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STUDY OF SEXTUPOLAR PERTURBATIONS TO THE SECOND POWER
IN THE SEXTUPOLE STRENGTH IN LEAR

Johan Bengtsson

ABSTRACT

The perturbations from the sextupoles used for the
chromaticity correction and the excitation of the extraction

resonance in LEAR have been studied to the second power in
the sextupole strength.



1. IN UCTION
To describe the motion of a particle in an accelerator it is customary to use a
local coordinate system of the following type
z
€ (s) s
8 R %
where R{s) is a reference curve and ¢(s) is the local radius of curvature. We
define a local curvature h(s) by :
h(s) = 1/p(s) (1)
For a cirgular accelerator we choose the closed orbit for a particle with
momertum P, 3s the reference curve. The equations for the transverse motion are
then
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where a prime denotes differentiation with respect to s and the momentum devi-

ation & is defined as
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where p 1is the momentum of the particle. B , B

and B

(3)

are local components of

the magnetic field and g is the charge of the pagticle.

The well known linear equations are obtained by using the field expansions
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J g—B =0 [4]
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in eqs (2) and expanding in the coordinates and 8. If we only keep linear terms
we find

(5]

the appearence of & in eqs (2]} leads to chromatic effects. This is normally
compensated for by the introduction of sextupoles which add terms in the field
expansions eqs (4) of the type

g— Bx = Sxz

Py (6)
2. p = 1 S {xz-zzl
p0 z 2

where : 2 )
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This 1leads to nonlinear coupled equations of motion. There are seyeral ways to
study the behaviour of the nonlinear motion. Either by tracking (numerical
simulation) or by direct analytical expressions. Such an analytical description
can be found by a Fourier expansion of a Hamiltonian formulatign, and keeping
only the dominant terms. This leadg &o the resonance approach™. Another way is
teo use canonical perturbation theory ,

2. PERTURBATIONS FROM SEXTUPQLES

The introduction of the sextupoles for the chromaticity correction drives
nonlinear resonances. The nonlinearity of the equations of motion also
introduces an amplitude dependent tune shift.

From the application of perturbation theory it is found that sextupoles drive,
to first power in the sextupole strength, the amplitude resonances

Ux =p

30x =p

g_+ 202 =p , p=0, + 1, + 2, (7]
Ox - ZOZ =p

where Q , Q are the betatron frequencies of the linear motion. To second power
in the sextupole strength we also find
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These are obtained by adding or subtracting two of the resonances in (7). Note
that not all of the combinations appear.

To obtain the perturbations to first power in the sextupole strength one may use
the resonance approach or canonical perturbation theory.

The amplitude dependent tune shifts, which are of second power in the sextupole
strength, can be calculated by applying canonical perturbation theory te first
order, since they are given by the transformed Hamiltonian.

These two approaches alsc give new invariants of the motion to the second power
in the sextupole strength.

3. SECOND ORDER PERTURBATIONS FROM SEXTUPOLES

Canonical perturbation theory can, at least in principle, be extended to any
srder. This method has however a great disadvantage. The canonical trans-
formation from the new coordinates to the old is implicit.

This problem has been solved by using Lie transforms, to get exglicit trans-
formation equations that can be developed recursively to any order

However, to avoid the machinery of Lie transforms one can also apply time-
dependent perturbation theory (variation of constants). Since all the steps are
explicit and recursive this can be done by using a symbolic algebraic
manipulation system such7a§ §E9HCE' This has been done to the second power in
the sextupole strength , ,7, and the result is obtained as FORTRAN functions
for first- and second order perturbations of the action, phase and tune. The
action J and the angle variable Y appear in the horizontal betatron motion as :

x{s) =J 27 [s)B (s) cos (Y [s) + ¢ (s]]
X X X X

1 (9)
d
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X

Y (s) = [°
X Su

and similarly for the vertical plane. The action J and phase ¢, are constants
of motion for the linear motion. It is the perturbation that make them vary with
s. We define the perturbations of the action as

Jis] = Ju (1 + A1j[sJ + Azj[s]J (10)

where A, j is linear and A

j quadratic in the sextupole strength. J0 is given by
the initial amplitude.

2

Since the perturbations are oscillating functions of s we choose to study the

average values. The perturbations tend to infinity at the resonances so we put a
maximum limit to 1. Note that we are doing perturbative calculations so that the

expressions are only expected to be a good approximation for perturbations
smaller than 1.

We <can then plot the average perturbations as functions of the horizontal and
vertical tune. To compress both the horizontal- and vertical planes into one
plot we plot the function :



<
by

AJ = Min {Max [|<A1j {s) + B_j (s]>|, |<A,j (s) + A_j [s)>], 1} (11)
X 27 x 12 2% g

where <> denotes average valuse.

The expression for the tune shifts contains only terms quadratic in the
se*fupule strength but are linear in Jx and Jz' They can therefore be written

AQ a a J
AQ a a J
z zZx zz z

The tune shifts also exhibit resonant behaviour so that they tend to infinity at
the first order resonances.

It turns out that to the second power in the sextupole strength :

a = a (13)
Xz zx

The expressions for the perturbations of the action J and the phase ¢ including
the s-dependence, can be used for tracking the particles to the second power in
the sextupole strength. The frequfgcles that appear in the betatron motion due
to a resonance n U + n Q = p is

[nx + 1]0x + anz, horizontal plane

nxQx + [nz + 1]02. vertical plane
4. STUDY OF SEXTUP ONFIGURATIONS IN LEAR

The aim here is to study the recent sextupole configuration to the second power
in the sextupole strength whlcp h?f been worked out by M. Chanel. Earlier work
may be found in the references ~,

The 18 sextupoles in LEAR are used for :

- chromaticity correction

- excitation of the extraction resonance 3Qx =7

- compensation of the sextupolar resonance Qx + ZQz = 8

fn TpTenTix A is shown a tune diagram including all resonances for which

nx + nz ¢ 4. The normal working point is
Q =2.305, Q0 =2.725
X z (14)
§ =0 . & =0
X z
where £ is the chromaticity. For extraction
Q =2.325, 0 = 2.725
X z
(15]
£ =053, & =10

X Z
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with excitation of the extraction resonance by A7=6 (normalized axcitation1sl.
In appendix B,C are shown contour plots of the average perturbation to second
order in the sextupole strength, eq. [(11) and the tune shift coefficients in
eq. (12).

We also show the motion in the normalized phase space1Ev tracking to the second
order in the sextupole strength and by Fourier analysis of the betatron
motion. The initial action has been put to

J =20 . 10°°
J =10 . 10°® (163
z

In appendix B two different cases are shown, §_ + 20 =8 not compensated and

compensated for the normal working point (14) whan thezextraction resonance 1is
not excited. Appendix C shows the similar cases for the extraction working point
{15) when the extraction resonance is excited.

5. CONCLUSIONS

For the normal working point we find that without compensation Qx + ZQz =8 is
strongly excited. This probably affects the stability of the beam. When we apply
the compensation it is found that the resonance nearly disappears. We also find
a small excitation of 2Q_ + 2Q_ = 10 which however is negligible. We find that
the tune shifts are strongfy decfeased by the compensation. From the tracking it
is seen that the perturbation is reduced, especially in the vertical plane.

At the extraction working point we also observe the excitation of Qx + 20 = 8.
One can conclude that the excitation of the extraction resonance leads o an
excitation of Q_ - 2Q_ = -3. The resonances 2Q_ + 2Q_ = 10 and 4Q_ = 11 are also

excited. We expgct the motion to be pertu%bed ﬁv Q + 20 2 8, which 1is
confirmed by the tracking. The tune shifts are big w1thoutzcompensation but
strongly reduced by the compensation. From the tracking we conclude that in the
compensated case there only remains a small perturbation. By looking at the
spectra we find that it is mainly due to the excitation of Qx - ZQZ = -3,

The final conclusion is therefore that a possible improvement would be to try
and find an configuration for the excitation of the extraction resonance without
exciting Qx - ZQZ = -3. Apart from this the configuration seems to be good.

It should be noted that we have neglected the dispersion effects in this

analysis. The theory may however be extended to include this contribution.
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Appendix A
TUNE DIAGRAM

Q-DIAGRAM FOR RESONANCES UP TO 4:.TH ORDER
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Appendix B
PERTURBATIONS FOR THE NORMAL TUNE
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Figure 2: Perturbations in the action, Q + 2Q = 8 not compensated.
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Figure 3:

HORIZONTAL NORMALIZED PHASE SPACE
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HORIZONTAL NORMALIZED PHASE SPACE FFT OF HORIZONTAL POSITION
sk = :
W ol
+ ]
2
o o]
pra «
Q Q
o 7]
3 d
} Q
© \
N E-02(3 E=01
S B e e e e B I e AR M
-04 -0.2 00 02 04 08 0.0 1.0 2.0 3.0 40
Perturbations from thin sextupoles
COMPMACH.DAT N = 512 Order = 2 Q 030530 0.00391 0.44996 0.24509
JOx = O0.2000E-D4 QOx = 2.3050 FiOx = 0.0 1-Q 0.89470 0.90609 O0.55004 O0.75491
VERTICAL NORMALIZED PHASE SPACE FFT OF VERTICAL POSITION
o JrR Y LN al
*’? .:""" Naay, +3
u o r h
-
N
Cd
S 4 3 o
& # N [H
& k]
o] ¢ ¥
4 hY
oT¢ 4 S,
% ?
o] % 7
oH ", & (=]
} 2 S s
., »
by J
1 ."-..\ A'f
. e
e LA XD POeTL Liad E-03 S 1 h l F=D1
L e e e B L i T T T T T T T
—-2.0 0.0 20 40 0.0 1.0 2.0 3.0 4.0
Q 027501 0.4198% 0.03029 0.33524
JOy = 0.1000£-04 QOy = 2,7250 Fi0y = 0,0 1-Q 0.72460 0.58031 0.96071 0.86478
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Appendix C
PERTURBATIONS AT EXTRACTION

Q—DIAGRAM

2.1 2.2 23 2.4 (?'5
X
EXTNOCOMP.DAT
Figure 6: Perturbations in the action, Q + 2Q = 8 not compensated.
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Tigure 7
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Figure 8: Perturbations in the action, Q + 2Q = 8 compensated.
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Figure 9:
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