapsed time between the Big-Bang and a certain redshift z, this redshift-dependent factor
can be included in the integral over z [439)],

Zmax (t(z)/to)_34/37_0‘29 B .
/O 01 BHE) dz =5.92 Hy ', (5.27)

where zmax =~ 100, as discussed in Sec. 4.1.3. The integral on the masses can be performed by
direct numerical integration or by using a Monte-Carlo method as in [450], e.g. for a synthetic
population of 106 BHs. Expressing the merging rate in yr~'Gpc~3, the chirp mass in solar
masses Mg and the frequency in Hz, one obtains

B Rep(mi,mo)\ [ f \** [ MN\*?
9 2~ 6.46 % 1 14/ ] / ] SEBVTL ) (L 2
aw(f)h 6.46 x 10 dinm; [ dlnms - 1Gpe i 7 , (5.28)

where the constant h takes the value h = 0.67. The resulting SGWB coming from early PBH
binaries following a log-normal mass function (with mean mass p = 2.5Mg and width o = 1)
as well as a mass distribution with thermal features are displayed in Fig. 29, as a function of
the frequency. In the log-normal case, one notices that the spectrum reaches its highest point
at 100 Hz and is suppressed at lower frequencies, whereas in the broad mass distribution case
including QCD-induced features, it peaks at 1076,1072 and around 100 Hz. In the latter case,
for ground-based detectors, one observes that the SGWB is above the projections for the LVK
and ET detector designs, but just below the current limits imposed by the third observing run
of LVK. The next observing runs of LVK may therefore be decisive for the detection of this
SGWB. In addition, the detected signal by NANOGrav located within the interval 10=8 — 10~7
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Figure 29. The SGWB spectrum Qgwh? for early PBH binaries with a log-normal mass function (in
red, with central mass p = 2.5M and width o = 1) and a broad mass distribution with scalar spectral
index ng = 0.970 (in blue), and fpgg = 1. The numerical spectrum also shows the sensitivities of
the ground-based interferometers: the LVK O3 Run, the final LVK and the Einstein Telescope (ET).
The sensitivity of future space-based interferometers is also shown (LISA, BBO/DECIGO). The Pulsar
Timing Array (PTA) considered here is the Square Kilometer Array (SKA) [608]. The NANOGrav 12.5
signal is represented by the gray square (see sec. 7.6.4 for more details).

Hz with Qgwh? ~ 1079 (gray window, see sec. 7.6.4 for more details) could be interpreted as a
background of GWs in the model for late binaries in clusters (see next Subsection). However, in
the early binaries model, the amplitude of the SGWB is always lower than the signal detected
by NANOGrav, and therefore this model can not explain the observed signal. The detectability
with LISA will be discussed in Sec. 8. The dependence of the SGWB on the PBH masses for

the case of a broad mass function from the thermal history of the Universe is shown in Fig. 30.

5.6.3 Late binaries in clusters

In the case of late binary formation channel discussed in Sec. 4.2, the merger rate is given by
Eq. 4.9. Substituting it into Eq. (5.24), the energy spectrum for the low-frequency inspiral
regime can be estimated as

m2) (ml + m2)23/21

(ml m2)5/7

2/3
Qaw(f)h? ~ 2.41 x 107 Ryt <H> X / dmy dmgf (ma) /( . (5.29)
Z

with the masses in solar masses and we use h = 0.67. In Fig. 31, we show the SGWB spectrum
generated by late PBH binaries in clusters (we have chosen the virial velocity in those clusters
to be vy, = 5 km/s, compatible with velocity dispersions in faint dwarf galaxies) for the log-
normal mass function (with the central mass u = 2.5M; and the variance ¢ = 1) and the
thermal history mass distribution (with ng = 0.97 and no running). Here, the normalization is
taken by requiring that the integral of the merger rate at z = 0 over the mass range [5, 100] M,
gives a total rate of 38 yr~!Gpc~3. Note that the SGWB spectrum at lower frequency is highly
uncertain, as it can be suppressed by many factors such as the tilt and running of the primordial
curvature perturbation spectrum, and by the eventual presence of a cutoff in the merger rate
due to the fact that massive PBHs become isolated [609]. We can see that, in the case of the
log-normal mass function, the spectrum peaks around the ISCO frequency of PBH binaries (for
mppn = 2.5Mg, we get fisco ~ 900 Hz), while in the case of the thermal history mass function,
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Figure 30. Contribution to different PBH masses to the SGWB from early PBHs binaries (with fppg =
1). The color bar indicates the values of the quantity log;o(22awh?), which is represented as a function
of the logarithm of the masses m; and mo of the PBHs following a mass distribution from the thermal
history of the Universe (with ny = 0.97) for LISA frequencies (10~ Hz). Figure from [439].
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Figure 31. The SGWB spectrum Qqwh? for late PBH binaries in clusters with fppy = 1 for a log-
normal mass function (in red, with the central mass y = 2.5M and the width o = 1) and a broad mass
distribution (in blue, with ny = 0.97 and no running). Note that here we use [607] for the single source
GW energy spectrum instead of Eq. (5.24).

we see that the SGWB is produced over a wide range of frequencies because of the wide mass
distribution. In Fig. 32, we show which PBH masses contribute to the GW amplitude Qgw at
the LISA frequency 1073Hz. We can see that 2M mass PBHs paring with more massive ones
are giving large contribution to the SGWB.
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Figure 32. The mass contribution to the SGWB from late PBHs binaries in clusters (with fpgg = 1).
The color bar indicates the values of the quantity log;,(Q2qwh?), which is represented as a function of
the logarithm of the masses m; and ms of the PBHs following a mass distribution from the thermal
history of the Universe (with ns = 0.97 and vy, = 5 km/s) for LISA frequencies (1072 Hz).

5.7 SGWB duty cycle

The SGWB of binary origin may have a characteristic property which could be used to infer
the origin of BHs. If the interval between BBH events is larger than the typical duration
of the signal, the waveforms do not overlap, and the SGWB becomes strongly non-Gaussian
(sometimes referred to as intermittent or popcorn signal).

One of the quantities to characterize such a non-Gaussian characteristics of the SGWB
is the so-called astrophysical duty cycle. The duty cycle gives the average number of events
present in the frequency bin and can be defined using the event rate dR/dz and the duration
of the signal staying in the frequency bin d7/d f as

dD dR d7
Here, d7/df is determined by the chirp mass MZ = (1 + z) M, as
dr 5 2\—5/3 p—11/3
df - 9677'8/3 (GMC) f ) (531)

where MZ = (1 4+ 2)M,.. When the duty cycle is larger than unity, the GW events overlap,
and the background is in the so-called continuous regime. On the other hand, if the interval
between events is comparable or larger than the typical duration of the signal, the duty cycle
becomes smaller than unity, and the statistical properties are strongly non-Gaussian. The
value of the duty cycle can differ depending on the mass function and the redshift distribution.
Thus, the non-Gaussian property could be used to distinguish primordial and astrophysical
scenarios [610, 611] together with the spectral shape [612].
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5.8 From close encounters

Overlapped GWs from PBH close encounters can also form a SGWB [451]. The formulation is
the same as the PBH mergers, Eq. (5.24). In the case of close hyperbolic encounters (CHE),
the energy emitted per logarithmic frequency bin is given by [424, 468]

dEGw” _ dEcw _ 4r GPmimi 5 )

_ 32
dinf, " dv 45 a2 @), (5:32)

where we have defined v = 27y f; and VO = a3/GM, and the semi-major axis a is related to
the initial velocity as a = GM /v2. The function F.(v) describes the dependence on eccentricity
e and it is given by [425]

~ 12F(V) 6*2'/5(9)
Ty (L+y?)?

F(v) =12 (1 —y? —3vyP+ 4yt +9vy° +6V2y6) ,

E(y) =y —tan"y,

y=+ver—1. (5.33)

)

Substituting Eqgs. (4.15) and (5.33) into Eq. (5.24), we can estimate the peak frequency

N y \ 3 M 1/2 a \—3/2
Jpeat = 4.3 Hz (0.01) (QOOOM@) (1 AU) ’ (5:34)

and the peak amplitude

Q 71/2 Q 2 5 a -2
13 M DM loc v
Qew(fpeak) = 0.9 x 1072 h (0 3) (0.25) <108> (0.1AU)

X( (] )*5 my mo  myp+ma
0.01 100M 100Ms 200Mg

(5.35)

In Fig. 33, we show the SGWB spectrum originating from close hyperbolic encounters, compared
with the one from binary PBHs. We find that, for the modest choice of the parameter values,
it is difficult to be reached by LISA. This difficulty can easily be understood if we rewrite
Eq. (5.35) in terms of the peak frequency,

QEW (fpeak) = 3.1 x 1072 1
x QiM —1/2 QDM 2 % fpeak 4/3
0.3 0.25 108 50 Hz

= 1/3
x( y) mo__ M2 <m1+m2> . (5.36)

0.01)  100Mg 100Ms \ 200M,

We can see that the maximum amplitude QCHE( Jpeak) grows with f peak- Lhus, the peak ampli-
tude of the background decays significantly at low frequencies. However we have observed that
the peak amplitude tends to get enhanced when we make the log-normal distribution of the mass
function wider. Thus, by considering a different PBH mass function, we may be able to find a
case where the SGWB from CHEs gives an interesting contribution at the LISA frequency.

It is worth mentioning that it could be tested by third-generation ground-based GW de-
tectors such as Einstein Telescope and Cosmic Explorer. Although the CHE curves are below
the BBH curves, loud BBH events can be detected individually and subtracted from the data,
which may allow us to probe the other SGWB component below the green curve.
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Figure 33. Comparison of the SGWB spectrum originating from BBHs and CHEs, both for § = 0 (solid)
and § = 1.28 (dashed), where j is a parameter characterizing the redshift dependence of the merger rate
as 7PBH o (14-2)P. For the BBH curves, we take m; = my = 100 —300 My, and vy = 30km/s. The CHE
curves correspond to the same range of masses with ag = 5AU, 3y = 2 x 103 for frequencies around 10
Hz, and ag = 5- 107AU, yo = 107° in the mHz range. For all cases, we assume log-normal distributions
for ag, yo and the PBH mass, of respective widths 04,0y = 0.1, 0y, = 0.5, as well as fppg = 1. The
bands come from the possible range of parameters ag and yg. For a smaller fraction of PBHs, the GW
spectral amplitude simply scales as Qaw o figy. Figure and estimated LISA sensitivity from [451].

5.9 Summary

In this section we have explored the different sources of SGWBs related to PBHs:

e The SGWB induced at second order by the large curvature fluctuations leading to PBH
formation. Interestingly, it peaks at PTA frequencies for stellar-mass PBHs, which makes
it a very complementary probe to test a possible primordial origin of GW events seen
in ground-based detectors. This SGWB could be connected to the recent pulsar timing
array observations, see sec. 7.6.4 for more details. Future GW detectors like LISA, Cosmic
Explorer and Einstein Telescope will probe small PBHs, in particular in the asteroid-mass
range that remains so far unconstrained (see the section on the limits on the abundance
of PBHs).

e The SGWB from the Poisson fluctuations in the initial PBH distribution, even if they
were so small that they have totally evaporated. This mechanism could allow to probe
the possible PBH formation at very high energy scales, up to the reheating phase and the
GUT energy.

e The stochastic background from early binaries, in particular if PBHs have an extended
mass function. In such a case the SGWB is boosted by the merging of binaries with
extreme mass ratios.

e The stochastic background from late binaries in clusters, which for stellar-mass PBHs
is smaller than the SGWB from early binaries at frequencies corresponding to ground-
based GW detectors. Because the merger rates are not suppressed with the PBH mass,
it would however be the dominant background at low frequencies, i.e. in the LISA and
PTA frequency range.
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e The stochastic background from close hyperbolic PBH encounters in clusters, probably
undetectable with LISA but in the range of future ground-based GW detectors.

The SGWB is therefore expected to be an interesting complementary signal that will help to
distinguish between PBH formation models, mass functions, clustering histories and binary
origins.

6 Gravitational-waves and Large Scale Structure correlations

6.1 Introduction

Primordial black holes, both in the case where they comprise a large part of the dark matter or if
they exist only in small numbers, are part of the Large-Scale Structure (LSS) of the Universe, and
their observational relation with the other matter-energy components can be generally different
with respect to black holes of stellar origin. By the time LISA will be online, there will be data
from several large-scale structure experiments, both preceding and overlapping in time with
LISA. These include observations from the ground and from space, such as DESI [613, 614], the
Vera Rubin Observatory [615], Euclid [616], SPHEREx [617], Nancy Roman [618], ATLAS [619]
and the SKAO [620], all together providing galaxy catalogs over a very wide range of scales
both in width and deepness, at unprecedented accuracy. It will therefore be paramount to
take advantage of such data for PBH science. In this Section we discuss a few possible ways
to use gravitational wave observations in combination with the LSS to constrain the existence
and abundance of PBHs. LSS observations can be cross-correlated with different types of GW
maps, both from the resolved mergers of compact objects and the stochastic backgrounds.

Cross-correlations between GWs from resolved compact object mergers and galaxies have
been first investigated in [621]. Later, it was suggested that the cross-correlation of mergers
with EM counterparts could be used to constrain dark energy and modified gravity models [622].
After the first detections of gravitational waves, [623] investigated the possibility to constrain
the distance-redshift relation using such correlations.

It was then shown that the cross-correlation of resolved mergers with LSS catalogs can be
used to test primordial black hole scenarios [624—627] and different astrophysical models [628].
More recently, an additional technique for constraining PBH abundances, formation channels
and redshift distributions using only GW data has been proposed and studied [629].

The GWxXLSS probe became very popular and several different approaches have been
suggested and investigated (see e.g., [625, 626, 630, 631]), looking at both correlations with
resolved sources and the SGWB [588, 610, 632-636]. Here we present the main ideas and
formalism developed so far; specific predictions for LISA and investigations involving similar
analyses for extreme mass-ratio inspirals (EMRIs) and intermediate mass black holes (IMBHs)
are currently being developed.

6.2 GW-galaxy cross-correlations for resolved events

The cross-correlation of LSS catalogs with maps of gravitational waves coming from the merger
of compact objects will provide information on several astrophysical and cosmological parame-
ters and models, and has been investigated in a variety of works from exploring ways to indirectly
detect GWs to proper data correlations.

The idea of cross-correlations with the LSS in order to constrain the existence of PBHs and
their abundances was first explored in [624] and then further investigated in e.g., [625, 626, 628].
The possibility of using the GWxLSS correlation to test the existence of PBHs comes from the
fact that primordial and astrophysical binary black holes trace the LSS in different ways. This
reflects into the fact that the bias of the hosts of the binary system will be different when the
BHs have different progenitors and formation channels.

In [61], it was shown that primordial black holes preferentially merge in lower biased objects
and thus have a lower cross-correlation with luminous galaxies. This happens because binary
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PBHs would preferentially merge in halos with low velocity dispersion, which are low-mass halos
and hence with very little or absent star formation; these objects have a bias b < 1. On the other
hand, mergers of compact objects that are the endpoint of stellar evolution naturally happen for
the vast majority within star forming-rich halos, which have larger galaxy bias values, b > 1. In
the linear biasing scheme, b quantifies the relation between the underlying matter distribution
and observed sources, 0o = bdy,. This reasoning is valid for PBH binary systems that form by
capture (late binary formation scenario), as these systems form in the local Universe.

However, there is also another way to have mergers of PBH binaries, which we have referred
to as early binary mergers. In this case, within the standard formation scenario (i.e., the
collapse of primordial curvature perturbations at horizon re-entry), PBHs should form in the
peaks of the initial matter distribution, and therefore they will trace the dark matter field. As
a consequence, such mergers should be unbiased tracers of the underlying density field.

The overall catalog of PBH mergers will consequently be composed of a mixture of early
and late binaries, with the total bias being the weighted average of the two.

Therefore, by measuring the amplitude of the angular cross-correlation of galaxy maps
with catalogues of compact-object mergers, which directly depends on the bias of the mergers’
hosts, one can statistically probe the abundance of PBH mergers. This information can also be
used to discriminate between different astrophysical models (see e.g., [628]).

In order to measure the mergers’ hosts bias, one can use the 3D angular power spectrum:

CSWXLSS(4) ) = % / dk k*P(k) OFY (k) TESS (k) (6.1)

where P(k) is the matter power spectrum and the kernels ¥;¥(z) include the observational
window functions and the relevant physical effects:

U (k) = / NX ()X (2)D(2)W (2) A (k, 2) dz; (6.2)

here X will be either GW or LSS, and W are observational window functions related to the
experiment specifications (i.e., they include information on the redshift distribution and survey
geometry and sensitivity). The A, terms are the (gauge-independent) observed overdensities
and include effects from intrinsic clustering, peculiar velocity and Doppler contributions, lensing
and gravitational potentials containing in this way information information on the underlying
cosmological and astrophysical models. They are usually expressed as:

Ay(k) = A?en(kz, z) + Afd(kz, z) + A?Op(k, z) + Alzen(k, z) + A%r(k, z), (6.3)
where one has that:

AL (K, 2) = bxd(k, 72) e,
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(6.4)
For details on these terms, their derivation and physical meaning, see e.g., [626, 637-639].
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6.3 GW-galaxy cross-correlations for the stochastic background

In addition to the signal from mergers detected by interferometers, there is another signal coming
from the superposition of many unresolved sources. These will form a stochastic background of
gravitational waves, as discussed in Section 5. Obviously, primordial black holes, if they exist,
would contribute to this signal, and their associated GW backgrounds have been discussed in
Section 5. This will be particularly relevant for LISA, as the SGWB is expected to be a product
of LISA’s observations.

In the same fashion as for the catalogs of resolved events described above, we can cross-
correlate the stochastic background with the LSS; such correlation will contain information on
the redshift distribution, mass function and clustering behavior of the sources. Moreover, the
observed signal will be the combination of the stochastic GW background from astrophysical
objects, denoted AGWB, the one from primordial black holes, and the one generated from
inflation; disentangling the signal and distinguishing between the different sources will be of
paramount importance to obtain information about black hole and early Universe physics, and
one of the most promising ways to do so is thanks to the SGWB-LSS correlation.

Given that the GW energy density depends not only on astrophysical properties but also on
cosmological perturbations, it will correlate with other cosmological probes; moreover, GWs will
experience projection effects that will need to be accounted for in order to observe the signal in
the appropriate frame [588, 640]. Some preliminary works on this have been done in the last few
years, including forecasts for the cross-correlation signals between GW observatories and future
galaxy surveys, as e.g., Euclid and SKA (see, e.g., [581, 582, 588, 610, 632-634, 636, 641-646]).

In a similar way to the case of resolved mergers, the most natural observable is the angular
cross power spectrum that correlates the energy density of the AGWB with galaxy number
counts:

2
Cpowe1ss = 2 [ QP ROV () WS k), (6.5)

where most quantities are the same of Eq. (6.1), and the dependence on astrophysical models and
parameters can be included in the expression for the AGWB energy density. This is usually
written as the total GW energy density (denoted by the superscript TOT) per logarithmic
frequency f, and solid angle €2, along the line-of-sight fi of a SGWB, defined in e.g., [582, 588]

as
TOT

dp

OTGT (fo. 1) = Lo doaw_ 6.6

GW (fO ) pc ddeQO ( )
this contains both a background, which is homogeneous and isotropic, and a direction-dependent
contribution; the total relative fluctuation can thus be defined as (similarly to Eq. (5.17)):

TOT Q2hGws — LAdws
Axaws(fo,n) = QgggﬂvB . (6.7)

Following [588], we report the expression for the contributions to the AGWB in the Poisson
gauge:

AQacwn(fo, 11,6) = ) / dz W (2) FU(fo, 2,6) {b“’]D
(4]
; H . 1., '
+ (bgo —2— H?) V=9 V) - O — 3yHV

. ! 1 . H' x(2)
+ <3_bg@0+) U+ -0 + <2-b£@0+ )/0 dy (9 + )

H? H H?

; H o U(T) .

[ _o9_ —H | _(ha-V
(o2 ) (v [Cor 155 -0 )>}
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where the density, velocity, gravity and observer terms, in the first, second, third and fourth
line, respectively contain all the cosmological information. On the other hand, the function
F [i](f 0, 2,0) contains all the astrophysical dependencies, i.e., the mass and spin distribution of
the binary, the emitted GW energy spectrum, the clustering properties of GW events and the
details of the GW detectors; bl (z,0) and bg\],o(z, 9) := —dlog [(1 + z)]—'[i]} /dlog(1 + z) are the
bias and the evolution bias of the i-th type of GW source, which specify the clustering properties
of GW sources and characterise the formation of the sources.

Studies of the cross-correlation between the AGWB with galaxy number counts are pre-
sented in [610, 630, 632, 635, 636, 642, 647]. This allows a tomographic reconstruction of the
redshift distribution of sources, and can be also useful for the shot noise characterization (in
the case of ground-based detectors) [636]. The cross-correlation shows that the combination of
galaxy surveys with the AGWB can be a powerful probe for GW physics and can be a robust
observational probe for multi-messenger cosmology.

6.4 GWXxLSS forecasts

Constraints on the presence of PBHs from measurements of the GWxLSS have been forecasted
for the case of resolved GW signals, correlated with both galaxy surveys [624-626, 648] and
intensity mapping experiments [627]. Constraints coming from measurements of the stochastic
background signal are currently being worked out. In this Section we introduce the formalism
for obtaining such forecasts and report some of the results present in literature.

The correlation of two tracers (X,Y’) can be estimated from tomographic maps of their
number counts and evaluating their N-point statistics; in the case we consider here, this is the
angular power spectrum CéX Yz, zj) of the tracer X in redshift bin z; and the tracer Y in z;.
Assuming that the noise comes only from the standard shot noise contribution, the total signal
extracted from the maps is:

<a§fn (2i) Aoy (Zj)> = 800 0rmm CXY (25, 2) =S40y [CLXY (20, 25) + Sxv 053 NG* (1))

where N} is the noise angular power spectrum.

The observed signal will receive contributions from several physical effects, coming from the
cosmological perturbations described above, from density, velocity, lensing and gravity effects.
It is important to include all of them to avoid mis-estimating parameters, best fit values and
errors when doing parameter inference, as shown in [640, 649].

Forecasts obtained so far have been based on the Multi_CLASS [650] and GW_CLASS codes [640)].
Multi_CLASS is the first public Boltzmann code that allows to compute the angular power spec-
trum for multiple galaxy (and other tracers) populations. The code lets the user specify specific
properties of different tracers, such as its number density redshift distribution and bias, magni-
fication bias and evolution bias parameters, while GW_CLASS calculates the stochastic signal from
astrophysical mergers and accounts for all the astrophysical and projection effects contributions.

The first suggestion that this observable can be used to constrain PBHs was presented
in [624], where after introducing the concept, it is shown that the cross-correlation between
galaxies mapped by future radio surveys and GW interferometers could distinguish between
primordial and stellar origin of merging black holes. Such possibility depends on the merger
rate of primordial black holes and the angular resolution of the GW interferometer. In that
work, to obtain the results, a minimum-variance estimator was introduced for the effective
correlation amplitude, Ac = r X bgw, where r is the cross-correlation coefficient of Eq. (6.1).
This cross-correlation coefficient parametrises the extent to which two biased tracers of the
matter field are correlated [651].

The minimum-variance estimator for the effective correlation amplitude is given by (see
e.g. [652]):

;1\ . EgégFg/VaI‘[ég]
¢ Egng/Val"[ég]
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Figure 34. Forecast errors on the cross-correlation amplitude, A, for different experiment combinations,
varying merger rates and years of observations. Each column corresponds to a GW detector experiment,

for merger rates from 1 to 10 Gpc=3yr~!. Horizontal lines show the expected difference in the cross-

correlation between (late binary) PBH and stellar binaries, for different values of fppy.
where C’g is the measured power spectrum and Fy = dég/d?l\c & bg. The variance of this

estimator is then:
Z Feg
7~ Var[C/]

-1

2 = , (6.10)

A

which can be used to forecast the measurement error when neglecting that of other parameters.
More generally, the measurement error for specific parameters in a given experiment can
be estimated using Fisher analysis. For this case, we write the Fisher matrix as:
oC, 0C
Fop = ; aTjaTéaaf’ (6.11)
where ¥ = {Ac, bg }; the derivatives of the power spectra Cy are evaluated at fiducial values Do
corresponding to the scenario at hand, and o¢, are errors in the power spectra.
The results in [624] were obtained by computing the 2 x 2 Fisher matrix for the parameters
{Ac, bg}, using a prior on the galaxy bias corresponding to the precision reached by fitting the
amplitude of the galaxy auto-correlation function C%®, using a value of ;. = 200, which yields
a ~ 10% precision in the measurement of the bias b,. For more details on this analysis, see [624].
Subsequently, in [625], such analysis was updated to include improved merger rate esti-
mates from the LVK collaboration, for the correlation with different possible surveys with the
SKA. In Figure 34 we show forecasts for different experiments, considering different versions of
LVK and ET correlated with HI and continuum SKA surveys. The bars show the constraints
on A, for different values of a parameter R that encapsulates uncertainties on the merger rate,
which is degenerate with observation times from the gravitational wave interferometers.
Following this, in [626] these forecasts are updated by including all projection effects,
and inserted in an analysis of a null hypothesis test by comparing two models, one in which
the BHs origin is stellar, the other in which it is primordial. One model is assumed as a
fiducial model. Then, by computing the signal-to-noise ratio (SNR), it is checked whether the
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Figure 35. Expected signal-to-noise ratio (S/N)ap/p from the Fisher matrix analysis, for cross-
correlations between GW observations (from either LVK or Einstein Telescope) and high-redshift LSS
surveys (EMU, DEST and SKA), assuming stellar black holes for the fiducial scenario. In each case, the
left bar corresponds to late PBH binaries and the right bar to early PBH binaries. Figure from [626].

alternative model can be differentiated from the fiducial one. The null hypothesis is that the
model is indistinguishable from the fiducial, which happens for low values of the signal-to-noise
ratio.

For instance, the distance of an alternative model from the fiducial can be quantified using
a Ax? statistics. The Ay? is given by the logarithm of a likelihood, and the SNR can be written

as:
_ Alternati Fiducial —1 ( (vAlternati Fiducial
(N) = fsky Z(zg +1) (CZ ernative _ B uc1a) Cov, (Cé ernstive _ (oL uc1a) 7
2
where CZT = (Cegg (z1,21) -+, C’f’GW (z1,21),- - ,C’?WGW (z1,21) - ), fsky is the sky fraction

covered by both GW and galaxy surveys and Covy is the covariance matrix, computed from the
angular power spectra of the fiducial model.

In Fig. 35, we show the results where the fiducial model is taken to that of stellar BH
mergers (See [626]). The bars span values between 0.1 and 10 for the factor r, (similarly to the
case of Fig. 34, this parametrises the uncertainties on the BBH merger rates, which is degenerate
with the observation time of the experiment).

After updates on the BBH merger rate and the specifications for the DESI survey [613],
forecasts for the SNR for detecting a component of PBHs are shown in [648] and a summary plot
can be found in Fig. 36. Here the color code is for the SNR, while on the x-axis is the fraction
of PBH mergers from the total of observed BBH mergers observed by the Einstein Telescope,
and on the y-axis the parameter r, as defined above.

The cross-correlation forecasts shown so far are for the correlation of GWs with resolved
galaxies; naturally, a similar analysis can be done for observations of intensity mapping. A
first investigation for the 21cm Intensity Mapping (IM) observed with the SKAO is presented
in [627], focusing on the IM of the neutral hydrogen (HI) from the proposed 21cm IM survey
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Figure 36. SNR for detecting a fraction I' of PBH mergers out of the total BBH mergers observed by

the ET, as a function of the parameter r, cross-correlated with DESI. The left panel shows the result
using just DESI x ET, while the right panel includes Planck priors. Results from [648])
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Figure 37. SNR for different values of the GW observation time TSD‘SN (from 1 yr to 15 yr), foxy

(from 0.1 to 1.0) and mixed PBH scenarios I‘Q&’E (from 0.0 to 1.0), assuming the astrophysical model as
fiducial. The fiducial model assumed is astrophysical black hole binaries. Results on the right-side plots

are normalized to white at SNR=1.

with the SKAO and on resolved GW events from the merger of BBHs as detected by the Einstein
Telescope (ET) [653]. A cross-correlation signal is expected, as both HI and GWs trace the
cosmic density field, and once again they do so in different ways depending on astrophysical and
cosmological models. In particular, for constraining the PBH abundance, results were obtained
for the predicted IM from the SKAO correlated with GWs from ET.

6.5 Summary

Gravitational-wave observations of resolved black hole mergers and of the stochastic background
can be cross-correlated with the LSS to constrain the existence and abundance of PBHs. This
technique may provide additional information to test and constrain the different PBH scenarios,
the PBH abundance within a broad range of masses, as well as binary formation channels. This
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will be of particular interest for the next generation of LSS surveys, such as DESI, Euclid and
SKA, and gravitational-wave detectors like LISA, Einstein Telescope or Cosmic Explorer.

7 Current limits

The most stringent limits on fppy as a function of the PBH mass for a monochromatic mass
function are represented in Fig. 38. Zooms on evaporation-based limits (between 10~ M and
107®M), on microlensing limits (between 10~ Mg and 1My) and on the multiple limits
above 1M, are shown in Fig. 39. These astrophysical and cosmological probes of PBHs can be
divided in six categories, each related to the physical process at the origin of a PBH signature
in observations:

1. Observations impacted by black hole evaporation

2. Microlensing observations

3. Observational signatures of the black hole dynamics

4. Observations impacted by the black hole accretion

5. Indirect constraints from density fluctuations

6. Signatures of PBHs in Gravitational-wave observations

In this Section, we review these current limits on the PBH abundance and comment on
possible caveats and model dependences. We also discuss the possible observational evidences
for the existence for PBHs, in relation with these limits.

7.1 PBH evaporation

We review here the PBH constraints relying on their evaporation. Let us note that the PBH
mass is expressed in grams through this Section, and not in solar mass as for all the other
probes, for a better consistency with the literature and because these constraints concern PBHs
much lighter than a solar mass.

7.1.1 Big-bang nucleosythesis (BBN)

PBHs with masses 10° — 10'3g can affect the abundance of light elements produced during
the Big-Bang Nucleosynthesis through Hawking radiation and the related emitted particles,
allowing to set constraints on the abundance of low-mass PBHs [68]. In particular, for PBHs
with masses mppg ~ 10° — 10'%g, Hawking radiated mesons and antinucleons induce extra
interconversion processes of protons to neutrons, increasing the neutron-to-proton ratio at the
time of freeze-out of the weak interaction [675], and consequently leading to an increase in the
final “He abundance [676]. Regarding PBHs with masses mppy ~ 10'° — 102g, long-lived high
energy hadrons produced out of PBH evaporation, such as pions, kaons and nucleons, remain
long enough in the ambient medium to trigger dissociation processes of light elements produced
during BBN [677], reducing the abundance of “He and increasing the one of D,3He,°Li and
"Li. Finally, for PBHs with mppn ~ 102 — 10'3g, photons produced from the particle cascade
process further dissociate *He, increasing the abundance of light synthesized elements [678,
679]. However, it is important to stress that the BBN constraints carry out some uncertainties
regarding the baryon-to-photon ratio, the reaction and the decay rates of the elements produced
during the BBN processes [680, 681].
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Figure 38. We show the most stringent claimed constraints in the mass range of phenomenological
interest. They come from the Hawking evaporation producing extra-galactic gamma-ray (EG ) [654],
e® observations by Voyager 1 (V e¥) [655], positron annihilations in the Galactic Center (GC e™) [656]
and gamma-ray observations by INTEGRAL (INT) [657] (for other constraints in the ultra-light mass
range see also [158, 658-662]). We plot microlensing searches by Subaru HSC [113, 116], MACHO/EROS
(E) [663, 664], Ogle (O) [117] and Icarus (I) [665]. Other constraints come from CMB distortions. In
black dashed, we show the ones assuming disk accretion (Planck D in Ref. [403] and Ref. [666], from
left to right) while in black solid the ones assuming spherical accretion (Planck S in Ref. [403] and both
photo- and collisional ionization in Ref. [103], from left to right). Only Ref. [403] includes the effect of the
secondary dark matter halo in catalysing accretion. Additionally, constraints coming from X-rays (Xr)
[667] and X-Ray binaries (XrB)[668] are shown. Dynamical limits coming from the disruption of wide
binaries (WB) [669], survival of star clusters in Eridanus II (EII) [109] and Segue I (SI) [670, 671] are also
shown. LVC stands for the constraint coming from LVK measurements [65, 81, 408, 441]. Constraints
from Lyman-« forest observations (La) come from Ref. [672]. We neglect the role of accretion which
has been shown to affect constraints on masses larger than O(10)Mg [80, 402] in a redshift dependent
manner. See Ref. [68] for a comprehensive review on constraints on the PBH abundance. Notice that
there are no stringent bounds in the asteroid mass range [673, 674] where LISA may constrain PBHs
through the search of a second order SGWB.

7.1.2 Gamma-rays and neutrinos from Hawking radiation

The lifetime of a PBH due to its evaporation in standard model particles can be approximated
as [158]

3
MPBH
7'%400(1010g> S. (7.1)

For a PBH with mass 5 x 10 g, its lifetime is close to the age of Universe. Thus, such low-
mass PBHs can be probed by looking for bursts of gamma rays. Such searches have been
performed by the Water Cherenkov Observatories, Imaging Atmospheric Cherenkov Telescopes
(IACTs) and gamma-ray space observatories. So far, no gamma-ray signal that could be due
to PBH evaporation has been detected. The current limits are summarized in Table 3. These
are expressed in terms of the PBH burst rate densities BpBH, describing the number of bursts
from PBH evaporation in the local Universe in a unit of volume per unit of time.

The observations of Galactic gamma-ray emission by INTEGRAL [657] also put a bound
on the mass above which PBHs could constitute the entirety of DM, mppg > 1.2 x 10'7g, under
some relatively conservative assumptions. New analysis of the diffuse soft gamma-ray emission
towards the inner Galaxy measured by INTEGRAL/SPI over 16 years [682], implementing a
spatial template fit of SPI data, an improved instrumental background model, and including the
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Figure 39. Zooms over some claimed limits on the PBH abundance fppy for a monochromatic distribu-
tion of mass mppy, in the asteroid-mass range where constraints are dominated by various probes of PBH
Hawking evaporation (top panel), in the planetary-mass and low stellar-mass range up to mppg ~ 10Mg
coming from microlensing surveys (middle panel), and in the range from stellar-mass up to the supermas-
sive PBHs, from a combination of accretion, dynamical, GW and indirect constraints (bottom panel).
The legend indicates the origin of each represented limit. It is worth noticing that all those limits are
subject to important uncertainties and can be highly model dependent, moving up and down with dif-
ferent model and astrophysical assumptions. The possible limitations and sources of uncertainties are
discussed in the text.

— 85 —



Experiment | BPBH Upper Limit [pc™3yr~!] | Burst duration [s] Tobs Reference
Milagro 3.1 x 10° (99% CL) 0.001 1673 days [685]
Milagro 1.2 x 10* (99% CL) 0.01 1673 days [685]
Milagro 5.4 x 10* (99% CL) 0.1 1673 days [685]
Milagro 3.6 x 10* (99% CL) 1 1673 days [685]
Milagro 3.8 x 10* (99% CL) 10 1673 days [685]
Milagro 6.9 x 10* (99% CL) 100 1673 days [685]

VERITAS 2.22 x 10* (99% CL) 30 747 hours [686]
H.E.S.S. 4.9 x 10* (95% CL) 1 2600 hours [687]
H.E.S.S. 1.4 x 10* (95% CL) 30 2600 hours [687]
H.E.S.S. 5.6 x 10 (99% CL) 10 2860 hours [688]
H.E.S.S. 2.0 x 10% (95% CL) 120 4816 hours [689]

Fermi-LAT 7.2751 < 103 (99% CL) 1.26 x 108 1.26 x 108 s [690]
HAWC 3.370% x 10% (99% CL) 0.2 959 days [691]
HAWC 3.5703 x 10% (99% CL) 1 959 days [691]
HAWC 3.4701 % 10% (99% CL) 10 959 days [691]
IceCube 1.7 x 107(90% CL, a*=0) 10 10 years [684]
IceCube 8.2 x 10 (90% CL, a*=0) 10? 10 years [684]
IceCube 4.1 x 10% (90% CL, a*=0) 103 10 years [684]
IceCube 1.5 x 107 (90% CL, a*=0.99) 10 10 years [684]
IceCube 6.2 x 10° (90% CL, a*=0.99) 102 10 years [684]
IceCube 3.3 x 105 (90% CL, a*=0.99) 103 10 years [684]

Table 3. Current limits on the local PBH burst rate density from different experiments.

spatial distribution of MeV photons emitted by the evaporating PBHs into the fitting procedure,
strengthens this lower bound to mppy > 4 x 10'7g.

The prospects for detection of gamma-ray signals from PBH evaporation for the future
Southern Wide Field of View Gamma-ray Observatory (SWGO) have been estimated in [683]:
it will be sensitive to local PBH burst rate densities Bpgy of the order of ~ 50 pc3yr—,
improving by more than one order of magnitude the limits from current experiments.

In addition to gamma-rays, high energy extra-galactic neutrinos can also be used to put
constraints on the local PBH burst rate density Bppy for both non-rotating (a* = 0) and
rotating (a* = 0.99) black holes. The 90% C.L. limits from 10-years v, IceCube data [684] are
presented in Table 3.

7.1.3 Positron annihilation in the Galactic Center

PBH limits can be obtained with observations of the 511 keV line from the Galactic Center with
INTEGRAL. Positrons produced by evaporating PBHs subsequently propagate throughout the
Galaxy. As they annihilate, they contribute to the Galactic 511 keV line. Both monochromatic
and log-normal mass distributions have been considered, e.g. giving the corresponding limit
of fpen < 1 for mppy < 2 x 1017 g for a log-normal mass distribution with o = 0.5 and
mppH < 2x10'7 g with o = 0.1 [656]. Estimates for different background assumptions [658] show
that for the low (x0.1) power law background model, fppy can reach 1 up to mppy ~ 5 x 10'7g.
Estimates for different mass distributions and spins [661] give the mass limit mppy ~ 3—5 % 1018
g for the log-normal mass distribution with ¢ = 1, ¢* = 0.5 — 1 and fppy = 1. It has
been recently shown [692] that future MeV-scale gamma-ray observatories e-ASTROGAM or
AMEGO would be able not only to detect the Hawking radiation from the Inner Galaxy, but
also to precisely measure the abundance and mass distribution of PBHs responsible for the
Galactic 511 keV line.
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7.1.4 et observations by Voyager 1

The measurements of interstellar low-energy (sub-GeV) e* flux are used to constrain the PBH
fraction of DM in the Galaxy [655]. These electrons and positrons would be due to PBH evap-
oration. The obtained limits are based on local measurements, independent of the cosmological
model. This flux must be shielded for Earth-bounded detectors by the magnetic field of the
Sun. However, limits can be obtained from Voyager-1 measurements since it is now beyond the
heliopause.

The Hawking radiation flux of e* is computed within the fully general diffusion-convection-
reacceleration model of propagation with the parameters adjusted to the AMS-02 data. For the
log-normal mass distribution of PBHs with a width o larger than 1 and a central value p < 1017
g, a PBH fraction larger than 1% of DM is excluded by the Voyager 1 data.

7.1.5 Ultra-faint dwarf galaxies

The ultra-faint dwarf galaxies (UFDGs), such as Leo T, also provide some limits on light, evap-
orating PBHs, through the heating of the interstellar medium gas [693]. The emitted energetic
particles can heat and ionize the gas, in particular the fast electrons can deposit a substantial
fraction of their energy and heat the interstellar gas through the Coulomb interaction. The
ultra-faint dwarf galaxy Leo T is of particular interest, not only because it is highly dark mat-
ter dominated but also because it has a large amount of neutral hydrogen and a relatively low
metal abundance. In [693], limits are obtained for non-spinning PBHs, with masses between
2 x 10" g and 10'7 g as low as fpy < 1073, i.e. more stringent than the limits from galactic
and extragalactic emission. The possible spin of PBHs would affect the Hawking radiation, gen-
erally increasing the emission of particles, in particular ones with large spins. In comparison,
stronger limits are obtained for spinning PBHs [662] than for non-spinning ones. In both cases,
fper = 1 is claimed to be excluded for mpgy ~ (2 — 2.5) x 101%g.

7.1.6 CMB limits on Dark radiation

Evaporating PBHs in the mass range [3 x 10'3, 5 x 10'6] g should have injected an exotic amount
of electromagnetic energy in the Universe, which has an impact on the CMB anisotropies. This
effect has been computed in [694], using the ExoCLASS code that includes electromagnetic cas-
cade calculations, initially developed in the context of WIMP annihilation. For a monochromatic
mass function, the obtained bounds exclude PBHs as the main source of dark matter between
3 x 10" and 2.5 x 10'%g, and are up to several orders of magnitude more stringent than the
limits from the galactic gamma-ray background between 3 x 10'3 and 3 x 10'* g. A similar anal-
ysis was conducted in [679], leading to limits at slightly lower masses, around 1.1 x 10'3 g. See
also [695] for the connection with CMB spectral distortions induced by the energy injection from
evaporating PBHs. The non-standard energy injection problem has also been reformulated to
account for an extended PBH mass distribution in [660]. In comparison with a monochromatic
mass function, the marginalised and log-normal ones have tighter exclusion bounds for heavier
PBH masses, while at low PBH masses these two distributions exhibit weaker bounds than the
delta distribution. In the future, experiments dedicated to the detection of the CMB spectral
distortions or of the 21cm signal from the dark ages could improve these limits. Finally, it has
been pointed out in [696] that the time-dependence of the matter density, as the PBH density
decreases as they lose mass via Hawking radiation, can be formulated as an equivalent early
dark energy model with varying equation of state w(z). For instance, a population of ultra-light
PBHs, decaying around neutrino decoupling, leads to a dark matter-radiation coupling altering
the expansion history of the Universe, and alleviating the H tension.

The rate of mass loss from particle emission by the PBHs through Hawking radiation is
then computed, and found to be negligible compared to the total PBH mass. The electrons,
positrons and photons are the particles emitted from PBHs that interact most strongly with the
primordial plasma, so actually the matter of concern is the effect the emitted particles have on
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the early Universe. After obtaining the formula for the total energy injected into the primordial
plasma by evaporating PBHs, the effects on CMB anisotropies are then examined, where only
the ionisation and excitation of hydrogen atoms are considered (helium recombines earlier and
has a smaller effect in the CMB).

7.1.7 Neutrinos

For PBH masses between 10'® and 107 g, black hole evaporation via Hawking radiation leads to
sizeable fluxes of MeV neutrinos that could be detected with the next generation of detectors like
Hyper-Kamiokande [697], JUNO [698], DUNE [699] and THEIA [700]. Current experiments like
SuperKamiokande already provide some limits on the PBH abundance [661, 701], but they are
not yet competitive with gamma-ray limits. Those future experiments will have the ability to set
complementary limits in the asteroid-mass range. The expected sensitivity of these experiments
(Hyper-Kamiokande, JUNO, DUNE and THEIA) with various designs has been calculated
in [701-703] for both monochromatic and log-normal PBH mass functions. Abundances as low
as 107% could be probed for PBH with zero spin and even lower if PBHs have significant spin.
DUNE and THEIA would also complement each other, because they are respectively sensitive to
neutrino and antineutrino fluxes. Finally, neutrinos resulting from PBHs could also be observed
in direct detection experiments, through coherent elastic neutrino-nucleus scattering, see [704].

7.1.8 21-cm signal

The 21cm line is an electromagnetic radiation spectral line created by an atomic transition
between the two hyperfine levels of the 1s ground state of neutral hydrogen. This spectral line
is of great interest and importance in cosmology as it seems to be the only known way to probe
the dark ages of the Universe from the epoch of recombination to reionization. Observations of
21cm are known to be very difficult to make, primarily because it is a faint signal and is usually
plagued by interferences from various sources. However, a global 21cm signal was claimed to be
detected by the Experiment to Detect the Global Epoch of Reionization Signature (EDGES),
which shows an absorption feature with an amplitude of T5; ~ 500 mK centered at redshift
z ~ 17, much stronger (by about a factor of 2) than expected in the ACDM model [705].
Various explanations, such as interactions between the dark matter particles and baryons, have
been put forward to explain this anomalous signal.

In general, during that epoch, any additional sources, e.g. the dark matter annihilation
or decay, will heat up the intergalactic medium (IGM) and increase the kinetic temperature
that eventually determines the strength of the 2lcm signal. Therefore, observations of the
EDGES experiment can, in principle, impose constraints on the properties of a dark matter
scenario. It has been discussed that, in the context of 21cm cosmology, PBHs can lead to
multiple distinct observable effects: (i) the heating of the IGM due to their Hawking evapora-
tion; (ii) the modification of the primordial power spectrum (and hence the halo mass function)
induced by Poisson noise due to PBHs being point sources; (iii) a uniform heating and ion-
ization of the IGM due to X-rays produced during accretion and (iv) a local modification
of the temperature and density of the ambient medium surrounding isolated PBHs. Due to
their Hawking evaporation, PBHs can affect the evolution of the IGM, and therefore their
mass fraction can be constrained by the global 21cm signal. Using this, the initial mass frac-
tion of PBHs is constrained to be fBppg ~ 2 x 10730 for very light PBHs in the mass range
6 x 1013g < mppn < 3 x 10 g [706]. Considering PBH evaporation, in [707] the following
limits have been found : fpgy = 1075% (mppy/10'°g)>™ in absence of X-ray heating and
feer < 107973 (mppy /1015 g)39 in presence of X-ray heating. The mass and spin are funda-
mental properties of a black hole, and they can substantially affect the BH evaporation rate.
In [708], the lower limits on masses of PBHs allowed to entirely constitute the DM have been
found to be 1.5x10'7 g, 1.9x10'7 g, 3.9x10'7 g and 6.7x10'" g for PBH spins 0, 0.5, 0.9 and
0.9999, respectively.
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7.1.9 Limits from DM particle production

If evaporating PBHs are at present times a source of the boosted light DM particles, then
the constraints on PBH mass and abundance can be obtained from the XENONIT data [709].
Considering DM masses smaller than 1 MeV, for low DM-nucleon cross-sections, the constraints
on fppy are almost inversely proportional to the cross-section. However, for larger cross-sections
the results might depend on the model of the DM propagation through Earth and atmosphere.
The constraints are valid for the mass range 0.5 < mppn/(10%g) < 8.0: the kinetic energy
of particles emitted by more massive PBHs is too low, the less massive PBHs have evaporated
nearly completely. For the DM particles interacting with electrons similar analyses are presented
in [710, 711].

7.1.10 Discussion and limitations

It is important to notice that all the limits on the PBH abundance in the asteroid mass range
rely on the common assumption that PBHs evaporate through Hawking radiation. If the process
of black hole evaporation is well established theoretically, its existence is not proven observa-
tionally. Furthermore, it is still unclear whether quantum gravity effects would affect or not
this process (see for example [712, 713], where it is shown that the existence of one mesoscopic
extra-dimension leads to a longer life-time of the PBHs and one can have an all-dark-matter
interpretation in terms of PBHs in the mass range 10 < mpgg/g < 10%!). The efficiency of the
evaporation through the different channels can also depend on the underlying particle physics
theory. It is therefore important to keep in mind these possible limitations. Nevertheless, it is
also worth noticing that such very light PBHs, if they exist, are the ideal target to probe and
test the Hawking radiation hypothesis for the first time.

The existence and importance of the Hawking radiation are not the only source of uncer-
tainty on the abundance limits from PBH evaporation. The different source of uncertainties
have been recently reviewed and critically analyzed by J. Auffinger in [714], especially com-
ing from the instrument characteristics, the prediction of the (extra)galactic photon flux, the
statistical method of signal-to-data comparison and the computation of the Hawking radiation
rate. The constraints on PBHs are found to vary by several orders of magnitude, depending on
the hypothesis. Even with an "ideal” experiment, PBHs can only be probed through Hawking
radiation at masses below 10?0 g, which is an intrinsic limitation of the phenomena.

In order to obtain those results, study the model dependence of the limits related to
Hawking radiation and include all these uncertainties in the data analysis, the BlackHawk [715]
and Isatis [714] codes have been developed, allowing to compute the evaporation primary and
secondary spectra of stable or long-lived particles, for any black hole distribution. We envisage
to interface the PBH numerical tool developed in the context of the present review paper with
these key tools.

7.2 Microlensing searches

One of the most stringent constraints on PBH as constituents of the dark matter in the Universe
comes from the microlensing amplification of light from a distant star as a Massive Compact Halo
Object (MACHO) moves across its line of sight. Microlensing events from lenses of less than one
solar mass towards the Large Magellanic Cloud (LMC) where reported in the 1990s by several
groups, but in the subsequent decades only upper bounds were published, until SUBARU and
later OGLE reported events towards the galactic bulge and nearby Andromeda. The constraints
on the halo abundance of those objects depend very much on the mass, velocity and spatial
distribution in the halo. Most of these constraints are reported for a standard Navarro-Frenk-
White (NFW) halo with virial velocities and a spatially uniform distribution of monochromatic
(same mass) MACHOs, which put stringent constraints in the range of masses from 107 to
30 Ms. Above 10 Mg, it is essentially impossible to derive bounds on MACHOs due to the
fact that the amplification light curve lasts more than a decade, while no microlensing survey
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has monitored continuously the light from stars for so long. Below 1072 M), the wavelength
of visible light is comparable to the Schwarzschild radius of the compact object, and we enter
the regime of wave optics, where diffraction makes the constraints essentially disappear. One
could search for PBHs with mppy < 1072 My, with light of shorter wavelength, like X-rays or
gamma-rays, but sources that emit in those bands are typically not as abundant and stable as
stars.

In the following Subsections, we give a brief summary of the different microlensing con-
straints coming from different surveys.

7.2.1 Microlensing from stars in the Magellanic clouds

Microlensing observations of stars in the Large and Small Magellanic Clouds probe the fraction
of the Galactic halo in MACHOs in a certain mass range [716]. The optical depth of the halo
towards LMC and SMC is related to fppy by TEMC = 1.47{4MC = 6.6 x 1077 fppy for the
standard halo model [663]. The MACHO project detected lenses with mass around 0.5M, but
concluded that their halo contribution could be at most 10% [717], while the EROS project
excluded 6 x 10_8M@ < mppH < 15Mg from dominating the halo [39, 664]. Since then further
limits in the range 0.1Mg < mppy < 20Mg have come from the OGLE experiment [41, 42].

7.2.2 Microlensing from stars in the galactic bulge

Recently Niikura et al. [117] have used data from a 5-year OGLE survey of the Galactic bulge to
place much stronger limits in the range 107°My < mppn < 1074 M, although they also claim
some positive detections. The galactic bulge is a dense region of stars towards the galactic center
where microlensing events are likely to occur. In fact, the OGLE collaboration has detected
numerous microlensing events towards the bulge [718], searching specifically for dark objects
that amplify the light of stars behind them. Moreover, these stars are sufficiently close to Earth
that one can use paralax measurements by GAIA to break degeneracies between mass and
distance which plague magnification microlensing events. This use of the so-called astrometric
microlensing has allowed Ref. [118] to conclusively detect black holes in the mass gap, in the
range 2 — 5 M. Niikura et al. [117] also report microlensing events towards the galactic bulge
in a lower mass range of Earth-mass primordial black holes. These are tantalizing hints of a
multimodal population of primordial black holes in the halo of our galaxy, where non of the
mass ranges are sufficient to comply 100% of all the dark matter halo.

7.2.3 Microlensing from stars in Andromeda

The Andromeda galaxy (M31) is too far away to resolve individual stars with a typical dedicated
(small, 2 meter) telescope, as most microlensing surveys do. Therefore they use a different
technique called pixel lensing, which corresponds to single pixels brightening up over the length
of the survey with a characteristic Paczinsky amplification curve due to a passing compact
object. This technique was used by the POINT-AGAPE collaboration [719], who reported six
microlensing events, which they argued could be interpreted as self-lensing of stars and this
allowed them to conclude that 20% of the Milky Way halo in the direction of M31 could be in
the form of 0.5 — 1.0 My primordial black holes.

More recently, it was reported by [113] the observation, with the Hyper Supreme Cam
(HSC) on Subaru Telescope, of a microlensing event towards Andromeda by a compact body
with mass in the range 10710 — 1075 M. Give the detailed statistics of the observation, they
claimed this could provide evidence for a non-zero component, at the level of few percent, for
the dark matter halo to be in the form of primordial black holes.

7.2.4 Microlensing from quasars

Hawkins has claimed for many years that quasar microlensing data suggest the existence of PBH
dark matter [119]. He originally argued for Jupiter-mass PBHs but later increased the mass
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estimate to 0.4Mg [720]. More recently, the detection of 24 microlensed quasars [117] suggests
that up to 25% of galactic halos could be in PBHs with mass between 0.05 and 0.45M¢,. These
events could also be explained by intervening stars, but in several cases the stellar region of
the lensing galaxy is not aligned with the quasar, which suggests a population of subsolar halo
objects with fppg = 0.01. Indeed, Hawkins has argued that the most plausible microlensers are
PBHs, either in galactic halos or distributed along the lines of sight to the quasars [120].

7.2.5 Microlensing of supernovae

One can also constrain the abundance of PBHs with stellar masses using supernovae surveys.
A certain number of supernova light curves are expected to be lensed by PBHs, exhibiting a
magnification of order p ~ 0.1 if PBHs constitute all the dark matter [721]. Nevertheless, it has
been debated whether the current JLA and Union data already exclude fppg = 1, especially
in the case of broad PBH mass distributions [722]. The main discrepancy has to do with the
assumed statistics and the treatment of outliers and other systematics, like the probability of
amplification due to discrete sources along the line of sight [723]. Interestingly, the SNe limits
are of the same order from 10M up to 104 M.

7.2.6 Femtolensing

Additional limits on the PBH abundance have been established based on the femtolensing of
gamma-ray bursts. Compared to microlensing, the terminology of femtolensing is used to refer
to the very small angular distance between lensed images and applies to objects of very small
masses. The effect is probed by searching for interferometry patterns in the energy spectrum
of lensed objects [724]. One must nevertheless take into account that the wavelength of the
electromagnetic radiation can become comparable to the Schwarzschild radius of the PBH,
which implies a lower bound on the mass range probed with this technique. In [725], a search
for femtolensing events has been performed on the FERMI observations of gamma-ray bursts
for which the redshifts were known. The absence of femtolensing events has been used to set
constraints on the dark matter fraction in PBHs of mass between 5 x 107 g and 10%° g, with a
limit down to fppy < 0.04.

7.2.7 Discussion and limitations

The robustness of microlensing limits is of very high importance and still controversial because
this is the only observational technique to probe the abundance of PBHs smaller than a solar
mass, down to 107'°M. Another debated question is whether microlensing surveys of quasars
or towards the galactic center only provide a limit on PBHs due to the lack of observations or
also hint at their existence due to a series of observations.

The contribution of PBHs to the dark matter is also an interesting question. Deriving
limits from microlensing surveys of stars in the Magellanic clouds depends on numerous astro-
physical assumptions (velocity dispersion, galactic dark matter profile, etc...) and varying limits
can be obtained with different hypothesis [104, 107, 108, 110, 120]. Wide mass distributions
can also significantly alter the limits on their abundance, but without totally removing them.
The clustering of PBHs was the main argument invoked to totally suppress the microlensing
limits [70, 106], even though it has been shown that this is not the case assuming initial Poisson
distributed PBHs [500, 501]. Furthermore, in the case of a large initial spatial clustering dis-
tribution beyond Poisson, it has been also recently shown that the combination of constraints
from microlensing and Lyman-« forest completely rules out the parameter space for stellar-mass
PBHs to be a dominant constituent of the dark matter [503].
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7.3 Dynamical limits
7.3.1 PBH capture by neutron stars or white dwarfs

The asteroid-mass range, between 107'6Mg and 10719M, (1017 — 10?3g), is the only one for
which there is a general consensus that PBHs can contribute up to the entirety of the dark
matter. Nevertheless, if this mass window remains open nowadays, this has not been always
the case. Some constraints had been proposed, coming from observations of neutron stars and
white dwarfs (WD) in globular clusters [114, 115, 726, 727] that can capture asteroid-mass PBHs
falling at the center of the star and rapidly swallowing its material until it becomes a black hole.
Such constraints therefore arise from the combination of a dynamical and an accretion process.
But those limits have been relieved due to large uncertainties. It was initially claimed that
freH cannot exceed between 1072 and 0.2, depending on the DM density in globular clusters.
However, this approach is limited by our knowledge of the DM constitution of globular clusters.
Using updated prescriptions, the limits from [114, 726] have been then relieved in [674], re-
opening the asteroid-mass range to full PBH-DM scenarios.

In [728], it was proposed that the transit of PBHs through a white dwarf causes localized
heating around the BH trajectory due to dynamical friction, eventually triggering a runaway
thermonuclear fusion and causing the WD to explode as a supernova, even if the WD mass is
below the Chandrasekhar limit. The constraints on PBHs were derived by using two classes
of observations. One class comes from direct observations of WDs with known masses, whose
existence places bounds on PBHs that are abundant enough that they would have transited the
WD with high probability. The second class arises from the measured rate of type Ia supernovae,
that constrain PBHs with a low abundance and thus have a low probability of transit through a
WD. The shape of the observed distribution of WD masses (with masses up to 1.25M)) excludes
PBHs with masses ~ 10'Y — 10?°g from being a dominant constituent of the local DM density,
whereas the type Ia supernova rate disfavors BHs with masses between 102° — 10?2g. However,
the latter is not a robust exclusion due to uncertainties in the methods used to determine the
WD population with masses larger than ~ 0.85M (necessary condition for a WD to explode
due to a BH), and this mass could possibly change if the current simulation data used to derive
it is refined. Measurements of WD binaries in GW observatories could be used in the future to
further strengthen the BH bounds.

More recently, limits on PBH in the interesting asteroid-mass range between 10*° g and
10%! g based on the capture of PBHs by Sun-like stars in ultra-faint dwarf galaxies leading to its
destruction, have been calculated in [729]. If one requires that no more than a fraction of stars
& = 0.5 is destroyed, one obtains a limit on the PBH abundance of about fpgg < 0.3 in the
above-mentioned mass range. But the constraints strongly depend on the possible value of &
that is still fairly unknown. In [730], it was suggested that the recent discovery of a population of
faint supernovae (Ca-rich gap transients) may come from the explosion of white dwarfs, possibly
due to PBH captures. Their unusual spatial distribution, predominantly at large distances from
their presumed host galaxies, supports this hypothesis and the authors have shown that their
spatial distribution matches well the distribution of dwarf spheroidal galaxies.

018

7.3.2 Ultra-faint dwarf galaxies

If PBHs above 10M constitute an important fraction of the dark matter, their regular encoun-
ters in highly dark matter dominated ultra-faint dwarf galaxies (UFDGs), such as in Segues
I or in Eridianus II, should have induced their dynamical heating, allowing them to reach a
half-light radii larger than 10 parsecs. This argument also applies to star clusters in UFDGs,
like for Eridanus II. Relatively stringent limits from UFDGs have been first established by
Brandt in [109], for monochromatic mass functions. These have been extended to log-normal
PBH mass functions, including the effect of a central intermediate-mass BH, by Green in [110],
or by Li et al (DES collaboration) in [731]. All these works basically exclude fppg = 1 for
mppa > 10Mg. These limits are relatively solid because they rely on well-known Newtonian
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gravitational dynamics. Nevertheless, one should point out that these limits can be shifted if
UFDGs host a central intermediate-mass black hole.

Another way to constrain PBHs from UFDGs is to consider the radial luminosity profile,
given that stars must also be heated up by PBHs. In this case, Segue 1 provides the most
stringent limit, excluding fppg = 1 for mppy ~ 2Mg [670, 671]. However, these limits rely on
astrophysical assumptions about the stellar mass distribution and they could change for wide-
mass PBH models, depending on the existence and mass of a central intermediate-mass black
hole, etc. Finally, UFDGs also provide an argument in favor of solar-mass PBHs constituting
an important fraction of the dark matter, given that there is no observation of such objects
with a radius less than about 20 parsecs, whereas they would still be above the magnitude limit
of the current instruments.

7.3.3 Dark Matter profile of dwarf galaxies (core-cusp problem)

The regular PBH-PBH interactions in a dense environment should prevent the formation of
cusps in the central region of dwarf galaxies, possibly explaining the core-cusp problem. As
first pointed out in [69], the gravitational scattering cross-section for PBHs in the stellar-mass
range are of order (0.1 — 1)cm?/g and so PBHs are in essence a well motivated self-interacting
dark matter model. But contrary to particle dark matter, this does not need exotic physics but
relies on the only well-known interaction that is not included in the standard model of particle
physics, gravitation. The core-cusp problem in the context of PBHs was then further explored
in [732]. They found that the mechanism works well for PBHs of mass between 20 and 100M,
if they have fppp ~ 0.01, but it would be less efficient and would allow larger abundances for
PBHs of the order of the solar mass. Therefore, observations of low-mass dwarf galaxies provide
at the same time a new limit on the PBH abundance and a possible hint for their existence.
These limits imposed on the PBH abundance have been represented in Fig. 38.

7.3.4 Wide halo binaries

Wide stellar binaries can be destructed by the encounters with PBHs, therefore the existence
of the undisrupted ones in the galactic halo also provides constraints on the PBH abundance
[733].

Using the analysis of [734], the following constraint at 20 confidence level has been found
[68]: fpeu < 500M¢ /mppn flattens above M ~ 1000Ms with fppg < 0.5. Using the results
of [735], where the low-mass limit was reduced from 5000, to 21 — 78 My, fppu flattens at
mppu ~ 100Mg with fppp < 0.1 [68]. In [736], by using a sample of 4351 halo wide binaries
from the Gaia catalog, a break at ~ 0.1 pc in the separation distribution has been detected. Any
break in the power law for the separation distribution of wide halo binaries can be attributed
to a disruption of the binary as a result of encountering MACHOs (e.g. PBHs). Therefore, this
break implies mppy > 10Mg. These limits come from the expected disruption of such wide
binaries when they encounter PBHs. They therefore strongly depend on the number density of
PBHs, and they could vary if, for instance, a majority of PBHs live in clusters.

7.3.5 Disruption of stellar streams

Stellar streams have been observed in the Milky Way halo and are likely formed by the tidal
stripping of progenitors. These would be perturbed by encounters with dark matter subhalos,
such as PBH clusters. Some methods have been proposed to distinguish the origin of perturbers,
in particular the PBH-DM hypothesis form standard particle CDM [737]. Stellar streams like
GD-1 could probe the abundance of haloes down to 103M,, providing a test of the existence of
PBHs.

7.3.6 PBHs in the Solar System

The dynamics of objects in the Oort cloud suggests the possible existence of a not yet observed
planet, referred as Planet Nine. It could also be a dark compact object several times the mass
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of the Earth, in orbit around the Sun in the Oort cloud. It has been suggested that Planet Nine
is a PBH captured by the Sun [738] a long time ago. It was later proposed to search for the
existence of such a PBH in the Oort cloud by probing the flares from accretion of small Oort
cloud objects with LSST [739], which could result in improved limits on PBH abundances, or
by probing the associated Hawking radiation [740].

Alternatively, it has been proposed to probe asteroid-mass PBHs in orbit around the
Earth by searching for their gravitational signatures in gravimeter networks [741]. But the
obtained limits on the PBH abundance with the current gravimeter sensitivity are not yet
relevant. Near-Earth PBHs could also leave imprints in gravimeters or in GNSS orbit products.
One way to detect a PBH passing through the Earth would be to observe the induced seismic
signatures [742].

All this nevertheless remains highly speculative and it is not clear, for instance, if a PBH
captured by the Sun (or by the Earth) would remain on a stable orbit, or if its orbit would
likely pass near the Earth. However, it must also be pointed out that discovering a PBH inside
the Solar System would have tremendous implications and could even, in principle, allow in-situ
investigations of a black hole [743].

7.3.7 Discussion and limitations

Again, there are a series of limitations and uncertainties that restrict the range of applicability of
the dynamical limits. In particular, let us mention that if most PBHs are regrouped in clusters,
the limits from wide halo binaries would be strongly affected and possibly suppressed. These
clusters could even be the ultra-faint-dwarf galaxies, for which observations show a minimum
radius around a few tens of parsecs. Dynamical heating of UFDGs by PBHs can therefore be
seen both as a limit and as a clue for the existence of such PBHs. For UFDGs, other sources of
uncertainties come from the stellar population model, the exact DM profile and the existence of
a central intermediate-mass black hole that typically makes limits less stringent. This illustrates
that the border between observational limits and evidence is blurred and connected, and above
all strongly model dependent. A similar conclusion applies to the asteroid-mass region, for
which uncertainties on the DM content of globular clusters and the details of the tidal capture
of small PBHs by neutrons stars or white dwarfs still make this range viable for a full PBH-DM
scenario.

7.4 Accretion limits
7.4.1 Limits from accretion at present epoch

Primordial black holes which experience a phase of accretion at the present epoch are subject
to several constraints depending on their characteristic environment.

First, a population of PBHs with masses around O(10 — 100) M, in the Milky Way would
be responsible for radio and X-ray emission if they experience a phase of accretion from the
interstellar gas. By comparing the predicted emission with observation data in the VLA radio
and Chandra X-ray catalogs, one can set a constraint on the fraction of dark matter in the form
of PBHs to be of the order of fppy < (1072 — 1073) in the relevant mass range, depending on
the assumed PBH mass function [112, 667]. This constraint is shown in Fig. 38 and denoted
“Xr”.

Second, the abundance of PBHs in the stellar or intermediate mass ranges, which interact
with the interstellar medium emitting significant fluxes of X-ray photons, may be constrained by
using the observed number density of X-ray binaries. In particular, by comparing the emitted
radiation signals with the electromagnetic data, one can constrain the PBH abundance to be
smaller than fppy < (1072 — 1073) in the considered mass range [668]. This constraint is
labelled “XrB” in Fig. 38.

Finally, a cosmology-independent constraint can be set on the PBH abundance based on the
absence of gas heating in the interstellar medium due to PBH interactions. In particular, photon
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emission from accreting PBHs, dynamical friction, winds and jets emission from accretion disks
may be constrained using data from the Leo T dwarf galaxy, setting a bound on PBHs with
masses in the range (1072 — 10%) M, up to the percent level [744, 745].

7.4.2 Cosmic X-ray, infrared and radio backgrounds

Right after the first detection of gravitational-waves from a binary black hole merger, it has
been proposed that a PBH origin would be supported by the spatial correlations between the
source-subtracted infrared and X-ray backgrounds [124], which have been measured at a 50
level [123, 125] and are unexplained by known sources. These correlations can be induced
by DM halos seeded at higher redshift than in the standard CDM scenario by the Poisson
fluctuations in the PBH distribution, if one has fpggmppg ~ O(1). In turn, matter accretion
onto PBHs leads to X-ray emission while star formation in these halos leads to a spatially
correlated infrared radiation. The possibility of this scenario was confirmed and explored in
more details in [126, 409].

Recently, it has also been investigated if the observed excess of the cosmic X-ray and
radio cosmic background by Chandra and ARCADE 2, suggesting an undiscovered population
of emitters, could be explained by a high-redshift population of PBHs [746] distributed in DM
halos and in the intergalactic medium. It was shown that the emission should dominantly
come from small DM halos, with masses of order or smaller than 1060/, at high redshifts z > 6.
Interestingly, it was also found that even if PBHs account for the excess in the radio background,
it cannot at the same time explain the X-ray cosmic background. This leads to limits on the PBH
abundance, in particular in the 1—100M¢ mass range, which are stronger than the microlensing
limits or the bounds from ultra-faint dwarf galaxies, with fppny < 9 X 10_3M® /MPpBH.

7.4.3 21-cm signal

There are several limits based on the EDGES detection of the absorption signal of the global
redshifted 21-cm line in the range 15 < z < 22. The Poisson distribution of PBHs can lead to
isocurvature perturbations and consequently to early structure formation. The DM annihilation
is enhanced in early formed dense halos and modifies the ionization and temperature evolution
of baryons. Using the redshift dependence of the EDGES signal [747], the following constraint
on PBH abundance has been found: fppg < 10734 for fann(ov)/m, = 3 x 10728 cm?/s/GeV,
where m, denotes the DM mass.

PBHs can accrete the surrounding baryonic matter as well as DM particles from the sur-
rounding halo. This results in the emission of high energy photons that are injected into the
IGM, leading to changes in its thermal and ionization history via ionization, excitation and heat-
ing. For the PBHs accreting only baryons [748], the following approximation for the constraint
on the PBHs fraction has been found: fpgy < C(B)(0.15/fE)()\/0.01)*(1+5) (MPBH/IOM@)*(HB),
where C() = 0.00015+0.000513 +0.009152 if 3 < 0.37 and C(3) = 0.0195%5 if B > 0.37 (here
A is the mass accretion parameter, T, = 8 K the maximal gas temperatures allowed, and fg < 1
the effective energy absorption factor, assuming a monochromatic mass function). Including also
DM particles accretion, in [749] for a differential 21cm brightness temperature 675; < —100 mK
the limit fppg < 2.6 x 1075 has been obtained for mppy = 10My and fppy < 2.6 x 1076 for
MPBH = 1O4M@. These limits are weakened by a factor of order 3 for §7%; < —50mK.

In [750], it has been shown that future experiments like SKA and HERA could potentially
improve the existing CMB bounds by more than an order of magnitude. The prospects for
constraining PBHs with the future 21-cm forest observations have been discussed in [751].

In [409] the contribution of accretion on PBHs to the observed low-frequency cosmic radio
background (CRB), and thus to the EDGES signal, has been estimated. It has been found that
for radio-quiet PBHs the contribution to the CRB constitutes at 1.4 GHz a fraction of 0.1% of
the observed synchrotron radio background, mostly accumulated at z = 20. This increases the
depth of the 21cm absorption line by only about 30%. However, some fraction of the radio-loud
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PBHs (e.g. 5% with 1000 times higher fluxes), as observed in the AGN population, will easily
provide the 5% excess high-redshift radio background flux necessary to explain the EDGES
observation.

7.4.4 Cosmic Microwave Background (CMB) anisotropies

CMB anisotropies are also impacted by accreting PBHs around the time of the recombination
and until the completion of the reionization, leading to stringent limits on the abundance of
PBHs heavier than around 10—100M . The main idea behind these constraints is the following:
in the early Universe, PBHs accrete primordial gas and then convert a fraction of the accreted
mass to radiation. This results in the injection of energy into the primordial plasma, which
affects its thermal and ionization histories, leading to CMB distortions in its frequency spectrum,
as well as signatures in the CMB temperature and polarization angular power spectra.

When accretion comes into play, the first aspect to consider is its geometry, i.e. spherical
accretion or accretion disk formation. The former is obtained when the characteristic angular
momentum of the accreted gas at the Bondi radius (distance from the center at which the
escape velocity equals the sound speed) is smaller than the angular momentum at the ISCO
(Innermost Stable Circular Orbit) radius. The second aspect that must be taken into account
is the local feedback. Indeed, radiation emanating from the accreting PBH may heat and
ionize the accreting gas, influencing the radiative output. Moreover, as discussed in [103], one
can assume that 1) in the outermost region of the accretion flow, the ionization fraction is
approximately equal to the background value. Radiative feedback is neglected, and Compton
drag and cooling are included in the calculation. When the temperature of the gas reaches
~ 10* K, the gas gets collisionally ionized. This first limiting case is refered to as collisional
ionization; 2) in the innermost region, the radiation from the PBH photoionizes the gas, which
becomes fully ionized and adiabatically compressed. This second limiting case is refered to as
photoionization. Furthermore, the accreting PBHs are moving with respect to the ambient gas
with some relative velocity, which does not allow for a perfectly spherically-symmetric accretion.
This relative velocity is comprised of 1) a Gaussian linear contribution on large scales vy, (derived
in [103]); 2) a small-scale contribution vny, due to non-linear clustering of PBHs (not examined
in [103]).

For PBHs more massive than ~ 1M, strong constraints were derived by [44], while in
[103], CMB limits on the PBH abundance were re-examined in detail, based on previous works.
In particular, in order to set the most conservative constraints on the PBH abundance, it is
useful to compute the minimum PBH luminosity that is physically plausible and the accretion
rate, taking into account the Compton drag and Compton cooling by CMB photons. Assuming
a quasi-spherical accretion flow, a steady-state flow and a Newtonian approximation, the bounds
derived show that in the collisional ionization limit, CMB anisotropy measurements by Planck
exclude PBHs with masses M > 102M; from being the dominant DM component. In the
photoionization limit, this threshold is lowered to ~ 10M. These constraints are weaker than
those derived in [44].

As a side note, it is shown in [103] that local Compton heating by the radiation produced by
the accreting PBH can be safely neglected, i.e. one can neglect local thermal feedback. It is also
demonstrated that it is not self-consistent to assume that ionizations proceed exclusively through
photoionizations or collisional ionization, i.e. the level of ionization feedback is expected to lie
between the two limiting cases. Finally, it was also derived that global heating of the plasma
due to accreting PBHs does not leave any (observable) imprint on CMB spectral distortions.

The QCD phase transition, inducing a peak in the probability to form PBHs at the solar-
mass scale, is invoked to be a good-motivated scenario where PBHs could contribute to the
BBH mergers detected by LVK (see for example [70, 73]). Nevertheless, the viability of this
scenario has been revisited by [502] in view of current CMB anisotropies constraints related
to the accretion onto PBHs, CMB spectral distortions, gravitational wave searches, and direct
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counts of supermassive black holes at high redshift. For this purpose, the mass function was
computed by not only considering the QCD phase transition, but also the following particle-
antiparticle annihilation processes. Their conclusion is that the scenario is not viable unless one
introduces a mass evolution for the PBH mass function and a cutoff in the power-spectrum close
to the QCD scale. Specifically, by defining M.y as the mass scale above which the PBH mass
function is cut by hand, the mass function was found for three different values of the cutoff
mass, M. = 10%,10% 102M, each respectively corresponding to SMBH counting, spherical
accretion, and GW production. Assuming My = 108My), this leads to fppy < 4 x 10™*. For
Moy = 104M@, we get fppn < 3.9% 1074 (disk accretion model, see below) or fppy < 7.5 % 1074
(spherical accretion model). Further lowering My below 102M, relaxes the CMB anisotropy
bounds to fppy < 1073, indicating that the PBHs from the QCD-inspired scenario have at
most a tiny contribution to the detected LVK events.

In [666], it is argued that the spherical accretion approximation is likely not valid and that
an accretion disk should form during the dark ages, between recombination and reionization.
More precisely, all plausible estimates suggest that a disk forms soon after recombination, mainly
due to the fact that, already before recombination, stellar-mass PBHs are in a non-linear regime
(i.e. they are clustered in halos of bound objects, e.g. PBH binaries or big clumps containing
thousands of PBHs). The main criterion necessary for disk formation considered in [666] is that
the angular momentum of the material at accretion distance is sufficient to keep the matter in
Keplerian rotation at a distance > 3rg, where rg is the Schwarzschild radius. To accumulate
angular momentum, the accreted material must have significant velocity or density differences.
Based on the angular momentum of the accreted gas, one can derive the condition required for a
disk to form [666]. For instance, the disk formation criterion is likely satisfied if we consider an
ideal, free-streaming homogeneous gas moving at a bulk motion with velocity of order vy, without
dispersion, or when PBHs constitute an important fraction of the DM with M 2 M. Another
key quantity is the radiative efficiency factor €, which is strongly related to the geometry of the
accretion flow and the accretion rate. It usually takes the value € ~ 0.1 for moderate or low
disk accretion rate, that corresponds to the value inferred from BH observations. In the case of
spherical accretion, one gets smaller values of the order of 107°. Finally, to compute the CMB
bound, it is crucial to evaluate the total energy injection rate, by taking into consideration
that not all radiation is equally effective. To compute the impact on the CMB, one has to
quantify what amount of injected energy is actually deposited into the medium by using the
energy deposition functions, and the last step is to include the spectrum of the radiation emitted
through BH accretion. Let’s note that each accretion scenario has a distinctive energy injection
history, that could in principle be distinguished in the CMB angular power spectrum [666].

The conservative constraints obtained in [666] (at 95% C.L. using data from Planck high-
I TT TE EE+lensing) are represented in Fig. 38. One notices that the presence of disks
improves the CMB constraints on PBH by at least two orders of magnitude, so that PBHs with
masses M 2 2My (with monochromatic mass distribution) are excluded from accounting for
the totality of the DM. The constraints derived for the monochromatic case were also extended
to a log-normal mass distribution, and become more restrictive for a broader distribution [666].

In [403], they extended previous calculation [666] to account for the accretion of dominant,
non-PBH DM particles onto PBH. The increased gravitational potential felt by the baryons
enhances baryonic accretion and the PBH luminosity constrained by the CMB. The accreting
DM halos around each PBH are treated via a toy model and numerical simulations, assuming
that the ionization of gas in the dark ages due to accretion onto PBHs is homogeneous.

The toy model considered in [403] is used to determine the upper limit to the mass growth
of the PBH via DM accretion. The most optimistic scenario for PBH growth is for a cold DM
with no dispersion. The time evolution of the radius of a mass-shell around a PBH is found to be
Mo =~ (3000/1+ z) Mppy, which is expected to break down at very late times. This conjecture
is then verified via cosmological N-body simulations, where in order to model the halo growth,
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it is required that the DM halo is composed of many DM particles when it becomes comparable
to the PBH mass. An important result is that when the halo is compact, the accreting baryons
see a BH whose effective mass is the sum of the PBH and the DM halo masses. If the halo is
large, only a fraction of its mass contributes to the accretion. This is the model used in [403]
to compute the impact of PBH accretion onto the CMB.

The CMB constraints of [403] are obtained by taking into account the effect of accretion
within DM halos. In the simulations previously mentioned, one gets the necessary resolution
for 100 < z < 1000, encompassing the redshift range at which the deposition of electromagnetic
energy has the biggest impact on the CMB (300 < z < 600) [752]. One important finding is that
the inclusion of halos increases the impact of the PBH on the CMB angular power spectra by up
to 2 orders of magnitude. A series of runs were performed assuming spherical and disk accretion,
with the presence and absence of a DM halo around the PBH, and assuming a monochromatic
PBH mass function (for extended ones, bounds usually become more stringent). First, supposing
that PBHs are accreting at Eddington luminosity (luminosity at which accretion is balanced by
radiation pressure in a spherical system), one gets the limit fppg < 2.9 x 107%. Secondly, in
absence of DM halos the constraints at 95% C.L. are stronger (by a factor ~ 4) than bounds
derived in [666]. Accounting for the DM halo leads to improved bounds for fppy < 1072 and
feea < 0.2 for the disk and spherical accretion cases, respectively. Eventually, the bounds
flatten when M > 10*M as a consequence of the accretion that reaches the Eddington limit.
CMB constraints exceed the ones coming from the non-observation of mergers by LVK, BBN,
the non-observation of the SGWB, etc., for masses M 2 (20—50)M. The CMB bounds remain
dominant until 103° M, when they come close to the BBN ones. Specifically, it is excluded
that PBH constitute the totality of the DM over the stellar mass range, and around 10Ms no
more than fppyg ~ 0.1 is allowed [403].

Finally, a possible relaxation of the limits from CMB anisotropies has recently been sug-
gested in [753] and [754]. The work of [753] relies on a more realistic accretion model based
on hydrodynamical simulations and conservative assumptions for the emission efficiency. This
leads to limits that are up to 2 orders of magnitude less stringent than previously estimated,
between 10 and 10*M,, which reopens the possibility that PBHs might explain at the same
time (at least a fraction of) the dark matter, some of the LVK binary BH mergers, and the
existence of supermassive BHs. The work of [754] takes a step towards the development of a
more realistic PBH accretion by accounting the contribution of outflows, for various accretion
geometries, ionization models and mass distributions in absence and in presence of mechanical
feedback and non-thermal emissions due to the outflows. In general, it seems that PBH accre-
tion is rather complex physical process that is hard to assess, which induces large uncertainties
in all the accretion-based limits.

7.4.5 Discussion and limitations

Accretion limits, in particular limits from CMB temperature anisotropies, are claimed to set
the most stringent limits on the abundance of PBHs between about 10Mg and 10* Mg, i.e.
in the range that is particularly relevant for GW observations with ground-based and space-
based detectors. Their strengths nevertheless depend on the details of the accretion (e.g. disk
or spherical accretion). Given the possible complexity of the accretion process, it is possible
that those limits significantly change if different assumptions are chosen, for instance for the
velocity-dependence of the accretion process. One should also notice that the Poisson-induced
clustering of PBHs were not taken into account in the calculation of these limits. Other sources
of uncertainties come in the computation of the injected energy and the resulting changes in
the evolution of the ionized fraction at high redshfit. Limits from the X-ray and radio emission
in the galactic center have their own uncertainties, e.g. related to the dark matter distribution.
The limits that were presented were nevertheless considered as relatively conservative.
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An important implication that was recently discovered for the limits from CMB temper-
ature anisotropies is that the existence of a particle dark matter component in addition to
PBHs reinforce those limits on the abundance of PBHs, in such a way that they may become
incompatible with an explanation of GW observations.

7.5 Indirect constraints from density fluctuations
7.5.1 CMB distortions

Enhanced primordial density perturbations producing PBHs will also generate CMB distortions
by dumping energy into the primordial plasma in the wave-number range 1 < k/Mpc~! < 10%5.
The amount of distortion can be roughly estimated as < u > ~ O(1) P AN, where AN is the e-

fold number duration of the enhanced perturbations, which is equivalent to In [’Z"ﬂ] . Assuming

min

AN ~ O(1), one can probe the distortion level from the power spectrum, and current bounds
are < pu > <1074 [128, 217, 404, 406, 537, 541, 755).

The PBH production is extremely sensitive to the tail of the statistical properties, i.e.
probability distribution, of the primordial perturbations as discussed in Sec. 3. Hence, for highly
efficient PBHs producing non-Gaussian perturbations, the distortion signal can be smaller and
evade the current bounds. However, future experiments will reach remarkable sensitivities to
probe both Gaussian and non-Gaussian primordial signals [128, 406].

If scalar induced stochastic GW background is combined with CMB distortions, the probed
PBH seed range will be (0.1 — 10'3) M, [407] (equivalently the probed wavenumber range will
be 1 < k/Mpc~! < 107). These probes will also reach conclusive results about the intriguing
possibility that PBHs could be the seeds of SMBHs, and with the detection of over a billion of
solar mass BHs at redshift higher than 7, this has become an even more pressing question. Since
CMB distortions and scalar induced GWs are global cosmic signals associated with the forma-
tion/production of PBHs, the conclusions will be robust to modifications in: i) astrophysical
evolution, such as merger and accretion history; ii) statistical properties of the primordial per-
turbations (Gaussian or non-Gaussian); iii) clustering effects. The combined probes are shown
in Figure 40, where non-detection of both signals will robustly constrain the PBH abundance
to the negligible amount of fppy < 10710 [407].

Light PBHs, in the mass range, 107'® — 1M, can experience superradiance even for
tiny spin values, 1073 — 1072 [756], and they can probe 17 decades of bosons (scalar, vector
and spin-2) in the motivated mass range, 107'2 — 10° eV. Bosons could be beyond Standard
model particles such as axions and dark photons, also it could be Standard Model photon with
effective mass due to plasma interactions. If spinning light PBHs are observed, this implies non-
existence of superradiance for the given BHs and boson mass range, therefore this observation
can imply either there are no such particles or their self/external interactions prevent them
from superradiance. This results in bounds on the axion decay constant (inversely related
to the strength of self-interaction) and its energy density [756]. Furthermore, PBHs can also
produce photons with an effective mass in the plasma, which results into an energy injection in
the early universe and can lead to CMB distortion, giving rise to mass dependent bounds on
PBHs [757].

7.5.2 Lyman-«a forest

The constraints on PBHs can be obtained from the high-resolution high-redshift Lyman-« for-
est data since the Poisson fluctuations in the PBH number density induce a small-scale power
enhancement departing from the standard CDM prediction. This enhancement can be inter-
preted as an isocurvature perturbation with the scale-invariant spectrum and isocurvature-to-

adiabatic amplitude ratio for the monochromatic distribution: fis, = ﬁ%ﬁ{f’;‘{% (here
Ccr S

k. = 0.05/Mpc is the pivot scale) [672]. Using MIKE and HIRES/KECK samples of quasar
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Figure 40. Probing power of future PTA (SKA) and CMB distortion (PIXIE-like) experiments on
primordial fluctuations for about 7 decades in wavenumbers and 13 decades in masses. Results are
shown for inflationary perturbations that obey distinct probability distributions: Gaussian (red horizon-
tal dashed line), chi-sqr (x?, black horizontal dashed line), cubic-Gaussian (G, blue horizontal dashed
line), detectable if fpgy > 10719, Taken from [407].

spectra and a grid of hydrodynamic simulations exploring different values of astrophysical pa-
rameters, in [672] the marginalized upper limit fpggmppn ~ 60Mg at 20 on the PBH mass
have been found for a monochromatic distribution. This has been obtained with a Gaussian
prior on the reionization redshift, preventing its posterior distribution to peak on very high
values that are disfavoured by the most recent estimates from the CMB and IGM observations
fesampsh ~ 60Mg at 20 with a conservative flat prior.

7.5.3 El Gordo cluster and enhanced Halo Mass Functions

One of the most fascinating connections between PBHs and large scale structure (LSS) arises
when one considers the effect of quantum diffusion in single field inflation with quasi-inflection
points [143] as a natural way to generate large exponential tails in the density contrast PDF a
fact that enhances the probability of collapse of small-scale fluctuations upon re-entry leading in
this way to PBH formation. These highly non-Gaussian tails in the PDF can also be responsible
at larger (galactic and cluster) scales for the enhancement of the halo mass function at high
redshift [758], possibly explaining the increased abundance of massive galaxies seen by the James
Webb Space Telescope at redshifs z ~ 9—20 [759], as well as significantly more massive clusters,
like El Gordo [760] at z ~ 1, than expected by the standard model ACDM. It remains to be
shown whether such large deviation from the ACDM predictions for the halo mass function are
compatible with LSS constraints. In the near future we may have deep imaging up to redshift
z ~ 20 with both infrared and radio surveys like SKA, to test the enhanced exponential tails
that could have given rise to PBHs in the early universe.

7.5.4 High-z galaxies from JWST

The James Webb Space Telescope (JWST) imaging program via the Cosmic Evolution Early
Release Science (CEERS) survey recently reported a population of massive galaxy candidates
at redshift z > 8 with stellar masses of the order of 10 M, [761-765]. A note of caution here is
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in order, as spectroscopic follow-up will be necessary to confirm current observation only based
on photometry. However, if confirmed, such early formation of massive galaxies reported by
the JWST is hardly reconcilable with the standard ACDM expectations. Recently, Ref. [766]
derived the cumulative stellar mass density at z = 8 and 10 for M, > 10'° M based on 14

galaxy candidates with masses in the range ~ 10° + 10! My at 7 < z < 11 observed by the
CEERS program. They found

pi(> 101 M) ~ 1.3754 - 10M Mpe ™2, (7.2)

at z ~ 10. These values are larger than the ACDM predictions, even allowing maximum Star
Formation Efficiency (SFE) € = 1, or invoking extreme value statistics [767].

Recently, Refs. [768, 769] investigated the hypothesis that early structure formation was
induced by the seeding effect of PBH induced Poisson isocurvature perturbations.'® Their
result shows that such early formation of massive galaxies is possible if the PBH abundance
is such that mppufpea = 6 x 10 (2 x 105)Mg for SFE € < 0.1 (1). Such abundance for
massive PBHs are ruled out by observations of the CMB p-distortion, although this conclusion
relies on the assumptions that primordial density fluctuations are sufficiently Gaussian and
that PBHs formed in the standard scenario of primordial density fluctuations not growing
during the radiation-dominated era. However, strong isocurvature perturbations of PBHs with
mppnfrea 2 170M¢ are ruled out by high-z Lyman-« forest data [672].

7.5.5 Ultra-compact mini haloes

It has been claimed in [399] that a small fraction of dark matter made of PBHs is not compatible
with the rest of the dark matter being made of weakly interacting massive particles (WIMPs)
because PBHs should seed the formation of ultra-compact mini-halos with steep density profiles.
Then, the WIMPs in the dense innermost part of these halos would annihilate, which produces
a detectable gamma-ray signal. The absence of detection allows to set limits on the PBH
fraction in presence of WIMPs, of at most one billionth of the dark matter for PBH masses
larger than 1075M. An interesting corollary is that any firm detection of PBHs implies that
the remaining dark matter cannot be constituted by WIMPs. Similar analysis, e.g. including
the effect of primordial non-Gaussianity or the mass dependence of this limit in the case of light
PBHs, have been performed in [773-775]. The s-wave and p-wave annihilation scenarios have
been compared in [776] where a stringent limit has been obtained for the thermal relic p-wave
with a WIMP mass of 100 GeV (see also [777]). It has been also shown in [778] that WIMPs
around PBHs enhance the heating and ionization in the intergalactic medium, due to WIMP
annihilations, leading to comparable or even tighter bounds of the possible DM fraction made
of PBHs, for instance fppg < O(10719 — 1078) for a WIMP mass of order 10 — 10® GeV with
a conventional annihilation cross section (ov) = 3 x 10726cm?/s. Some of those limits were
recently reanalyzed in [779]. WIMP annihilation in ultra-compact mini-halos around PBHs can
also lead to a potentially detectable neutrino signal [780] and the limits can be competitive with
respect to gamma-ray searches if PBHs are heavy. Another proposed way to probe DM dresses
around PBHs is by observing the gravitational strong lensing of sources like fast radio bursts
in the PBH mass range from 10Mg, to 103M, [781].

The specific case of SU(2)L triplet fermion “winos,” has been studied in [782]. In this case
as well, after the wino kinetic decoupling, DM particles are captured by PBHs leading to dark
mini-halos, constrained by the production of narrow line gamma rays from wino annihilation
in the Galactic Center. Another very specific scenario of parsec-size ultra-compact mini-halos
around PBHs, in the context of the QCD axion dark matter, encountering neutron stars and
leading to transient ratio emissions due to resonant axion-photon conversion in the neutron star
magnetosphere, has been explored in [783].

5See also Refs. [770-772] for different potential explanations.
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Finally, it has recently been argued in [784] that the large density fluctuations required for
PBH formation should also lead to ultradense DM halos (see also [404, 773, 785-790]) that would
actually host a large fraction of the DM (in much greater abundance than PBHs), enabling a
variety of new observational tests. This conclusion is viable as long as clustering of the dark
matter is possible on the relevant scales (e.g. [791]). The formation of such halos can already
take place before matter-radiation equality [784, 792—795], which occurred at redshift z ~ 3400
[796] Due to their early formation, ultradense DM halos could be compact enough to produce
detectable microlensing signatures.

In Ref. [797] it is investigated whether the EROS, OGLE, and HSC surveys can probe these
halos by fully accounting for finite source size and extended lens effects. Interestingly, current
data by the EROS-2 [39], OGLE-IV [117] and Subaru-HSC [113] surveys may already constrain
the amplitudes of primordial curvature perturbations in a new region of parameter space, even
though this conclusion is sensitive to details about the internal structures of these ultradense
halos. Adopting optimistic assumptions, HSC data would constrain a power spectrum that
features an enhancement at scales k ~ 107 /Mpc, and an amplitude as low as P ~ 10~* may be
accessible. This range of scale is particularly interesting as it connects to primordial black hole
formation in a portion of the LVK mass range and the production of scalar induced gravitational
waves in the nanohertz frequency range reachable by pulsar timing arrays. Further dedicated
numerical simulations are required to investigate in details the central density reached by such
DM halos, to which lensing constraints are particularly sensitive.

In summary, the study of dark matter halos, seeded or induced by the existence of PBHs,
brings support for the incompatibility of the coexistence of PBHs and WIMPs and all-or-nothing
scenarios.

7.5.6 Discussion and limitations

The primordial fluctuations at the origin of the formation of PBHs with masses above 60M
can have left detectable signatures in the form of spectral distortions of the CMB black-body
spectrum, which have been constrained by FIRAS, in high-redshift Lyman-« forest observations,
which can typically probe smaller length scales than large scale structure surveys or CMB
anisotropies, and in a GW background sourced at second order in perturbation theory that
was discussed in a dedicated section. Those indirect probes are therefore independent of the
details of the PBH formation and their subsequent complex evolution. They also depend on
the statistical properties of primordial fluctuations, e.g. they can be suppressed in the presence
of large non-Gaussianities. These indirect probes are therefore very interesting to discriminate
between the possible PBH formation models in a way that is independent of the complex
physical processes that could have impacted the PBH properties. This is of particular interest
to constrain models with broad PBH distributions aiming at explaining LVK observations and
SMBH seeds in a unified way. The absence of any detection of CMB distortions would bring
support to non-Gaussian models or to scenarios where PBHs are not formed by primordial
density fluctuations.

7.6 Gravitational waves

7.6.1 LVC GW mergers

The LVK collaboration has been searching for compact binary coalescences. By the end of the
O3 run, 90 binary black hole (BBH) candidates have been found [90], providing rich information
on the BH population [798]. The latest catalog GWTC-3 indicates that the BBH merger rate
is between 17.3 Gpc3yr~! and 45 Gpc?yr~! at a fiducial redshift (z = 0.2).

Soon after the first discovery of the BBH event GW 150914, it has been pointed out that the
observed BBH could be of primordial origin [61-63]. More detection of BBH events provided
information on the merger rate and the chirp mass distribution, and Ref. [69] made the first
MCMC analysis to infer the PBH mass function. Statistical tests have been performed with the
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GWTC-1 catalog to test the hypothesis that all or part of observed BBHs is primordial [71].
The use of the effective spin parameter has also been discussed [77, 79]. With more events
from GWTC-2, the combination of an astrophysical and a primordial BH population have been
tested, both using phenomenological models to describe the ABH population [75, 82] as well
as state-of-the-art astrophysical population synthesis results [83]. These analyses confirm it
is difficult to explain all the features observed in the GWTC-3 catalog of events by means of
a single binary population, while showing shortcomings of both astrophysical and primordial
scenarios, but still allows for PBH to contribute to a fraction of the observed BBHs.

Indication of particular events has been also discussed. GW190521 has attracted attention
because at least the primary component mass lies in the so-called pair-instability mass gap,
where there should not be direct formation of stellar black holes, and the possibility of a pri-
mordial origin has been discussed in Ref. [91]. The events GW190425 and GW190814 have both
companions with masses [1.6 —2.5| Mg and [2.5—2.7| Mg, which is unexpected if they originated
from a neutron star or a stellar black hole. Ref. [799] discussed the possibility of PBH pairing
with an astrophysical BH, and concluded that it is unlikely that such binaries form and merge
within a Hubble time (see also [92, 800]). Refs. [70, 72-74] investigated the possibility that both
the primary and secondary BHs are primordial considering the thermal history mass function,
which indeed has a bump at a few My and around 30 — 50M and explains the events very
well, together with GW190521.

Recently, Ref. [87] performed the most comprehensive Bayesian population analysis of
LVKC data, that includes both BH and NS merger events, while testing the hypothesis that
a fraction of events may come from the primordial scenario, where the latter is derived from
first principles with the inclusion of QCD effects on the mass distribution. The results of
such an analysis can currently only set an upper bound on the PBH fraction, showing the still
limited constraining power of available data, but interestingly peaked up some aforementioned
special events with high probability of being primordial (i.e. GW190924 021846, GW190814,
GW190412, and GW190521). One peculiar property of the PBH channel, is that if it produced
mergers in the NS mass range, due to the QCD enhancement and the critical collapse, it would
necessarily produce a mass distribution which is wider the the one expected for astrophysical NS
mergers [87]. This would inevitably predicts subsolar, as well as lower mass gap event mergers.

Due to the much improved sensitivity of future observation runs, we notice that O4 and O5
may have more chances to detect many PBH events. However, unless some of these events have
smoking-gun features [85], it would be hard to distinguish them from ordinary astrophysical
channels. Therefore, an interesting prediction, reported in Table 4, is the number of subsolar
and mass-gap events detectable in O4 and O5, assuming GW190814 is primordial. Such numbers
can be considered conservative upper bounds, as well as complementary tests of the primordial
origin of the aforementioned events. In particular, in O5 there could be as many as ~ 8 subsolar
events per year (but the 90% confidence interval is also compatible with zero events). Then O5
should detect one to a few dozen events per year in the lower mass-gap (and up to ~ 50 upper
mass-gap events), which might be more difficult to interpret in astrophysical scenarios.

Future observations at third generation experiments will be able to further constrain the
abundance of PBHs in the LVKC mass range by searching for high redshift PBH mergers,
where the possible astrophysical contamination from Pop III mergers fades out [493] (see also
Refs. [85, 446, 478, 490, 491, 801, 802]). This technique would allow to constrain the PBH
abundance down to values as small as fppg < O(107°) in the standard scenario, see Fig. 41
[493].16

16Such constraint becomes much more stringent if one assumes clustered PBH initial conditions, boosting the
PBH merger rate [446]. However, further work on understanding the merger rate of initially clustered scenarios
is needed.
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LVKC observing run Nigy NESu(SS) | Ngsp(LMG) | Ngs (UMG)
01-03 0.8,22.4] | [0.0,0.6] [0.1,2.3] [0.0,6.1]
04 [1.9,43.7] | [0.0,1.3] | [0.3,13.0] [0.0,13.1]
05 [10.3,216.7] | [0.0,8.6] | [0.8,25.2] [0.0,47.3]

Table 4. Table adapted from Ref. [87]. Assuming GW190814 had primordial origin, this table reports
the 90% C.I. for the number of detected PBH events within GWTC-3, and predicted events (per year)
with LVKC O4 and O5 sensitivity. We also indicate forecasted detections (within the 90% C.I.) that
would fall in the subsolar (m; < Mg, SS), lower mass gap (my € [2.5,5] Mg and/or my € [2.5,5] Mg,
LMG) and upper mass gap (m; > 50Mg, UMG) ranges.
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Figure 41. Figure taken from Ref. [493]. Projected upper limit on fpppy as a function of central PBH
mass scale M, (assuming a narrow log-normal mass distribution) obtained from null high redshift merger
detections with one year of observations at a CE-ET network. See the main text for a discussion of the
other (non-GW constraints). In yellow, we show forecasts for the limits that will be set by microlensing
searches with the Rubin observatory [803, 804].

7.6.2 LVC sub-solar searches

In addition to the standard compact binary coalescence search, the LVC has been updating the
constraint on sub-solar mass binaries, where at least one binary component has a mass between
[0.2 — 1] Mg [805-807] (see also [151, 808-810]). So far, no firm detection of such GWs has been
reported, but four subsolar black hole candidates with false alarm rate smaller than 2 yr—! and
signal-to-noise ratio SNR > 8 were reported in [151] after re-analysing the data from the second
observing run within an extended mass range. If such a binary system were to be found with a
clear statistical significance, it could be strong support for the existence of PBHs, since neither
black holes nor neutron stars are expected to form below ~ 1Mg through conventional stellar
evolution. The recent analysis with the data from the first half of the LVC O3 run has provided
a bound on the merger rate of subsolar binaries in the range [220 —24200]Gpc 3yr~!. Assuming
an isotropic distribution of equal-mass primordial black holes, the bound on the merger rate
translates to the bound on the fraction of PBHs as fppgy = Qppu/Qpm < 6%. Although the
LVC collaboration papers have placed stringent constraints on the PBH abundance, they can
be relaxed by two orders of magnitude if we take into account merger rate suppression due to
binary disruption by early forming clusters, matter inhomogeneities and nearby PBHs [151].
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7.6.3 LVC SGWB

As mentioned in Sec. 5.6, overlapped GWs from binary PBHs form a SGWB. The most updated
bound on the SGWB by the LVC O3 run is Qgw < 5.8 x 107Y at the 95% credible level for
a flat (frequency-independent) SGWB [811]. The first constraints on PBH abundance were
argued in [604] using the O1 data. The updated constraints by O2 and O3 data can be found
in [75, 444]. In addition, parameter estimation has been attempted by [612] using the O3 data
by considering both astrophysical and primordial components. The analysis provided weak
constraints on the PBH merger rate and time delay parameter, while it indicated the difficulty
of separating astrophysical and primordial BBH contributions with the current sensitivity of
the detectors (see also [606]). We may be able to obtain meaningful constraints on the PBH
merger rate with the increased sensitivity of upcoming runs and future detectors.

It is worth mentioning that the upper bound on the SGWB can provide constraints also
on the ultralight PBHs in the mass range of [1072° — 10719]M, through the scalar induced
GWs. Those PBHs are strongly constrained by the Hawking radiation, but with the upgraded
sensitivity, the ground-based interferometers could provide constraints that are several orders
of magnitude stronger than existing constraints [538]. The first constraint was demonstrated
by [812] with the O2 data. See [813] for the updated constraint by the O3 data.

7.6.4 PTAs and NANOGrav

As discussed in Sec. 5.1, enhanced density perturbations inevitably source stochastic GWs,
dubbed as scalar induced GWs, or SIGW. The SIGW can be used to probe the small scale power
spectrum [217, 378, 407, 537, 539, 541, 602]. The amplitude of this signal can be estimated as
Qcw ~ (symmetry factors) - Qpaq - Pg, where symmetry factors include possible contractions
and different diagrams. Hence, it is seen that current PTA experiments can probe Py > 10729
at the nano-Hertz (nHz) scale.

In 2020, the NANOGrav collaboration first reported evidence in their 12.5 year dataset [129]
for a common spectrum of a stochastic nature, representing the first hint of the existence of a
nHz SGWB (also later on confirmed in refs. [814-816]). However, at the time, no evidence was
found for a quadrupolar spatial correlation (i.e. Hellings-Down (HD) curve [142]), necessary to
interpret the signal as a GW background consistent with General Relativity. Interestingly, the
more recent PTA data released in 2023 by the NANOGrav [133, 134], EPTA (in combination
with InPTA) [135-137], PPTA [138-140] and CPTA [141] collaborations, gathered significant
evidence for a HD angular correlation.

Focusing on the most stringent dataset, the latest NANOGrav 15yr, the reported ob-
servations can be fitted by a smooth power law with a scaling Qaw < f1623) at 1o. Tt is
known that supermassive black hole binaries produce a SGWB with a scaling Qqw o f2/3 [817]
if binary evolution is GW driven, which is currently disfavoured at 2¢ by the NANOGrav15
data [818, 819]. Nevertheless, environmental and statistical effects may play a relevant role, and
lead to a steeper scaling [818-825]. At the present stage, current data does not allow to rule-out
(or rule-in) a cosmological origin for the observed signal, which may also be due to first-order
phase transitions [826-839], cosmic strings and domain walls [840-861], and inflationary first
order tensor perturbations [862] (see also for other explanations [863-867]).

Standard PBH formation scenarios generating a population of subsolar PBHs are related
to the emission of an induced SGWB, which may explain current PTA detections [130-132, 511,
514, 546, 868-885, 885-895]. In Fig. 42 we show the parameter space that would be compatible
with PTA signal and how this relates to PBH overproduction constraints (see also Sec. 3 for a
discussion on the uncertainties affecting the computation of the PBH abundance).

Due to the extreme sensitivity of PBHs to the statistics of the primordial perturbations,
it is also possible to reduce or enhance the abundance of PBHs efficiently via non-Gaussian
perturbations. This could result in a larger/smaller amplitude of curvature perturbations and
of the associated SIGWs. On the one hand, assuming a fixed abundance of PBHs, nega-
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Figure 42. The green and purple posterior indicate the 1, 2, 30 contours obtained fitting to
NANOGravl5 and EPTA dataset, respectively. This plot assumed a broken power law curvature spec-
trum with a fixed growth index n = 4 and varying decay power law index after the peak located at k..
A indicates the power spectral peak amplitude and we indicate on top the corresponding peak SGWB
frequency. We also show the corresponding PBH abundance for different models: Gaussian curvature
perturbations including non-linear effects (black), quasi-inflection-point models with 5 = 3 (red), cur-
vaton models with rgec = 0.9 (blue) and negative fyi, (cyan) (see Tab. 1 and Refs. therein for more
details). The colored bands cover values of PBH abundance in the range fpgg € (1,1073) from top to
bottom. The dashed line indicates an average PBH mass (m) = M. We point the reader to Sec. 3 for
a discussion on the uncertainties affecting the computation of the PBH abundance. Figure taken from
[883].

tive non-Gaussianities would be able to enhance the associated amplitude of the GW signal,
bringing it closer to the range preferred by PTA observations. On the other hand, positive
non-Gaussianities could reduce ¢y allowing this scenarios to escape the sensitivity level of
current PTA experiments.

Future nHz frequency gravitational wave detectors will reach remarkable sensitivities, pro-
vided a potential astrophysical background can be tamed. Therefore, with future PTA-SKA
experiments we will either detect or rule out conclusively the cosmological signals accompany-
ing the formation of PBHs. PTA-SKA will robustly probe PBH mass formation in the range
[0.1 — 10*] M. This regime is extremely important for both astrophysical sources such as stel-
lar mass BH binaries, intermediate BHs and SMBH seeds. On Fig. 43, from [407], we show
the PTA-SKA detection capabilities of the stochastic GW background sourced by primordial
scalar perturbations which obey different statistical distributions: Gaussian, chi-sqr (x?) and
cubic-Gaussian (G?3) for the cases i) fppy ~ 1 (i.e PBHs constituting all the DM) and ii)
frer = 10710,

One should point out here as well the possibility of future nHz PTA-SKA GW detectors to
observe ultralight PBHs in the mass range 107 — 10%g given that the peak frequency associated
to the scalar induced GWs sourced by Poisson PBH energy density fluctuations, related to the
PBH spatial distribution, is well within the PTA-SKA frequency range [317]. This potential
detectability of such small mass PBHs is very important given the fact that these ultralight
PBHs evaporate before BBN so they do not leave another direct observational imprint of their
existence.
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Figure 43. PTA-SKA detection capabilities of the stochastic GW background sourced by scalar per-
turbations with distinct primordial statistical distributions: Gaussian (red), chi-sqr (x?, orange) and
cubic-Gaussian (G3, blue) for i) fppu ~ 1 (i.e PBHs constituting all the DM) and ii) fppy = 10719,
from [407].

7.6.5 Continuous and high-frequency GWs from planetary-mass PBHs

PBH binary systems with a planetary chirp mass should emit very weak continuous GWs in
the frequency range of ground-based interferometers, many years before they actually merge.
It has been proposed to search for continuous waves from PBH binaries in our galaxy [896],
either towards the galactic center or in the solar system vicinity. However, the current limits
on continuous waves do not yet provide significant limits on the PBH abundance [897], even for
the models with the highest merger rates. However, future instruments like Einstein Telescope
should be able to probe fppp between 1072 and 1.

When they merge, these low-mass PBH binaries emit gravitational waves in the MHz or
GHz range. These could be probed with high-frequency GW detectors like resonant microwave
cavities, which could probe fppy down to about 1073 [98, 898]. Additionally, one recent proposal
involving resonant LC circuits may represent the best option in terms of individual merger
detection prospects in the range (1 — 100) MHz. It was also shown in Ref. [97] that a detection
of the stochastic gravitational wave background produced by unresolved light PBH binaries is
possible only if the theoretical sensitivity of the proposed Gaussian beam detector is achieved.
Such a detector, whose feasibility is subject to various caveats, may be able to rule-out some
scenarios for asteroidal mass primordial black hole dark matter (see Ref. [97] and Refs. therein
for more details).

7.6.6 Discussion and limitations

Gravitational wave observations already provide both limits on the PBH abundance and possible
hints in favor of the PBH hypothesis. There is a rather general agreement that the observations
of black hole mergers around 30M; do not allow for more than about a percent of the dark
matter to be made of PBHs of this mass.

Exceptional GW events, e.g. including at least one black hole in the pair-instability mass
gap (like GW190521), with one object in the low-mass gap or at least heavier than most of
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neutron stars (like GW190814 and GW190421) without electromagnetic counterparts, mergers
with low mass ratios and small individual spins (like GW190814), with statistical evidence for
a black hole spin not aligned or anti-aligned with orbital momentum, as well as the measured
low effective spins, provide a series of indications that challenge most standard stellar-origin
scenarios and suggest alternative formation mechanisms. Among these alternatives, the PBH
hypothesis is a front-runner together with scenarios of stellar black hole binary formation in
dense environments like globular clusters or nearby AGNs. All these observations are also
pushing the odds in favor of PBHs when one performs model comparisons based on Bayesian
statistics. But the statistical significance of these observations, as well as the large theoretical
uncertainties on both PBHs and stellar black hole models, do not yet allow to draw a definitive
conclusion.

If at least some of the detected black holes are primordial, this suggests a somehow extended
mass function, which is also more realistic theoretically. This means that thermal effects induced
by the QCD transition needs to be taken into account, as recently done in [76, 87], which
have important effects in the stellar mass range and can modify the merger rate distribution
previously derived with phenomenological lognormal models.

Limits on GW backgrounds is another way to already probe the possible DM fraction
made of PBHs, but these limits highly depend on the model parameters and are impacted by
the merger rate uncertainties or by the possible non-Gaussian statistics of scalar perturbations
in the case of a SGWB from second order perturbations. Nevertheless, it has been claimed that
the possible signal from PTAs at nHz frequencies could come from the scalar perturbations
leading to stellar-mass or planetary-mass PBHs.

Altogether, GWs appear to be a very novel and promising way to probe and set a limit
on the abundance of PBHs. Once again, one must be cautious because of the large model un-
certainties, but the intriguing LVK observations provide a very strong motivation to investigate
further the PBH hypothesis with improved models and Bayesian statistical methods. Among
the GW signatures of PBHs, signals from the coalescence of subsolar black holes provide the
most compelling way to distinguish between stellar and primordial origin. A few candidates
have been recently found but whose statistical significance is too limited to claim a detection.
Upcoming data will have the ability to detect subsolar PBHs if they significantly contribute to
the dark matter.

7.7 Summary

There are dozens of ways to probe and constrain the abundance of PBHs, which have been
reviewed in this section. If one strictly follows the claimed limits and assume a monochro-
matic distribution, it seems excluded that PBHs account for the entirety of the dark matter
below 10716 M, due to limits based on PBH evaporation through Hawking radiation and above
10~'°M, due to microlensing limits up to the solar mass scale, and multiple other astrophysical
and cosmological observations at masses above a solar mass. This has fed the interest for the
asteroid-mass region that until know remains open, even if some limits have been claimed from
the capture of PBHs by stars, but still using quite specific assumptions.

It is however worth noticing that the situation is in reality much less simplistic, and that
all the limits rely on assumptions that can be debated and that very often are also model
dependent. The simplest example of the mitigation of these limits is probably the fact that all
the evaporation-based limits rely on a still unproven physical phenomena mixing quantum theory
and gravity. If for any reason our current description of the Hawking radiation is incorrect or if
it is less efficient than expected, all the limits on the PBH abundance below 1016 M, disappear.
Lots of work have tried to examine the validity of the assumptions in different contexts and
these were also discussed in this section. It is also worth noticing that the strength of the
microlensing limits can vary depending on the PBH clustering, on the galactic halo profiles,
etc. Another example of how limits can change depending on assumptions is provided by CMB
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limits, varying by many orders of magnitude depending on the details of the accretion process
onto PBHs or on the dark matter content.

Besides asteroid-mass PBHs, one can also notice that in the solar-mass region, the number
of probes is limited to microlensing and X-ray limits and are not extremely stringent, varying
between 1072 and 10~!. For quite extended PBH mass functions, it could remain a viable
possibility that the main peak of PBHs arises within this range as one could expect from the
QCD-transition. Scenarios combining a peak in the asteroid-mass range and a peak in the
solar-mass range, possibly explaining GW observations, are also an interesting possibility.

Finally, one should note that limits on PBH abundances cohabit with possible positive
evidence [156], e.g. from detected microlensing events, cosmic background properties supporting
the high redshift existence of PBH clusters, and obviously GW observations and the intriguing
properties of black hole binary mergers. Most of these evidences point to the stellar-mass region.

Taken all these considerations into account, it seems indeed difficultly plausible that all the
dark matter is made of planetary-mass or intermediate mass (above 10M) PBHs. But both
the asteroid-mass region and the stellar-mass region remain of very high interest, especially in
the context of extended mass distributions. But strong claims are probably premature given
the remaining large level of uncertainties for all the probes.

8 Detectability with LISA

In this section, we aim at summarizing the different ways with which the LISA mission can
probe PBHs, and the possible impact that LISA will have on our understanding of the viable
PBH models, in particular their mass function, merging rates, and the underlying formation
scenarios. Remarkably, we emphasize that not only LISA will be able to probe intermediate-
mass PBHs but also solar-mass and subsolar mass PBHs, and even tiny PBHs formed at very
high energies in the early Universe that would have entirely evaporated, due to the Poisson
fluctuations and the resulting SGWB they would have left.

8.1 SGWB from second order curvature fluctuations

The generation of PBHs from the collapse of sizeable density perturbations is unavoidably asso-
ciated with the emission of a SGWB at second order in perturbation theory, whose characteristic
frequency can be related to the PBH mass [532, 533]. It has been found that the formation
of PBHs with masses around O (10_15 — 10_8) Mg, where they can comprise the dark matter
in the Universe, corresponds to the emission of a SGWB with frequency and abundance well
within the LISA sensitivity curve [160].

The properties of such a SGWB can be summarised as follows:

e The shape of the signal depends on the power spectrum of the curvature perturbations
and is model dependent. However, the behaviour at low frequencies is predicted to be
scaling like ~ k3 due to causality arguments [554]'7.

e Even though GW signals have an intrinsic non-Gaussian nature at emission epoch, their
coherence in phase correlations is washed out by their propagation in the perturbed Uni-
verse due to time delay effects generated by large scale variations of the gravitational
potential, leading to a completely low-redshift Gaussian signal at the LISA detector [523].

e The presence of local scale-invariant primordial non-Gaussianities in the scalar curvature
perturbation would be responsible in modifying the shape and abundance of the GW spec-
trum [161], as well as inducing a large amount of anisotropies in the SGWB, potentially
detectable by LISA [900], if PBHs comprise only a small fraction of the dark matter in
the Universe [579].

These predictions can be used to disentangle this signal from other SGWBs of different nature.

17See Refs. [238, 527, 899] where the impact of thermal history on the SGWB spectral shape was investigated.
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8.2 SGWB from ultralight evaporated PBHs

LISA will also probe the formation of PBHs of mass between 10 g and 10 g that are too light
to have survived until today, due to Hawking evaporation. In particular, a SGWB comes from
the Poisson fluctuations in the spatial distribution of these PBHs at formation [317]. These
Poisson fluctuations correspond actually to scalar inhomogeneities, sourcing a SGWB at second
order. This will be particularly interesting in the context of modified gravity setups [512, 593]
that could be constrained or even ruled out using the SGWB from ultralight PBHs.

Through this PBH-induced SGWB, LISA will indirectly probe the early Universe at ener-
gies up to the scale of grand-unified theory, including inflationary models, even if these PBHs
have quickly evaporated.

8.3 SGWB from early binaries

As seen in Fig. 29, the SGWB amplitude for a log-normal mass function with central mass
= 2.5Ms and width 0 = 1 reaches its peak at around 100 Hz, and starts to be greatly
suppressed below the LISA frequencies. For the thermal broad-mass function, one notices in
Fig. 30 the important contribution to the SGWB from binaries composed of intermediate and
solar-mass PBH (coming from the electron peak and the QCD peak in the PBH mass function
respectively, see Fig. 12). These low-mass-ratio binaries start to boost the SGWB below 0.1
Hz by up to 3 orders of magnitude at most, compared to the log-normal case (Fig. 29). In
particular, one can notice a bump in the SGWB around 102 Hz, originating from the bump
around 10°Mg, in the broad PBH mass function. The shape of the background could therefore
give us important details about the PBH mass function and allow for precise reconstruction.
The SGWB spectral index (dlog Qaw/dlog f) is overall positive for the early binaries contrary
to the late-time PBH binaries (see next Subsection), thus probing the SGWB spectral index at
the LISA frequencies could be a way to differentiate PBH binaries in clusters from early PBH
binaries.

8.4 SGWB from late binaries

Similarly to the early binaries case, the SGWB amplitude for a log-normal mass function is
much lower at the LISA frequencies, but we can still expect a detection if the GW amplitude is
high enough to be detected by LVK. In the case of a thermal history mass function, the SGWB
amplitude is enhanced at LISA frequencies because we have more massive PBHs paring with
the 2M PBHs (see Figs. 31 and 32). The overall amplitude is determined by the merger rate,
which still has a large uncertainty. As discussed in Sec. 4.2, it can be enhanced by increasing
the PBH density in clusters and/or lowering the PBH velocity. Further observations by LVK
would provide useful implications on the merger rate to refine the prediction on the SGWB
amplitude at LISA frequency.

8.5 Intermediate-mass binary mergers

As shown in Fig. 20 for two typical models, intermediate-mass PBHs between 10% and 10°M
that are contributing to the dark matter at the sub-percent level at most, due to other limits
in this range, could merge with rates above 10 3yr~'Gpc™3. Interestingly, this mass range
corresponds to GW frequencies where LISA has the highest range, effectively probing any
merger in the observable Universe up to redshifts of 100 to 1000. This means that even if
the merger rate is lower than in the stellar-range, LISA could detect more than a few of these
mergers every year. Determining the merger rate and redshift distribution of intermediate-mass
BH mergers is therefore a promising way to constrain the PBH mass functions and clustering

properties, possibly linking them to the seeds of supermassive black holes.
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8.6 Extreme mass ratio inspirals

The capability of LISA of targeting low frequency regimes makes it an ideal experiment for the
search of GW signals generated from the inspiral of a subsolar mass compact object that could
have a primordial origin around a supermassive black hole (SMBH). GW constraints can be set
on the PBH abundance from the expected PBH-SMBH merger rate [901, 902]. In particular, a
null-detection during a 5-year operation of the experiment would constrain the PBH abundance
to values smaller than fppy < 3 x 107* for PBHs masses in the range (1072 — 1) M, [901].
Furthermore, the detection of these extreme mass-ratio inspirals at LISA will be crucial in the
search for subsolar-mass black holes, given the unparalleled precision in measuring the mass
of the secondary object at subpercent level for PBHs as light as (O(0.01) Mg up to luminosity
distances around hundred megaparsecs [903]. This would allow the claim of detection of a

subsolar-mass black hole with very high statistical confidence.

8.7 High-redshift binary mergers

It is challenging to explain how supermassive black holes can exist in only partially reionized
environments at redshifts as high as z 2 7 [904]. If the seeds of these black holes come from
the first population of stars, this typically needs super-Eddington accretion rate and large mass
seeds. Another possible mechanism is the direct collapse of gas into BHs. Both models have their
caveats. Even if one invokes super-Eddington accretion, it is very challenging for these seeds
to reach sufficiently large masses to explain observations. PBHs are an alternative explanation
to the existence of SMBHs since they can provide seeds of intermediate-mass BHs at higher
redshift than for the other astrophysical mechanisms [105, 543, 905-907]. Therefore, the easiest
way to distinguish PBH seeds from other candidates is to observe intermediate-mass or even
supermassive black holes at z 2 20, prior to star formation.

The astrophysical range of LISA will allow for the observation of IMBBH mergers at
redshifts z > 20 with a SNR larger than five, for equal-mass mergers and progenitor masses
between 103 M, and 10°M,), as shown in Fig. 44. The possible merger rates of PBHs for a broad
mass function with the imprints of the thermal history, shown in Fig. 20, can be larger than
O(1)yr~! for primordial IMBBHs that would be formed in PBH clusters at high redshift. The
existence of these clusters is relevant since they would also form in the standard Press-Schechter
theory. LISA observations will be complementary to those of Earth-based GW detectors, like
CE and ET, which will probe mergers with lower masses, and to future PTA limits from SKA,
which will probe eventual mergers of SMBHs at similar redshifts.

8.8 Combination with LVK observations

Numerous compact binary coalescences with total mass between 10M and 100M and a merger
frequency in the range probed by Earth-based interferometers will also be detected by LISA due
to the GW emission in the inspiral phase, as illustrated in Fig. 45. This provides a unique way
to determine months or even years in advance when and in which sky location these mergers
are going to occur. It will be then easier to search for electromagnetic counterparts of mergers.
Parameter reconstruction will also be improved, which could also help to better determine the
source location, distance and redshift. According to [909], up to hundreds of binary black hole
mergers could be pre-determined with an accuracy of about 10 seconds and 1 deg?, as well as
a chirp mass reconstruction at the 1076 level. The latest analysis [910] uses the state-of-art
waveforms and Bayesian parameter estimation for both frequency bands to assess the potential
of multi-band GW observations of the stellar-mass BBHs starting from 3 years before the merger
(LISA) up to the coalescence (ground-based detectors: upgraded LVK or 3G — either ET or CE).
Such observations will allow to determine all 17 parameters describing the binary with at least
percent-level accuracy, possibly to identify a likely host galaxy and to alert about the expected
merger days in advance significantly improving the chances of detection of any electromagnetic
signature associated with it.
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Figure 44. Redshift range of LISA for equal-mass BBH coalescences as a function of the total system
mass and comparison with the range of other detectors and pulsar timing arrays. The color scale
represents the expected SNR. Figure taken from Ref. [908].
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Figure 45. Illustration of the concept of multi-band GW astronomy, combining (e)LISA and aLIGO
(LVK). Each blue line corresponds to a trajectory in the strain-frequency plane for black hole mergers.
The horizontal time scale corresponds to the probed time before the merger. Figure taken from Ref. [909].

In [85] the measurement accuracy by LISA, ET and LVK has been quantified for such
PBH binary discriminators as eccentricity, spin and mass-spin correlation, as well as the horizon
redshift for subsolar-mass mergers with negligible spins and eccentricity has been determined.

A better reconstruction of the black hole mass, rate and redshift distribution will help to
distinguish between primordial and stellar scenarios, as well as the black hole environment and
binary formation channel (merger from a cluster, stellar binary origin, AGNs...). This could be
particularly the case for mergers with black hole masses in the pair-instability mass gaps that
would be seen as short bursts in LVK detectors, not allowing for a precise mass reconstruction.
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Figure 46. Distance for which a circular binary of total mass m and coalescence time 7 leads to quasi-
continuous gravitational waves detectable with a SNR = 8 in different detectors. The expectations for
LISA are shown in the right panel. Figure from Ref. [802].

LISA will significantly help to determine their still enigmatic (possibly primordial) origin.

8.9 Quasi-monochromatic continuous waves from subsolar PBHs

It has been pointed out in [802, 903, 911] that LISA will probe the existence of galactic subsolar
PBHs in binaries with very long coalescence times up to distances of tens of kiloparsecs, allowing
to probe the galactic center or PBH clusters in the galactic dark matter halo. This range is
shown in the right panel of Fig. 46 coming from [802] as a function of the binary mass and time
before collapse. The most interesting region is probably for 1072Ms < m < 1M, and collapse
time 7 up to 10® years, for which the range is of order of tens of parsecs.

Therefore, with the use of continuous-wave methods, LISA will be able to probe different
mass and collapse time scales than ground-based instruments like Einstein telescope [446]. It
will therefore be complementary to probe the existence of subsolar black holes or primordial
origin in our galaxy, which if they are found, would lead to groundbreaking implications in
cosmology.

8.10 Observing near-Earth asteroid-mass primordial black holes

The LISA instrument will have the sensitivity to detect the gravitational influence of dark
matter clumps or dark asteroid-mass compact objects like tiny primordial black holes passing
nearby the detector. This possibility was recently studied by Baum et al. in [912] (see also the
old work by Seto & Cooray [913]).

With typical galactic velocities of hundreds kilometers per second, the signal duration is of
order of hours or days, and would correspond to a burst at a frequency of order 1076 — 10~ Hz,
within the LISA sensitivity band. Since the signal would come from a transient change in the
acceleration on the three mirrors resulting from the gravitational force exerted by the compact
object, the shape of the signal is expected to be different than for a gravitational-wave tensor
fluctuation. Therefore specific analysis tools are probably needed to search for them, but those
could be used to detect near-Earth asteroids as well, which would be an interesting bi-product
of such an analysis. For instance, one expects one observable transit every 20 years [912] for
PBHs with mass of order 10'kg, if they constitute all the DM density. The expected LISA
range to asteroid-mass PBHs and the corresponding rate of expected events is shown in Fig. 47.

Observing tiny primordial black holes in the solar system would be clearly revolutionary
and LISA will probably be the first instrument to reach the required sensitivity to make such a
great achievement.
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Figure 47. Left: Expected mass of dark matter clumps or compact objects like PBHs mg in the
inner solar system that could be detected at a distance d by LISA and other types of gravitational-wave
detectors, due to the transient acceleration of test masses (which for LISA corresponds to the mirrors in
the three space probes). Right: Corresponding rate of expected observable events as a function of the
object mass, if they comprise all the dark matter and assuming galactic velocities. Figure from [912].

8.11 Summary

LISA will have the ability to probe primordial black holes of a very broad range of masses,
based on different signals and GW production mechanisms:

e 103 —10°My: GWs from the merging of intermediate-mass and supermassive black holes,
including at redshift z 2 20, and their SGWB.

e 10—100Ms: GWs from the merging of binaries with extreme-mass ratios and their SGWB.

0.01 — 1Mg: Quasi-continuous GWs from sub-solar PBH in our galaxy.

10715 — 1078 My: SGWB from second order perturbations.

10719 — 10716 M: Newtonian gravitational force from PBHs in the inner solar system.

< 1072°M,: SGWB induced by Poisson PBH energy density fluctuations.

This includes the two best ways to almost unambiguously prove the existence of PBHs, i.e.
detecting subsolar black holes (in binaries with extreme mass ratios) and black holes at higher
redshift than the stellar formation scenario can account for.

As a consequence, LISA will be an instrument of premiere importance in order to probe
the existence of PBHs, which will be complementary to other astrophysical and cosmological
signals, as well as other types of GW detectors.

9 Conclusions

Since the first detection of gravitational waves in 2015, primordial black holes (PBHs) have
been the subject of an exponential growth of interest. Not only could PBHs explain some of
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the LVK black hole mergers but they could also have important cosmological consequences in
cosmology: their existence would unveil new high-energy physics needed for their formation in
the early Universe, they could significantly contribute to or even entirely constitute the dark
matter, they may be related to baryogenesis, may have seeded supermassive black holes at the
center of galaxies, and may as well have significantly modified the formation and growth of
structures through the Universe’s history.

With this work, we provide a review including the most recent scenarios of primordial
black hole formation. The most up-to-date formalisms to be used for end-to-end calculations
of their gravitational-wave signatures are also reviewed. A particular emphasis is placed on the
observational perspectives in the context of the LISA mission. The present astrophysical and
cosmological limits are also briefly reviewed and discussed, as well as the possible clues for their
existence.

Among the plethora of formation mechanisms, we have discussed in particular the recent
classes of models in which PBHs are formed from Gaussian or non-Gaussian inhomogeneities
that could be produced from quantum fluctuations or quantum diffusion of one or more scalar
fields during inflation. Wherever possible, we provided the concrete formula to be used to
calculate the primordial power spectrum of curvature fluctuations in these models and their
possible non-Gaussian statistics. We went beyond the standard formalism of PBH formation
by reviewing recent progress on the relation between the curvature perturbation and the den-
sity contrast, the model-dependent computation of the overdensity threshold leading to PBH
formation, including thermal effects at the QCD transition that provide a good theoretical mo-
tivation for a peak in the PBHs distribution at the stellar-mass scale (possibly associated with
LVK observations). We also went beyond the standard computation of the present PBH mass
function and spin distribution by including non-trivial effects related to accretion, which have
been studied recently.

PBHs can lead to different types of signatures in gravitational-wave observations and
we have reviewed their calculation in a model-dependent way. We provided the most recent
prescriptions for the calculation of the PBH merging rates, for different binary formation mech-
anisms (early binaries, binaries formed in clusters, disrupted binaries). These mergers would
leave distinct GW signatures that are searched for with GW template-based methods. The
PBH mass function and the underlying formation model could be reconstructed from the rate,
mass, spin and redshift distribution of black hole mergers with present and future gravitational-
wave interferometers. Recent analysis of LVK observations have revealed that there could be
some statistical significance in favor of the PBHs hypothesis, depending on which astrophysi-
cal channels one compares them to. Another source of GWs comes from the transient bursts
produced during close hyperbolic encounters, for which we also provide the expected rate and
typical shape. Besides transient events, PBH binaries and hyperbolic encounters should also
have produced a stochastic GW background covering the full frequency range accessible with
observations of pulsar timing arrays, LISA and ground-based interferometers. The general for-
malism to compute this background has been reviewed and particular examples based on broad
PBH mass functions including thermal effects have been given and discussed. At second order
in perturbation theory, one gets another source of gravitational-waves associated with PBHs,
coming from the large density fluctuations that are at the origin of their formation or, for lighter
PBHs which have already evaporated today, that are produced by their Poisson distribution.
We have reviewed the most recent prescriptions to calculate these SGWBs for any PBH model,
and discussed their observability.

The future LISA space-based interferometer will probe PBHs in several ways. First, by
searching for intermediate-mass PBH mergers. Based on the expected noise power spectral
density, we estimated the number and distribution of PBH merger events in some models.
LISA will also be able to detect mergers with very low mass ratios, for instance between an
intermediate-mass PBH and a solar-mass PBH produced at the QCD transition. Also, it will
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probe the SGWB from PBH binaries, which could be strongly boosted for wide PBH mass
functions, compared to a peaked PBH mass function. Therefore, LISA will be very useful to
disentangle the different possible PBH mass functions and formation scenarios. Searching for
high-redshift mergers is another way to distinguish astrophysical and primordial origins of black
holes and test the hypothesis that supermassive black hole seeds are primordial. Finally, the
broad gravitational-wave frequency range covered by LISA will allow to probe the stochastic
GW background induced by scalar perturbations, corresponding to PBH scales ranging from
10~ M to 1078 M, therefore covering the interesting asteroid-mass range where there is no
significant limit on the PBH abundance. By probing a scalar-induced background from Poisson
fluctuations in even lighter, evaporating PBHs, that would have totally disappeared from the
Universe today due to Hawking evaporation. This would be another unique way to probe physics
at much higher scales than can be done with particle accelerators.

Our work will soon be accompanied by a numerical code to compute all these gravitational-
wave observations, for a wide variety of models. This code is currently under development and
testing, but some of our key figures were already produced using it. This is a first promising
perspective of this work. Then, our review also sheds light on the physical processes that are
still subject of large uncertainties, like the role of PBH accretion and clustering, or the PBH
binary disruption. We also discuss the fact that all signatures are highly model dependent.

One important conclusion of our analysis of the recent literature on PBHs is that strong
claims, in one or another direction, are certainly premature and generally rely on hypotheses
that are very hard to test. Thus, there is still a huge amount of work to be done before making
precise predictions. We therefore encourage others to pursue this direction and hope that our
work will provide motivation and tools for researchers from other fields to join the growing PBH
community.
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10 Table of notations

Pc
INL
Rgp/LB

Curvature fluctuation

Density fluctuation

Primordial curvature power spectrum (dimensionless)

Primordial density power spectrum (dimensionless)

Scalar spectral index of the power spectrum

Probability density function of curvature/density fluctuations
Variance of P

Scale factor

Hubble parameter

e-fold number

Planck mass

Reduced Planck mass

PBH mass

Chirp mass of a binary

Total binary mass

Primary mass of a binary

Secondary mass of a binary

Horizon mass at horizon crossing

Horizon crossing time

Ratio between PBH initial mass and Hubble mass at horizon crossing
PBH spin parameter

Total dark matter fraction made of PBHs

Normalised PBH density distribution (per unit PBH mass interval)
Normalised PBH density distribution (per unit neperian logarithmic PBH mass interval)
PBH density distribution at formation (per neperian logarithmic mass interval)
GW background amplitude

DM density parameter

Energy density associated to GWs

Overdensity threshold for PBH formation

Matter perturbation amplitude

PBH energy density profile

PBH number density per comoving volume

Equation of state parameter

Critical energy density of a spatially flat Universe

Non-Gaussianity parameter

Merger rate in a comoving volume for early/late binaries

(per neperian logarithmic PBH mass interval)

Table 5. List of symbols and notations used through the review, in more than one section.
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