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ABSTRACT

We generalize the analytical approach, described in a previous 
note, to include magnets with inclined and/or curved boundaries. 
Evaluating the fringe field contribution in hard edge approximation, 
we arrive at relatively simple expressions for the chromaticity, 
general enough to cover all magnet types commonly used in proton 
synchrotrons and storage rings. Results are given for a number of 
small focusing rings for which the exact treatment of the fringe 
fields is important.
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1. INTRODUCTION

In a previous note1) we discussed methods used in the design of 

LEAR to calculate the chromaticity, i.e. the linear dependence of betatron 
wave number Q on momentum. Our approach,derived in ref.1),starts from 
the equation of motion in a general time independent magnetic field2). 
Expanding these equations up to the second order in the deviation of a 
particle from the reference orbit and applying appropriate transformations, 
we obtained adifferential equation from which the tune shift ΔQ(Δp) can 
be calculated using standard accelerator theory. The resulting expressions 
have been evaluated in ref.1) for the case of magnets with orthogonal 

beam entry (sector magnets) as is appropriate for LEAR.

These analytical results agree well with those obtained by using 
the computer programme TRANSPORT3) to calculate the chromaticity from the 

second order matrix elements, a formalism which was derived by S. Peggs 
But for small machines where the bending radius P is no longer large 
compared to the dispersion D most other programmes and methods disagree 
with our results. We believe that, with the exception of TRANSPORT, these 
programmes use approximations for the edge field which are not appropriate 
for the small rings.

In the present report we generalize the analytical approach 

to include magnets with inclined and/or curved boundaries. We need 
to calculate the dipole, quadrupole and sextupole components of the fringe 
field that enters into the chromaticity formula. To obtain these components, 
we assume that the field passes smoothly from its value well inside the 
magnet to zero field in the straight section. The transition takes place 
in a short edge region which follows the border curve of the magnet. 
By evaluating this transition in hard edge approximation, we arrive at 
relatively simple analytical expressions for the chromaticity, general 
enough to cover all common magnet types used in synchrotrons and storage 
rings.
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2. THE GENERAL FORMULA

We repeat here for convenience, the general derivation given 
already in ref.1) (Appendix 1).

The trajectory equations of a particle in a static magnetic 
field2) are (note that we use for the horizontal coordinate a sign 
convention opposite to the one of Steffen2)):

(2.1)

with h(s) = the curvature of the reference orbit, x the horizontal 
co-ordinate (counted positive radially outwards), z the vertical 
component and s the distance along the reference orbit. A prime denotes 
the derivative with irespect to s, v the total particle velocity and w = s 
the velocity of the particle projection along the reference orbit. 

Introducing 2)

(2.2)

and using for the magnetic field components the expressions up to second 
order in z and x

(2.3)
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with (2.4)

one can express the differential equations for the vertical and hori­
zontal motion to second order in z,x and their derivatives :

(2.5)

Herein we use for brevity.

For the chromaticity calculation, we expand these equations around the 
reference orbit by inserting x = Dδ into the equation for the vertical 
and x = x + Dδ into the equation for the horizontal motion where D(s) 
(also called dp or T] in accelerator theory) is the dispersion function 
defined by the periodic solution [p(s + 2*nR) ■ D(s)] of

D" + (h2 - k)D = h (2.6)

Neglecting all terms of higher than first order in x, x’ and δ, we 
arrive at the differential equations

(2.7)

From these equations the familiar equations of motion can be extracted by 
setting δ ξ 0 ;

(2.8)

For the following consideration it will be useful to write eq.(2,7) in 
a more compact form :

(2.9)

where y represents either the vertical (z) or the horizontal (x) com­
ponent and where g = - — (hD)’δ and Δk are the perturbations linear in δ.
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Using the transformation

(2.10)

we eliminate the y’ term in eq. (2.9) and get

(2.11)

Dropping the g2- term as it is of second order in δ, we obtain the tune 
shift due to the Δk and g’-term applying the .Courant and Snyder 
theory (eq. 4.31) in ref.5^)to eq. (2.11) above :

(2.12)

Here β(s) and Q are the betatron function and betatron wave number of 
the unperturbed motion. From eq.(2.12) we obtain the chromaticity defined as

(2.13)

Thus the contribution to the chromaticity of any magnetic element can 
be expressed by

(2.14)

in the vertical (index v) and horizontal (index H) plane respectively. 
By adding up all contributions, one obtains the chromaticity of the 
ring. What remains to be done is to find for the different types of 
magnets, the quadrupole k and sextupole r components and to evar 
luate the integrals in eq. (2.14).

3. A SIMPLE METHOD TO DERIVE THE FIELD COMPONENTS IN THE FRINGE REGION

From eq. (2.3), the vertical field in the median plane can be 
written as

(3.1)
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Here h(s,x) may be interpreted as the curvature for a particle 
trajectory at x, s, z = 0 and h(s,o) = h(s) is the curvature of the 
reference orbit as used above.

In the central part of the magnet h, k and r do not depend on s 
for "well designed" magnets or are slowly varying functions of s 
for more complicated magnets. Where necessary, we use the suffix "m" 
to refer to the values inside the central part.

From eq. (3.1), we find k(s) and r(s) as

(3.2)

We use these expressions for the fringe region. This almost solves our 
problem. We shall just have to express the partial derivatives with 
respect to x by those with respect to s in the edge region denoting the 
latter ones by

To express the transition from zero field to the value inside the magnet, 
we suggest the product

(3.3)

where hm(s,x) is the field well inside the magnet and is usually independent 
of s; H(A) goes from 0 to 1 at the entrance (near A(εr,ξ) = 0). The 
cartesian system o,ξ has its origin in the "hard edge point",that is the 
point where the reference orbit enters the idealized magnetic field



- 6 -

border. It may be defined by

(3.4)

with sθ large enough such that H(-sθ) - 0, 

s large enough such that H(sm) - 1. m

Fig.1

From Fig. 1, one deduces ;

(3.5)

where

(3.6)

is the angle between the (instantaneous) s-direction and the a-axis 
(which is almost the extension of the reference orbit in the straight 
section).
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A "hard edge line" can be defined by taking eq. (3.4) for x 0.
When using the function H(A) introduced above to describe the "field 
rise" in the edge region, it is general enough to take

(3.7)

so that A = 0 describes a tilted and curved end face whose radius of 
curvature is 1/(tcos36 ). Higher powers of ξ do not contribute to the 
chromaticity.
The azimuthal extent of the fringe field scales with the gap height g. 
For a gradient magnet g is a function of the radial position and thus 
contributes to the derivative 9A/9x. Eut this contribution goes to 
zero in hard edge approximation (g 0) where H(A) becomes the unit 
step function and dH/dA the <5 function. In this approximation eqs. (3.3) 
and (3.7) can be considered as appropriate.

4. THE QUADRUPOLE AND THE SEXTUPOLE COMPONENT FOR A GRADIENT 
MAGNET WITH TILTED AND CURVED END FACES

The fact that the edge function H(A) depends on A only allows one 
to replace the partial derivatives for k and r (eq. (3.2)) by derivatives 
with respect to s. Using 

one gets, with A given by eq, (3.7), along with eqs. (3.1) to (3.6), 

the quadrupole component k 

where we have put
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(4.1)

and get

(4.2)

For the sextupole component r we obtain

In order to eliminate we need

which yields, together with eq. (4.1)

(4.3)

For most cases it is sufficient to consider k and r in hard edge 
approximation. Then, eqs. (4.2) and (4.3) simplify to

(4.4)

(4.5)
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Signs are correct for an entrance. Signs for the exit depend on 
sign convention for θ and T. Adopting that of Fig. 3, eq.(4.4) remains 
unchanged whilst r for the exit becomes

A magnet with upstream-downstream symmetry has the property of doubling - 
never of cancelling - the contributions from the entrance at the exit.
This is also true for the last term of eq. (4.6) since, when folded with' 
another function, -δT(s) yields the derivative at the hard edge point and 
that has opposite signs at entrance and exit.

5. EVALUATION OF THE INTEGRALS

. . 5)Integrating eq.(2.14) by parts, using

β* = -2a, a’ = kβ - y

and eq.(2.6) to express D” in terms of D one gets

(5.1)
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In order to simplify the integration we use the hard edge model as 
discussed above to describe the Longitudinal field distribution h(s) over a 
magnet:

Fig. 2

Thus, the function h(s) is constant everywhere except at the points sT 
and s, where h’(s) becomes +h times the delta function δ(s). The z —Hi
following integration rule6holds the n-th derivative with respect to 
s of the delta function:

(5.2)

Since in hard edge approximation we shall need only the r.h.s. of eqs. (4.4) 
and (4.5) we omit the suffix ”m” from hereon. Thus all h, k and r refer 
to the central part.

Assuming that the central part of the magnet goes from sx to s2 we evaluate 
the contributions to the chromaticity in three steps:

i) entrance (suffix ”1”)
ii) central part

iii) exit (suffix "2")
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Central part

The contribution can be found from eq.(5.1). Using the hard edge approxima­
tion one gets

(5.3)

The various integrals can be expressed analytically by the values at Sj. 

With £ defined by £ s= s2 - sj and introducing the following abbreviations

where

one obtains

(5.4)

(5.5)
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(5.6)

Since horizontally one has C2 = C2-1, S2 = 2SC and K = K$ the corresponding 

integral can be written in terms of S, C and K only:

Entrance

In order to carry out the integration of eq. (2.14) over the fringe 
region, we insert k and r as given in chapter 4, eq. (4.4) and eq. (4.5) 
respectively. We must be careful with the functions a and D’ because of 
their discontinuity at the edges:

vertical: a = .+βh tgθj H(s) ; horizontal: a = 04 - βh tgθj H(s)
D’ = D{ +Dh tgθx H(s) <5*8)
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But their average values <a> and <D’>, needed for the integration, are 
simply obtained by letting <H(s)> = -^ in eq. (5.8).

Inserting the eqs. (4.4) and (4.5) into the eq. (2.14), using eq. (2.6) 
and the hard edge approximation (where H becomes the step function and H’ 
the delta function), one finds for the contribution of the entrance edge 
applying the relation (5.2)

Carrying out the derivatives with respect to s and substituting the proper 
averages one obtains
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Exit

The contribution of the exit edge reads,with the sign convention 
as defined in Fig. 3,

6. A CHROMATICITY FORMULA FOR PRACTICAL CALCULATION

Combining the three formulae for the contributions of the entrance, 
eq. (5.8), the central part, eq. (5.3), and the exit, eq. (5.9), using eq. (5.7) 
and the equivalent relations for the end field region one arrives at a 
practical formula to calculate the chromaticity contribution of a magnet 
element in terms of the lattice functions at the reference orbit:

(6.1)
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where si = beginning of the central part (H = 1)
s2 = end " " ”
”1” = entrance of the fringe region (H = 0)
”2” = exit ” " " ”
θ = entrance or exit angle of the trajectory

= radius of curvature of the end faces

= curvature of the reference orbit

is the quadrupole component

is the sextupole component

of the magnet 
profile

D, D’ are the dispersion function and its derivative

a, β, y are the Twiss functions.

The various integrals were already evaluated, see eqs.(5.4) to (5.7),

The sign convention for θ, t and p are all positive as shown in the 
following figure:

Fig3
Summing the contributions of all magnetic elements of the circumference 
one obtains the total chromaticity.
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7. EXAMPLES

Eqs. (6.1) were evaluated to obtain the natural chromaticity of 
a number of small focusing rings. The results, summarized in Table 1, 
agree with the chromaticity obtained by the method of Peggs which 

3 ) 
uses the program TRANSPORT . All other computer programs known to us 
gave significantly different results for our small rings where D/p 
is not negligible. Details about the selected machines may be seen 
from Table 1 and from the computer outputs attached.
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