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PROGRAMS FOR SYMBOLIC SOLVING OF DIFFERENTIAL EQUATIONS

Johan Bengtsson

Abstract

When one studies nonlinear resonances 1in storage rings by
perturbation theory, one is led into a system of first order coupled
differential equations. By using Lie-series, it is possible to write the
solution of those as a series expansion. We will here study the
possibilities to let a program do that. In other words, we study the
possibilities to have a program which reads the differential equations
and gives the solution as symbolic series expansions to any desired
order. It is then possible to have a second program which reads those
expansions and, when given starting values, it may calculate the valuesof

the solutions for any chosen time.



Theory

Given a set of nonautonomous first order coupled equations

Qg%_ =F; (X9,...,%p,8) , 1=1,..,n (1

One may define a differential operator D by

D= F‘(x1(to),-..,Xn(to),t0) -37?—(-{;)-{- e
0 9

It can be shown that the solutions to (1) may be written as a Lie-series
of the form?).

* etk i
X; (£) L0 K e = FTRD (e, dmtl

k=0 (2)
If one had a subroutine which makes symbolic differentiation followed by
algebraic simplification, then this solution could easily be calculated

to any given order.
LISP

A programming language well adapted to this kind of problems is
LISP. 2) gives an example of functions for symbolic differentiation and
algebraic simplification in LISP. Those routines were taken over to the
LISP on the PRIAM-VAX, and routines for the Lie-series expansion were
added.

Program i i ults

When we have given the equations and the order for the expansions of



the solutions, the LISP program will do these calculations and write the
symbolic expansions on a file. This file is read by the second program
which then reads starting values: xj(tp) and to. It may now calculate
xj(t) for any t. In order to improve the convergence x;j(t) should be
calculated in steps by first calculating x;(t, + h) for all i where h

is the time step and then x; (ty + 2h) by using the previously

calculated values as starting values, and so on until xj(t) is reached.

This program should be written in a language suitable for numerical
calculations such as FORTRAN or PASCAL. By using prefix notation for the
symbolic expressions the program is preferably written as a recursive
program. This, of course, excludes the use of FORTRAN.

nclusions

In the Appendix we apply the programs to some examples of
differential equations. Note that a higher order differential equation
may always be split into a set of first order differential equations by

the following trick:

"
X + w2 x

=0
define y = X , then
y =x
ir:-w2x

We see that the method works fairly well for simple equations. For
more complicated equations the solutions contain a lot of terms,
especially when we go to higher order for improvement of the
convergence. This reduces the efficiency of the program which does the
numerical calculations.

A possible means to simplify and improve the efficiency is to have a

more sophisticated function for algebraic simplification. The one used



here does not look for common factors in different terms etc. Another
possibility is to directly generate FORTRAN code for the solutions
instead of having a program reading a file with the expansions. This
could easily be done by implementing this under MACSYMA, a system
specially developed to solve this kind of problem.

Note that we have not taken into consideration whether the Lie-series

(2) converge so that they really are solutions to the equations. For
such considerations we refer to the references!).

References
1. 'F. Cap, W. Grobner and P. Lesky, “The Astonomical n-Body Problem with
Time-Dependent Forces®; Acta Physica Austriaca, vol. 15 (1962), page

212.

2. Clask Weissman; "LISP 1.5 Primer"; Dickenson Publishing Company
Inc. (1967).

Distribution:

LEAR Group Scientific Staff



APPENDTIX

We show here some examples. Note that the derivative is written with

the use of an operator, where

Dtx

is the derivative of x with respect to time, etc. The different examples

are :
Exponential decay X +ay=0
Harmonic oscillator X+uw2lx=0
Pendulum equation X +w2sinx=0

Motion of particle in sextupolar fields

r2' = [k/rz? sin ¢
- rz?
82 Ik/ I cos ¥ Y =01+ 202 + 08 + 8e
r2' = 2/k/rqrz sin ¥
p2' = 2/k/rq cos ¥

where the prime denotes differentiation with respect to 8.

Note that D in the examples of the equations means the total
derivative, whereas in the expression for the differential operator D
stands for the partial derivative.
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Equations

Dtx=-ax

Differential operator
(-ax)Dx+Dt

Order of expansion 5

Expansions

Y

)+0.5 t°2 aax+0.1666666666666667 t"3 a”2
~ax)+0.008333333333333333 t°5 a"2 (-a)(-a)(-ax)

M.x\ogsadx\.o; decay

X + XX =0

(~a=)+).04166666666666667 t
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Equations

Dtx=y

Dty=-xw"2
Differential operator
yDx+(-xw"2 )Dy+Dt
Order of expansion 5

Expansions

x(t)=x+ty+0.5 t72 (-xw"2 )+0.1666bbbbobb6LLET
"4 xw"2 w2 +0.008333333333333333

y(t)=y+t(-xw"2 )+0.5 t72 y(-w"2

]

Harmonic

oscillator

t°5 yw' 4

t°3

X +wix =0

y(-w™2 )+0.041666666b6666bb67 t

666667 t~4 yw 4 +0.008333333333333333 t°5 w™4 (-xw"2 )

0.1666666666666667 t°3 xw 2 w'2 +0.04166666066
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Equations

Dtx=y

Dty=-w"2 sinx

Differential operator

yDx+(-w™2 sinx)Dy+Dt

Order of expansion 5

Expansions

x(t)=x+ty+0.5 t72 (-w"2 sinx)+0.1666666666666667 t73 y(-w™2 Ccosx)td.0416666660666
66667 t"4 (yy(-w 2 (-sinx))+w"2 sinxw”2 cosx)+0.008333333333333333 t°5 (ylyy(-w"
2 (~cosx))+w 2 sinxw 2 (-sinx)+(w”2 cosx)"2 )+2 y(-w"2 (-sinx)){(-w"2 sinx))
y(t)=y+t(-w"2 sinx)+0.5 t°2 y(-w"2 cosx)+0.1666666666666667 t°3 (yy(-w"2 (-sinx)
J+w 2 sinxw"2 cosx)+0.04166666666666667 t°4 (y(yy(-w"2 (-cosx))+w"2 sinxw™ 2 (-si
nx)+(w 2 cosx) 2 )+2 y(-w"2 (-sinx))(-w"2 sinx))+0.008333333333333333 t°5 (y(y(y
y(-w"2 sinx)+w 2 sinxw"2 (-cosx)+w 2 (-sinx)w”2 cosx+2 w 2 (~sinx)w™2 cousx)+2 y(
“w 2 (-sinx))(-w"2 cosx)+2 y(-w"2 (-cosx))(-w"2 sinx))+(y2 y(-w"2 (-cosx))+yy(-w

"2 (-cosx))+w 2 sinxw 2 (-sinx)+(w"2 cosx) 2 +2 (-w"2 (-sinx))(-w"2 sinx))(-w"2
sinx))
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Equations

Dtuz=kw 2 sin(f+v+2 x+et)
Dtv=kw"2 1/ucos(f+v+2 x+et)
Dtw=2 kuwsin(f+v+2 x+et)
Dtx=2 kucos(f+v+2 x+et)
Differential operator

kw2 sinlf+v+2 x+tet)Durkw”™2 1/ucos(f+v+2 x+et)Dv+2 kuwsin(f+v+2 x+et)Dw+2 kucus(
f+v+2 x+et)Dx+Dt

Order of expansion 2
Expansions

u(t)=u+tkw 2 sin(f+v+2 x+et)+0.5 t72 (kw"2 1/ucos(f+v+2 x+et)kw” 2 cos(f+v+2 xtet
)+2 kuwsin(f+v+2 x+et)ksin(f+v+2 x+et)2 w+2 kucos(f+v+2 x+tet)kw 2 2 cos(frv+2 x+
et)+kw”2 ecos(f+v+2 xtet))

v(it)=v+rtkw 2 1/ucos(f+v+2 x+et)+0.5 t°2 (kw 2 sin(f+v+2 xrtet)kw 2 1/(ucos(f+v+2
xtet)) "2 (-cos(f+v+2 x+et))+kw 2 1/ucos(f+v+2 x+tet)kw 2 1/(ucos(f+rv+2 xtet)) 2 (
~u(-sin(f+v+2 x+et)))+2 kuwsin(f+v+2 x+et)kl/ucos(f+v+2 x+et)2 w+2 kucos(fr+v+2 x
+at)kw™2 1/ (ucos(f+v+2 x+et)) 2 (-u(-2 sin(f+v+2 x+et)))+kw 2 1/(ucos(f+v+2 x+et
))*2 (-u(-esin(f+v+2 x+et))))

(t)=w+t2 kuwsin(f+rv+2 x+et)+0.5 t72 (hw"2 sin(f+rv+2 x+et)2 kwsin(f+v+2 x+et)+kw
2 1/ucos(f+v+2 x+et)2 kuwcos{f+v+2 xtet)+4d kuwsin(f+rv+2 x+ret)husin(f+v+2 xret)+
4 kucos(f+v+2 x+et)kuw2 cos(f+v+2 x+et)+2 kuwecos(f+v+2 x+et))

L3

x(t)=x+t2 kucos(f+v+2 x+et)+0.5 t°2 (kw"2 sin(f+v+2 x+et)2 kcos(f+v+2 x+et)+kw 2
1/ucos(f+v+2 x+et)2 ku(-sin(f+v+2 x+et))+4 kucos(f+v+2 x+retd)ku(-2 sin(f+v+2 x+e
t))+2 ku(-esin(f+v+2 x+et)))
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Equations

Dtuzkw” 2 sin(f+v+2 x+et)
Dtv=kw"2 1/ucos(f+v+2 x+et)
Dtw=2 kuwsin(f+v+2 x+et)
Dtx=2 kucos(f+v+2 x+ret)
Differential operator

kw2 sin(f+v+2 x+et)Du+kw’™2 1/ucos(t+v+2 x+tet)Dv+2 kuwsin(r+v+2 x+et)Dwt+t2 kucos(
f+v+2 x+tet)Dx+Dt

Order of expansion 3
Expansions

u(t)=u+tkw’™2 sin(f+v+2 x+tet)+0.5 t°2 (kw™2 1/ucos(f+v+2 x+et)kw 2 cos(f+v+2 x+et
)+2 kuwsin(f+v+2 x+et)ksin(f+v+2 x+et)2 w+2 kucos(Ff+v+2 x+et)kw 2 2 cos(f+v+2 x+
et)+kw 2 ecos(f+v+2 x+0t))+0.1666666666666667 t°3 (kw™ 2 sin(f+v+2 xt+tet)(kw"2 cos
(Frv+2 x+tat)kw”™2 1/(ucos(f+v+2 x+et)) 2 (-cos(f+v+2 x+et))+ksin(f+rv+2 xret)2 w2

Kkwsin(f+v+2 xvet)+kw 2 2 cos(f+v+2 x+et)2 kcos(f+v+2 x+et))+kw 2 1/ucos(t+v+2 x+
et)(kw 2 V1/ucos(f+v+2 x+et)kw 2 (-sin(t+v+2 xtet))+kw 2 cos(f+v+2 x+tetd)kw 2 1/(u
cos{(t+v+2 x+et)) 2 (~u(-sin(f+v+2 x+et)))+2 kuwsin(f+v+2 x+et)k2 wcos(t+v+2 x+et
J+ksin(f+v+2 x+et)2 w2 kuwcos(f+v+2 x+et)+2 kucos(f+v+2 x+tet)kw 2 2 (-sin(f+v+2

xtet))+kw 2 2 cos(f+v+2 x+et)2 ku(-sin(t+v+2 x+et))+kw’ 2 e(-sin{f+v+2 x+tet)))+2

khuwsin(f+v+2 x+et)(kw™ 2 1/ucos(f+v+2 xtet)kcos(t+v+2 x+et)2 wtkw 2 cos(t+vt? x+e
t)kl1/ucos(f+v+2 xtet)2 w+2 kuwsin(tr+v+2 xret)k2 sin(f+rv+2 xret)+thksin(t+rve2 x+tet)
2 w2 kusin(f+v+2 xtet)+2 kucos(f+v+2 xt+tet)kd wcos(f+v+2 xtet)rkecos(frv+2 xrtet)?2
w)+2 kucos(f+v+2 xtet)(kw"2 1/ucos(f+v+2 xtet)kw” 2 (-2 sin(f+v+2 xtet))+kw 2 co
s(f+v+2 xtet)hw™ 2 1/(ucos(f+rv+2 x+et)) 2 (-ul(-2 sin(f+v+2 xt+tet)))+2 kuwsin(f+v+2
xtet)kd4 wcos(frv+2 x+et)+ksin(f+rv+2 xtet)2 w2 kuw2 cos(f+v+2 x+et)+2 hucos(f+ve+
2 xtet)kw™2 2 (-2 sin(f+v+2 x+tet))+kw 2 2 cos(f+v+2 x+et)2 ku(-2 sin(f+v+2 x+et)
Y+hw 2 e(-2 sin(f+v+2 x+et)))+kw 2 1/ucos(f+v+2 x+tet)kw 2 (-esin(f+ve?2 xtet))+kw
"2 cos{f+tv+2 xtet)kw 2 1/ (ucos(f+rv+2 xtet)) 2 (~ul(-esin(f+v+2 xvel)))+2 huwsin(f
+v+2 x+tet)k2 wecos(f+v+2 x+et)+ksin(f+v+2 x+et)2 w2 kuwecos(f+v+2 x+et)+2 kucos(
fFrv+2 x+et)kw”™2 2 (-esin(f+v+2 x+et))+kw™ 2 2 cos(f+v+2 x+tet)2 ku(-esin(f+v+2 x+e
t))+kw 2 e(-esin(f+v+2 x+tet)))

v(it)=sv+tkw 2 1/ucos(f+v+2 x+et)+0.5 t°2 (kw' 2 sin(f+v+2 x+et)kw 2 1/(ucos(t+v+2
xtet)) 2 (-cos(f+v+2 x+et))+kw 2 1/ucos(tr+v+2 x+et)kw 2 1/(ucos(f+v+2 xvet)) 2z (
—u(-sin(f+v+2 x+tet)))+2 kunwsin(f+v+2 x+et)kl/ucos(f+v+2 x+et)2 w+2 kucos(t+v+2 x
+et)kw 2 1/(ucos(f+v+2 xret)) "2 (~u(-2 sin(f+v+2 x+tet)))+kw 2 1/{(ucos(f+vt2 xtret
)) 2 (~u(-esin(f+v+2 x+@t))))+0.1666666666666667 t°3 (kw 2 sin{(f+v+2 x+et)(hkw 2
sin(f+v+2 xtet)kw 2 V1/(ucos(f+v+2 xret)) 4 (-2 cos(f+rv+2 x+tet)ucos{(f+v+2 xtet))(
-cos(f+v+2 x+et))+kw 2 1/ucos(f+v+?2 x+tet)kw”™2 (1/(ucos(f+v+2 x+et)) 2 sin(frve?
xtret)+1/(ucos(f+v+2 x+tet)) "4 (-2 cous(ftrv+2 xtet)ucos(f+v+2 x+et))(-u(-sin(t+vs+2
x+et))))+kw 2 1/ (ucos(f+v+2 xret)) 2 (-u(-sin(f+rv+2 x+et)))kw 2 1/ (ucos(f+v+2 x+
et)) 2 (-cos(f+v+2 xtet))+2 kuwsin(f+v+2 x+tet)k2 wi/(ucos(f+v+2 x+tet)) 2 (-cos(f
+v+2 xtet))+kl/ucos(f+v+2 x+et)2 w2 kwsin(fF+v+2 x+et)+2 kucos(f+v+2 x+et)kw 2 (1
/J(ucos(f+v+2 x+ret)) 2 2 sin(frv+2 x+ret)+1/(ucos(f+v+2 x+et)) 4 (-2 cos(f+v+2 x+e
tl)ucos(f+v+2 x+et))(-u(-2 sin(f+v+2 x+et))))+kw 2 1/(ucos(f+v+2 xret)) 2 (-u(-2
sin(f+v+2 xtret)))2 kcos(Ff+rv+2 xret)+kw 2 (1/(ucos(f+v+2 x+et)) 2 esin(frv+2 xdet
J+1/(ucos(f+v+2 x+et)) "4 (-2 cos(f+rv+2 x+et)ucos(f+v+2 xret)){-ul(-esin(f+v+2 x+e
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t)))))+kw 2 t/ucos(t+v+2 x+ret)(kw 2 sin(f+rv+2 x+tet)kw 2 (1/(ucos(t+v+2 x+et)) 2
sin(f+v+2 x+tet)+1/(ucos(f+v+2 x+et)) "4 (-2 u(-sin(t+v+2 x+et))ucos(f+v+2 x+et))(
-cos(f+v+2 x+et)))+kw 2 1/(ucos(f+v+2 x+tet))” 2 (-cos(f+v+2 x+et))kw 2 cos(frv+2
x+tet)+kw 2 1/ucos(f+v+2 x+et)kw”™ 2 (1/(ucos(f+v+2 xtet)) 2 (~u(-cos(f+v+2 x+et)))
+1/(ucos(f+v+2 x+tet)) 4 (-2 u(-sin(f+v+2 xtet))ucos(f+v+2 x+et))(-ul-sin(f+v+2 x
+tet))))+ (kw2 1/ (ucos(f+v+2 xtet)) "2 (~u(-sin(f+v+2 x+et)))) 2 +2 kuwsin(frv+2 x
+et)k2 wl/(ucos(f+v+2 x+et)) 2 (~u(-sin(f+v+2 xret)))+kl/ucos(f+v+2 x+et)2 w2 ku
wcos(f+v+2 x+et)+2 kucos(f+v+2 x+et)kw 2 (1/(ucos(f+v+2 x+et)) 2 (-u(-2 cos{(f+v+
2 x+et)))+1/(ucos(f+v+2 x+et))”4 (-2 u(-sin(f+v+2 xtet))ucos(f+v+2 x+et))(~u(-2
sin(f+v+2 x+et))))+kw” 2 1/(ucos(fF+v+2 x+et)) "2 (-u(-2 sin(f+v+2 x+tet)))2 kul-sin
(f+v+2 x+e@t))+kw”™ 2 (1 /(ucos(f+v+2 x+et)) 2 (-u(-ecos(f+v+2 x+et)))+1/(ucos(t+v+2
x+tet)) 4 (-2 u(-sin(f+v+2 xt+tet))ucos(f+v+2 x+tet))(-u(-esin(f+v+2 x+et)))))+2 ku
wsin(f+v+2 x+et) (kw2 sin(f+v+2 x+tet)kl1/(ucos(f+v+2 x+et)) 2 (-cos(f+v+2 xtet))2
wtkw 2 1/(ucos(f+v+2 xtet)) 2 (-cos(f+rv+2 x+et))ksin(f+v+2 x+et)2 w+tkw 2 1/ucos
(fF+v+2 xtet)kl/(ucos(f+v+2 x+et)) "2 (~u(-sin(f+rv+2 x+tet)))2 wtkw 2 1/ (ucos(f+v+2
x+et)) 2 (-u(-sin(f+v+2 x+et)))kl1/ucos(f+v+2 x+et)2 w+2 kuwsin(t+v+2 x+tet)k2 1/
ucos(f+v+2 x+et)+kl/ucos(f+v+2 x+et)2 w2 kusin(f+v+2 x+et)+2 kucos(trv+2 x+et)k)
/(ucos(f+v+2 x+et)) 2 (-u(-2 sin(f+v+2 x+et)))2 wrtkl/(ucos(f+v+2 x+tet)) 2 (-u(-e
sin(f+v+2 x+et)))2 w)+2 kucos(f+v+2 x+et) (kw2 sin(f+v+2 xret)kw 2 (1/(ucos(f+v+
2 xtet)) 2 2 sin(f+v+2 xvraet)+1/(ucos(f+v+2 x+et)) 4 (-2 u(-2 sin{(t+v+2 x+tet))uco
s(f+v+2 xtet))(-cos(t+v+2 x+tet)))+kw 2 1/(ucos(f+v+2 x+tet)) 2 (-cos(f+v+2l xtet))
kw2 2 cos(f+v+2 x+et)+kw 2 1/ucos(f+v+2 x+tet)kw™ 2 (1/(ucos{f+v+2 xret)) 2 (-ul(-
2 cos(f+v+2 x+et)))+1/(ucos(frv+2 x+et)) 4 (-2 u(-2 sin(f+v+2 x+tet)lucos(f+v+2 x
tet))(-u(-sin(f+v+2 xret))))+kw" 2 1/(ucos(f+v+2 x+et)) 2 (-~u(-sin(f+v+2 x+ret)))k
w2 1/(ucos(f+v+2 x+et)) "2 (-u(-2 sin(f+v+2 x+et)))+2 kuwsin{(f+rv+2 xt+tet)k2 wi/(u
cos(f+v+2 xt+tet)) 2 (~u(-2 sin(f+v+2 xtret)))+kl/ucos(f+rv+2 x+et)2 w2 kuw2 cos{frv
+2 x+tet)+2 kucos(f+v+2 x+tet)kw” 2 (1/(ucos(f+v+2 x+tet)) 2 (-u(-4 cos(f+v+2 xtet))
)J+1/(ucos(f+v+2 x+et)) 4 (-2 u(-2 sin(f+v+2 x+tet))ucos(f+v+2 x+et))(-u(-2 sin(f+
v+2 x+et))))+kw 2 1/(ucos(f+v+2 x+et)) 2 (~u(-2 sin(f+v+2 x+et)))2 ku(-2 sin(f+v
+2 x+et))+kw 2 (V1/(ucos(frv+2 x+et)) 2 (-u(-e2 cos(f+v+2 x+tet)))+1/(ucos(fF+v+2 x
+et)) 4 (-2 u(-2 sin(f+v+2 x+et))ucos(f+v+2 x+et))(-u(-esin(f+v+2 xt+tet)))))+kw 2
sin(f+v+2 x+tet)kw 2 (1/(ucos(f+v+2 x+et)) "2 esin(f+v+2 x+et)+r1/(ucos(t+v+2 xtet
))*4 (-2 u(-esin(f+v+2 x+et))ucos(f+v+2 x+et))(-cos(f+v+2 x+et)))+kw™ 2 V/(ucos(f
+v+2 x+et)) "2 (-cos(f+v+2 x+et))kw 2 ecos(f+v+2 x+et)+kw 2 1/ucos(f+v+2 x+et)kw’
2 (1/(ucos(f+v+2 x+et)) "2 (-u(-ecos(f+v+2 x+et)))+1/(ucos(t+v+2 x+ret)) 4 (-2 ul(-
esin(f+v+2 x+et))ucos(f+v+2 x+et))(-ul(-sin(t+v+2 xret))))+kw 2 1/(ucos(f+v+2 xte
t)) 2 (~u(-sin(f+v+2 x+tet)))kw 2 1/(ucos(f+v+2 x+et)) 2 (-u(-esin(t+v+2 x+et)))+
2 kuwsin(f+v+2 xret)k2 wi/(ucos(f+v+2 xtet)) 2 (-u(-esin(f+v+2 x+et)))+kl/ucos(t
+v+2 x+et)2 w2 kuwecos(f+v+2 xtet)+2 kucos(f+rv+2 x+et)kw 2 (1/(ucos(f+rv+2 x+et))
“2 (-u(-2 ecos(f+v+2 x+et)))+1/(ucos(tf+v+2 x+et)) 4 (-2 u(-esin(f+v+2 x+et))ucos
(f+v+2 x+et))(-u(-2 sin(f+v+2 x+tet))))rkw 2 1/(ucos(f+v+2 x+tet)) 2 (~-u(-2 sin(f+
v+2 xtet)))2 ku(-esin(f+v+2 x+tet))+kw 2 (1/(ucos(f+v+2 x+et)) 2 (-u(-eecos(f+v+2
x+et)))+1/(ucos{f+v+2 xtet)) 4 (-2 u(-esin(f+v+2 x+et))ucos(f+v+2 x+tet))(-ul(-es
in(f+v+2 x+et)))))

wt)zw+t2 kuwsin(f+v+2 x+et)+0.5 t72 (knw 2 sin(f+v+2 x+et)2 kwsin(f+rv+2 x+et)+kw
"2 1/ucos(f+v+2 x+et)2 kuwcos(f+v+2 xvret)+d4 kuwsin(f+v+2 x+tet)kusin(f+v+2 xret)+
4 kucos(f+v+2 xrtet)kuw?2 cos(f+v+2 x+et)+2 kuwecos(f+v+2 x+et))+0.166666666666666
7 t°3 (kw™2 sin(f+v+2 x+et)(kw™ 2 1/ucos(f+v+2 x+et)2 kwcos(f+v+2 x+et)+2 kuwcos(
f+v+2 x+et)kw 2 1/(ucos(f+v+2 x+tet)) 2 (-cos(f+v+2 x+et))+4 (kuwsin(f+ve+2 x+et)k
sin(f+v+2 x+et)+kusin(f+v+2 x+et)kwsin(f+rv+2 x+et))+4 (kucos(r+v+2 x+et)kw2 cos(
t+rv+2 xtet)+kuw2 cos(f+v+2 x+et)kcos(frv+2 x+et))+2 kwecos(f+rv+2 x+et))+kw 2 1/u
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cos(f+v+2 xtet)(kw' 2 sin(f+rv+2 x+et)? kwCos{f+v+2 xt+tet)+2 hwsin(t+v+2 aret)hw 2

cos(f+v+2 x+et)+kw 2 1/ucos(f+v+2 x+tet)2 kuw(-sin(f+v+2 x+et))+2 kuwcos{t+v+2 x+
et)kw 2 1/(ucos(f+v+2 x+et)) 2 (~ul(-sin(f+v+2 x+ret)))+4 (kuwsin(r+v+2 x+et)kucos
(f+v+2 x+et)+kusin(f+v+2 x+et)hkuwcos(frv+2 x+tet))+4 (kucos(t+v+e xtet)huw? (-sin
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(frv+2 x+et))+kuw2 cos{f+v+2 x+et)kul(-sin(f+v+2 xtet)))+2 kuwel(-sin(f+v+2 x+et))
)+2 kuwsin(f+v+2 x+tet) (kw2 sin(f+v+2 xtet)2 ksin(f+v+2 x+et)+2 kwsin(frv+2 x+et
Yhsin(f+rv+2 x+et)2 wrtkw' 2 1/ucos(f+v+2 x+et)2 kucos(f+v+2 x+et)+2 kuwcos(f+v+2 x
+et)kl/ucos(f+v+2 x+et)2 w+d4 (kusin(f+v+2 xt+tet)) 2 +4 kucos(f+v+2 x+et)ku2 cos(f
+v+2 x+et)+2 kuecos(f+v+2 x+et))+2 kucos(f+v+2 xret)(kw 2 sin{(f+v+2 x+tet)2 kw2 C
os(f+v+2 x+et)+2 kwsin(f+v+2 x+@t)kw 2 2 cos(f+v+2 x+et)+kw 2 1/ucos(f+v+2 x+et)
2 kuw(=-2 sin(f+v+2 xtet))+2 kuwcos(f+v+2 xtet)kw 2 1/(ucos(f+v+2 x+ret)) 2 (-u(-2
sin(f+v+2 x+et)))+4 (kuwsin(f+v+2 x+et)ku2 cos(f+v+2 xret)+kusin(f+v+2 x+et)kuw
2 cos{t+v+2 x+et))+4 (kucos(f+v+2 x+et)kuw2 (-2 sin(f+rv+2 xtet))+kuw?2 cos{(f+v+2

xtet)kul(-2 sin(f+v+2 x+tet)))+2 kuwe(-2 sin(f+v+2 x+et)))+kw 2 sin(f+v+2 x+tet)2 k
wecos(f+v+2 x+et)+2 kwsin(f+v+2 x+et)kw 2 ecos(frv+2 x+tet)+hkw 2 1/ucos(f+v+2 xte
t)2 kuw(-esin(f+v+2 x+et))+2 kuwcos(f+v+2 x+tet)kw 2 1/ (ucos(f+v+2 x+tet)) "2 (-ul(-
esin(f+v+2 x+et)))+4 (kuwsin(f+v+2 xtet)kuecos(f+v+2 xtet)+hkusin(f+v+2 xtet)kuwe
cos(f+v+2 x+et))+4 (kucos(f+v+2 x+et)kuw2 (-esin(f+v+2 xtet))+kuw2 cos(f+v+2 xre
t)ku(-esin(f+v+2 x+et)))+2 kuwel(-esin(f+v+2 xtet)))

x(t)=x+t2 kucos(f+v+2 x+et)+0.5 t72 (kw" 2 sin(f+v+2 x+et)2 kcos(f+v+2 x+tet)+kw"2
1/ucos(f+v+2 x+et)2 ku(-sin(f+v+2 xt+tet))+4 kucos(f+v+2 x+et)ku(-2 sin(f+v+2 x+e
t))+2 ku(-esin(f+v+2 x+8t)))+0.1666666666666667 t~°3 (kw2 sin(f+v+2 x+et)(kw™ 2 1
/ucos(f+v+2 x+@t)2 k(-sin(f+v+2 x+tet))+2 ku(-sin(f+v+2 x+et))kw 2 1/(ucos(f+v+2
xtet)) 2 (-cos(f+v+2 x+tet))+4 (kucos(t+v+2 xret)k(-2 sin(t+v+2 x+et))+tku(-2 sin(
f+v+2 x+et))kcos(f+v+2 x+tet))+2 k(-esin(f+v+2 x+et)))+kw 2 1/ucos(f+v+2 x+et) (kw
"2 sin(f+v+2 x+tet)2 k(-sin(f+v+2 x+et))+2 kcos(r+v+2 x+et)kw’ 2 cos(f+v+2 x+et)+k
w 2 1/ucos(f+v+2 x+et)2 ku(-cos(t+v+2 x+tet))+2 ku(-sin(t+v+2 x+et))kw"2 1/ (ucos(
t+v+2 x+tet)) 2 (~ul(-sin(f+v+2 x+et)))+4 (kucos(f+v+2 x+et)ku(-2 cos(ft+v+2 x+et))
+ku(-2 sin(f+v+2 x+et))kul(-sin(f+v+2 x+et)))+2 kul~ecos(f+v+2 x+tet)))+2 kuwsin(f
+v+2 x+et)(2 kcos(f+v+2 x+tet)ksin(f+v+2 x+et)2 w+2 ku(-sin(f+v+2 x+et))kl/ucos(t
+v+2 xtet)2 w)+2 kucos(f+v+2 xtet)(kw 2 sin(f+v+2 xret)2 k(-2 sin(frv+2 x+et))r2
kcos(f+v+2 x+trat)kw ™2 2 cos(f+v+2 xt+tet)+thkw 2 1/ucos(f+v+2 xtet)2 ku(-2 cos(f+v+2
x+tet))+2 kul(-sin(f+v+2 x+et))kw 2 1/ (ucos(f+v+2 x+et)) 2 (~u(-2 sin(f+v+2 x+et)
))+4 (kucos(f+v+2 x+tet)ku(-4 cos(f+v+2 x+et))+(ku(-2 sin(frv+2 x+et))) 2 )+2 kul
-e2 cos(f+v+2 xtet)))+kw 2 sin(f+v+2 x+et)2 k(-esin(f+v+2 x+et))+2 kcos(f+v+2 x+
et)kw 2 ecos(f+v+2 xret)+kw”2 1/ucos(t+v+2 x+et)?2 ku(-ecos(f+v+2 x+et))+2 hul-si
Nn(f+rv+2 x+et))kw 2 1/(ucos(f+v+2 x+et)) 2 (~u(-esin(f+v+2 x+et)))+4 (kucos(trv+2
x+et)ku(-2 ecos(f+v+2 x+et))+ku(-2 sin(f+v+2 x+et)))hkul(-esin(f+v+2 x+et)))+2 hul
-eecos(f+v+2 x+et)))



Groupe LEAR

. ALLEN

. ASSEOQ

. BAECKERUD
BAIRD
BENGTSSON
CHANEL
CHEVALLIER
GALIANA
GIANNINI
IAZZOURENE
LEFEVRE
LENARDON
LEY
MANGLUNKI
. MARTENSSON
.L. MARY
MAZELINE
MOEHL
MOLINARI
.C. PERRIER
. PETTERSSON
SMITH

. TOKUDA
TRANQUILLE
. VESTERGAARD

i ibution (d ésumeé

Personnel scientifique de la Division PS
/ed



